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ABSTRACT

A well-known line of work (Barron, 1993; Breiman, 1993; Klusowski & Barron,
2018) provides bounds on the width n of a ReLU two-layer neural network needed
to approximate a function f over the ball Bz (R?) up to error ¢, when the Fourier
based quantity Cy = [, €121 £ (€)| d¢ is finite. More recently Ongie et al. (2019)
used the Radon transform as a tool for analysis of infinite-width ReLU two-layer
networks. In particular, they introduce the concept of Radon-based R-norms and
show that a function defined on R? can be represented as an infinite-width two-
layer neural network if and only if its /R-norm is finite. In this work, we extend
the framework of (Ongie et al., 2019) and define similar Radon-based semi-norms
(R,U-norms) such that a function admits an infinite-width neural network repre-
sentation on a bounded open set i/ C R? when its R, /-norm is finite. Building on
this, we derive sparse (finite-width) neural network approximation bounds that re-
fine those of Breiman (1993); Klusowski & Barron (2018). Finally, we show that
infinite-width neural network representations on bounded open sets are not unique
and study their structure, providing a functional view of mode connectivity.

1 INTRODUCTION

Extensive work has shown that for a neural network to be able to generalize, the size or magnitude
of the parameters is more important than the size of the network, when the latter is large enough
(Bartlett, 1997; Neyshabur et al., 2015; Zhang et al., 2016). Under certain regimes, the size of the
neural networks used in practice is so large that the training data is fit perfectly and an infinite-width
approximation is appropriate. In this setting, what matters to obtain good generalization is to fit
the data using the right inductive bias, which is specified by how network parameters are controlled
(Wei et al., 2020) together with the training algorithm used (Lyu & Li, 2020).

The infinite-width two-layer neural network model has been studied from several perspectives due
to its simplicity. One can replace the finite-width ReLU network 2 3" | a;({w;, z) — b;)+ by an
integral over the parameter space with respect to a signed Radon measure: [ ((w, z) — b) 4 da(w, b).
Thus, controlling the magnitude of the neural network parameters is akin to controlling the mea-
sure « according to a certain norm. Bach (2017) introduced the Fi-space, which is the infinite-
width neural network space with norm inf{ [ |b| d|a|(w, b)}, derived from the finite-width regular-
izer L 37" | |a;]||(ws, bi)||2 (the infimum is over all the measures o which represent the function at
hand). A different line of work (Savarese et al., 2019; Ongie et al., 2019) consider the infinite-width
spaces with norm inf{||a|lrv = [ d|a|(w,b)}, which is derived from the finite-width regularizer
L5 1 lag|[lws]|2 (e omitting the bias term). Both of these works seek to find expressions for this
norm, leading to characterizations of the functions that are representable by infinite-width networks.
Savarese et al. (2019) solves the problem in the one-dimensional case: they show that for a function
f on R, this norm takes value max{ [ | f" ()| dx,|f'(—o0) 4+ f’(c0)|}. Ongie et al. (2019) give an
expression for this norm (the R-norm) for functions on R%, making use of Radon transforms (see
Subsec. 2.3).

Although we mentioned in the first paragraph that in many occasions the network size is large
enough that the specific number of neurons is irrelevant, when the target function is hard to approx-
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imate it is interesting to have an idea of how many neurons one needs to approximate it. The first
contribution in this direction was by Cybenko (1989); Hornik et al. (1989), which show that two-
layer neural networks with enough neurons can approximate any reasonable function on bounded
sets in the uniform convergence topology. Later on, Barron (1993); Breiman (1993) provided sparse
approximation bounds stating that if a function f is such that a certain quantity Cy constructed from

the Fourier transform f is finite, then there exists a neural network of width n such that the L? ap-
proximation error with respect to a distribution of bounded support is lower than O(C's/n). More
recently, Klusowski & Barron (2018) provided alternative sparse approximation bounds of Breiman
(1993) by restricting to networks with bounded weights and a slightly better dependency on n at the
expense of a constant factor increasing with d (see Subsec. 2.2).

Contributions. In our work, we seek to characterize the functions that coincide with an infinite-
width two-layer neural network on a fixed bounded open set. This endeavor is interesting in itself
because in practice, we want to learn target functions for which we know samples on a bounded
set, and we are typically unconcerned with the values that the learned functions take at infinity.
Moreover, the tools that we develop allow us to derive state-of-the-art sparse approximation bounds.
Our main contributions are the following:

« In the spirit of the R-norm introduced by Ongie et al. (2019), for any bounded open set 2/ C R¢
we define the R, /-norm of a function on R?, and show that when the R,U-norm of f is finite,
f(x) can admits a representation of the form [, ., ,((w,z) — b)4 da(w,b) + (v,z) + ¢ for

x € U, where v € R%, ¢ € R and « is an even signed Radon measure.

 Using the R, {/-norm, we derive function approximation bounds for neural networks with a fixed
finite width. We compute the R, U/-norm of a function in terms of its Fourier representation, and
show that it admits an upper bound by the quantity Cy. This shows that our approximation
bound is tighter than the previous bound by Breiman (1993), and meaningful in more instances
(e.g. for finite-width neural networks). We also show R, U/-norm-based bounds analogous to the
ones of Klusowski & Barron (2018).

* Setting U as the open unit ball of radius R, we show that neural network representations of f on
U hold for multiple even Radon measures, which contrasts with the uniqueness result provided
by Ongie et al. (2019) for the case of R?. We study the structure of the sets of Radon measures
which give rise to the same function on /. The non-uniqueness of the measure representing a
measure could be linked to the phenomenon of mode connectivity.

Additional related work. There have been other recent works which have used the Radon transform
to study neural networks in settings different from ours (Parhi & Nowak, 2021a; Bartolucci et al.,
2021). These two works consider the R-norm as a regularizer for an inverse problem, and proceed
to prove representer theorems: there exists a solution of the regularized problem which is a two-
layer neural network equal to the number of datapoints. Regarding infinite-width network spaces, E
& Wojtowytsch (2020) present several equivalent definitions and provides a review. A well-known
line of work (Mei et al., 2018; Chizat & Bach, 2018; Rotskoff & Vanden-Eijnden, 2018) studies the
convergence of gradient descent for infinite-width two-layer neural networks.

2 FRAMEWORK

2.1 NOTATION

S9! denotes the (d — 1)-dimensional hypersphere (as a submanifold of R%) and Br(R?) is the
Euclidean open ball of radius R. For U C R? measurable, the space Co(U) of functions vanishing
at infinity contains the continuous functions f such that for any ¢ > 0, there exists compact K C
U depending on f such that |f(z)] < eforx € U\ K. P(U) is the set of Borel probability
measures, M (U) is the space of finite signed Radon measures (which may be seen as the dual of
Co(U)). Throughout the paper, the term Radon measure refers to a finite signed Radon measure
for shortness. If v € M(U), then ||7y|/py is the total variation (TV) norm of v. Mc(U) denotes
the space of complex-valued finite signed Radon measures, defined as the dual space of Cy(U, C)
(the space of complex-valued functions vanishing at infinity). We denote by S(RY) the space of
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Schwartz functions, which contains the functions in C*°(R?) whose derivatives of any order decay
faster than polynomials of all orders, i.e. for all k,p € (No)%, sup,cga [#¥0P)p(x)| < +o00. For
f € LY(RY), we use f to denote the unitary Fourier transforms with angular frequency, defined

as f(&) = wa fl@)e i &o) de. If f e L'(R?) as well, we have the inversion formula

fl@) = W Jza £(€)e&) dz. The Fourier transform is a continuous automorphism on S(R?).

2.2 EXISTING SPARSE APPROXIMATION BOUNDS

One of the classical results of the theory of two-layer neural networks (Breiman (1993), building
on (Barron, 1993)) states that given a probability measure p € P(Br(R?)) and a function f :

Br(R%) — R admitting a Fourier representation of the form f(z) = W Jaa €62 df(€), where
f € Mc(R?) is a complex-valued Radon measure such that Cy = W Jra IIEN3 dIf](€) < +o0,
there exists a two-layer neural network f(z) = 2 3" | a;({z,w;) — b;) such that
. (2R)*C?
| @ fa e < 2L
Br(RY) K
These classical results do not provide bounds on the magnitude of the neural network weights.

More recently, Klusowski & Barron (2018) showed similar approximation bounds for two-layer
ReLU networks under additional /! and [ bounds on the weights a;,w;. Namely, if C; =

W Jea €113 d|f|(€) < +oo there exists a two-layer neural network f(z) = ag + (wo, z) +
a5 ai((wi,x) — by)4 with |a;| < 1, [|lw;]| <1, b; € [0,1], and & < 2C}, and

sup | f(z) = f(z)| < cCpy/d+lognn™ /2714, )

z€[—1,1]4

(D

where c is a universal constant.

2.3 REPRESENTATION RESULTS ON R? BASED ON THE RADON TRANSFORM

One defines P¢ denotes the space of hyperplanes on R?, whose elements may be represented by
points in S¥~1 x R by identifying {z|(w, ) = b} with both (w,b) and (—w, —b). Thus, functions
on P4 are even functions on S¥~1 x R and we will use both notions interchangeably'.

The Radon transform and the dual Radon transform. If f : R? — R is a function which is
integrable over all the hyperplanes of R, we may define the Radon transform R f : P? — R as

Rﬂ@w:/) f(x)dz, V(w,b) €S xR,
{el{w,z)=b}

That is, one integrates the function f over the hyperplane (w,b). If ® : P4 — R is a continuous
function, the dual Radon transform R*® : R? — R is defined as

R*®(x) = / ®(w, (w, ) dw, Vo eR?
Sd—1

where the integral is with respect to the Hausdorff measure over S?~!. R and R* are adjoint
operators in the appropriate domains (see Lemma 13).

The Radon inversion formula. When f € C*°(R%), one has that (Theorem 3.1, Helgason (2011))
f=ca(=D)"VPRRS (3)
where ¢4 = W and (—A)s/ 2 denotes the (negative) fractional Laplacian, defined via its

Fourier transform as (—K)S\/Qf@) = [l€]1* £ (€).

!Similarly, the space M (P?) of Radon measures over P¢ contains the even measures in M(S?~! x R).
If a € M(P?), Jsa—1,p ©(w, b) do(w, b) is well defined for any measurable function ¢ on S41 x R, but

J3a p(w, b) do(w, b) is only defined for even .
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The R-norm. Given a function f : R? — R, Ongie et al. (2019) introduce the quantity

1l = S{calfs (CA)HDER ) [ €SS x R), Yeven, [l < 1} if f Lipschitz
" oo otherwise.

“4)

They call it the R-norm of f, although it is formally a semi-norm. Here, the space S(S¢~! x R) of
Schwartz functions on S~ x R is defined, in analogy with S(R?), as the space of C'> functions
1 on S¥1 x R which for any integers k,! > 0 and any differential operator D on S%~! satisfy
SUp(, pyesi-1 xr | (1 + b]¥)OF (D1p)(w, b)| < 400 (Helgason (2011), p. 5). Moreover, S(P4) =
{1 € S(S?"! x R) | 1 even}, which means the conditions on 1) in (4) can be written as ¢ €
SP), Yl < 1.

The finiteness of the R-norm indicates whether a function on R¢ admits an exact representation as
an infinitely wide neural network. Namely, Ongie et al. (2019) in their Lemma 10 show that || f||=
is finite if and only if there exists a (unique) even measure o € M(Sd’l x R) and (unique) v € R?,
c € R such that for any = € R?,

f@ = [ (wa)-b), dageb) + (o.0) 4 )
S4=1t xR
in which case, || f||r = ||a|Tv.

Remark the following differences between this result and the bounds by (Breiman, 1993; Klusowski
& Barron, 2018) shown in equations (1) and (2):

(i) in (5) we have an exact representation with infinite-width neural networks instead of an
approximation result with finite-width,

(i1) in (5) the representation holds on R? instead of a bounded domain.

In our work, we derive representation results similar to the ones of Ongie et al. (2019) for functions
defined on bounded open sets, which naturally give rise to sparse approximation results that refine
those of (Breiman, 1993; Klusowski & Barron, 2018).

One property that makes the Radon transform and its dual useful to analyze neural networks can
be understood at a very high level via the following argument: if f(z) = [ou 1, 5((w,z) —
b)+p(w,b) d(w,b) + (v,z) + ¢ for some smooth rapidly decreasing function p, then Af(z) =
Jsa-1 4 g Ow,ay=pp(w, b) d(w,b) = [ca_y p(w, (w,z)) dw = (R*p)(x). For a general function f of
the form (5), one has similarly that (A f, ) = (o, R¢) for any » € S(R?). This property relates the
evaluations of the measure « to the function A f via the Radon transform, and is the main ingredient
in the proof of Lemma 10 of Ongie et al. (2019). While we also rely on it, we need many additional
tools to deal with the case of bounded open sets.

3 REPRESENTATION RESULTS ON BOUNDED OPEN SETS

Schwartz functions on open sets. Let 2/ C R? be an open subset. The space of Schwartz func-
tions on ¢ may be defined as S(U) = (), cpary ke {f € S(R?) | 0 f(2) = 0}, i.e. they

are those Schwartz functions on R? such that the derivatives of all orders vanish outside of U (c.f.
Def. 3.2, Shaviv (2020)). The structure of S(U/) is similar to S(RY) in that its topology is given by a

family of semi-norms indexed by ((No)%)%: || f|lk.4 = sup,ey |2* - f*)(z)|. Similarly, if V C P
is open, we define S(V) = N, 5 e wi-1xrpy Nieio)z{f € SBY) | 95 A* f(w,b) = 0}, where
A is the spherical Laplacian.

The R,U-norm. Letl C R? be a bounded open set, and let i := {(w, (w,z)) € S* ! xR |z €
U}. For any function f : R? — R, we define the R,/-norm of f as

[ fllra = sup{—ca(f, (—A) V2R p) | ¢ € SU), ¥ even, ||[t]o < 1}. (6)
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Note the similarity between this quantity and the R-norm defined in (4); the main differences are
that the supremum here is taken over the even Schwartz functions on U instead of S%~! x R, and
that the non-Lipschitz case does not need a separate treatment. Remark that || ||z < || fll=. If f
has enough regularity, we may write || f||ry = [i7 [R(=A)@TD/2 f|(w,b) d(w,b), using that the
fractional Laplacian is self-adjoint and R* is the adjoint of R.

Define Pg, to be the bounded open set of hyperplanes of R? that intersect Z{, which in anal-

ogy with Subsec. 2.3, is equal to I up to the identification of (w,b) with (—w,—b). Similarly,

note that S(P%) = {¢ € S(U), v even}, which allows to rewrite the conditions in (6) as
W€ SPLY, ]l < 1.

The following proposition, which is based on the Riesz-Markov-Kakutani representation theorem,
shows that when the R, /-norm is finite, it can be associated to a unique Radon measure over ]P’Z.

Proposition 1. If ||f||lru < +oo, there exists a unique Radon measure o € M(PS,) such that
—cd<f,(—A)(d+1)/2R*1/)> = sz P(w, b) da(w,b) for any ¢ € S(IF’EI{). Moreover, ||fllru =

lledllzv-

Building on this, we see that a neural network representation for bounded f holds when the R, U-
norm is finite:
Theorem 1. Let U be a open, bounded subset of R%. Let f : R? — R such that || f||r u < +o0. Let

o € M(PY,) be given by Proposition 1. For any ¢ € S(U), there exist unique v € R? and ¢ € R
such that

[ s@e@as= [ ([ () =0 datorn) + o) +¢) elayan,
u u \Ju

That is, f(x) = [7((w,z) — t)4 do(w,t) + (v, x) + c for x a.e. (almost everywhere) inU. If f is
continuous, then the equality holds for all x € U.

Remark that this theorem does not claim that the representation given by «, v, ¢ is unique, unlike
Lemma 10 by Ongie et al. (2019) concerning analogous representations on R?. In Sec. 5 we see that
such representations are in fact not unique, for particular choices of the set /. We want to underline
that the proof of Theorem | uses completely different tools from the ones of Lemma 10 by Ongie
et al. (2019): their result relies critically on the fact that the only harmonic Lipschitz functions on
R? are affine functions, which is not true for functions on bounded subsets in our setting.

4  SPARSE APPROXIMATION FOR FUNCTIONS WITH BOUNDED R, /-NORM

In this section, we show how to obtain approximation bounds of a function f on a bounded open
set U using a fixed-width neural network with bounded coefficients, in terms of the R,/-norm
introduced in the previous section.

Theorem 2. Let U C Br(R?) be a bounded open set. Suppose that f : RY — R is such that
| £l is finite, where || - |r v is defined in (6). Let v € R%, ¢ € R as in Theorem I. Then, there

exists {(w;, b))}y C U and {a;}?_, C {£1} such that the function f : R* — R defined as

Fo) = VIR 57 )~ b+ (0,20

Sulfills, for x a.e. inU,

o) - s)| < FLL R,

The equality holds for all x € U if f is continuous.

(®)

The proof of Theorem 2 (in App. B) uses the neural network representation (7) and a probabilis-
tic argument. If one samples {(w;, b;)}_; from a probability distribution proportional to |a], a
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Rademacher complexity bound upper-bounds the expectation of the supremum norm between f and
f, which yields the result.

Note the resemblance of (8) with the bound (1); the R, norm of f replaces the quantity C'y. We can
also use the R, /-norm to obtain a bound analogous to (2), that is, with a slightly better dependency
in the exponent of n at the expense of a constant factor growing with the dimension.

Proposition 2. Let f : R — R and U C B1(R?) open such that || f||r . < +0o. Then, then there
exist {a;}7_; C [~1,1], {wi}1; € {w € R¥|jw|ly = 1} and {b;}1, C [0,1] and k < Vd|| f||r.u
such that the function

F@) = =3 ail(wia) = b)+
=1

fulfills, for x a.e. in U and some universal constant ¢ > (),

1f(z) — f(z)] < cu/d+lognn /214,

The proof of this result (in App. B) follows readily from the representation (7) and Theorem 1 of
Klusowski & Barron (2018).

4.1 LINKS WITH THE FOURIER SPARSE APPROXIMATION BOUNDS

The following result shows that setting 2/ = Br(R?), the R, U-norm can be bounded by the Fourier-
based quantities Cy, C'y introduced in Subsec. 2.2.

Theorem 3. Assume that the function f : R* — R admits a Fourier representation of the form
f(z) = W Jga &2 df (&) with f € Mc(R?) a complex-valued Radon measure. Let Cy be

the quantity used in the sparse approximation bound by Breiman (1993) (see Subsec. 2.2). Then,
one has that

1f R Br@s <2RCy ©)

As a direct consequence of Theorem 3, when U = B R(Rd) the right-hand side of (8) can be
upper-bounded by RQCf /+/n. This allows to refine the bound (1) from Breiman (1993) to a

bound in the supremum norm over Br(R%), and where the approximating neural network f(x) =
5 iy ail(z,wi) = bi)+ + (v, ) + c fulfills |a;| < || fllr Bn(ra)s will2 < 1and b; € (—R, R).

While we are able to prove the bound (9), the Fourier representation of f does not allow for a
manageable expression for the measure « described in Proposition 1. For that, the following theorem
starts from a slightly modified Fourier representation of f, under which one can describe the measure
« and provide a formula for the R, /-norm.

Theorem 4. Let f : R? — R admitting the representation
flz) = / e du(w, b), (10)
Sd-1xR

for some complex-valued Radon measures 1 € Mc (S~ xR) such that dj(w, b) = du(—w, —b) =
dif(—w,b) = dii(w, —b), and [g4 5 b*d|pl(w,b) < +o00. ChoosingUd = Br(R?), the unique

measure o € M(]P’%) specified by Proposition | takes the following form:
do(w,b) = — / 2= dp(w, t) db,
R

where K = 2r%/2/T(%). Note that « is real-valued because [, t*e~" du(w,t) € R as
2 dp(w,t) = (—t)? du(w, —t). Consequently, the R, Br(R%)-norm of f is

R
1% ety = Nz = / /
_R Sd—l

/th—if‘? du(w,t)’ db. (11)
R
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Remark that 4 is the pushforward of the measure f by the mappings & — (££/|€]|, £€). When the
Fourier transform f admits a density, one may obtain the density of x via a change from Euclidean
to spherical coordinates: du(w,b) = %vol(Sdil)f(bw)|b|d*1 d(w, b). Hence, Theorem 4 provides
an operative way to compute the R,U/-norm of f if one has access to the Fourier transform of f .

Note that equation (11) implies that the R, Br(R?)-norm of f increases with R, and in particular is
smaller than the R-norm of f, which corresponds to setting R = co.

Theorems 3 and 4 are proven jointly in App. B. Note that from the expression (11) one can easily
see that || f||z, B, (re) is upper-bounded by RC':

/i Lo e dﬂW)] ws [ }; L [ edulwnm=2r [ jepafiea

where the equality holds since p is the pushforward of f . Equation (12) makes apparent the norm

Il fll=,B5(ra) is sometimes much smaller than the quantities C'y, Cy, as is showcased by the follow-
ing one-dimensional example (see the proof in App. B). In these situations, the sparse approximation
bounds that we provide in Theorem 2 and Proposition 2 are much better than the ones in (1)-(2).

Example 1. Take the function f : R — R defined as f(z) = cos(z) — cos((1 + €)z), with
e>0. f admits the Fourier representation f(x) = W Jo /5 01(8) +0-1(8) — d14c(8) —
6_1-¢(§))e*" ds. We have that Cy = 2 + 2¢ + ¢, and | fl|lr gpmsy < R (Re+2e+ €?).
| fll=.Br(ray goes to zero as € — 0, while Cy converges to 2.

An interesting class of functions for which || f[|z g, &) is finite but C'y, C are infinite are func-

tions that can be written as a finite-width neural network on Br(R¢), as shown in the following
proposition.

Proposition 3. Let f : RY — R defined as f(z) = 237" | a;({w;, z) — b;)4 for all z € RY, with
{witr, € S {a;}7,, {b;}7, C R. Then, for any bounded open set U, we have || f||ru <

711 Yo las|, while Cy,Cy = 400 if f is not an affine function.

Proposition 3 makes use of the fact that the R,{/-norm is always upper-bounded by the R-norm,
which also means that all the bounds developed in Ongie et al. (2019) apply for the R,{/-norm.
The fact that finite-width neural networks have infinite C'y was stated by E & Wojtowytsch (2020),
that used them to show the gap between the functions with finite C'y and functions representable by
infinite-width neural networks (belonging to the Barron space, in their terminology). It remains to
be seen whether the gap is closed when considering functions with finite R, U/-norm, i.e., whether
any function admitting an infinite-width representation (7) on U/ has a finite R, {/-norm.

Moving to the non-linear Radon transform. In many applications the function of interest f may
be better represented as [ ((w, p(z)) — )4 do(w, t) + (v,z) + ¢, where ¢ is a fixed finite dimen-
sional, non-linear and bounded feature map. Our results trivially extend to this case where in the
Radon transform hyperplanes are replaced by hyperplanes in the feature space. This can be seen
as the “kernel trick” applied to the Radon transform. The corresponding || f||®, @) corresponds
to the sparsity of the decomposition in the feature space, and we have better approximation when
Il fll=.p@) < Ifllru. This gives a simple condition for when transfer learning is successful, and
explains the success of using random fourier features as a preprocessing in implicit neural represen-
tations of images and surfaces (Tancik et al., 2020). In order to go beyond the fixed feature maps and
tackle deeper ReLU networks, we think that the non-linear Radon transform (Ehrenpreis, 2003) is an
interesting tool to explore. We note that Parhi & Nowak (2021b) introduced recently a representer
theorem for deep ReLLU networks using Radon transforms as a regularizer.

5 INFINITE-WIDTH REPRESENTATIONS ARE NOT UNIQUE ON BOUNDED SETS

Ongie et al. (2019) show that when the R-norm of f is finite, there is a unique measure o € M(R?)
such that the representation (5) holds for z € R<. In this section we show that when we only ask
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the representation to hold for x in a bounded open set, there exist several measures that do the job;
in fact, they span an infinite-dimensional space.

Let U = Br(R%) be the open ball of radius R > 0 in R%, which means that i/ = S9! x (—R, R)
and P is the set of hyperplanes {z|(w,z) = b} such that ||lw|| = 1 and b € (—R, R), which
we denote by ]P"}% for simplicity. In the following we will construct a space of Radon measures
a € M(P%) whose neural network representation (5) coincide for all x € Br(R?). Note that since
any bounded subset of R? is included in some open ball, our results imply that such representations
are non-unique on any bounded set.

Remark 1. When one considers representations on Br(R?) of the sort (5) with the measure o lying
in the larger space M(S%~1 x R), the non-uniqueness is apparent because there are two ‘trivial’
kinds of symmetry at play:

(i) Related to parity: when the measure « is odd, we have fgd_l cr(w, ) = b)y da(w,b) =

3 i g (W z) = 04 = (—(w,2) + b)+ da(w,b) = (5 s, gwda(w,b),z) —
% de71 g Dda(w, ), which is an affine function of x.

(ii) Related to boundedness: if (w,b) € S~ x (R\ (=R, R)), x + ({w, x) —b), restricted to
Br(RY) is an affine function of x. Hence, if o is supported on SP= x S4=1 x (R\ (- R, R)),
T Joao1, 5 ({w, @) — b)4 da(w,b) is an affine function when restricted to Br(R%).

Since in Sec. 3 we restrict our scope to measures « lying in M(Pﬁ), these two kinds of symmetries
are already quotiented out in our analysis. The third kind of non-uniqueness that we discuss in this
section is conceptually deeper; taking place within M(Pg,).

Let {Y;; |k € Z%, 1 < j < Nj 4} be the orthonormal basis of spherical harmonics of the space
L%(S91) (Atkinson & Han, 2012). It is well known that for any k, the functions {V}; | 1 < j <
Ni.q} are the restrictions to S?~! of homogeneous polynomials of degree k, and in fact Ny, 4 is the
dimension of the space of homogeneous harmonic polynomials of degree k. Consider the following
subset of even functions in C*=(S9~1 x (—R, R)):

A=V, @ XK |k, j,k €Z", k=K (mod2), ¥ <k—2,1<j< Ny},

where X*" denotes the monomial of degree k' on (—R, R). We have the following result regarding

the non-uniqueness of neural network representations:

Theorem 5. If « € M(P%) is such that o € cl,(span(A)), then we have that 0 =

Jsa-1y (“R.R) ((w,z) — b) 4 da(w, b) for any x € Br(R?). That is, o yields a neural network repre-

sentation of the zero-function on Br(R?). Here, we consider span(A) as a subset of M(P%) by the

Riesz-Markov-Kakutani representation theorem via the action (g, ) = [pa ¢(w,b)g(w,b) d(w,b)
R

orany g € span(A), p € Cy , and cl,, denotes the closure in the topology of weak convergence
y g € span(A), p € Co(P% d cl,, d he cl in the topology k g
of M(S?1 x R).

In particular, any measure whose density is in the span of A will yield a function which is equal to
zero when restricted to Br(R?). As an example of this result, we show a simple measure in M (P{)
which represents the zero function on B; (R?).

Example 2 (Non-zero measure representing the zero function on By (R?)). We define the even Radon
measure o € M(S' x (—1,1)) with density da(w, b) = (8wg—8w2+1) d(w, b) where w = (wp,w1).
Then, for any = € B1(R?), 0 = fglx(—l 1)(<w,x> —b)y do(w, x).

On the one hand, Proposition | states that there exists a unique measure o € M (P¢) such that
—ca(f, (—A) DR ) = [0, 1h(w,b) do(w, b) for any ¢ € S(PF) if || f||= v/ is finite. On the
u

other hand, Theorem 5 claims that functions admit distinct representations by measures in M (Pg,).
The following theorem clarifies these two seemingly contradictory statements. Consider the follow-
ing subset of even functions in C*°(S?~! x (—R, R)), which contains A:

B={Y; @ X" | k,jk €Z*, k=K (mod2), ¥ <k, 1<j < Nax}.
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Proposition 4. Let 0 < R < R'. Let f : R* — R such that ||f|r p,,®:) < +oo and let

a € M(P%) be the unique measure specified by Proposition 1. Then, « is the unique measure in
M(PE) such that

Vo€ SBREY), (@Ra) = [ f@)agte) (13

Vk,j, k' € Zt s.t. kK =k (mod 2), k' <k, 1 <j < Ni.a,

/ , (14)
(0, Vi; ® X¥) = —ca(f, (—A) VPR (Vi @ 1 xj<rX™)).

The condition (13) holds for any measure o € M(]P’dR) for which f admits a representation of the
form (7) on Br(R?). Thus,  can be characterized as the unique measure in M(P%) such that f
admits a representation of the form (7) on Br(R%) and the condition (14) holds.

In (14), the quantity (f, (—A)@TV2R*(v} ; @ ]l‘X|<RXk')> is well defined despite ]l|X‘<RXk/
not being continuous on R; we define it as (f, (—A) @D/ 2R*((YVy ; ® ]l|X‘<RX’“l) +g)), where g
is any function in S(PP%,) such that (Y}, ; ® ]l|X\<RX’“') +§ € S(P%,) (which do exist, see App. C).

In short, Proposition 4 characterizes the measure o from Proposition | in terms of its evaluations
on the spaces R(S(Br(R?))) and span(B), and by Corollary | the direct sum of these two spaces
dense in Cy(PP%), which by the Riesz-Markov-Kakutani representation theorem is the predual of
M(P%). Interestingly, the condition (13) holds for any measure o € M (P%) which represents the
function f on B R(]Rd), but it is easy to see that the condition (14) does not: by Theorem 5 we have
that if ¢ € span(A) C span(B), the measure o’ defined as do/(w,b) = da(w,b) + (w,b) db
represents the function f on Br(R%), and (o', ) = (a, 1) + ||1]|3.

It remains an open question to see whether Theorem 5 captures all the measures which represent the
zero function on Br(R?), which we hypothesize. If that was the case, we would obtain a complete
characterization of the Radon measures which represent a given function on B (R%).

Mode connectivity. Mode connectivity is the phenomenon that optima of neural network losses
(at least the ones found by gradient descent) turn out to be connected by paths where the loss value
is almost constant, and was observed empirically by Garipov et al. (2018); Draxler et al. (2018).
Kuditipudi et al. (2019) provided an algorithmic explanation based on dropout, and an explanation
based on the noise stability property. Theorem 5 suggests an explanation for mode connectivity
from a functional perspective: one can construct finitely-supported measures which approximate
a measure « € cly,(span(A)), yielding finite-width neural networks with non-zero weights which
approximate the zero function on Br(R?). Assuming that the data distribution is supported in
Br(R%), adding a multiple of one such network to an optimal network will produce little change
in the loss value because the function being represented is essentially unchanged. More work is
required to confirm or discard this intuition.

6 CONCLUSION

We provided in this paper tighter sparse approximation bounds for two-layer ReL.U neural networks.
Our results build on the introduction of Radon-based R, /-norms for functions defined on a bounded
open set . Our bounds refine Fourier-based approximation bounds of Breiman (1993); Klusowski
& Barron (2018). We also showed that the representation of infinite width neural networks on
bounded open sets are not unique, which can be seen as a functional view of mode connectivity
observed in training deep neural networks. We leave two open questions: whether any function
admitting an infinite-width representation on {/ has a finite R,{/-norm, and whether Theorem 5
captures all the measures which represent the zero function on Br(R%). Finally, in order to extend
our theory to deeper ReLU networks we believe that non-linear Radon transforms (Ehrenpreis, 2003)
are interesting tools to explore.
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A PROOFS OF SEC. 3

Proof of Proposition 1. We make an argument analogous to Lemma 10 of Ongie et al. (2019). For
b€ S(BE). let L) = —calf, (~A)HD/2Ru ). 1t sup{Ly(8) | 6 € SBY), [0l < 1) <
+00, since S(Pg) is dense in Cy(Pg,), by the bounded linear transformation theorem (Lemma 1)
and the Riesz-Markov- Kakutani theorem, there exists a unique o € C}(PY,) = M(PE) such that
for all ¢ € S(PY)) f]pd (w,b) da(w,b) = Ly (1), and sup{L¢(¥) | ¢ € S(PE), |[¢]lec < 1} =
el O
Lemma 1 (Bounded linear transformation (BLT) theorem). Every bounded linear transformation T
from a normed vector space X to a complete, normed vector space Y can be uniquely extended to a
bounded linear transformation T from the completion of X to Y. In addition, the operator norm of
T is c iff the norm ofT is c.

Proof of Theorem 1. Note that without loss of generality we can assume that 0 € /. This is because
if 0 ¢ U but some other point y does belong to U/, we can consider the function f(- — y) and the
set U — y. Then, once we have a representation of the form (5) for f(- —y) and z € U — y, we
may obtain a representation for f and x € U/ by massaging the bias terms and the independent term
appropriately.

If 0 € U, since U is open there exists € > 0 such that the ball of radius € centered at 0 is included in
U. Thus, for any w € S¥~! and b € (—¢, ¢), the point x = bw belongs to I and fulfills {w, x) = b.

This means that S¥~! x (—¢,¢) CU = {(w, (w,z)) € S xR |z € U}.
Lemma 2 (Helgason (2011), Lemma 2.1). The following intertwining relations of the Radon trans-
form and its dual with the Laplacian operator hold

(=A)*2R* = (—i)*R*A® and R(—=A)*/? = (—i)*A*R, forany s € Z*,
where N® is known as the ramp filter and is defined as
05 ®(w, b) s even
AD(w,b) =<0 ’
(,0) {Hbagcb(w, b) s odd.

Here, H;, denotes the Hilbert transform with respect to the variable b.

Lemma 3. Let € > 0 such that the ball of radius € centered at 0 is included in U. Let n € C°(R)
such that ffooo n(z) dx = 1, such that supp(n) C (—e,€). Forany x € S(Pd) define B () =
ffcoo x(w, x) dzx. Define also 1, € S(P%) as

1w, b) = x(w, b) = By (w) n(b)

b
Uy (w,b) = / o (w, ) dt

W, belongs to S(U). Define y, (w = [7_ Ui(w,t)dt, and
wQ(wvb) = l(wvb) - 'Yx(w> n(b)’

b
2(w,b) = [ o (w, t) dt.

Define Uy : U — R as

o and Wy belong to S(U).

Proof. First, note that ¢, € S(U) because y € S(P{,) C S(U) and 7y € S(S? x (—¢,¢)) € S(U).

Since the support of 7); is contained in cl(Z;{ ), to check that ¥; € S (Z/N{ ) it is sufficient to see that for
all w € 7, ffooo 11(w, b) db = 0, which holds because

/w<< )5ﬂ)(»®—/mﬂm®%f@WFﬂ~

— 00 — 00

12
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Since the support of 1, is contained in cl(I), to check that ¥y € S(U) it is sufficient to see that for
allw € %, [ 42(w,b) db = 0, which holds because

oo

| wwn oy = [ wiend - =0

— 00 — 00

Using the Radon inversion formula (3) together with the first intertwining relation of Lemma 2, we
obtain an alternative Radon inversion formula:

0 =ca(—A) VPR Re = (=) e RN IRy, Vo € CF(R?) integrable  (15)
Similarly, the measure v € M(P{,) given by Proposition | satisfies
Y € Sy, (on ) = —calf, (A) TR = (=) lealf, RIAT ) (16)

Now, for any ¢ € S(U), we have that Ry € S(P{,) by the definition of P{,. Let us apply Lemma 3
with the choice xy = R¢. Then,
—)d

’id

) eal £, RAATIRG) = (=)' eal £, RIATTY)
—i) " eal £y RIAT ) + (i) eal £ R B AT )

—i) e f,RIATTI O + (=) ealf R B AN M)

=) " eal £y RYAT Oya) + (i) eal f, Ry AT 0ym) + (=) calf, R B AT )
)" ea

1
N ea(f, RFATI) + (=) ea(f, R A (By 0+ vy Oum))

7
A7)

The first equality holds by (15). We used that x = 11 4 5,7, that Oy W1 = 11, that W1 = 1o + 41,
that 9, ¥ = 12 and that A4~192 = A4T1. We develop the first and the second terms of the right-
hand side separately.

(—i)dflcd<f,7z*Ad+1\1/2>:/V\Ifg(w,b)da(w,b):/sd /m W0, b) dargy (b) daga: ()18)

In the first equality we use (16). In the second equality we make use of a generalization of the Fubini-
Tonelli theorem (c.f. Theorem 2.1, Salazar (2018)), which states that ag),, € M(R) is defined for

w aga-1-a.e. in S"1. While « is a finite signed Radon measure and Salazar (2018) deals with
probability measures, the result can be applied by decomposing Radon measures into non-negative
finite measures via the Hahn decomposition theorem. We develop the integrand in the right-hand
side via Lebesgue-Stieltjes integration by parts:

b=+o00

) b 0o b
/ %(oa,b)daRw(b):[%(wyb) / damw(t)] [ dasonaetyab

— 00 — 00

b

-] ; oy (1) (0, B) db

- /_Z /_boo davg), (t) Uy (w, ) db + /_O:o /_boo dagy(t) Y (w)n(b) db "

Here we applied Lemma 4 with U(z) = ¥s(w,z) and V(z) = [*_ dog,(t), and we used that
Wy = 9 + yyn. We apply Lemma 4 again on the first-term in the right-hand side, this time with

13
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U(z) = ¥y (w,z) and V(z) = [*_ f dogy,, (y) dt. We get

—/_O:o /b dagy,(t) ¥1(w,b) db
R dt] NN R

b= (20)

:/_Z /_oo /_; o, (y) dt Y1 (w, b) db:/_oo /_Oo(b—t)+daR|w<t)w1(w7b)db

— /jo /jo (b—t)1 dog,(t) (Re)(w,b) — Bry(w)n(b)) db

The last equality holds because x = 1 + 3,7 and in the second-to-last one, we used that

b t %) t
/ / daR‘w(y)dtZ/ Iltgb/ dog),(y) dt

= l—(b — 1)+ /_ damw(y)} + /_Oo (b—t)y dag),(t) = /_OO (b— 1)y dag,(),

t=—o00

which holds again by Lemma 4, with U(z) = fi dog),(y) and V(z ) (b — )4, which has

derivative ‘flv( ) = 1,<p. The last equality holds because lim inf;_, o ( f -~ daR‘w =0,

as « is supported on P4, which is bounded because 2/ is bounded.

Lemma 4 (Lebesgue-Stieltjes integration by parts). Given two functions U and V' of finite variation,
if at each point at least one of U or V' is continuous, then an integration by parts formula for the
Lebesgue—Stieltjes integral holds:

b b
/ Udv +/ VdU =U(b+)V(b+) — U(a—)V (a—), —00 < a<b< oo,

where U(b+),V (b+) = lim, _,+ U(r),V(r) and U(b—),V(b—) = lim,_,,- U(r),V(r) are the
right and left limits respectively, which exist at all points since U and V' are of bounded variation.

If we plug (20) into (19) and then this back into (18), we obtain

(—) ¥ Lealf, RFAT D) = /S / X / " (b 1)y dog (1) (Re) . b) dbdage 1 ()
/S/ / (b ) dag, (1) Bro(@)n(b) dbdags - (w) (21)

+ /S d / ) / _dasgu(t) YR ) (8) db dosg-1 ()

14
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We develop the first term of (21):

/Sd/ / (0 — 1)+ dop(t) (Re)(w, b) db doga—1 (w)

:/ / / / ({w,z) = t) 4 o(x) dz dagy, (t) dbdaga—1 (w) (22)
St J—o0 J—o0 J{z|{w,x)=b}

—Léwm@tnmwwm@m

In the third, fourth and sixth equalities we used Fubini’s theorem. Before going any further, we
express Sr,(w) and yr, (w) as integrals over U of some functions against ¢:

an(w)zﬁ (R@wbdb—/ /“x da:db—/u (z) da.
wbdb—/ / 1 (w,t) dt db

(w, t) dt] —/ by (w, b) db

b=—0o0

e

- 7/ b (Re)(w,b) — Bre(w)n(b)) db
/.
Ia

/ x)drdb+ fre(w )/OO bn(b) db

(elfwaa)=b) —oo

- / <%@()M@+%MW/ biy(b) b
oo J {al(w,z)=b} o

= —/u<w,x><p(x) da:—l—/ugo(x) da;/_o; bn(b) db

In the third equality we used [.emma 4 with U (b f 1 (w, t) dt and V(b) =

We develop the second term of (21):

/Sd/ / b —t)+ dagu(t) Bre(w) n(b) dbdaga— (w)
/Sd/ / b — )+ Bre(w) n(b) db dag,,(t) dagi— (w)

_ _/Pd /_Oo(b—t)mm(w)n(b)dbda(w,t) - —/ugo(x) d:c/w /_Z(b—t)+n(b) db do(w, 1)

(23)

15
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We compute the third term of (21):

L[ desrman)avdosso

Lo { [ = vt )

~ [ mole <1 -/ b@n(t) dt) daw,b)

-/ ( [astaies [ i [~ i dt) (1 /o dt) doe.b)
- ‘/L,</L~,“ (1—/boo77(t)dt> da(w,b>,x> pla) da

+ [ ewds [~ myar | (1 -/ b@n(t) dt) da(w,b)

(24)

In the first equality we used that by L.emma 4 with U (b) = f_boo dogy.,(t) and V (b) = f_boo n(t) dt,
and since [*_n(t)dt =1

b=oc0

/_O; /_boc dorgj (£)m(b) db = l /_ ; dog. (t) / " dt] - /_ O; /_ ; n(t) da(t)
/ dag), (1) / /

It remains to compute the second term in the right-hand side of (17):

(_i)d_lcd<f’ R*Ad_l(ﬂRw n+ TRy 8b77)> = (_i)d_lcd<f7 R* (BRLP Ad_l?? + TRy Ad_l@bn»
(=) e <f,/ (Bre (@) (A1) ((w, ) + YR (W) (AT 0m) ((w, ~>))dW>
Sd—l

=i te [ po)ae (£ [ ) aw)

) <f, s ( [ wap@dot [ o@ds [~ o) db) (A“abn><<w,->>dw>
(i) [ ola) dx<f, L ((A“n><<w,->>+ G db(A“@bn)(<w7~>)> dw>

- e <<f [ et o nav) > o) d

16
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Plugging (22), (23) and (24) into (18), and then plugging (18) and (25) into (17), we obtain that (7)
holds when we set

b
v=— / w (1 —/_ n(t) dt) da(w,b) — (—i)dilcd/uf(x) /Sd_l w (A10yn) ((w, z)) dw dx:

u
c=— h (b—1)4 n(b) dbda(w,t) + b tn(t)dt | (1— b n(t)dt | da(w,b)
Pd, J—oo o0 u o0

T (i)l /M fa@ [, ((Adlmuw,z» + [y (A“abm«w,z») do da.

—0o0

B PROOFS OF SEC. 4

Lemma 5 (Hahn decomposition theorem). For any measurable space (X, Y) and any signed mea-
sure [ defined on the o-algebra Y, there exist two Y-measurable sets, P and N, of X such that:

e PUN=Xand PN N ={.
o Forevery E € ¥ such that E C P, one has u(E) > 0, i.e., P is a positive set for L.

o Forevery E € X such that E C N, one has (E) < 0, i.e., N is a negative set for .

Proof of Theorem 2. By Theorem 1, there exists & € M(P{,) such that ||a|rv = || f||ru and

f(@) = [pa ((w,2) —t)4 da(w,t) + (v, z) 4 ¢ for z a.e. in Y. By the Hahn decomposition theorem
u

(Lemma 5), we can write @« = o — a_, where aq,a_ € M, (P{) are non-negative Radon

measures. Also, there exist measurable sets P, N C Pzdl such that for any measurable set F' included
in P (resp. N), u—_(E) = 0 (resp., u+(F) = 0).

We define o] = ay +a_ € M, (P), and the normalized measure p = |«|/||c||rv, which belongs
to P(P{,), the set of Borel probability measures over P4,.

Let {(wi, b;)}7_; be n iid. samples from s, and let fi, = + 37" | 8, 5,). We construct the
function

n

@) = 1 S 1) — v )G — B+ {w,0)

= ||04||Tv/g(1lp(w7b) —In(w,0)(w,z) = )4 dfin(w,b) + (v, ) +c.

Notice that if we take the expectation over {(w;, b;)}_,, we have

E{(W'iab'i)}?:lf(x) = HQHTV /Z;{(ﬂp(w, b) - ]lN(wa b))((w,x> - b)-i- d.u“(wv b) + <U7I> +c

:/(1113(%6)*ﬂN(w,b))(<w7I>*b)+ dler|(w, ) + (v, ) + ¢

u

= [ (Gs2) = b1 dlas - o))+ (0.0) +

u

- / ((w,z) = b)4 da(w, b) + (v,2) + ¢ = f(z),

u

where the last equality holds almost everywhere.

17
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To show the uniform bound, we want to upper-bound

sup
zeU

/ﬂ(ﬂp(w, b) = In(w, b)) ({w, x) = b) 4 d(fin — p)(w, )|

We compute the Rademacher complexity of the class

F={f:U—>R, (w,b) — (Ip(w,b) —Ix(w,b)({w,z) —b)4 |z U}

Rn ./r :Ea b ) 1 (2] 7,
(F) = Eofwpor, ;gganff w

=Eo {(wi b)), [SUP— ZJZ 1p(wi,bi) — In(wi, b)) ((wi, ) — bi) ¢

xzey M
E LS ou({wnra) — b)s | <E § j b)
= - b ) sup — 0;((Wi, ) — o, {(w su 0’1 wl, — 04
U»{(W'ubz)}i=1 1268 n — + {(wi,b; )}L 1 wEB n
1 & 1 & R
< Eg fwiim sup — E oi(wi, z) | = REq {w,1n H g oiWw; < —.
A }1:1 w€Bg (RY) n — { }1:1 n P 9 \/ﬁ

In the first inequality we used that z — (z)4 is Lipschitz and Talagrand’s lemma (Lemma 5.7,
Mohri et al. (2012)). In the second inequality we used the assumption that &/ C B R(Rd), and also
that E,[2 "7 | 0;b;] = 0. The second-to-last equality is by Cauchy-Schwarz and the last equality
is by Kakade et al. (2009) (Sec. 3.1). Thus, we have the following Rademacher complexity bound
(Mohri et al. (2012), Thm. 3.3):

/ﬁ (Lp(@,b) — 1y (w, B) (@, 2) — B4 d(fin — 1) (w, b)H < Ru(F) < %

{(wibi) 3,y Leu

And this means there must exist some {(w;, b;) }_; such that

@ - R«
sup 1T S (1ot b) = b)) — )~ [ () b1 daont) < T,
which concludes the proof. O

Lemma 6 (Theorem 1 of Klusowski & Barron (2018)). If f : [~1,1]¢ — R admits an integral
representation

f(z) = /{ e 1 (@2) ) duesd)

for some probability measure p and n(w,b) taking values in {+1}, then there exist {a;}, C
[—1,1], {w:}™, € {w € RY|jw|ly = 1} and {b;}"_; C [0, 1] such that the function

H n
= ;ai(w»@ —bi)t

Sulfills
sup |f(z) — f(x)| < cm/d—i—logmm_l/g_l/d,

z€[—1,1]4

for some universal constant ¢ > 0.

18
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Proof of Proposition 2. By Theorem 1, f admits an infinite-width neural network representation of
the form (7) on By (R?). That is, for almost every = € B;(R?), we have that f(z) is equal to

f(z) = / (@, 2) — b4 dax(w,b) + {0, 2) +

u

= /L?(]lp(wa b) — In(w,b))({w, z) = b) dle|(w, b) + (v, z) + ¢

- / (Lp(@,b) — Ly (@,5) (@, 2) — B4 dla|(w,B) + (o)) + ¢
UNSe—1x1[0,1)

w

= Lo Ered = e (o)~ oy ) e ol b+ (') 4.

:/ (@, 2) = B)y du(@,B) + (W, 2) + ¢,
folllwli=1}x[0,1)

(26)

In the third equality we use that ((—w,z) + b); = ((w,z) — b)+ — (w,z) + ¢, and that |«
is even, and we define v/ = v + fz)msd—lx(q 0)(]1p(w,b) — Iy(w,b))wdla|(w,b),d = ¢+

Tt 1.0y (1P(w,0) = Ly (@, D))t dlal(@,b). Let T+ focums, oy = @lllwll = 1 x [0, 1)
be the map (w, b) — ( - b ), which is invertible. In the fifth equality, we define the Radon

llwlla flelly

measure 1 € M({wl||jw|1 =1} x [0,1)) as

p=Tyg [(Lp(w,b) — Ly(w,b))||wl]al] ,

where T’ denotes the pushforward by T'. Since 7' is surjective and the pushforward by a surjective
map preserves the total variation norm, we have that the total variation norm of x is

el := /Pd |lwll1dlal(w, @) < Vd|alrv = V|| flru,
u

where we used that by the Cauchy-Schwarz inequality, ||w||; < v/d||w||2. Defining i = |u|/||] v
the right-hand side of (26) becomes

flx) = lul (@, 0) (@, z) = b)+ di(@,b) + (v,z) + ¢,
{wlllwlli=1}x[0,1)
where 7 is a function taking values in {£1}. Since t fulfills the assumptions of Lemma 0,
we conclude that there exists f of the prescribed form for which sup,¢;_; 1ja [f(7) — f(2)] <

c||lTllrvv/d+Togmm=1/2=1/4, Since f and f coincide a.e. in B;(Ry), we obtain that the final
result by setting k = ||7||1v. O

Proofs of Theorem 3 and Theorem 4. We will prove the two theorems at once because the proofs are
analogous: the only difference is that in Theorem 3 we assume that f admits a Fourier representation,
while in Theorem 4 we assume that it admits a representation of the form (10). We will indicate the
steps where the proofs differ.

By Proposition 1, the measure « is the only one that satisfies (¢, @) = —cg(f, (—A)(@HD/2R* )
for any ¢ € S(S%~! x (—R, R)). We develop this expression in different ways for d odd and d
even.

Case d odd: We prove the case in which d is odd first, which is simpler because A4+l = 6{)”11#.
By Equation 16, we have

—ca(f, (=A) DR ) = (—i) T eq(f,R*AMT ) = (i) ea(f, RTOFTY)  (27)

Let ) € S(S* ! x (—R, R)) C S(S?~! x R) even. We have 9 ¢ € S(S*~! x R) which means

—

that the Fourier inversion formula holds for ag“w. That is, if we define y = Bl‘fﬂw to be the
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Fourier transform of A%*14), we can write A1+ = x. Since X(w,b) = (% @ Je €®x(w,t) dt,
for the proof of Theorem 3 the right-hand side of (27) becomes (up to constant factors)

(fy,R*%) /R,; x Ad ) (w,x) dwdx—/Rdf iE)/Sd  @r 1/2/6%<""’$>X(w,t)dtdwd$

- cil6:x) 1 it (w.2)
_/ (27T)d/2/ af(9) /Sdi1 (277)1/2/R€ X(w, t) dt dw dz,

where the last equality follows from the representation of the function f. For the proof of Theorem 4
the analogous development reads

R B R e B O ey e L A

. 1
i) g At/ /”“ t) dt dw dx.
/]Rd /Sd 1xR (w ) §d—1 (277)1/2 Re (M ) wor

At this point, note that y is even because

(28)

! —i 1 B
O /R(agﬂw(%t)e "= Gy /Rw;l“w)(—w, —t)e i dt
N ﬁ /R(affﬂiﬁ)(—w,t)e“’t dt = x(—w, —b),

where we used that 83“1/} is even, which follows from v being even. Consequently,

/ / eit(w,w>x(w7t) dt — / / eit<w,m>x(w7t) dt +/ / eit(w,x>x(w7t) dt

si-1 JR sa-1 JR+ si-1 JR-

:/ / ey (W, t) dt —|—/ / e "W\ (w, —t) di
sa-1 JR+ si-1 JR+

= / / ety (w, t) dt + / / =@\ (—, t) dt = 2/ / ey (w, t) dt
Sd—1 R+ §d—1 R+ Sd—1 R+

Applying the change of variables from spherical coordinates to Euclidean coordinates (Lemma 7),
we may write

Vz € RY, / /ei““”z)x(w,t) dt:/ "W (y) dy,
Sd-1 JR Rd

where we define ¥ : R? — R as

2x(y/lyll: llyll)

ly[l4="

X(y) =
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Thus, for the proof of Theorem 3, the right-hand side of (27) can be written as
=(—1)""ca (% B d/Z/Rd/Rd &) /R “w2) 3 (y) dy da df (€)

= (i)t ey (2m) 2 (27T1)d/2 /R T /R i) (%W /R eI () dy e df(€)

- ity [ AL 47

_ (7i)d710d(271')d71/2

df (€)

(2m)d/2 1€]4=*
VRPN E e 1 A=/ NENL IED
— (=)t teg2(2m)t 2(27r)d/2/ e df(€)

1 1 , .
_ (_nd-1 d—1/2:d+1 2 illENb,
= (i)t o [ R s [ Pug el avafe)
1 2 [ -illle i
= ¢ b)dbd
oy L Je1? [ e lel by dvago

(29)

In the sixth equality we used Lemma 8. In the last equality we used that ¢ is even, which means

that [, ei1€10p(—¢/)¢]],b) db = [, e/IEIg(¢/||€]l, ~b) db = [, e~ I€IP(e/ €], b) db. And anal-
ogously for the proof of Theorem 4, the right-hand side of (28) becomes

(i) e / / 2 dp(@, ) / 0D (y) dy da
Rd JSd— 1><1R R4

o 1 .
N\ d— d—1/2 i(tw,x) —i({y,z)
= (- 2 dydx du
=) Cd( ™ /sd—lxR (2 )d/2 /]Rde (27T)d/2 /Rde X(~y) dy de du(S, )

~ —of ~
= (—i)dLey(2m)d—1/2 u(@,t):(fi)dflcdz(gwﬂd*l)/?/ %du(@,w
Sd— 1><]R Sd-1xR |t| -

Ad+1y -
= (—i) eg2(2m)4 1/2/ wd S ©.1) dp(o,t)
Sd—1xR |t]

~d+1 t d+1 _ t
= (—i)%Leg2(2m)d1/2 N

Sd—1 xR |t~|d71

o i 1 o o

= (—i)4Leg2(2m)d /24441 /Sd RFW/Retbz/)(—w,b) dbdp(w,t)
Sy

1

_ d—1 d— 1/2 -d+1 72
2(2 t—
( ) Cq ( 7'(') _/Sd—lxR (27_(_)1/2

//Sdl / e d1y (@, F) db.

Case d even: When d is even, we write

—cq(f, (=AY FIPR ) = —cq(f, (D) VP (=A) PR ) = —ca((—A) /2 f, (~A) P R*4))
31)

(30)

= —(=i)%ca((=A)/2 £, R O}).
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The second equality holds by the definition of the fractional Laplacian (—A)?® for tempered distri-
butions’: if T € S’(R%), for any ¢ € S(RY) we have ((—A)*T, ¢) = (T, (—A)*yp), and because
(—A)?R*p € S(RY) as both R* and (—A)%2 map S(R?) into itself (Theorem 2.5, Helgason
(1994)). The third equality holds by Lemma 2. Reusing the argument for the even case, this time

taking x = 8dw and x = 0{p, for the proof of Theorem 3 the right-hand side of (31) is equal to

—(=i)%¢q /Rd(_A)l/Q ((2771)‘1/2 /Rd &) df(f)) ~/Sd71 W /Remw’mx(mt) dt dw dx

= (it [ g [ ENafe) [ o [ e e ds
Ade(— .
_ —(—i)dCdQ(Qﬂ')d_l/Q 1 /Rd w( £/||§||7 ”5”) HgH df(ﬁ)

CHLE el
vt itz L[ LB CEEL D
= —(iye2m) 2y [ SR e aje

1 R L ;
— g [ € [ e je b avdsie) .

Note that the only difference with respect to the odd case is the factor i instead of i%*'. And for
the proof of Theorem 4, we have analogously:

. it x ~ T 1 it{w,r
: <—@>d6d/Ri<—A>” (e e0) [ i [ sy
d —1y -1

= 1 )
e i@, 1 ——— [ My (w, t) dt dwd
—1) Cd/Rd/Sd om |t|dp(@, ) 1(27T>1/2/Re X(w, t) dt dw dx
d —Q ~ ~,
= —(—z) cd2(277)d 1/2/ Mlt\du(uﬁ, ) (33)

Sd—1 xR |t‘d_1

id 71d,7 o B B
= —(iyteatmy [ PR D4,

N
—// @p(@?b)/{?e*ﬁbdu(w,ﬁ db.
R Jsd-1 R
Conclusion of the proof of Theorem 3: Since ¢q = W’ from (29) and (32) we obtain
Hf”R,BR(Rd) = sup <aa¢>
PES(PR), 1Pl <1
1 2 " ) b £
= st e / el / e~ 1Py ¢/ €ll, b) dbdf ()
€S(PL), 1]l <1 -
<ol G / el / B(E/Il. D) dbdlF1(E)
€ o 1

<R sp / €12 dIf1(€) = 2RC
VeSEL), 4] w<1 (2 7T>d/2 "

This concludes the proof.

Conclusion of the proof of Theorem 4: Since cq = 2(27r)d -, from (30) and (33) we obtain that

o)== [ [ vty [ e due 0y

2We denote by S’(R?) the dual space of S(R?), which is known as the space of tempered distributions
on R, Functions that grow no faster than polynomials can be embedded in S’(R%) by defining (g, ) :=
Jpa p(x)g(x) da for any ¢ € S(RY).
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This concludes the proof. O

Lemma 7 (Change from Euclidean to spherical coordinates). Let [y, .. ©(w,b)d(w,b) denote
the integral of the integrable even function ¢ : S*~1 x R — R with respect to the Lebesgue measure

on S 1 x R. Then,
20(x/ |||, [|=]])
o(w,b) d(w, b =/ Ze@/lzl. izl) ;.
L etepden = [ ZECE

Conversely, if g : R* — R is an integrable function, we have

—1 w) b4 d(w
[o@ra=g [ b den),

Proof. The Jacobian determinant of the change from Euclidean to spherical coordinates takes the
form (w, b) — C|b|~* for some constant C. Consider the function = + 1)z)<r for an arbitrary
R > 0. We have

VOI(BR(Rd)) :/ ﬂHwHSR dx = C/ ]leRbdfl d(w,b)
R4 Se—1xR
R
:C/ﬂb<R|b|d71/ dwdb:C’/ 6]~ tvol (S*1) db
R gd-1 _R

R R
=C / vol(S{—1) db = 2C / vol(S{~1) db = 2Cvol(Br(R?))
—R 0

This implies that C' = 1/2. O

Lemma 8 (Fourier transform of the ramp filter A®). Let v € S(R). Then, @(g) =
a7z S Y (&)

Proof. We reproduce the proof for completeness, but the result is ubiquitous. When s is even,
we have @({) = @5) = (—i&)"P(E) = i |§| $(€). When s is odd, we have @(5) =
HOs (&) = —isign(€)0*(€) = —isign(€)(—i) (&) = i*[€[*P(£). O

Proof of Example 1. The Fourier representation f(x) = W I \/f 01(&)+0-1(§) —014¢(§) —

5_1-¢(€))e'” d¢ holds because we may write cos(£oz) = 5 [5 (3¢, (€) + ¢, (€))e'” d€. From the
definition of C'y in Subsec. 2.2, we have

Cr = (27r1)1/2 /R \/§|§|2(51(f) +0-1(8) + 014e(§) +0-1-¢(€)) d€
1 ) )
= 5(2+2(1+e) ) =2+2+¢€.

On the other hand, f(z) = % [oo [5(61(b) +6_1(b) + 614e(b) + 6_1-¢(b))e®® db dw the represen-
tation (10) holds for f w1th dp(w,b) = i(él(b) +0-1(b) +014¢(b) +0-1-¢(b)) dbdw. By equation
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(11) we have

1 s ety = / /
SD

2
= /—R /Rj; (51()4‘57 ()_51+€(t)_57176(t)) o—ith gy

R R
_ /_R 1£(5)] db = /_R |~ cos(a) + (14 €)2 cos(1 + e)a)| b

/ 2 7ztb O1(t) +0_1(t) + 014e(t) +6_1_c(1)) dt’ dw db

db

R
S/ ‘cos((l—i—e)x) —cos(x)’ + (2¢ + €?)| cos((1 + €)z)| db
-R

R
_ [Re|x| Isin(7)| + (2¢ + €2)| cos((1 + €)x)| db

< R%*¢ +2R(2¢ +¢*) =R (Re +4de+ 262) .
O

Proof of Proposition 3. We show the bound on || f ||z ¢ first. Comparing (4) with (6) we obtain that
[flru < Iflw forall f: R* — R and all i € R bounded open. Theorem 1 of Ongie et al.
(2019) states that || f||r = R1(f), where

Ri(f) = min {||a|TV | Vo e RY, f(z) = / ((w, z) — )4 do(w, b) + (v, x) + c} .
)s SI-1xR

aeM(STIxR
veER?,ceR

By assumption, for all z € R? we have f(2) = [qu 1, z((w,2) — b)1dda(w,b) where & =
I 1 @ib(wi by and [lallry = 2377 Ja;]. Thus, Ry(f) < 13" | |a;|. Putting everything
together we get that || f|| Ry < 237 | |ail.

To show that Cf,C; = +oo, we will show that Oy < oo implies that f is C;, which is
an argument that we take from E & Wojtowytsch (2020) p. 3. If [o. d|f|(€) < oo and
Jaa €I dIF1(§) < +oo, we have that [, €] dIfI(€) < § fra(1 + [I€]7) dl f1(§) < +oo. And
forany i € {1,...,d}, & f is the Fourier transform of &f, which means that [, d|0; f[(§) < +oo.

Hence, 0; f is continuous, or equivalently, f € C 1 (Rd). Since a finite-width neural network which
is not an affine function does not belong to C*(R?), we have that Cy = +o0. O

C PROOFS OF SEC. 5

C.1 PRELIMINARIES

Notation: Throughout this section, Hg denotes the space of homogeneous polynomials of degree
k on R?, and Yﬁ denotes the space of harmonic homogeneous polynomials of degree k& on R<.
{Yk.j | 1 < j < Ny 4} is an orthonormal basis of Y¢, where for d > 2,

(2k+d—2)(k+d—3)!
Nya=
kl(d — 2)!
The sequence of Legendre polynomials in dimension d is the sequence (Py,4), -, of polynomials
n [—1, 1] such that f_ll Py a(x) Py g(x) do = S g
Lemma 9 (Theorem 2.18, Atkinson & Han (2012)). We have
Hd Yd D || || Yn 2 ©---® H ||2[n/2 Yn 2[n/2]»
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where @ denotes the direct sum of vector spaces. In particular,

H |sa1 = Yot |ga1 @ Yo _olsa1 @ -+ @ Yo oy, o lsa—1-
Lemma 10 (Funk-Hecke formula, Atkinson & Han (2012)). Ifn is a measurable function on (—1,1)
such that f_ll In(t)|(1 — t2)(4=3/2dt < oo (in particular; if f € C([—1,1]) for d > 2), for any
spherical harmonic Y € Yz‘gd—l, we have for any w € S,

1
[, tea)Y@de =182y (@) [ a)Prata - )9 ar

Lemma 11 (Schwartz theorem for the Radon transform, Theorem 2.4 of Helgason (2011)). The
Radon transform f — Rf is a linear one-to-one mapping of S(R?%) onto S¥ (P%), where

SH(pY) = {zp € S(PY)

Vk e ZT, / P(w, b)bk db is a homogeneous polynomial of degree k} .
R

Lemma 12 (Support theorem for the Radon transform, Theorem 2.6 of Helgason (2011)). Let f €
C(R?) satisfy the following conditions:

kf(z) is bounded.

s There exists a constant A > 0 such that (Rf)(w,b) = 0 for all (w,b) € S¥~! x R such
that b > A.

Then, f(z) = 0 for all x such that ||z||2 > A.

Lemma 13 (Helgason (2011), Ch. I, Lemma 5.1). Assume that ¢ € C.(R%) and v is locally
integrable on P, Then,

/ (Rep) (@, b)h(w, b) d(w, b) = / (@) (R*) (x) de.
Pd Rd

Lemma 14 (Adaptation of Helgason (1994), Proposition 2.7). Let p € C®(Bgr(R%)). Then, we
have p(w,b) = >°p° r(x), where the convergence is in the topology of C*°(Br(R)) (the topol-
ogy of uniform convergence for derivatives of all orders), and the functions @y, are of the form

Nk,a

Zapk,] )Yy j(w), where by ;(r / P(rw) Yy ;(w) dw

Lemma 15 (Adaptation of Helgason (1994), Proposition 2.8). Let 1) € C°(P%). Then, we have
P(w,b) = Y70 Yr(w,b), where the convergence is in the topology of C*(P%), and the functions
1y are of the form

Ni,d

D) =3 vrs(0)Vis(w), where (b / (w0, )Y () o
j=1

and Y j(=b) = (=1)"r;(b).

Lemma 16 (Rudin (1991), Theorem 1.21). All finite dimensional subspaces of Hausdorff topologi-
cal vector spaces are closed.

Lemma 17. Let U,V be subspaces “of avector space & endowed with a bilinear form. Let U be the
annihilator of U within V, that is, U = {v € V | Yu € U, (v,u) = 0}. Then, U is the annihilator
of U within V + U.

Proof. SinceV CV + U s U is included in the annihilator of U within V + U. To show the reverse
inclusion, note that an arbitrary element z of the annihilator of U within V + U may be written as
& = v+ i, where v € V, @ € U. Forany u € U, we have 0 = (z,u) = (v + i, u) = (v,u), where
we used that @ € U. This implies that v belongs to the annihilator in the annihilator of U within V/,
i.e. v € U. Hence, we obtain that z € U. O
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Lemma 18. Let U be a finite-dimensional subspace of a (possibly infinite-dimensional) vector space
& endowed with an inner product (-,-). Let U be the annihilator of U within €. Then, one can
write

E=UaU".

Proof. Let (uq,--- ,uy) be an orthonormal basis of U according to (-, -), which may be constructed
according to the Gram-Schmidt procedure. Then, one can define the orthogonal projection Py onto
Uas Pyz =Y " (x,u;)u;. Note that for any = € £, Pyx € U. Moreover, z = Pyz + x — Py,
and z — Pyx € U because for any v’ € U, one can write v’ = > (u/, u;)u; and consequently,
(W, = Pyx) =370 (u' wi) (ui, o) — 3570 (o wa) (', ) = 0. 0

C.2 PROOF OF THEOREM 5

Proposition 5. Let A = {V;,; @ X¥ |k, j, kK € Z*, k =k (mod2), ¥ <k—2,1<j < Nai}.
IfYs; @ X € A, then,

vz € Br(R%), /Sdlx(_R (e =002 XY (w, b) d(w, b) = 0.

Moreover,

for x a.e. in Br(R?), / ((w, ) — )1 (Yi; @ X¥72)(w,b) d(w,b) # 0.
Sa-1x(—R,R)

Proof. Note that

!’ R !’
/ () = B2 (Vi © XY 0y ) = [ [ (o) = 0) 8 Y0 o
S4-1x(—R,R) si-1 J_R

and since for z € Br(R?) we have (w,z) € (=R, R) for any w € SY~1, by Lemma 19 we have

f ! 1 '+2 '+2 1 '+1
) =0 dh = o (0.0) 7 = (R = o (R () + )

= Qr2((w, )

using the fact that %(mbk,“) = %(ﬁb’a“) = b*" and defining the degree k' + 2
polynomial Q2 appropriately. Consequently,
R ’
/d / ((w,z) = b) L " dbYy (W) dw = , Qrr2((w, ) Vi j(w) dw. (34)
si-t J-R sa—1

For any = € RY, Qs 12((w, x)) is a polynomial on w € S~ of degree at most k’ + 2 (the degree is
k' + 2 if x # 0 and zero otherwise). That is,

k' +2 k' +2

Qu+2((2)) € P Hf|gar = P Vg,
=0 =0

where the last equality is by Lemma 9 applied to each H¢|sa-1. Since any pair of spaces Y¢|ga-1
and Y¢|ga—1 are orthogonal when i # i’, we have that Y}, ; € Y{|sa—1 must be orthogonal to
Qrr+2({w,x)) as k' + 2 < k. This means that the right-hand side of (34) is zero.
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To deal with the case of Y}, ; ® X*~2, we reproduce the same argument, but in this case Qj((,z))
has a term of degree k that survives:

1
[ @oanVigrde = [ ot slon) Vi) do

[l

B k(k—1) /d,1<w’x/||x||>kyk,j(w) dw

_ H$||k|Sd72|Y (3’]/|l‘||)/1 tkP (t)(l 7t2)(d73)/2dt
Wk —1) * e '

In the second equality we used that  # 0 (in the case x = 0 the result is zero). In the third
equality we used the Funk-Hecke formula (Lemma 10). Note that the sequence (Py g)g»>0 of
Legendre polynomials in dimension d are orthogonal with respect to the inner product {f,g) =

f_ll ft)g(t)(1 — t2)(4=3)/2 gt Consequently, f_ll th Py, 4(t)(1 — t2)(@=3)/2 dt is proportional to
the coefficient of X* in the basis (Py.4)k>0, which is non-zero. Finally, Y}, ; being a non-zero

polynomial on R%, Y}, ;(x/||x||) is non-zero almost everywhere. O
Lemma 19. Let f € C%((—R, R)). For any x € (—R, R), we have
R
@ = JCR+ @t BR[| @0 0
-R

R
@) = F(R) + (x — R)f'(~R) + / (=) s ) dr

Proof. By the fundamental theorem of calculus,

J@) = F(~R) + / P
fa / f(

And integrating by parts, we get that for any = € (—R, R),

R
RS / Lo Ot = [~ 0O+ [ @0 0

R
—@RFCR [ oo d
-R
In the last equality we used that (z — R)y =0, (¢ + R); =« + Rforall z € (—R, R). Similarly,

R R R R
[rwa=— [t [~a-0 @) [ -0
x —R R

R
—(x— R)f'(R) + / (=) r

Proof of Theorem 5. By Proposition 5, for any h € span(A), we have
vz € Bp(RY), / (w0, 2) — ) h(w, b) d(w, b) = 0. (35)
S4-1x(—R,R)

If o € M(S?! x (=R, R)) belongs to the closure cly(span(A)) in the topology of weak conver-
gence, there exists a sequence (hy),~, C span(A) such that for any ¢ € Cp(S%1 x (=R, R)),

fsd—lx(—R,R) P(w, b)hi(w,b) d(w,0) = [sa-1, (g gy ¥(w,b) da(w,b). Since (w,b) = ((w,z) —
b)4 isin Cy(S?71 x (=R, R)) for any z € R?, we have

/ ((w,z) — b)4+ da(w,b) = lim ((w,x) — b) 4 hg(w,b) d(w,b) =0,
Si-1x(—R,R) k—oco Jgd-1x(—R,R)
where the second equality is by (35). This concludes the proof. [
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C.3 PROOF OF PROPOSITION 4

To prove Proposition 4, we use two main intermediate results:

e Proposition 6, which proves that (14) holds. Its proof uses Lemma 20, which in turn builds on
Lemma 21.

e Corollary 1, which proves that span(B) & R(S(Br(R?))) is dense in Co(IP%) and thus implies
that (13) and (14) specify a unique measure. Corollary | is a corollary of Proposition 7 (which
makes use of Lemma 23), and also relies on Lemma 24. Both Proposition 7 and Corollary 1 use
Lemma 22.

Proposition 6. Let o € M(P%) as in Proposition 1. Suppose that I £l =8, (re) is finite for some
R > R. Foranyk, j, k' € Z* such that k' = k (mod 2), we have

<Oé, kaj ® Xk/> = _Cd<f7 (_A)(d+1)/2R* (Yk,j (9 ]1|_)q<RXk/)>.

The quantity {f, (—A)HFD2R* (Y, ; ® ]l‘X|<RXk/)> is well defined despite ]1|X‘<RX’“/ not being
continuous on R; we define it as {f, (—A)\ D/ 2R* (Y, ; @ (§ + ]l|X|<RXk/))>, where § is any
function in S((—R, R)) such that § + ]l|X|<RXk/ € S((—R,R)).

Proof. Take Vi ; @ X* as in the statement of the lemma. Let N = max{k’,k”} and define
(bn)gzo as b, = — ddg:; (xk,)|l.: r. Note that higher-order derivatives are zero. For €, > 0, let
g : R — R be the function described in LLemma 20 corresponding to the sequence (bn)ﬁf:O and
define j : R — Ras §(z) = g(—x — R) + g(x — R). We define the function ) : P* — R as
¥ = Yy; ® (G + 1x<rX"). Note that ) € S(P%, .. 5), as both 1| x|« X" and § take value
zero outside of (—R — ¢ — 6, R+ € 4 0). Let & € M(P%, ., 5) be the measure from Proposition |

for U = Bryetrs(RY), and note that by definition, (&, 1) = (, ) for any 1) € Co(P%). Thus, we
have that

(0, Y ® ]1|X|§RXkl> =(a,Y; ® ]I\X\SRXIC/>
=(a, V) — (@, Yr; ® §) = —ca(f, (D) FTVERMp) — cy(f, (—A) VPR (Y 5 ® §))

The first equality holds because (d,1)) = (a,1)) for any 1 € Co(P%). The second and fourth

equalities are by the definition of v. The third equality holds by the definition of & and because 1; €
S(P%., .. s)- The fifth equality holds by the definition of & and because Y3 ; @ g € S(P%, ,5). O

Lemma 20. Let (bn)f:O C R. Forany €,§ > 0, there exists a function g : R — R which is C™
such that g(x) = 0 for ||x|| > €+ 9, and such that %g(w) =b,forn=1{0,...,N}, %g(az) =0
forn > N.

Proof. Let h : (—00,0] be the function described in [.emma 21 such that (-2 1) (0) = by, forn =
{0,...,N}. Let h : (—00, 0] be the function described in I.emma 21 such that ( nh)(()) ( 1)"by,
for n. = {0,..., N'}. We define g piecewise in terms of / and h:

) (=) ifz >0,
9(z) = {ﬁ(—x) ifz > 0.

Note that g defined in this form is O as (AL " (ho(t— —t)))(x) = (—1)"h(—x), which means
that (5 (b o (t = —1)))(0) = (=1)"h(0) = (=1)*"by = by = (F1)(0). H

dz™

Lemma 21. For any €, > 0, define & 5 : (—00,0] — R as a C™ function such that & 5(x) = 0
forx < —(e +0), &s5(x) = 1 for & > —¢, and & 5 is non-decreasing. Define 0~1¢. 5 to be the
antiderivative of & 5 taking value 0 at —oco, i.e. (071¢. 5)(z) = fi% e s(t) dt. Similarly, for all
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n >0, let 9~"HE s(x f_e 507" 5)(t) dt. For €,6 > 0 small enough, given a sequence
(b,)N_y C R, there exist Coeﬁ‘iczents (an)N_y C R such that the function h on (—oc, 0] defined as

Z Qn n§e 6 )

satisfies (‘;Z,’})(O) = b, forn={0,--- ,N} and (dwn )(0) = 0forn > N. In the limit § — 0, for
x € (—¢,0] we have (0~ "€ 5)(x) = ni( + €)™ 4+ O(9). Moreover, in the limits €,0 — 0, we have
an = by + O(e +9).

Proof. First, we show that forn = {0,...,N}and z € (—e — 4, 0] (07 "es)(x) = H(z+e)" +
O(6). This is shown by proving that - (z+€)" < (07 "& 5)(x) < X (z+€+6)" by finite induction:
the holds for n = 0 trivially and for the general case one integrates both bounds.

Consequently,
d"h N N—n N—n a
T () = 2 0w @ Es)(w) = 3 a0 ) @) = X T+ 9 +00),
n’=n n’=0 n’=0 ’
d™h angn
dor V= 2 Gy O

Thus, imposing that (4-2)(0) = b, forn = {0,--- , N} we have that a,, = b,, — SN a(nug{‘ e +

O(8) = by + O(e +6). O

Lemma 22. For any k € 7™, let Hz|gd—1 be the space of homogeneous polynomials over R% of
degree k restricted to the hypersphere S*~'. We have that the image {Ry|¢ € S(Br(R?))} is
equal to the space {1 € S(P%) |Vk € ZF, [, ¥(w,b)bF db € Hf|ga—1}.

Proof. We want to show the equality

VkeZt, [ (w,b)b" dbe Hf a1

{waeswmwm}{weS@%

Y(w,b)€S*T X (R\(—-R,R)), w<w,b>=o,}

The left-to-right inclusion holds because:

e For all ¢ € S(Br(R?)), when {z|{w,r) = b} does not intersect Br(R?), we have
(Rep)(w,b) = f{xl(w wy=p) ¢(¥)dz = 0. This happens when (w,b) € S 1 x (R
(R, R)).

* By Lemma 11, forall k € Z*, [, (Re)(w,b)b* db is a homogeneous polynomial of degree
k.

To show the right-to-left inclusion note that by Lemma 11, for all b € S(P9) such that for all
ke Z*, [4(w,b)b* dbis a homogeneous polynomial of degree k, there exists ¢ € S(R?) such that
1 = Re. Since for all (w,b) € S~ x R with b > R we have (Ry)(w,b) = ¥(w,b) = 0, we
apply Lemma 12 and obtain that ¢ () = 0 for all z such that ||z||2 > R. Note that this implies that
the derivatives of ¢ of any order are equal to 0 for all z such that ||z||2 > R, and by continuity they
must be 0 for all = such that ||z > R By the definition of the space of Schwartz functions on an
open set in the first paragraph of Sec. 3, we conclude that ¢ € S(Bg(R%)). O

Proposition 7. Consider the spaces T = {Ry |p € S(Br(R?))} and N' = {v € C’OO(IP’d) |Vz €
Br(R4), (R*)(x) = 0} as subspaces of C*° (]Pd ). The topology we consider on C'*° (]P’d) is
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the one for which a sequence (f,) converges to 0 if and only for any differential operator D the
sequence (D f,,) converges to zero uniformly. Define the set

B={Y,® X" | k,j,k € Z*, k=K (mod2), ¥ <k, 1 <j < Nay}. (36)
We have that N' = cl(span(B)) in the topology of C>(P%). Also, N' = I+, where T+ = {4 €
C>®(PE) | Vx € Z, [pu ¥(w,b)x(w,b)d(w,b) = 0} is the annihilator of I with respect to the
R
bilinear form on C*°(P%) x S(Br(R?)).

Proof. The proof is based on pages 15-17 of Helgason (1994), which shows an analogous result for
R and P<. First, note that

T4 = (0 € O FF) | Ve € SBaRY). [ v(o.h(Re)wbdlw.b) = 0)
= {0 € C=(BF) | Vo € SBRRY). [ (b)) dle) = 0}
= {1 € Cx(BF) | Vo € SBRRY). [ (R*6)(@)ela)do =0}
= {¢ € C=(P}) | Va € Br(R?), (R™¢)(x) = 0} = N.

The first equality holds by the definition of the annihilator of Z. The second equality holds because
if ¢ € S(Br(R?)), then Ry is zero outside of P%. The third equality is by Lemma 13, which

holds because S(Br(R?)) C C.(R?) and any function 1y € C*(P%) may be trivially extended

to a (locally) integrable function on P by setting it equal to zero on the complement of @ (we
also use this extension to define the dual Radon transform R*v). The fourth equality holds because
S(Br(R%)) is dense in Co(Br(R?)) and the fifth equality is by the definition of N.

It remains to show that Z+ = cl(B). First, we show that if 1) € S(P%), then
YeT <— P(w,b)x(w,b) d(w,b) =0, Vx € B. (37)
P,

Suppose that 1) = R with ¢ € S(Br(R?)). Then, by LLemma 22 we have ¢ € S(P%) and

R
VE € Z*, / W(w, b)bF db:/zp(w,b)b’“’ db € H |ga—s
—R R

Since HY, |ga-1 = Y |ga-1 & Y, ,lga1 & @ Yguz[k’/Q] |se-1 by Lemma 9, we have that for
any k > k', Y}, ; is orthogonal to HY,. Hence,
R
Yk € 77T, PY(w,b)(Yij @ X*)(w,b) d(w,b) = Yk,j(w)/ Y(w, b)b* dbdw = 0,
P, Sd-1 -R
which concludes the left-to-right implication in (37). For the reverse implication, we use Lemma 15.
From the right-hand side of (37), we obtain that
R
V0 < K < k. k= K (mod 2),1 <j< Nk,da 0= ka'(w)/ ¢k7j(b)bk db,
-R

which implies that ffR Vi (D)DF d(w,b) = 0. Since ¢y ;(—b) = (—1)*y ;(b), when k and &’
have different parity we have | fR Vi, j (b)bk/ db = 0 as well. Thus, we obtain that

Nk,a

R R
/Rw(w,b)b’“/ db = > ZYk,j(w)/Rzpk,j(w,b)bk’ db. (38)

0<k<k’,k=k'(mod 2) j=1

Since Hf [sa-1 = Y gcpap, k=k" (mod 2) Y¢|sa-1, we conclude that the right-hand side of (38) be-
longs to HY, |a—1. Thus, by Lemma 22 we obtain that ¢ € Z.
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Remark that when 1) € N, we have

Ni.,a

Ve = rw € Br(RY), Z Vi (w (R*)(r@) Yy ; (@) do = 0. (39)
§d—1

Consider now the spaces S(Br(R%))y = {wr | ¢ € S(Br(RY)} and S(PR)x = {yi | ¢ €
S(P%)}. By (37) we have that when ¢ € S(P})x,

¥ € R(S(Br(RY)) <
VK < bk =k (mod2),1 < j < Nya, / $(w,5) (Y ® X*)(w,b) d(w, b) = 0.
P

In other words, the finite-dimensional space Ej, = span({Y;; @ X* |k < k,k = k' (mod 2),1 <
j < Ni.a}) has annihilator E;- = R(S(Br(R?)))s, within S(P%),. Since for ¢» € N we have
(R*1))1, = 0 on Br(R?) by (39), we get that

Y € S(Br(RY),  ((R@)k, ¥r) = (R, vr) = (0, R*Wr) = (o, (R*P)) = 0. (40)

Here, the first equality holds because ¢, € S(P%), the second equality holds by Lemma 13 and
the third equality holds because R*¢;, = (R*1); by Lemma 23. Equation (40) implies that v,
belongs to the annihilator (R(S(Br(R9)))x)t = (Ei)*. As argued in Helgason (1994), the finite

dimension of Ej implies that E, = (Ej-)L. Thus, 1), belongs to Ej. Since the convergence of
> heo ¥ to ¢ is in the topology of C*°(P%), we conclude that ¢ € cl(P,—, Ex) = cl(span(B)).
O

Corollary 1. Let B be the set defined in (36). Let Cy (IP’d ) be the set of continuous functions f on
P4 such that Ve > 0 there exists a compact K C P% such that | f(w,b)| < € for (w,b) € P4\ K

(note that C (IP’%) may be regarded as a subset of C (IP’d ) by considering the trivial extension to the
boundary). Then, we can write

Co(PR) C cloo(span(B) ® R(S(Br(R)))),

where the closure cl, is in the topology of Cy (IPJ%) (the topology of uniform convergence).

Proof. Note also that by the proof of Proposition 7, we have that the annihilator of Ej
within S(P%)x is R(S(Br(R?)))r. We want to show that the annihilator of Ej, within

cloo (S(PL)k) is cloo(R(S(Br(RY)))x). Note that cloo (S(PL)r) = {v = ZN’”H[;,W
Yij | ¥r; € Co((—R,R))even }. To show that the annihilator of Ej within clo(S(P%)k) is
cloo (R(S(Br(R?)))k), it suffices to show that

cloc (R(S(Br(RY)))x)

Neoa 41
— [ = Ziﬁku@yfw | Yx,; € Co((—R, R)) even ,Vk' < k, /’(/J w,b) b d db = 0}.

j=1

Before going forward, remark that one can construct functions (X’ ) k' <k k’ even in S((— R, R)) such
that for any k', k" < k, k', k" even, we have [, xu (b)b*" db = &} . Suppose that (¢;):° C
S (IP"};:) , converges to ¢ belonging to the right-hand side of (41). Then, we construct the sequence

(wi)jio as

z

Biw,b) = pa(w,b) = 3 (i, Yies ® X¥ Wi ()X (0).

1 k’<k,k’even

<.
Il
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Remark that for any k' < k, k" even,

Nk.,d

/¢ w, b)b* db_/w, Wb db =D N (i Vi @ XY (w )AXk,,(b)bk’db

J=1 k"' <k,k'"even

Ni,a Ni,a
= /R Z<¢i('ab)ayk,j>yk,j(w) b db — Z(M»Yk,j ® X5V, (W) =0
=1 j=1

We have that (QZJ%)ZO belongs to R(S(Br(R%))); because by Lemma 22 and the decomposition in
Lemma 9, R(S(Br(RM)))x = {¢ € SPH)x | VK <k, [z 1(w,b) b*" db = 0}. Moreover,

N4
’

lim 1) (w, b) = hm Pi(w, b) — Z Z (lgn (i, Y j ®Xk/>> Yiej (w)x* (b)

i—00
7=1 k’<k,k’even

Ni.,q
- Z Yo W@ XV (w)XF (b) = v(w,b),

k' <k,k’even

where the last equality follows from ¢ fulfilling [, 9(w, b)bkl db = 0. Moreover, the convergence
is uniform on P4, which shows that ¢ € cloo (R(S(Br(R?)))k)-

By lLemma 17, we have that the annihilator of FEj within cleo(S(P%)r) + Ej is
cloo (R(S(Br(RY)))1). Now, note that (-,-) is an inner product on clo(S(P%)r) + Ex, and
that we are in position to apply Lemma 18 with € = cloo(S(P%)x) ® Ex, U = Ej, and
Ut = cloo (R(S(Br(R?)))x). We obtain that

Cloo(S(PR)i) + Bk = Ei @ cloo (R(S(Br(R)))1). (42)
Consequently,
Co(P%) C clo @cl )+ Ei | =cloo | @ Bk @ cloo (R(S(Br(RY)))x)
k=0
C cly | el (R(S(Br(R))) @Ek = cloo | R(S(Br(RY))) @ @Ek
k=0

Here, the first inclusion holds because Co(P%) = cloo(S(PE)) = cloo(cl(@pey SPE)K)) =
cloo (By—y S(P%)k), where we used that the uniform norm topology is weaker than the topology
of C°°(IP%). The first equality holds by (42). The second inclusion holds because for any k € Z*,

R(S(Br(RY)))r € R(S(Br(RY))) by Lemma 24. The last equality holds because by a diagonal
argument, cl (clow A + B) = ¢l (A + B) for any subspaces A, B. O

Lemma 23. Let ) € S(Br(R?)). Let (R*)x. be the k-th component of the decomposition from
Lemma 14 and R*y the Radon transform of the k-th component of the decomposition given by
Lemma 15. Then (R*1)) = R*y for any k € ZT.
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Proof. Note also that
Ni,d

Z Yy j(w (R*9)(r@) Y ; (@) did

gd—1

Nk,d

-3 vl /SSw (0,0)) di Vi (@) di

Nk.,a oo Nita

ZY,W /Sd I/Sd IZ > o NYer (@) dio Y (@) dio (43)

=0 j'=1

oo Nira Nk
SPIDIP T )| Yie g (@) g (r (2, @)) dio Vi (@) d
gd—1 Jgd—1
=0 j'=1 j=1
[e’e] Nk’ d
= Z Z Yk/ '/ / Yk/7j/(oi))1/)k/7j/(7‘<dl,a)>)dL:J Yk/7j/(@) do
—0 =1 gd—1 Jgd—1
In the last equahty, we used that [o, 1 [su1 Yar i (©0)thpr o (r(@, @) do Yy j (@) do = 0 if
(k',j") # (k, j), which holds by the Funk-Hecke formula (Lemma 10). Also,

N.a
(R*¢y) () = V@, (@, w)) di _/ Z (0, W) Vi (@) did Yy j (@) dio
Sd 1 Sd 1 7 Sd 1
Nk.a
= [, X sttt @) s
§d-1 T
oo Nk’ d Ng.a (44)
_Z > Y / / Zu),” @, 0)) Y (@) did Vi o (@) dio
Sd 1 Sd 1
=0 j'=1 =
[e%e] Nk’ d
= Z Z Yk’ / / ’(ﬂk/’j/(?"<a},(:]>)yk/’j/((;]) d(;] Yk/’j/(d)) da)
0]/ 1 Sd—l Sd—l
Note that the rlght hand sides of (43) and (44) are equal, which concludes the proof. O
Lemma 24. We have
R(S(Br(RY)))x € R(S(Br(R?))).
Proof. By Lemma 22 and the decomposition in Lemma 9,
R(SBrRY)y = {¢ € S(PE), | VK < F, / (w, b)b* db = 0}, (45)
R

By the decomposition in Lemma 15, forany ¢ € S (]P’%), we have that
Ni,a

b) = vy (0)Ves(w), where (b / (w0, )Y (@) doo
j=1

Note that 9, ; € S (( R, R)) because differentiating under the integral sign, one obtains

(ron) @ R) = (ow)w.~R) = 0. Thus, SCR = {35 dey @ Yoy | ey €
S((—R, R))}, which is included in S(P%). Plugging this into (45), we get
Ni,a

R(SBrEBY))k = Y ¥y @ Vi

Jj=1

C {zp € S(P%) | Vk e Zt, /w(w,b)bk db € Hg|sd_1} = R(S(Br(R%)))
R

where the inclusion is by the decomposition in Lemma 9 and the last equality is by Lemma 22. [

Vi € S(-R, R)), VK <k, /1/;wbbk db=0
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Proposition 8 (Adaptation of Lemma 9 of Ongie et al. (2019)). LetU C R? be an open set. Define
f:U—=Ras f(x) = oo ((w,2)=b)4 da(w,z)+ (v, x) +cfor some o € M(PY), v € R, c € R.
u

For any ¢ € S(U),

(186 = [ (Re) 1) dafe ).

u

Proof. Forany ¢ € S(U),

| r@sc@ae= [ rwac@

-1 (2] =) dae,) Bl do
- / ] () =B Ap(a) dadate b

/]l(w,x)>b<w7v§0($)>dxda(wvb)
]P’ R4

/ / Tisp{w, V(2 + tw)) dt dz’ da(w,b)
Se—1xR J{z'|{w,z’)=b}

/ / / ]1t>bi<p(x' + tw) dt dz’ do(w, b)

Sd 1R {m’| w I’ dt

= —/ / —p(2') dz’ da(w, b) = / (Rep)(w, b) da(w, b)
Sd—1xR J{z'|{w,z’)=b} Sd—1xR

The first equality holds because the Laplacian of an affine function is 0. The second equality holds
by Fubini’s theorem. The third equality follows from the divergence theorem, since ¢ € S(Uf), the
boundary term is zero. [

Proof of Proposition 4. By the definition of « in Proposition 1, we have
Vo € S(Br(RY), (Re,a) = calf,(-8) " DER*Rp) = —(f, Ag).
In the last equality we use that (3). Proposition 6 readily implies that

Vk, g, k' st K =k (mod 2), K <k, {a,Yi; ® X") = —cq(f, (~A)HD2R* (Y, ; @ 1) x <X ™).

To show that « is the unique measure fulfilling (13) and (14), we argue via the Riesz-Markov-
Kakutani representation theorem, which states that the space of signed Radon measures M (P%) is
the dual space C§(PP%) of the space Co(IP%) of continuous functions vanishing at infinity. That is,
a signed Radon measure is uniquely determined by its action on Cjy (]P’%), or on any dense space
in Co(PP%) in the topology of uniform convergence (as a corollary of the dominated convergence
theorem). Corollary 1 states that Cp(P%) C cloo(span(B) @& R(S(Br(R?)))), or in other words,
that span(B) @R (S(Br(R?))) is dense in Cy(PP%) in the uniform convergence topology. Since (13)-
(14) specify how « acts on span(B) @ R(S(Br(R%))). By the BLT theorem (I.emma 1), any linear
mapping which is continuous on span(B) & R(S(Br(R%))) in the uniform convergence topology
can be extended uniquely to a continuous linear mapping on CO(IE”dR). This means that there exists a

unique measure in Cjj(P%) = M(PP%) that coincides with o on span(B) & R(S(Br(R%))), which
is o itself.

Proposition 8 readily states that (13) holds for any measure o' € M(P%) for which f admits a
representation of the form (7) on Br(R?). The characterization of o as the unique measure in
M(]P’j,i%) such that (14) holds and f admits a representation of the form (7) on Br(R?) can be
directly deduced from the uniqueness of the characterization (13)-(14) and the fact that (13) holds
for any measure for which f admits a representation. [
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