
Table 4: Configuration and training details for Vision Transformer (ViT) and GPT-2.

Component ViT GPT-2
Transformer layers 6 6
Attention heads 8 8
Embedding dimension 256 512
MLP hidden dimension 512 2048
Patch size 4⇥ 4 –
Sequence length – 512
Training epochs 150 5
Batch size 128 64
Optimizer Adam Adam
Learning rate 3⇥ 10�4 2.5⇥ 10�4

Weight decay 1⇥ 10�3 0.01
Learning rate schedule Cosine annealing Cosine with 5% warmup
Hardware 1 NVIDIA GeForce RTX 2060 4 TESLA V100

A Experimental Details395

We provide implementation and training details for the Vision Transformer (ViT) and GPT-2 models396

used in our experiments. Table 4 summarizes the key architectural parameters, optimization settings,397

and hardware configurations for both models. Additional details on data preprocessing, augmentation,398

and training protocols are provided in the following subsections.399

A.1 Vision Transformer400

We employed a Vision Transformer (ViT) model consisting of 6 transformer layers and 8 attention401

heads. The model used an embedding dimension of 256 and a hidden dimension of 512 in its402

feedforward layers. Input images were divided into non-overlapping patches of size 4⇥ 4.403

Training was conducted for 150 epochs using the Adam optimizer. We set the learning rate to404

3⇥ 10�4 and applied a weight decay of 1⇥ 10�3. A cosine annealing learning rate scheduler was405

used with a maximum number of iterations equal to the total number of training epochs.406

To improve generalization, we applied standard data augmentation during training. This included407

random cropping with padding (crop size 32, padding 4), horizontal flipping, and color jittering408

(brightness, contrast, and saturation adjustments of 0.4 and hue variation of 0.1). All images were409

normalized using the dataset-specific mean and standard deviation.410

All ViT training runs were conducted on a single NVIDIA GeForce RTX 2060 GPU.411

A.2 GPT-2412

We trained a small GPT-2 model with 6 transformer layers, 8 attention heads, and an embedding413

dimension of 512. The model was trained on a preprocessed version of BookCorpus, tokenized into414

sequences of up to 512 tokens using a GPT-2 tokenizer. The tokenizer’s end-of-sequence token was415

used for padding to support batching.416

Training was performed for 5 epochs with a total batch size of 64 across 4 devices (16 per device),417

using the Adam optimizer. The initial learning rate was set to 2.5⇥ 10�4, with cosine learning rate418

scheduling and a warmup ratio of 5%. A weight decay of 0.01 was applied. Mixed-precision training419

(fp16) was enabled to improve efficiency.420

Training was conducted on four NVIDIA Tesla V100 GPUs.421

A.3 Merging422

To merge the ViT and GPT-2 models, we use the same setup as for training the individual models,423

with the exception that the ViT mergers are trained for only 30 epochs, and the GPT-2 mergers for424

just 0.25 epochs.425
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Figure 5: Loss curves for different strategies of
sampling the interpolation coefficient ↵. Each
line shows the mean loss, with shaded areas
denoting standard deviation. Experiments were
carried out on ViTs trained on CIFAR-10.

Figure 6: Loss barriers over multiple iterations
of weight matching, comparing orthogonal vs.
permutation matching for the residual weights.
Experiments were carried out on ViTs trained
on CIFAR-10.

B Ablation study426

B.1 Learned matching427

In Section 5, we already ablated the effect of using learned permutations in place of orthogonal428

maps, highlighting the importance of capturing more general alignment symmetries. Here, we further429

investigate how the choice of interpolation coefficient sampling strategy influences performance (see430

Line 5 in Algorithm 1). Specifically, we compare four sampling schemes:431

• Fixed interpolation (↵ = 0.5): A deterministic strategy where ↵ is always set to 0.5,432

representing a balanced average of the two models.433

• Uniform sampling [0.4, 0.6]: A narrow uniform distribution centered at 0.5, introducing434

small random perturbations around equal weighting.435

• Uniform sampling [0.0, 1.0]: A broad uniform distribution over the entire interpolation436

range, allowing any convex combination of the two models.437

• Gaussian sampling N (0.5, 0.1): A stochastic strategy that samples from a Gaussian438

centered at 0.5 with standard deviation 0.1, clipped to the interval [0, 1].439

We visualize the impact of these sampling strategies in Figure 5, where we report the mean and440

standard deviation of loss values along the interpolation path for ViTs trained on CIFAR-10. Notably,441

both uniform and Gaussian sampling result in relatively high loss barriers, indicating unstable inter-442

polations, particularly around ↵ = 0.5. In contrast, narrow uniform sampling and fixed interpolation443

produce lower loss near the midpoint. However, fixed interpolation exhibits significantly higher loss444

in the surrounding regions, leading to elevated barriers for certain random seeds and greater variance445

overall. Based on these observations, we adopt narrow uniform sampling in our implementation, as it446

offers more consistent performance across different random seeds.447

B.2 Weight matching448

Our proposed iterative weight matching algorithm, while not outperforming learned matching,449

requires significantly fewer computational resources and has the added advantage of being completely450

data-free. Nevertheless, several questions remain. In particular: (1) Does orthogonal matching451

provide improvements over permutation matching, as observed in the learned variant (see Table 2)?452

(2) How many iterations are needed for convergence?453

To address these questions, we evaluate the loss barrier across different numbers of iterations for both454

permutation and orthogonal matching. Results for ViTs trained on CIFAR-10 are shown in Figure 6.455

A stark contrast emerges: for orthogonal matching, the loss barrier steadily decreases, converging456

after five iterations with a substantially reduced barrier. In contrast, permutation-based matching457

shows no significant improvement across iterations.458
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Figure 7: Loss barrier across the interpola-
tion path for width-heterogeneous Transformers.
Plotted are the mean test loss and shaded re-
gions representing ±1 standard deviation over
3 seeds. Model A corresponds to the larger
model. Architecture: ViT. Dataset: CIFAR-10.

Figure 8: Loss barrier across the interpolation
path for width-equivalent Transformers, using
soft permutations. Plotted are the mean test loss
and shaded regions representing ±1 standard
deviation over 3 seeds. Model: ViT. Dataset:
CIFAR-10.

These findings confirm that orthogonal matching provides a more effective path to convergence than459

permutation matching in the data-free setting, reinforcing its role in our proposed algorithm.460

C Additional results461

In the following we record additional results on merging width-heterogeneous Transformers and soft462

permutations.463

C.1 Width-heterogeneous matching464

To evaluate our alignment method on width-heterogeneous Transformers, we train additional ViTs465

with an embedding dimension of 512, compared to the original 256. Results are shown in Figure 7.466

The loss barrier remains low near the midpoint between models but rises sharply closer to the smaller467

model. However, when using uniform sampling along the interpolation path, the increase in loss468

near the smaller model is less pronounced. This suggests that emphasizing samples near the smaller469

model—as uniform sampling implicitly does—may help mitigate the loss barrier in this region.470

C.2 Soft-permutations471

Soft permutations provide a continuous relaxation of hard (i.e., exact) permutations by allowing472

convex combinations of layer units. Formally, we define them as doubly stochastic matrices (i.e.,473

matrices with non-negative entries whose rows and columns each sum to one) lying within the474

Birkhoff polytope, whose vertices correspond to the set of hard permutation matrices. This relaxation475

enables mappings that go beyond strict one-to-one neuron correspondences, offering greater flexibility476

in aligning network representations. We show results in Figure 8.477

This section details the methodology for learning such soft permutation matrices to align the pa-478

rameters of two models, ✓A and ✓B . Unlike the hard permutations in Algorithm 1 which use a479

Straight-Through Estimator (STE), here soft permutations are derived from learnable latent parame-480

ters and made doubly stochastic using differentiable Sinkhorn normalization. The latter approach481

performed better than STE in our experiments.482

C.2.1 Objective483

The primary goal is to learn a set of layer-wise latent matrices {Zl}l. These latent matrices are484

transformed into soft permutation matrices {Pl}l (where Pl = Sinkhorn(exp(Zl))) which are then485

used to construct a transformation ⇡. This transformation aligns one model to another, e.g., yielding486

✓
aligned
B = ⇡(✓B ; {Pl}). The optimal latent matrices {Z⇤

l } are those that minimize the empirical risk487

(loss) of an interpolated model over a batch B drawn from the dataset D:488
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{Z
⇤
l } = argmin

{Zl}

1

|B|

X

(X,Y )2B

[LCE (�✓A + (1� �)⇡(✓B ; {Sinkhorn(exp(Zl))})) (X,Y )]

where � is an interpolation coefficient, typically sampled uniformly at random (e.g., � ⇠ U [0.4, 0.6]489

as in Algorithm 1 or � ⇠ U [0, 1]). The optimization is performed with respect to latent parameters490

Zl.491

C.2.2 Parametrization and Initialization of Latent Matrices492

Parametrization from Latent Matrices. The soft permutation matrices Pl (which must be doubly493

stochastic) are not optimized directly. Instead, we optimize underlying unconstrained latent matrices494

Zl. To obtain Pl from Zl:495

1. First, a non-negative matrix ePl is generated using an element-wise exponential map:496

ePl = exp(Zl)

This ensures all entries are positive, a requirement for the Sinkhorn algorithm, and allows497

unconstrained optimization of Zl as gradients can flow back through the exp function.498

2. Second, ePl is projected onto the Birkhoff polytope B using the differentiable Sinkhorn-499

Knopp normalization (detailed below in the learning process) to yield the doubly stochastic500

soft permutation matrix Pl.501

Thus, Pl = Sinkhorn(exp(Zl)), and Zl are the parameters learned via gradient descent.502

Initialization of Latent Matrices Zl. The latent matrices Zl are initialized by first constructing a503

target matrix P
0
l , which represents a desired initial state for exp(Z0

l )—before Sinkhorn normaliza-504

tion.505

A baseline for random noise is established using a Xavier-scheme variance: let �2 = 2
fan-in+fan-out .506

A scaling factor for noise is defined as a = " �
p
3, where " is a coefficient tuning the amount507

of noise to be injected. A random noise matrix P
rand
l is then sampled, with entries, for example,508 ⇥

P
rand
l

⇤
ij
⇠ Uniform(0, 2a). Note one can add a small positive constant to P

0
l to ensure all entries509

are strictly positive.510

The target matrix P
0
l is constructed based on one of the following strategies:511

• Random Initialization: The target matrix is formed directly from the random noise:512

P
0
l = P

rand
l

• From Pre-computed Permutation: If an initial hard permutation matrix P
init
l is available513

(e.g., from weight matching, as used for initializing ZFF,ZH in Algorithm 1), the target514

matrix is formed by perturbing this known permutation:515

P
0
l = P

init
l + P

rand
l

The initial latent parameters Z
0
l are then set by inverting the exponential parametrization, i.e.,516

Z
0
l = log(P 0

l ), applied element-wise to the strictly positive target matrix P
0
l . This ensures that517

exp(Z0
l ) = P

0
l at the start of the learning process.518

C.2.3 Learning Process519

The latent matrices Zl for all relevant layers are optimized over Niter iterations. In each iteration t,520

using the Adam optimizer with learning rate ⌘:521

1. Soft Permutation Matrix Computation:522

For each layer l:523

(a) Obtain the non-negative matrix from the current latent parameters: ePl = exp(Zl).524
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(b) Project ePl onto the Birkhoff polytope using K iterations of the Sinkhorn-Knopp525

algorithm to get the soft permutation matrix Pl. Let Q(0)
l = ePl. For k = 1, . . . ,K:526

Q
(k)
l  diag

 
1

Q
(k�1)
l 1

!
Q

(k�1)
l (Normalize rows)

Q
(k)
l  Q

(k)
l diag

 
1

1>Q
(k)
l

!
(Normalize columns)

The resulting soft permutation is Pl = Q
(K)
l . This Sinkhorn normalization process is527

differentiable with respect to ePl.528

529

2. Model Alignment and Interpolation:530

Align model ✓B using the computed soft permutations {Pl}l: ✓
aligned
B  ⇡(✓B ; {Pl}l).531

Sample an interpolation coefficient � (e.g., � ⇠ U [0.4, 0.6] as in Algorithm 1, or from532

U [0, 1] based on desired outcomes, see discussion below). Form the interpolated model:533

✓INTERP  �✓A + (1� �)✓aligned
B .534

535

3. Loss Computation and Parameter Update:536

Compute the empirical cross-entropy loss J on a sampled batch B = {(Xi,Yi)}
|B|
i=1 from537

dataset D:538

J  
1

|B|

X

(X,Y )2B

LCE(✓INTERP;X,Y )

Compute gradients of the loss with respect to the latent parameters: (. . . ,rZlJ , . . .).539

Update each latent matrix Zl using the Adam optimizer:540

Zl  Adam(Zl,rZlJ , ⌘)

Since the exponential mapping and Sinkhorn normalization are differentiable, gradients flow541

directly back to the latent parameters Zl.542

After Niter training iterations, the final optimized latent matrices {Z⇤
l } are used to yield the learned543

soft permutation matrices {P ⇤
l = Sinkhorn(exp(Z⇤

l ))}.544

C.2.4 Remarks.545

In our explorations, these learned soft permutations are applied to align components within Trans-546

former architectures, specifically targeting attention heads and MLP layers between independently547

trained models. Empirically, this approach often yields meaningful improvements in the test-time548

performance of the merged (interpolated) model, particularly at the midpoint of the interpolation path549

(� ⇡ 0.5). However, a key issue of using soft permutations is that exact functional equivalence at550

the aligned endpoint (i.e., for ✓aligned
B compared to the original ✓B) is generally not maintained. We551

observe that the degree of functional equivalence at the endpoint can be improved by modifying the552

sampling strategy for the interpolation coefficient � during the learning process—for instance, by553

sampling � uniformly from the entire [0, 1] range, which allows for more direct optimization of the554

transformation of the aligned endpoint. Nevertheless, this adjustment typically involves a trade-off:555

while endpoint functional equivalence may improve, the performance gain observed at the midpoint556

of the interpolation path might be reduced compared to when � is sampled more narrowly (e.g., from557

U [0.4, 0.6]). We leave further exploration of this approach to future work.558
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D General symmetries of network components559

Consider a feed-forward network with L layers, where the l-th layer computes activation vector560

al = �l(Wlal�1), with a0 = X being the input. The full parameter set is ✓ = {Wl}
L
l=1. Such a561

network implements the following composed mapping:562

Y = WL � �L �WL�1 � . . . �W1X

with:563

✓ =

0

BBB@

W1 0 · · · 0

0 W2
. . .

...
...

. . . . . . 0
0 · · · 0 WL

1

CCCA

We define transformation ⇡ as the alignment that reparametrizes the network to account for its inherent564

symmetries, mapping the original parameters ✓ to an equivalent (or approximately equivalent) set565

✓
0 = {W

0
l }

L
l=1, with the goal of achieving linear mode connectivity—i.e. maintaining low loss566

barrier along the interpolation path.567

The reparameterization imposed by ⇡ is typically achieved in practice by defining a set of (ap-568

proximately) invertible matrices {Sl}
L
l=0, where Sl 2 Rdl⇥dl acts as a change of basis for the569

dl-dimensional hidden representation al. We fix the input and output bases by setting S0 = Id0 and570

SL = IdL . The transformed weights are then given by:571

W
0
l = SlWlS

�1
l�1 for l 2 {1, . . . , L}.

The aligned network function becomes:

f [✓0](X) = �L(WLS
�1
L�1�L�1(SL�1WL�1S

�1
L�2 . . .�1(S1W1X) . . . ))

Exact functional invariance, f [✓0](X) = f [✓](X), is guaranteed if SL = I and the activation572

functions �l are equivariant with respect to their corresponding transformations Sl, i.e., Sl�l(Z) =573

�l(SlZ) for l 2 {1, . . . , L� 1}.574

A common case ensuring such equivariance is when �l is an element-wise activation function (e.g.,575

ReLU)—as seen in Section 3.1)—and Sl is a permutation matrix Pl. In this scenario, the set of576

original parameters ✓ can be represented as a block diagonal matrix ✓diag = diag(W1,W2, . . . ,WL).577

The transformation ✓
0
diag = ⇡(✓diag) with blocks W

0
l = PlWlP

T
l�1 can be expressed by defining578

block diagonal transformation matrices:579

Pleft =

0

BBB@

P1 0 · · · 0

0 P2
. . .

...
...

. . . . . . 0
0 · · · 0 IL

1

CCCA
, Pright =

0

BBBB@

I0 0 · · · 0

0 P
>
1

. . .
...

...
. . . . . . 0

0 · · · 0 P
>
L�1

1

CCCCA

Then, the transformed parameters are obtained by block-wise operations: (✓0
diag)ll =580

(Pleft)ll(✓diag)ll(Pright)ll. This results in W
0
1 = P1W1, W 0

l = PlWlP
T
l�1 for l 2 {2, . . . , L � 1},581

and W
0
L = ILWLP

T
L�1 = WLP

T
L�1.582

It is important to note that the transformation matrices Sl are not fundamentally restricted to per-583

mutations. Many neural network components possess inherent symmetries richer than permutation584

symmetry, and modern architectures, such as Transformers, are often designed to effectively leverage585

such components. Recognizing and exploiting broader symmetry classes, when available, expands the586

set of valid reparameterization mappings. This, in turn, enhances alignment strategies by increasing587

the likelihood of discovering the low- or zero-barrier interpolation paths, thus allowing to achieve588

LMC.589
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For instance, Root Mean Square Layer Normalization (RMSNorm) component inherently possesses590

orthogonal symmetry (see Section 3.2). This property is particularly significant in architectures591

such as Transformers, where RMSNorm is commonly applied as a standalone operation—typically592

preceding major components like the attention or MLP blocks, without an immediately follow-593

ing element-wise activation. The absence of such a non-linearity preserves the richer orthogonal594

symmetry, which would otherwise be reduced to permutation symmetry. We can leverage such an595

architectural design to exploit the full orthogonal symmetry of RMSNorm for alignment purposes.596

We now examine the symmetry properties of RMSNorm in more detail.597

Consider a network block defined as follows:598

Y = W1 RMSNorm
�
W0 X + b; �, �

�
(23)

Expanding RMSNorm explicitly with parameters � and �, we have:599

Y = W1 �

✓
W0 X + b

kW0 X + bk2
+

�

�

◆
(24)

Let us introduce an orthonormal matrix O 2 RM⇥N (where M � N ) with orthonormal columns so600

that O>
O = I . Inserting O

>
O = I gives601

Y = W1 �O
>
O

✓
W0 X + b

kW0 X + bk2
+

�

�

◆
(25)

Since O preserves the L2-norm (kZk2 = kOZk2 for any Z), this is equivalent to602

Y = W1 �O
>
✓

O (W0 X + b)

kO (W0 X + b)k2
+

O �

�

◆
(26)

which can be expanded into:603

Y = W1 �O
>
✓

OW0 X +Ob)

kOW0 X +Obk2
+

O �

�

◆
(27)

We can therefore rewrite the network as604

Y = W
0
1 RMSNorm

�
W

0
0 X + b

0; �0
, �

0� (28)

with transformed parameters605

W
0
1 = W1 �O

>
, W

0
0 = OW0, b

0 = Ob, (29)

and normalization constants606

�
0 = 1M , �

0 =
O �

�
. (30)

This derivation for RMSNorm underscores a critical point: the nature of a component’s inherent607

symmetries dictates the set of valid transformation matrices Sl that can be used for reparameterization608

while preserving its functionality. Let Sl denote the set of allowed transformation matrices for a609

given layer l of dimension dl. If a layer exclusively admits permutation symmetry, then Sl = Pdl ,610

the finite set of dl ⇥ dl permutation matrices. However, if a component, such as RMSNorm blocks in611

Transformers, exhibit orthogonal symmetry, the set of permissible transformations expands to Sl =612

O(dl), the orthogonal group. For components allowing even more general transformations, this could613

be Sl = GL(dl,R), the general linear group of invertible matrices. These sets of transformations614

are nested, with Pdl ⇢ O(dl) ⇢ GL(dl,R), where Pdl is a finite group, while O(dl) and GL(dl,R)615

are continuous, significantly larger Lie groups. The overall alignment transformation ⇡ for the616
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entire network is constructed by selecting an appropriate Sl 2 Sl for each layer or component.617

Consequently, by identifying and utilizing the richest symmetry class available for each network618

component—for example, employing transformations from O(dl) for an RMSNorm layer rather than619

being restricted to the smaller set Pdl (which might be the case if its orthogonal symmetry were620

immediately broken by a subsequent element-wise activation function)—we drastically expand the621

search space of valid, function-preserving reparameterizations ⇡(✓). This significantly larger search622

space offers more degrees of freedom in the alignment process, thereby substantially increasing the623

potential to discover configurations ✓0 (aligned parameter vector) that lie on low-loss linear paths and624

thus achieve Linear Mode Connectivity between independently trained models.625

E Limitations626

While the research introduces a unified framework for symmetry-aware model alignment in Trans-627

formers, it presents some limitations and areas for future exploration. The empirical results for628

language models were based on a smaller version of GPT-2 language models with reduced parameters629

due to resource constraints (Section 5.2), indicating the need for evaluation on larger, more contem-630

porary language models. The current scope is focused on aligning pairs of models that have been631

pretrained on the same task, and further investigation could extend these methodologies to models632

trained on (partially) different tasks [Stoica et al., 2024] as well as explore scaling the alignment to633

enable the merging of multiple (more than two) Transformer models, similarly to what is shown in634

Singh and Jaggi [2020], Ainsworth et al. [2022], Crisostomi et al. [2024] for convolutional and resid-635

ual networks. Additionally, while additional results (Appendix C) demonstrate that soft permutations636

can improve test-time performance of the merged model, more work is needed to fully refine soft637

relaxations of symmetry operations to improve the performance of aligned models. Finally, the study638

utilizes standard benchmarks such as CIFAR-10/100 for Vision Transformers and BookCorpus for639

GPT-2; exploring performance on a broader or more complex range of benchmarks could further640

validate the findings.641
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