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Abstract

Humans and animals have the ability to reason and make predictions about different
courses of action at many time scales. In reinforcement learning, option models
(Sutton, Precup & Singh, 1999; Precup, 2000) provide the framework for this
kind of temporally abstract prediction and reasoning. Natural intelligent agents
are also able to focus their attention on courses of action that are relevant or
feasible in a given situation, sometimes termed affordable actions. In this paper,
we define a notion of affordances for options, and develop temporally abstract
partial option models, that take into account the fact that an option might be
affordable only in certain situations. We analyze the trade-offs between estimation
and approximation error in planning and learning when using such models, and
identify some interesting special cases. Additionally, we empirically demonstrate
the ability to learn both affordances and partial option models online resulting in
improved sample efficiency and planning time in the Taxi domain.

1 Introduction

Intelligent agents flexibly reason about the applicability and effects of their actions over different
time scales, which in turn allows them to consider different courses of action. Yet modeling the entire
complexity of a realistic environment is quite difficult and requires a lot of data (Kakade et al., 2003).
Animals and people exhibit a powerful ability to control the modelling process by understanding
which actions deserve any consideration at all in a situation. By anticipating only certain aspects
of their effects over different time horizons may make models more predictable or easier to learn.
In this paper we develop the theoretical underpinnings of how such an ability could be defined and
studied in sequential decision making. We work in the context of model-based reinforcement learning
(MBRL) (Sutton and Barto, 2018) and temporal abstraction in the framework of options Sutton et al.
(1999). Theories of embodied cognition and perception suggest that humans are able to represent
the world knowledge in the form of internal models across different time scales (Pezzulo and Cisek,
2016). Option models provide a framework for RL agents to exhibit the same capability. Options
define a way of behaving, including a set of states in which an option can start, an internal policy that
is used to make decisions while the option is executing, and a stochastic, state-dependent termination
condition. Models of options predict the (discounted) reward that an option would receive over time
and the (discounted) probability distribution over the states attained at termination (Sutton et al.,
1999). Consequently, option models enable the extension of dynamic programming and many other
RL planning methods in order to achieve temporal abstraction, i.e. to be able to consider seamlessly
different time scales of decision-making.

Much of the work on learning and planning with options considers the case where they apply ev-
erywhere (Bacon et al., 2017; Harb et al., 2017; Harutyunyan et al., 2019b,a), with some notable
recent exceptions which generalize the notion of initiation sets in the context of function approxima-
tion (Khetarpal et al., 2020b). Having options that are partially defined is very important in order
to control the complexity of the planning and exploration process. However, the notion of partially
defined option models, which make predictions only from a subset of states is the focus of our paper.
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In natural intelligence, the ability to make predictions across different scales is linked with the ability
to understand the action possibilities (i.e. affordances) (Gibson, 1977) which arise at the interface of
an agent and an environment and are a key component of successful adaptive control (Fikes et al.,
1972; Korf, 1983; Drescher, 1991; Cisek and Kalaska, 2010). Recent work (Khetarpal et al., 2020a)
has described a way to implement affordances in RL agents, by formalizing a notion of intent over
state space, and then defining an affordance as the set of state-action pairs that achieve that intent to a
certain degree. One can then plan with partial, approximate models that map affordances to intents,
incurring a quantifiable amount of error at the benefit of faster learning and deliberation. In this paper,
we generalize the notion of intents and affordances to option models. As we will see in Sec. 3, this is
non-trivial and requires carefully inspecting the definition of option models. The resulting temporally
abstract models are partial, in the sense that they apply only in certain states and options.

Key Contributions. We present a framework defining temporally extended intents, affordances and
abstract partial option models (Sec. 3). We derive theoretical results quantifying the loss incurred
when using such models for planning, exposing trade-offs between single-step models and full option
models (Sec. 4). Our theoretical guarantees provide insights and decouple the role of affordances
from temporal abstraction. Empirically, we demonstrate end-to-end learning of affordances and
partial option models, showcasing significant improvement in final performance and sample efficiency
when used for planning in the Taxi domain (Sec. 5).

2 Background

In RL, a decision-making agent interacts with an environment through a sequence of actions, in
order to learn a way of behaving (aka policy) that maximizes its value, i.e. long-term expected
return (Sutton and Barto, 2018). This process is typically formalized as a Markov Decision Process
(MDP). A finite MDP is a tuple M = (S, A, r, P,~), where S is a finite set of states, A is a finite
set of actions, r : & X A — [0, Ryax] is the reward function, P : § x A — Dist(S) is the
transition dynamics, mapping state-action pairs to a distribution over next states, and v € [0, 1)
is the discount factor. At each time step ¢, the agent observes a state s; € S and takes an action
a; € A drawn from its policy 7 : S — Dist(.A) and, with probability P(s:41]|s:, at), enters the
next state s;11 € S while receiving a numerical reward (s, a;). The value function of policy
7 in state s is the expectation of the long-term return obtained by executing 7 from s, defined as:
Vﬂ—(8> =F [220 ’}/tT(St,At”SO = S,At ~ W("St)7 St+1 ~ P(|St, At) Vt]

The goal of the agent is to find an optimal policy, 7* = arg max, V™. If the model of the MDP,
consisting of r and P, is given, the value iteration algorithm can be used to obtain the optimal
value function, V*, by computing the fixed-point of the Bellman equations (Bellmann, 1957):

V*(s) = max, (r(s, a)+v> , P(s|s, a)V*(s’)) ,Vs. The optimal policy 7* can be obtained by
acting greedily with respect to V'*.

Semi-Markov Decision Process (SMDP). An SMDP (Puterman, 1994) is a generalization of MDPs,
in which the amount of time between two decision points is a random variable. The transition
model of the environment is therefore a joint distribution over the next decision state and the time,
conditioned on the current state and action. SMDPs obey Bellman equations similar to those for
MDPs.

Options. Options (Sutton et al., 1999) provide a framework for temporal abstraction which builds on
SMDPs, but also leverages the fact that the agent acts in an underlying MDP. A Markovian option
o is composed of an intra-option policy ,, a termination condition 5, : & — Dist(S), where
Bo(s) is the probability of terminating the option upon entering s, and an initiation set I, C S.
Let © be the set of all options. In this document, we will use O C €2 to denote the set of options
available to the agent and O(s) = {o|s € I,} denote the set of options available at state s. In
call-and-return option execution, when an agent is at a decision point, it examines its current state s,
chooses o € O(s) according to a policy over options 7 (s), then follows the internal policy 7,, until
the option terminates according to 3,. Termination yields a new decision point, where this process is
repeated.

Option Models. The model of an option o predicts its reward and transition dynamics following
a state s € I,, as follows: 7(s,0) = E[Riy1 + YRiro + - + Y 'Ry 1|S; = 5,0¢ = o], and
p(s'|s,0) = 302 Pr(Sk = ¢, Tk = 1,Tocick = 0[S0 = s, Aoik—1 ~ 7o, Toek—1 ~ Bo) =
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Figure 1: Illustration: Intents and affordances in a simple navigation task. Intents include navigation
to a particular location to pick up or drop off a passenger. Affordances can indicate e.g. if a passenger
can be dropped off (in the case where the passenger is already in the taxi) or if an option to pickup
the passenger can succeed or fail (in the case when there is no passenger at the given location).
Experiments in this domain are included in Sec. 5.

> ne 1 v¥p(s’, k|s, 0), where T; is an indicator variable equal to 1 if the option terminates upon
entering state 7, and 0 otherwise. p(s’, k|s, o) is the probability that option o terminates in s’ after
exactly k time-steps, given that it started at s. Bellman optimality equations can then be expressed in
terms of option models. The optimal state value function and state-option value function, V5 and
Q¢ are defined as follows:

V* — * , d * , — , _|_ / , * /’ / .
(5) = g Qb(o:0) and Qa(s0) = r(s:0) + 3a(s'15,0) g, @il

Partial Models. MBRL methods build reward and transition models from data, which are then used
to plan, e.g. by using the Bellman equations. However, learning an accurate model can be quite
difficult, requiring a lot of data. Moreover, the model does not need to be accurate everywhere, as
long as it is accurate in relevant places, and/or it provides useful information for identifying good
actions. A useful approach is to build partial models (Talvitie and Singh, 2009), which only make
predictions for specific parts of the observation-action space. Partial models come in two flavors:
predicting only the outcome of a subset of state-action pairs, or making predictions only about certain
parts of the observation space. Option models can be interpreted as partial models, of the first type,
because they are defined only on states where the option applies.

Affordances. Gibson (1977) coined the term “affordances” to describe the fact that certain states
enable certain actions, in the context of embodied agents. For instance, a chair “affords” sitting
for humans, water “affords” swimming for fish, etc. As a result, affordances are a function of the
environment as well as the agent, and emerge out of their interaction. In the context of Object
Oriented-MDPs (Diuk et al., 2008), Abel et al. (2014, 2015) define affordances as propositional
functions on states, which assume the existence of objects and object class descriptions. We build on
a more general notion of affordances in MDPs (Khetarpal et al., 2020a), defined as a relation between
states and actions, where an action is affordable in a state if its desired outcome (i.e. infent) is likely
to be achieved.

3 Affordances for Temporal Abstractions

We seek to reduce both the planning complexity when using option models, and the sample complexity
of learning such models, by actively eliminating from consideration choices that are unlikely to
improve the planning outcome. In particular, we build temporally abstract partial models informed by
affordances. Previous work (Khetarpal et al., 2020a) has formalized affordances in RL by considering
the desired outcome of a primitive action, i.e. the intent associated with the action. We will now
generalize this notion to intents for options, which can be achieved over the duration of the option.
To make this idea concrete, consider the example of a taxicab, which needs to pick up passengers
from given locations and drop them off at a desired destination. As discussed in Dietterich (2000),
the use of abstraction, in both state space and time, can help solve this problem. In this context, an
option could be to navigate at a particular grid location and an infent would be to pick up a passenger,
or to drop off the passenger currently in the car at the desired destination. Such an intent limits the



space of possible options under consideration to those that have desired consequences. These intents
capture long-term desired consequences of executing options.

Given the generalization of intents to temporal abstraction, the notion of affordance can still be
defined similarly to the primitive action case in Khetarpal et al. (2020a), by including state-option
pairs which achieve the intent to a certain degree. Indeed, primitive affordances will be a special case
of option affordances. Some examples of affordances for our illustration are depicted in Fig. 1. An
agent can then build partial models of only affordable options enabling it to not only “navigate in the
affordance landscape” (Pezzulo and Cisek, 2016), but also to better gauge action choices (Cisek and
Kalaska, 2010).

3.1 Trajectory Based Option Models

In order to justify the upcoming definitions, we will start with a slight re-writing of the option models
in terms of trajectories. A trajectory 7(t) is a random variable, denoting a state-action sequence
of length t > 1, 7(¢) = (So, Ao, ... St—1,A:_1,S:). Overloading notation, let 7(s,t) denote a
trajectory of length ¢ for which Sy = s. Further, let 7(s, ¢, s") be a trajectory of length ¢ with Sy = s
and S; = s’ and 7(s, §') a trajectory of any length t for which Sy = s and S; = s’. The return is then
a deterministic function of a trajectory: G(7) = Z‘,;lgl v*7(Sk, Ax), where | 7| is the length of the
trajectory. The probability of observing a given trajectory (s, ag . .. s¢), s € I,, under option o is:

t—1
P(T:<So,a0,..st>|0): <H7ro(Ak—akSk—sk)P(Sk+1—sk+1 Sk—sk,Ak—ak)(1—ﬂ0(3k+1))> %
k=0 o\ St

where the last fraction is there just to capture correctly termination at ¢. To simplify notation, we
denote this by P,(7(s, t)). We can define analogously the probability of a trajectory being generated
by o starting at state s € I, and ending at a given state s’ after ¢ steps by P,(7(s,t, s")). The
probability of a trajectory of any length 7(s, s’) under o is then: P,(7(s, s')) = > 1o Po(7(s,t, 8'))
Let T (s, t,s’) denote the set of all trajectories starting at s, ending at s’ and of length ¢ and
T(s,s")=UtT(s,t,s"). We can write the undiscounted transition model of an option o as:

P(s'[s,0) =3, (5.0 eT(s,5) PolT(s,8"))

The discount on a trajectory 7 will be denoted ~y(7). If the discount factor is fixed per time step, this

will simply be 4!7!; all trajectories of the same length will have the same discount, which will allow
us to factor it out of products.

The reward model of an option is:
r(5,0,8) = 22720 Xor(enaneT (st Pol(T(s: 1 8)G(7(s, 1, 5)
The expected discount for option o on a trajectory going from s to s’ is defined as:
Vo(s:8) =202 Z‘r(s,t,s’)ET(s,t,s’) Po(7(s,t,s"))7"

Note that when the action is a primitive action, then v, (s, s') =", P(s'|s, 0)y We can re-write the
optimal value function of an option as:

Q(5,00=> > > Plr(s,t,8)0)[G(r(s,t,8") +5(7(s,t, 8) max Q" (s', o)
s'eS t=1 7(s,t,s") ¢
Note that the order of the two outer sums can be reversed. This form is equivalent to the one in Sutton
et al. (1999), but will be more useful for our results.

3.2 Option Affordances

We will now define an intent through a desired probability distribution in the space of all possible
trajectories of an option. The goal will be to obtain a strict generalization of the results established
in Khetarpal et al. (2020a) for primitive actions, in the case where each action is an option and
B(s) =1, Vs.

Definition 1 (Temporally Extended Intent I;): A femporally extended intent of option o € (),
1.7 : 8§ — Dist(T) specifies for each state s, a probability distribution over the space of trajectories



T, describing the intended result of executing o in s. The associated intent model will be denoted by
Pi(7|s,0) =17 (s, T). A temporally extended intent 1 is satisfied to a degree, (, , at state s € S
and option o € Q) if and only if:

d(PI<T|S’ 0)’PO(T(S))> SCS,ov (D

where d is a metric between probability distributions’, and 7 (s, 0) denotes the trajectory starting in
state s and following the option o.

We note that primitive actions have a “degenerate” trajectory, consisting of only the next state. Hence,
the only reasonable choice there is to define intent based on the next-state distribution, as done
in Khetarpal et al. (2020a). However, options have a whole trajectory, and defining intents on the
trajectory distribution provides maximum flexibility. In practice, we expect that most useful intents
would be defined in relation with the endpoint of the option, e.g. specifying an intended distribution
over the state at the end of the option, or over the joint distribution of the state and duration. Further
discussion of special cases is included in the Appendix. Based on this notion of temporally extended
intents, affordances for options can be defined as follows:

Definition 2 (Option Affordances AFz-): Given a set of options OCQ and set
of temporally extended intents T~ =U,col,’, and (T~ €[0,1], we define the affor-

dances AF 1~ associated with T7 as a relation AF7z—~ CS x O, such that  V(s,o0) €
AF 7,17 is satisfied to at (s, o) to degree (5, < <2

Intuitively, we specify temporally extended intents such as “pick up passenger”, “drop a passenger at
destination”, etc. such that the intent is satisfied to a certain degree. Affordances can then be defined
as the subset of state-option pairs that can satisfy the intent to a that degree. Fig. | depicts a cartoon
illustration of intents and corresponding option affordances in the classic Taxi environment.

4 Theoretical Analysis

We now analyze the value loss (Sec. 4.1) and planning loss (Sec. 4.2) induced by temporally extended
intents T~ and corresponding temporally abstract affordances AF 7— .

Lemma 1. Given a finite set of option O C Q) and a set of temporally extended intents T7 = Uyecol’
. . g g
that are satisfied to degrees ( o, there exist constants ( &, C%L ), such that:

maXs,o,t,s’ ZT(S,t,S’)GT(S,t,s’) ’PO(T(Sv L, S/)) - PI(T(57 t, S/)|87 O))‘ < ClgH and 2)

r(s,0) — Erup, [G(T|s, 0)]‘ < QI; 3)

maxs o

where (5 :=maxg , Cs.0, (& :=CE ||G||oor and G(7) is the return on the trajectory .

The proof is in the Appendix A.1.1. We note that the error in the approximate probability distribution
is bounded by the degree of intent satisfaction for each option i.e (s ,. If intents are far from
the true distribution P (i.e. much larger d in Def. 1) or misspecified, then the bounds above
are predominantly governed by the approximation error induced due to the intent specification.
Moreover, the approximate reward distribution is also a factor of the error in approximating probability
distribution.

4.1 Value Loss Bound

A set of temporally extended intents T~ define an intent-induced SMDP Mz, in which the intents
can be used to approximate the option transition and reward models. The lemma above establishes
this approximation, which in turn allows us to compute the value loss incurred when planning in the
intent-induced SMDP.

Theorem 1 (Trajectory-Based Value-Loss Bound). Given a SMDP M corresponding to a finite set
of options O and a set of temporally extended intents T = U,c ol defined on option trajectories
(Def. 1), the value loss between the optimal policy for the original SMDP M and the optimal policy

’In this work, we use d to be the total variation.



5 for the induced SMDP M is given by:
Cll%—ﬁ 4 2R§1am Zfil ’yt|8|<-%’ﬁ

) )

where (L " and % R are defined in Lemma 1, RS, = max, , r(s, 0) is the maximum option reward,
- . .
Y =max,, >, Vi(s, 8') and v© =maxs,, Y., Yo(s, s') are the maximum expected discount

factor for the intents and options respectively.

[y v 4)

Proof is in Appendix A.2.1. Our result is a strict generalization of the results established for primitive
actions (Khetarpal et al., 2020a). Note that the value loss bound is better for temporally extended
options than for primitives, due to the dependence on the maximum expected option discount (See
Table 1). Note that in our bounds, RS . and R,,.. denote the maximum achievable reward for
options and primitive actions respectively. Further interesting corollaries are included in the Appendix.

Value Loss Bound
Actions Sub-probability Intent | Trajectory based Intent
Primitive 2% WRW -
il ’Y - 2RC S0 ”I‘S‘KT ’
Temporally Extended ZCI Yingy S maz Sl ] 1O DR
o (=) () (100)
1—y* 1—y* 1—y©

Table 1: Value Loss Analysis. The maximum value loss incurred when considering intents shows that
while both primitive (Z) and temporally extended intents (Z—) predominantly depend on the intent
approximation error (, temporally extended intents can result in gains contingent on the closeness of
the intent model and maximum expected discounting of options and intents.

4.2 Planning Loss Bound

In this section, we analyze the effect of incorporating affordances and use temporally extended
intents to build partial option models from data on the speed of planning. Similar results have
previously been established to spell out the role of the planning horizon (Jiang et al., 2015) and to
plan affordance-based partial models of primitive actions (Khetarpal et al., 2020a).

In practical scenarios, the agent may have limited information about the true model of the world.
Moreover, it might be infeasible and intractable to build a full model, especially in real-life applica-
tions. To address this, we consider the SMDP M7— induced by models associated with temporally
extended intents and the associated affordances, and quantify the loss incurred when planning with
this model.

Theorem 2 (Trajectory-Based Planning-Loss Bound). Let Z7 be a set of temporally extended intents
Jor a finite set of options O, and M AF;— the corresponding approximate SMDP over affordable
state-option pairs AF 7—. Then, the loss incurred when using M AF,— to compute a policy Wj\?tA; .
and then using this policy in the original MDP M (also known as the certainty-equivalence plann?ng
loss) can be bounded by:

*. BCIH 2RO ~> 1 2|A.FI~>||HIH|
H Tt T 19 Z” I+ 35108 5 )

with probability at least 1 — 0, where CP and CR are deﬁned in Lemma I,R®,. = maxs o (s, 0)
is the maximum option reward, y*~ =maxs, >, vL(s, s') and y© =maxs, Y., Yo(s, s) are
the maximum expected discount factor for the intents and options respectively.

The proof is in Appendix A.3.1. The planning loss result generalizes the result for primitive actions
provided in Khetarpal et al. (2020a). We note a similar effect of incorporating affordances in
partlal models for temporally extended actions. The accuracy in approximation of the intent (via
(%, ¢k 7)), the size of affordable state- -option pairs |AFz- |, and the SMDP policy class II7 will
induce a trade-off between approximation of the intents and space of affordances. A key d1fference



Planning Loss Bound

Actions Without Affordances Affordance-aware

Primitive | Zfi=as x <\/21ﬂ log QSIIAlgnst) 2inas (2,YCI+\/21H Jog 2A]—'§H1|>

TEA (QR%)@(\/; log 2|S||(9|6|Hs><o|> % ( eI~ \/ L oo M)
1—v n (1—vy 0

Table 2: On the role of affordances in actions and options. We decouple the role of the temporal
extent of the options and the effects of incorporating affordances. Our analysis establishes improved
guarantees for planning with option models. Further gains are obtained when affordances are incorpo-
rated, though at the cost of increased approximation error due to intents through ¢. We note that for
simplicity, we present the bounds obtained when intents are defined on the distribution of an option’s
terminal state, a corollary of Theorem 2. The table highlights the trade-offs between estimation (via
the model learning depending on the data size n) and approximation (via the specification of intents).

in planning with the approximate partial option models M Ars— 1s that the error can be controlled
through the maximum expected discount factor for both intent and option models which in turn
depends on the minimum expected duration of all affordable options.

Table 2 summarizes the effects of using temporally extended models and affordances. First, we note
that the planning with affordances introduces a trade-off between approximation and estimation in
both primitive and temporally extended actions. Concretely, the approx1mat10n error is induced due
to the specification of intents through ¢T”, whereas the estimation error is induced due to learning of
the transition and has a dependence on the data size n and the size of the policy class 117 .

5 Empirical Analysis

In this section, we study the impact of using affordances to learn partial option models which are then
used for planning, in order to corroborate the theoretical results established in Sec. 4. In Sec. 5.1, we
use a hand designed set of affordances to show that it can improve training stability as well as sample
efficiency when used to learn a single partial option model, conditioned on a state-option pair. Then, in
Sec. 5.2 we demonstrate the viability of learning the set of affordances at the same time as the partial
option model resulting in a set of affordances that were smaller than those that were hand designed.
Environment. We consider the 5 x 5 Taxi domain (Diet-
terich, 2000). The domain is a grid world with four des- Option Policies
ignated pickup/drop locations, marked as R(ed), B(lue),
G(reen), and Y(ellow). See Fig. 1 for illustration. The
agent controls a taxi and faces an episodic problem: the
taxi starts in a randomly-chosen square and is given a goal
location at which a passenger must be dropped. The pas-
senger is at one of the three other locations. To complete

Rollouts
: &8
.'- . 0 \
the task, the agent must drive the taxi to the passenger’s n(o\s) -
location, pick them up, go to the destination, and drop the oL Fvaaton “'
passenger there. The action space consists of six primitive

actions: Up, Down, Left, Right, Pickup, and Drop. The Model transier A Affordances
agent gets a reward of —1 per step, +20 for successfully - Ef}f‘, bk Yo
dropping the passenger at the goal and —10 for dropping \

the passenger at the wrong location. There are a total

of 25 (grid positions) x4 (goal destinations) x5 (passen- Figure 2: Experimental pipeline.

ger scenarios) = 500 states in this environment and the
observation is a one-hot vector.

Option set O. We consider a fixed set of raxi-centric options, defined as follows: Go to a grid
position (25 options); Drop passenger at grid position (25 options); Pickup passenger from grid
position (25 options). The options are pre-trained via value iteration and fixed for all our experiments.
In total there are 75 x 500 = 37500 state-option pairs.
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Figure 3: The impact of affordance sets on success rate at different parts of the learning
pipeline. (a) The use of affordances improves model learning even in the absence of any affor-
dances during planning (blue dotted). (b) The use of affordances did not impact planning because
the underlying quality of the model is the same. (c) When using affordances both during model
learning and planning (blue dashed), the best performance is obtained. Curves are smoothed over 4
independent seeds using ggplot’s stat_smooth using a span of 0.1 and confidence interval of 95%.

Experimental pipeline. ° We use pre-trained options, o = (I, = S, m,(a|s), 8,(s)), to collect

transition data (s, 0, T, syo1, 7 = Z?:t r;) where option o was initiated at state s; and ended in
state sy after T" steps, accumulating a reward of . We execute options until termination or for T,,«
steps, whichever comes first. We learn linear models to predict the next state distribution Py, ('|s, 0),

option duration, ﬁm (s, 0) and reward 74, (s, 0), where ¢ denote parameter vectors. Affordances can
be incorporated in model learning by selecting only affordable options during the data collection and
to mask the loss of unaffordable state-option transitions:

Z(s,o,T,s’,r)eD A(s, 0,8, I7) [ —log P¢1 (s'|o, s) + (i’¢2 (0,8) — T)2 + (TA¢3 (s,0) — 7’)2] (&)

where A(s, 0, 8', I) is 1 if (s, o, s’) is affordable according to the intent I and 0 otherwise. We use

the learned models, M, in value iteration to obtain a policy over options mo(o|s;). Affordances
can be incorporated into planning by only considering state-option pairs in the affordance set (See
Algorithm 1 in the Appendix). We report the success rate, i.e., the proportion of episodes in which
the agent successfully drops the passenger at the correct location. Data collection, learning, and
evaluation happen asynchronously and simultaneously (Fig 2) using the Launchpad framework (Yang
etal., 2021).

5.1 Intents and affordances are most useful in model learning when the affordance sets are
more relevant.

In this section we investigate the utility of using affordances on different aspects of the pipeline by
considering a fixed set of affordances used either during model learning or planning. We first define
three intent sets, Z—, and their corresponding affordances:

1. Everything: All options are affordable at every state resulting in 37,500 state-option pairs
in this affordance set.
2. Pickup+Drop: We build this set of affordances heuristically, by eliminating all options that
simply go to a grid position, resulting in 25,000 state-option pairs .
3. Pickup+Drop@Goal: We create this affordance set of 4,000 state-option pairs that termi-
nate at the four destination positions only.
When learning the partial model, using the most restrictive and relevant affordance set
(Pickup+Drop@Goal) to collect data and mask the loss (*— Everything) significantly improves
the sample efficiency (Fig. 3(a)). The difference between Everything and Pickup+Drop was in-
significant suggesting that the order of magnitude decrease in the number of state-option pairs in the
affordance set is important (See also Sec 5.2 for more analysis of the affordance set size). Additionally,
using any affordance set enables the use of a higher learning rate for learning the model without
divergence (Fig. B1). On the other hand, given the same option model, using affordance sets only
during planning (Everything—*) does not create any improvement in the success rate (Fig. 3(b)) or
decrease in the planning iterations (Fig. 4): the quality of the model dictates the success rate.

3We will provide the source code for our empirical analysis here.


https://github.com/deepmind/affordances_option_models

Finally, using the most restrictive affordance set for both model learning and planning
(Pickup+Drop @Goal—Pickup+Drop @Goal) can result in further improvements in the sample effi-
ciency (Fig. 3(c)) as well as accelerated planning time (Fig. 4)) demonstrating a combined benefit of
using affordances in more aspects of the pipeline.

5.2 Relevant affordances can be learned online and result in improved sample efficiency.

In this section, we demonstrate the ability to
learn affordances at the same time as learning

the partial option model. To do this, we train a

1000 i Everything - Everything

classifier, Ag(s, 0, s', I) € [0, 1] corresponding
to intent I € 77, which predicts if a state-
option pair is affordable. Pickup+Drop @ Goal

. Everything - Pickup+Drop@Goal
&
Nae,
ole,
e
-

* s S == pickup+Drop@Goal - Pickup+Drop@Goal

&2 Pickup+Drop@Goal - Everything
300

# Planning iterations

is defined by 8 intents: four that are com- K e
pleted when the agent has a passenger in the 100 '\,\ ™ -
vehicle at the destinations; and four that are N “‘-«..1

completed when the agent has dropped the
passenger at the destinations. We convert
Ap(s, 0,8, I) into an indicator for Eq. 5, by
ensuring that at least one of the intents in
the intent set is affordable, A(s,o0,s,Z7) =
1[(maxsez— (A(s, 0,8, I)) > k] at some
threshold value, k. When k& = 0, all state and
options are affordable. The affordance classifier
is learned at the same time as the option model,
M , using the standard cross entropy objective:
— > 1z~ €(s,0,8', I)log A(s, 0, 8", I) where c(s,o0,s',I) is the intent completion function
indicating if intent I was completed during the transition.

Environment steps

Figure 4: Improvements in planning iterations
when using affordances. When using affordances
during model learning and in both model learning
and planning, we get sustained decrease in plan-
ning iterations compared to not using them or only
using them during planning.

The threshold, k, controls the size of the affordance set (Fig. 5(a)) with larger £’s resulting in smaller
affordance sets. The learned affordance set for Pickup+Drop@Goal is 2,000 state-option pairs
which smaller than what we heuristically defined (4,000 state-option pairs). Smaller affordance sets
result in improved sample efficiency (Fig. 5(b)). We highlight that this is not necessarily obvious
since the learned affordance sets could remove potentially useful state-options pairs and k£ would be
used to control how restrictive the sets are. These results show that affordances can be learned online
for a defined set of intents and result in good performance. In particular, there are sample efficiency
gains by using more restricted affordance sets.

Our results here demonstrate empirically that learning a partial option model requires much fewer
samples as opposed to learning a full model. We also corroborate this with theoretical guarantees
on sample and computational complexity of obtaining an e-estimation of the optimal option value
function, given only access to a generative model (See Appendix Sec. C).

w
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30K
-
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(a) (b)

Figure 5: The impact of learning the affordance set for Pickup+Drop @Goal on (a) size of the
affordance set and (b) success in the downstream task. There is a one-to-one correspondence
between the threshold, k, the affordance set size and the success rate on the taxi task. The learned
affordance set for Pickup+Drop@Goal is smaller than the heuristic used in Fig. 3(c).
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6 Related Work

Affordances are viewed as the action opportunities (Gibson, 1977; Chemero, 2003), emerging out of
the agent-environment interaction (Heft, 1989), and have been typically studied in Al as possibilities
associated with an object (Slocum et al., 2000; Fitzpatrick et al., 2003; Lopes et al., 2007; Montesano
et al., 2008; Cruz et al., 2016, 2018; Fulda et al., 2017; Song et al., 2015; Abel et al., 2014).
Affordances have also been formalized in RL without the assumption of objects (Khetarpal et al.,
2020a). Our work presents the general case of temporal abstraction (Sutton et al., 1999).

The process model of behavior and cognition (Pezzulo and Cisek, 2016) in the space of affordances
is expressed at multiple levels of abstraction. During interactive behavior, action representations at
different levels of abstraction can indeed be mapped to findings about the way in which the human
brain adaptively selects among predictions of outcomes at different time scales (Cisek and Kalaska,
2010; Pezzulo and Cisek, 2016).

In RL, the generalization of one-step action models to option models (Sutton et al., 1999) enables
an agent to predict and reason at multiple time scales. Precup et al. (1998) established dynamic
programming results for option models which enjoy similar theoretical guarantees as primitive action
models. Abel et al. (2019) proposed expected-length models of options. Our theoretical results can
also be extended to expected-length option models.

Building agents that can represent and use predictive knowledge requires efficient solutions to
cope with the combinatorial explosion of possibilities, especially in large environments. Partial
models (Talvitie and Singh, 2009) provide an elegant solution to this problem, as they only model
part of the observation. Existing methods focus on predictions for only some of the observations (Oh
et al., 2017; Amos et al., 2018; Guo et al., 2018; Gregor et al., 2019; Zhao et al., 2021), but they still
model the effects of all actions and focus on single-step dynamics (Watters et al., 2019). Recent work
by Xu et al. (2020) proposed a deep RL approach to learn partial models with goals akin to intents,
which is complementary to our work.

7 Conclusions and Limitations

We presented notions of intents and affordances that can be used together with options. They allow
us to define remporally abstract partial models, which extend option models to be conditioned on
affordances. Our theoretical analysis suggests that modelling temporally extended dynamics for only
relevant parts of the environment-agent interface provides two-fold benefits: 1) faster planning across
different timescales (Sec. 4), and 2) improved sampled efficiency (Appendix Sec. C). However, these
benefits can come at the cost of some increase in approximation bias, but this tradeoff can still be
favourable. For example, in the low-data regime, intermediate-size affordances (much smaller than
the entire state-option space) could really improve the speed of planning. Picking intents judiciously
can also induce sample complexity gains, if the approximation error due to the intent is manageable.
Our empirical illustration shows that our approach can produce significant benefits.

Limitations & Future Work. Our analysis assumes that the intents and options are fixed apriori.
To learn intents, we envisage an iterative algorithm which alternates between learning intents and
affordances, such that intents can be refined over time and the mis-specifications can also be self-
corrected (Talvitie, 2017). Our analysis is complimentary to any method for providing or discovering
intents. Another important future direction is to build partial option models and leverage their
predictions in large scale problems (Vinyals et al., 2019). Besides, it would be useful to relate our
work to cognitive science models of intentional options, which can reason about the space of future
affordances (Pezzulo and Cisek, 2016). Aligned with future affordances, a promising research avenue
is to study the emergence of new affordances at the boundary of the agent-environment interaction in
the presence of non-stationarity (Chandak et al., 2020).
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Appendix
Temporally Abstract Partial Models

A Proofs

A.1 Lemmas and Remarks
A.1.1 Proof of Lemma 1

Proof. (Approximate Probability Distributions) From Def. 1, VI_7 € Z77, 177 is satisfied to a degree,
(s,0 atstate s € S and option o € O if and only if:

d(Pr(]s, 0), Po(7(5))) < Cs.05

where d is a metric between probability distributions. Let ¢ %H =maXg, (s,0. The result follows
immediately.

(Approximate Reward Distributions) Let ¢ II; = | |G | |oo II;. We now consider the maximum error
in approximation of rewards due to intent specification as follows:

max, o |7(8, 0) — Erp, [G(T]s, 0)]’

= max Z s,0,8) ZZZPI s,t,8)s,0)G(7(s,t,5"))

s’/

= max ZZZP (5., 85, 0))Gl(r (s, £, ) -
ZZZPI s, t,8")|s,0)G(7(s, ¢, 5’))‘

(ZP s,t,5)]s, 0)) — Pr(r(s, 1, s'>|s,o)))G(T(s,t, s'))

s t=1 T

< HGHMCP —&

A.1.2 Remarks

Remark 1. Given a finite SMDP M, a finite set of options O, the maximum achievable optimal value
function ’ ’V*

(’)
‘ is upper bounded by m"é) where Y© =max; , Y. Yo(s, 8'), and RS, =
oo

max

maxs , R(s,0).

Proof. To upper bound the optimal value function, we consider HQ*
maxs max Q*(s,0). Then,Vs,0€ 8,0
o

—_———
V*

=max;, Q*(s,0) =
o0

Z Z Z (s,t,8)|0)[G(T(s,t,8") +v(7(s,t,5)) max Q*(s', 0]

s’ t=1 1(s,t,s")

=R(s,0 +ZZ Z 7(s,t,8)|0)v(T(s,t,8")) InOE,%XQ*(S/,O/)

5" t=1 7(s,t,8")
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Taking the max norm on both sides,

Hsl?})XQ 5,0 —HRS 0 +ZZ Z (s, t,8")[0)y(T(s,t, 5")) max Q" (s', ')

s’ t= lT(sts)

‘ o0

< max R(s, 0 —&—maxzz Z (s, t,8")]0)y(7(s,t, ")) max Q*(s', o)
»° s’ t=1 7(s,t,s") °
2o Yol(sss)

<R%. max Z Yo(s,8")

-1
= ‘ < RO, <1 — max Z Vo8, s’))

-1
= HV* <RC,. <1 — max Z Yo(5, s’)) =RS .. (1- y0)71 .

O

Remark 2. Given a finite SMDP M, a finite set of options O, with D as the minimum expected

duration for which all options execute, 'y to be the maximum expected option discount factor, the
O

maximum achievable optimal value function V.. is upper bounded by (1 oty = % , where

RO

/
maa 1S the maximum achievable reward by an option, and D = ming , log,, > ., p(s'[s, 0).

Proof. Consider the maximum achievable optimal value function in the SMDP M to be V,,,44.
Vinaz = ||V(;||oo
Then,Vs e S:
* _ / * !
Vi (s) = max | R(s, o) + Z p(s']s, 0)Vi()]
< [ / * " :|
<max |R(s,0) + Zp(s s, 0) max Va(s")

0cO L
S/

_ [ ., 5(s")|, substituting v,
I&%(_R(s,o)Jr’y()mg)éV( )} substituting 7, ( Zp 'Is, 0)

= max [R(s,0) + 70(3)| IVl

< *
< max R(s, 0) + Jmax Yo(8) VS|l

<R$ <Vmaax

max

< Rgat + ’YmamHV(;HOOa where Rmmr = H;%X R(s, 0)

RO
(]— - ’Ymaa:) .
Note consider the following definition of D:

D = min log, Z p(s'[s, 0) = minlog,, v,(s)

= [Vl <

= log, max Yo(s), sincey <1, log., is a monotonically decreasing function
s,0
N——

Ymaz

- log»y Ymaz

- ’YmaﬁZ’YD = ’YD:‘Y
o

Therefore, V4. < (f_"%%)- =

(@]
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A.2 Proofs - Value Loss Analysis

Note: For convenience, throughout our proofs we will be using Z instead of Z to denote a set of
temporally extended intents. Similarly, we will use I instead of I_” to denote a temporally extended
intent for an option o.

A.2.1 Proof of Theorem 1

Proof. Formally, the value loss is defined as

HVL% — = max ‘V/C%(s) — Vj\‘,l(s)‘

[e'S) seS

We now consider the RHS and expand as follows:

Igleagi ‘VLI(S) — V(s )’ < max ‘VM Vj(,lz(s)’ + I§1€a§< ’VLI(S) — Vi, (s)

Term 1 Term 2
Bounding Term 1.

maxges |Vi(s) — Vi, (s)| = max max Q*(s,0) — Qi(s,0)

Expanding the action-value loss from the RHS above, we get:

Q*(Sv O) - Q?(S’ 0) -
SIS S Plrls b )0)[Glr(s. b ) +2(r(s. b ) max Qs o)

5" t=11(s,t,s")

*ZZ Y Pilr(s,t,)I0)[G(r(s, 1, 8) +(7(s, 1, 8") max Qj (s, )]

s’ t=1 7(s,t,s")

ZZ > (P(r(s,t,8)|o) = Pr(7(s, t,5")|0)G((s, 1, )

s’ t= 1T(sts)

+ Z Z Z (s,t, 8 (P(T(S, t,s")|o) max Q*(s',0") — Pr((s, t,8')|o) max Q3¢ 0’))

s’ t=1 1(s,t,s’)

= (R(s,0) — Ry(s,0) —I—ZZ Z (s, t, s (P(T(s,t, s')]o) max Q*(s',0)

s’ t=1 7(s,t,s")

— Pr(7(s,t,5")|o) max Q*(s',0") + Pr(7(s, t, 8')|o) max Q*(s',0") — Pr(7(s, t, 8')|o) max Q;(s, 0'))

= (R(s,0) — Ri(s,0)) + Z Z Z (s,t, 8"))(P(7(s,t,s")|0) — Pr(r(s,t,s")|0)) max Q*(s',0)

s’ t=1 7(s,t,8")

+ Z Z Z (s,t,8"))Pr(7(s,t,s")|0)) moz}x(Q*(s’, o) —Qi(s',0"))

s’ t=1 7(s,t,s")
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Taking the max norm and applying triangle inequality, we get:

> V(7 (s 1, 8))(P(7(s, 1, ') |0) = Pr(7(s, t, 5')|0)) max Q*(s', o)

33N Al )P, 1 8)lo) max(Q7 (', o) — Qi (s, o)

s’ t=1 7(s,t,s’)

<||r- R —|—maxzz > (st ) (P(r(s,t5)lo) = Pr(r(s, £, 8)]0) ) 1Q" 1

s’ t=1 1(s,t,s’)

—&-niaoxzz Z (s,t,8")Pr(7(s,t,s)|0))

s’ t=1 7(s,t,s")

> “/U(s s’)

<||R—-Ri|| —|—maxzz Z 7(s,t,8") (P(T(s,t,s')|o)—PI(T(S,t,S’)|O)>’

s’ t=1 1(s,t,s’)

—s—ns}aoxg vl(s, s
o

Rearranging, we get:

<(1 fH;gXZ%(S,S’))_I (17— ]|+
II;%XZ Z Z (s,t,8")(P(r(s, t, 8" )|o) — Pr(7(s, t, 5/)|0)))||Q*||Oo}

s’ t=1 7(s,t,s")

Since V*(s) = max, Q*(s, 0), we can rewrite the above as following:

< (1 - HSI%XZ 7({(37 Sl)>_1 [HR - RIHOCJr

cax Y D(P(r(s,t, o) = Prlr(s, &, )lo) [V

s’ t=1 7(s,t,s’)
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Bounding Term 2. We now consider the term 2 and bound the policy evaluation error i.e.

MaXses ‘V}}(s) - VA’;%I(S)]
Vi (s )—V/’;@( )=

S ST Plrs t NG, 1 5) + A(r(s, b V()

s = 1r<s,t7s>

—ZZ S Pilr(s, b )mE(s)[G(r(s, b)) + (s, t, 8)VIE, (5)]

s’ t=1 1(s,t,s’)

Y Y (P(r(s. )i () = Pr(r(s, 1, )i (s) ) Glr(s, )

s’ t=1 7(s,t,s")

+ZZ S (st 8 (P(T(s, t, )| ms(s))ViF(s') — Py(r(s, 3’)\77}(5))VL;I(5'))

s’ t=1 7(s,t,s")

= (R(s,m5(s)) — Ry(s, (s —|—ZZ Z (s,t, ") (P(T(&t7 s’)|7r}(s))V/(?(3/)

s’ t=1 7(s,t,8")

= Py(r(s,t, 8|7 () VRE (') + Pr(r(s,t, 8") |7 () VRE (') = Pr(v(s,t, 8") |75 () VA, (s '))

= (R(s, 75(s)) — Ry(s, mi(s +ZZ > Ar (st ))(P(r(s,t, 8wz (s) — Prlr(s,t, ) (s))VRE(s')

s’ t=1 7(s,t,s")

+ZZ > st NP, 5 mz () (ViF () = Vi ()

s’ t=1 7(s,t,s’)
Taking the max over all states, and applying triangle inequality we get:

Ty T ]
ma [VEF (5) = VT ()

max ‘(R(s, () — Ri(s, m5(s)))

+ZZ > Ar (st ))(P(r(s,t, 8wy (s) — Prlr(s,t, ) (s))VRE(s')

s’ t=1 7(s,t,s")

+ZZ S A(r(s,t,8))Pr(r(s, t, s')|7r;(s)))(v;;ﬁ(s/) —Vﬁr(s'))‘

s’ t=1 7(s,t,s")

<||R—Rz||

eraxzz 3 (st s)IP(r(s, 1, 8)|ms(s)) — Pr(r(s, t, ') ws(s) Hv”f

s t=1 7(s,t,s)

bmax ST (el )P ) o) [V ()~ VIR

s =1 7 (s t,s")

Rearranging the terms, we get:

< (1 frrslifoyg(s, s/))_1 [||R* RIHOO+
bmax 33 YD Alrlant | Plr(s.t o) = Prlr(s. o)) V7]

s’ t=1 7(s,t,s’)

7 T
HVM - VMI
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Plugging the bounds for the two terms in our original loss, and plugging the upper bound on the
optimal value function from Remark 1, we get:

-1
. 2RO (1 —maxs, Y. Y2 (s, 3/))
< (1-max 3 en) [[m- |+ -
00 8,0 s’ > (1 — MaXs o Zs’ 70(8’ S/))

IE%XZZ Z 7(s,t,8") ’P (s,t,8")]o) — Pr(7(s, t,s')|o ))’

s’ t=1 7(s,t,s’)

7
Jvii -

Further, substituting Lemma 1, we get the final result as follows:
C]I% 2R’r<?ma: Etoil 'yt|8|gll;

=) ()

Recall that 7 was used to denote Z7, the set of temporally extended intents, throughout the proof. [J

Hvﬁf +

A.2.2 Corollary 1. SMDP - Multi-Time-Model of Intent - Value Loss Bound

A special case of our formulation is to model the consequences of following a specific course of
action based on final state representations at the SMDP level.

More precisely, the multi-time-model of an option intent must characterize both the target state distri-
bution resulting upon the option’s completion, and the intended temporal scale at which the option
operates i.e. I_7 : S — SDist(S), where SDist stands for the set of all sub-probability distributions
over S§. The intent-induced transition model would then take the role of the transition dynamics
reflected by the option model (assuming rewards are the same and known). For this case, we require
a metric between sub-probability distributions and assume that,

Assumption 1. For each state-option pair, the total variation between the intended distribution Py
and the true distribution P is bounded by a constant (s ,, i.e.

Zs/ PI(S/‘Sa 0)—p(8/‘$, 0) §C5,0~ (6)

The degree of satisfaction of the intent is the maximum over all (s, 0) pairs, i.e. max , Cs.0 = ¢t

Corollary 1. [Multi-Time-Model of Intent- Value Loss.] Given a SMDP M corresponding to a set
of options O and a set of temporally extended multi-time-model of intents, the value loss between the
optimal policy for the original SMDP M and the optimal policy 77 _, for the induced SMDP Mz
is given by:

YR 0o
(1-v)?
where CI is the degree of satisfaction of the intents (Eq. 6), RS, = maxs, , 7(8, 0) is the maximum
option reward, and 'y is the maximum expected option discount factor.

|vi~ s (7)

Proof. We now show that our general result in Theorem 1 can be reduced to a specific case of
considering the multi-time-option model of intents.

We first assume here that rewards are known and given which results in the term | ‘R - R I‘ ‘Oo =0,
and the second term can be simplified further as follows:

] Q.
] 1 mgl_maXH ZH/V o) n;agxzz > (s, t,8)|P(r(s,t, 8')|o) — Pr(r(s, t, 5')|o)|

s’ t=1 7(s,t,s")
Plugging Remark 1, we get:

7"%_ * maz _ /
114¥; VMHQO_ — II:B;)XZZ Z (s,t, 8 ‘P s,t,8")|o) — Pr(7(s,t,s")|o)

s’ t=1 7(s,t,8")

<y¢r™

19



Simplifying terms, we get the final result

< 2CI ngLaa:

HVLI — Vi Lo - (1-v)?

A.3 Proofs - Planning Loss Analysis

Definition 3 (Policy class I17-): Given affordance set AF 17—, let M1~ be the set of SMDPs over
the state-options pairs in AF 17—, let

7z = {m3} U{n:3IM € Mz~ s.t. 7 is optimal in M }.

A.3.1 Proof of Theorem 2. Planning Loss - Trajectories Based Intent.

Proof. To prove this theorem we will be using the lemmas below: Lemma 2, Lemma 3, and Lemma 4,
and 5.

Note: For convenience, throughout our proofs we will be using Z instead of Z to denote a set of
temporally extended intents. Similarly, we will use [ instead of I_” to denote a temporally extended
intent for an option o.

Lemma 2. For any SMDP M AF;, Which is an approximate model of the SMDP given by the intent
collection T*, we have

Niar
* z
HVMI - V./\/lz

<2 V. —VEZ . 8
o S 2 lVie = Vi, Nl ®)

Proof. Vs € S, Let us consider:

*

* T T
Viag (8) = Vi, "7 (5)

= (Vi) =V @) + (VI ()= Vi ) + (Vi (5~ Ve )

MA]—‘Z MA]:I MA}‘I MA}‘I
<0
< V* _ Vﬂ-;vt-_r _ V*A _ Vﬂ-j\hA}‘—_r
< (Vi) = Ve () = (Vi ()= Va7 )
<2 max ‘V/C[I (s) — V/’\;AFI (s)’

Taking a max over all states on both sides of the inequality and noticing that the set of all policies is a

trivial super set of { s Ty }, we get the equation in Lemma 2 above. Moreover since, our
s

I
Mar
definition of II7 is a superset with the optimal policies included, we can further say the following:

V* _ VTFMA}'I
MI Mz

R Vg
<2max [[Vi, — Vi, e

o0

O
Lemma 3. For any SMDP MA]—'I bounded by [0, RS .| with corresponding value function bounded

max

by Vinaa which is an approximate of the SMDP estimated from data experienced in the world for a
set of intents T,

1 ~ 5 T ™
max (RI(S, 0) + <’7($, 0, )P](S, 0, )7 VMI>) - VMZ .

Si
T (1yr)

“We overload notation and throughout our proofs, for convenience we interchangeably use Z and 7 to denote
set of temporally extended intents.

ViR = v

Mars

©))
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Proof. Given any policy over options 7, define state-value function Vj, V1, ... V,, such that Vj =
Vi,

From this point onward, we use AFz(0) and AFz(s) to denote affordable states and affordable
options respectively. Recall that AF7 C S x O.

Vs € AFz(0),
Va(s)= D lols)(R(s,0) + (Pr(s,0,), Viu-a)

o0EAF7(s)

Now, rewriting the above in new format:

Vin(s) = Z ZZ Z Pi(r(s, t, s) )[G(T(s,t,s’))—i—’y(T(s,t,s’))Vm1(5’)]]

o s’ t=1 7(s,t,s")

Therefore:

W= Vot =max | 3 a9 55 5 Prr(s, )15, 650 Vinoa(s) = Vinoals)

0€EAF1(s) s’ t=1 7(s,t,s")
cmx Y Ao S Bilrle b lon(ro. DV — Vil
o€ AF1(s) s’ t=1 7(s,t,s’)
= max Z 7(o|s) nyo S, 8 Vi1 — Vin—2||o
T 0€AFL(s)
(10)
Since E[>",, 71 (s, ¢')] <max, Y., 7L(s, s'), therefore
Vi = Vin—1lleo < H;%X Z ’yg(s, 3/) V-1 — Vin—2lleo
YI
Therefore,
m—1 m—1
Vi = Volloo Z Vi1 = Velloo < [IV1 = Vol|so Z(Yz)k_1~
k=0 k=1
Taking the limit m — oo, V,;, — V/\’i/l , we have:
AF T
1
Vi - W < —11 =V
I Muarz 0lfoo < (1—YI)| 1 0lloo
where notice that Vy = V/(T/lz and
Vi= > wlols) (R + (v(s,0,3)Pr(s,0), Vi))-
0€AF1(s)
Therefore,
HV/&I VLA]’I
1 » 5 T T
<——cmax| 3 wols)(Rils0) + (4(s,0,5)Prls,0,5), Vi) — Vi,
(1 *YI> 0€EAF(s)
1 . .
S -7 Mmax (RI<57 O) + <7(S’ 0,3 )PI(S7 0,3 )a V/CII>> - V_/(r/tz .
(1 _ YI> $,0
O
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Next, we turn to Lemma 4.

Lemma 4. For any SMDP M AF, with value function bounded by V... which is an approximate of
the SMDP estimated from data experienced in the world for a set of intents I, The following holds
with probability at least 1 — §:

< 2R .o log 2|AFz|[z|

N I L

Proof. Using Lemma 2 (L2) and Lemma 3( L3), we have

ﬂ'j‘;tA}'
1744 Vv z
‘ Mz = Y Mz

v j\}[A.T T
HVMIZ -V, " <2 7{2%); Vi, — VMAfI . L2.
2 N N
<= max ‘(R[(S,O)—‘r <7(s707;)PI(S707;)7V/\ﬂ;11>) _V./(r/lz L3.

T eIl
(1 _y ) SXZE.A?FI

Since (P;(s, 0, ;), V3, )) — Vi) is the average of the IID samples the agent obtains by interacting
with the environment, bounded in [0, V,;,4,] with mean Vj\TAI (for any s, o, 7 tuple i.e. state, option
and policy over options tuple). Then according to Hoeffdings inequality,

. N ” . —2nt?
w20, P(| S (Rio0)+ (0050000 Prlov0s ) VA — Vi | > 1) <20 { 25 )
0€AF1(s) max

To obtain a uniform bound over all s, o, 7 tuples, we equate the RHS to

b
[AFZ(0)[[AFZ(s)Iz] and the
result follows as shown below.

5 ex { —Int? } )
PV Vman)? | ~ TAF2(0)|[AF £(s)|[Tiz]
—oInt? o 1)
Viaz)? 2 2] AF 2(0)[|AF 2 (s)||TTz]
2 | 2AF (o) AFL(s)|]
Vimaz)2 8 5
2y L, AT ATz () I
2n 1)
t:Vmaz\/l log 2| AF 7 (of|AFz(s)| [z
2n 1)

We express the state-option pairs in affordances as the size of affordances. Formally, the size of

affordances for a intent can be expressed as | AF z|. Plugging this back, and using Remark 1, we get
the final result. O

Lemma 5. Given any policy over options w, we have

HV/CI - V./Clz

< ﬁ( _max Y 4ISIH) (an
=1

Proof. We will use the following Bellman operator:

=N [ DY 5 Pt G ) (ot ]

s =1 1(st,s")
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(Ti, = Ti,) f(s)
_Z (o|s) [( Rgso)—i—z;; (Zt:/)’yf (

_Z (o]s (Rlso) R280)+Z (o] s) ZZV > s (
s’ t=1 7(s,t,8")
<cE+||s OOH;%XZ’YZ > (A

s’ 71(s,t,s")

maxZ'y z&:{ Z (

oo 8,0
7(s,t,8")

27t|8|<IID
=1

(5,1, 5)lo) = Pa(r(s,1, 5)[0))

and

Trifi(s) = T fa(s) =

(s,t,8")]0) — Pa(7(s, t, 5/)|0)>}

T(s,t,5")]o) — Py(7(s, t, s')|0))}

(5,1, 5)lo) = Pa(r(s.t, 5') o))

—Z (ols)(Ra (s, 0) - sto)+§j WS Y A Pulr (r(s,t,8) (L) = fals))

s’ t=1 7(s,t,8")

<C+ Hfl - f2HOo IYSI%XZ’Y?/I(& s)
S/

Now, the following holds for the initial value error we are interested to bound:
Vi = Vi oo S IVE = TR Vil + HTA’ZIV/& = Vil
=TV — T Vialloo + 1T Vi — T, Vil
= (T = TR ) Vil + HTMI(VM — Vi) leo

7
<(r

Unfolding the above to infinity, we obtain in the limit the following:

1
) T
S 1)

Therefore,

1 T
T YT < - -
IVE = Villoe < =amy (2R

_max y_ vtISICE"a)
ot=1

o0
t T T I
N Iggxtzgv [SICP + Ci + max v (s, )V = Vi lloo
= s’

o0
t v
_max ; 7y |3|Cp)

O

Plugging Lemmas Back. Now the following holds for the original LHS of the planning loss bound

we are after.

* ﬂ-j\;lAFI * Trj\/lz
‘VM*VM §‘VM*VM
o0

TK'leI «

+
oo

¥ar
x I
‘ ‘VMI VMI

23

T T
Marz MaFz

oo



Theorem 1 applies to the first term, Lemma 5 to the second and forth term, and Lemma 4 for the third
term. Finally,

Qe 1 2RS .
[Vie— v || < Gt ——mmer a3 41|SICE+
A A

_ —vO) “s0
(1—=v%) (1=v9) s

2RO 1 2| AF7||[z]
— log /=

(1v7)(1-ve) V2 5

Rearranging terms, we get:

T
* M.A}'I
Vit = vad

5C1€ 2R7?Laz - t A 1 2|A'7:I||HI|
< + (2 rrs}gx;v SICE +1/ 5 log =R

R EONETIED 5

A.3.2 Corollary 3. SMDP - Multi-Time-Model of Intent : Planning Loss

Analogous to the value loss analysis, we obtain the special case of planning loss bound for multi-
time-model of an option intent as follows:

Corollary 2 (Multi-Time-Model of Intent- Planning Loss.). Let M be any SMDP, T~ a set of

temporally extended multi-time-model of intents, O a set of options, and M4 F,— the corresponding
approximate SMDP over affordable state-option pairs AFz—. Then, the certainty equivalence

planning loss with MA]-'IH is

) T ar 2RO . - 1 2| AF 7 || Iz~ |
HVM_VM ’ Hocga—y(?)? (”C Ty g o8 5

with probability at least 1 — 8, where (T~ is the degree of satisfaction of the intents (Eq. 1), RS, =
maxg , (8, 0) is the maximum option reward, and y© = max; , Yoo Yols, ") is the maximum

expected discount factor for both intent and option model.

Proof. We now show that the trajectories-based planning loss bound can be reduced to the special
case where intents were defined via sub-probability distributions incorporating both time and final
state.

First, we consider the trajectories-based planning loss bound:

IN

e
M
HVXA ~ Vi 7

5k 2Ry, ( ST \/1 2| AF 7|y
+ H;ax;vl P+ 5, log

) () :

We plug our assumption that rewards are known and given which results in the constant CzIz =0,

option and intent discount factors are assumed to be the same i.e. Y© =7, and the second term can
be simplified further as follows:

s
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2
*° (1 O) 7(s,t,8")
<v¢*
(12)
1 2| AF 7| |lz|
\/2n log =35 )
2RY .. 1 2| AFZ||TT
< mar oy (ZVCI + \/Qn log |+HI|) (13)
(o)
O]

A.4 Intent expression on end-state

Consider the definition of Q* (s, 0) from Sec. 3 and note that it can be re-written in our notation as:

Q*(Sv 0) = Z(T(S, 0, 3/) + '70(37 Sl) HE}X Q*(Sla O/))

ry

Note that 7,(s, s’) <. With this notation, it is clear that the previous results from Sec. A.2 and
Sec. A.3 on value loss and planning loss from Khetarpal et al. (2020a) apply readily. In particular,
if options only take a single step, we recover exactly their bounds, as the reward difference upper
bound (% will be 0 and the above inequality becomes equality i.e. 7 (s, ') = 7.

B Details of Experiments

B.0.1 Implementation Details

We use the environment implementation from OpenAl Gym’. We build upon open source code
released by Khetarpal et al. (2020a) significantly scaling it up using Launchpad (Yang et al., 2021).
Our code can be found at https://github.com/deepmind/affordances_option_models/. We implemented
three nodes:

1. Data collection (Rollout): Runs options, 7, (a|s), in the environment to collect transition
data.

2. Model (and affordance) learning (Trainer): Uses the data from the Rollout node to train the
option models and affordance models where relevant.

3. Planning and evaluation (Evaluation): Uses the trained options models to perform value
iteration and obtain a policy over options, 7o (0¢|s;). The policy over options, 7o (0¢|s¢),
and options, 7,(als), are then evaluated over 1000 episodes to record the proportion that
successfully dropped the passenger.

We used a shared internal cluster and each run used = 3 cpus for =~ 48 hours. We used linear networks
for all models. We initialize the affordance classifier to output 1 by shifting the input to the final
sigmoid by 2, i.e. Ag(s, 0, s, I) = sigmoid(fo(s, 0, s, I) + 2), where fp is a linear model.

B.0.2 Hyperparameter Settings

Given the simplicity and purpose of our experiments we only did a hyperparameter sweep over the
learning rate (0.001, 0.0001). We chose the maximum option length to be a 100 to allow options to
terminate naturally. We set the hidden size of the models to be O (i.e. linear models). Each experiment
was repeated for 4 independent seeds. We use the color-blind friendly palette from Lawlor (2020) for
our figures.

Shttps://github.com/openai/gym/blob/master/gym/envs/toy_text/taxi.py
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model_learning_rate: 0.0001 model_learning_rate: 0.001
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Figure B1: A higher learning rate can be used to learn the model when using affordances.
Right shows divergence when using an unrestricted affordance set (Everything) for a higher learning
rate compared to using any affordances.

C Sample Complexity Analysis - Multi-Time-Model of Intent

Classical methods for planning in RL assume access to the complete knowledge of the MDP. However,
in large domains, this is an infeasible assumption. A common approach is to consider sample-based
models in which the transitions are estimated by sampling the model, with the number of calls to this
sampler referred to as the sample complexity. In practise, a model P is estimated to approximate the
transition model which is then used for planning (See Sec 4.2).

We then ask the question of how difficult is to build an approximate model for everything in an
environment. It is intuitive to see that modelling one-time step dynamics would require samples in
the order of magnitude of the size of the state-action space (See Table 3). To mitigate this, we propose
constructing temporally abstract partial models. Specifically, we examine the sample complexity
of obtaining an ¢ estimation of the optimal action-value function given only access to a generative
model (Kearns and Singh, 1999; Kakade et al., 2003; Azar et al., 2012).

Consider a SMDP M where a deterministic policy over options is a map 7 : S — O that maps a state
into an option. The value function of a policy 7 is a vector V™ € RIS, defined as follows, Vs € S:

V() =2 0eo T(0ls) [r(s, 0) + 22, p(s'ls, 0) VT (s')]
where p(s'[s, 0) = > po, p(s', k).
Analogously, the option value function Q™ € RIS*©! for a policy 7 is defined as follows, Vs € S x O
Q" (s, 0) :=1(s,0) + (Fo - V™)(s, 0),

where
P,=3 p(sls,0), V(s = 3 m(0'|s)Q7 (s, o)

o'eQ’

As described earlier, we assume access to a generative model, which can provide us with samples
at the SMDP level {s’, 7} ~ P(:|s, 0). Similar to previously described setting, we consider a set of
temporally extended intents T, with the assumption that each option o has an intent associated with
it I,,, resulting in an induced SMDP Mz, with corresponding option models denoted by P.. Let
My 7, be the approximate SMDP over affordable state-option pairs denoted by AFz-, with ]501
as the corresponding options model.

We then define 1501 , our empirical model for each option o € O be defined as follows. Yo € O:

. count(s, o, s’ N 5y =847
P](S/|S,O) — EV ) — Zz_l {N }"Y ,

where {s},7;} ~ P(:|s,0)V1<i<N.
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Sample Complexity
Actions Without Affordances | Affordance-aware
. . [S|A] |AFZ]
Primitive O m) O W)
Temporally Extended | O %) @ %)

Table 3: Comparison of Sample Complexity - provides evidence on the role of temporal abstraction
and affordances in obtaining an ¢ estimation of the optimal value function. Incorporating affordances
results in potential improvements in sample complexity in both primitive and temporally extended
actions, although at the cost of approximation error induced via intents. Here y is the maximum
expected discount factor for both intent and option model.

where count is the number of times the state-option pair (s, o) pair transitions to s’. Note that Mz

and M 4 7, are equivalent to the SMDP M in reward®, except the estimated transition dynamics
instead of the true transition kernel per option i.e. P,.

To derive an € optimal estimate of the optimal value function in the SMDP, we here consider the
SMDP Q-value iteration (QVI) (Sutton et al., 1999) analogous to the primitive case of Q-value
iteration, but only for state-option pairs that are affordable. See C.1.1 for details.

Theorem 3. Let M be a SMDP, T~ a set of temporally extended intents corresponding to a set of
options O. If M sr,_, is the corresponding approximate SMDP over affordable state-option pairs

AF1-, and Qy, is returned by SMDP Q-value iteration at the k*" epoch, with inputs including the
approximate SMDP as the generative model, and number of samples m, where

B |[AFz-|
mo((l—v)4€2 ’
2 I

then with probability greater than 1 — 0§, the following holds for ¢ > (fiiy)’;, and for all s, o:

1@k = Q7lloc <,

where CIH is the degree of satisfaction of the intents, 7y is the maximum expected discount factor of

)2 _ocI

oz , and Q™ is the optimal option value function in the underlying

an option, k =
SMDP M.

The proof is in Appendix C.1.2. The approximation error in the intended distribution ¢ - predomi-
nantly governs how good an estimate of the optimal option value function can be made for a given set
of intents Z—”. Our results suggests that we can only guarantee approximations of Q* up to the lower

L2y
bound on ¢ i.e. =2

Following through the proof of Theorem 3, it is easy to show that the number of samples m required
to obtain an € estimation of the optimal ()-value function without incorporating affordances is
proportional to the size of the state-option space as shown in Theorem 4.

Theorem 4. Let M be a SMDP with a set of options O. If M is the corresponding approximate
SMDP, and Q, is returned by SMDP Q-value iteration at the k" epoch, with inputs including the
approximate SMDP as the generative model, and number of samples m, where

S||O
"= O((1||y)4s2)’
then with probability greater than 1 — 0, the following holds for all s and o:
1@k — Q7 llo <¥,
where 7y is the maximum expected option discount factor, k = bg(fo(gil;w), and Q* is the optimal

option value function in the underlying SMDP M.

®Note that here we assume the reward function is known and deterministic and therefore is identical to the
true SMDP.
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For a complete proof, See Appendix C.1.3. To summarize, Table 3 decouples the role of temporal
abstraction and the effect of incorporating affordances. Predicting and reasoning across multiple
timescales naturally results in a growing set of action choices leading to a large number of sam-
ples. Larger gains can be established when considering both temporal abstractions and affordance
information, with a carefully designed set of intents.

C.1 Proofs - Sample Complexity Analysis

Note: We again overload notation and throughout our proofs, for convenience we interchangeably use
7 and Z7 to denote set of temporally extended intents. Similarly, for convenience we interchangeably
use I and I’ to denote a temporally extended intent for an option o.

C.1.1 SMDP Q-Value Iteration (QVI)

To derive an € optimal estimate of the optimal option-value function in the SMDP, we here consider
the SMDP Q-value iteration (SMDP-QVI) (Sutton et al., 1999) process as detailed in algorithm
below.

Algorithm 1 Model-based SMDP Q-Value Iteration (SMDP-QVI)
1: Vo=0,Q0=0
2: forepochk=1... K do

3:  for (s,0) € AFz, do

4: Qr(s,0) =7(s,0) + (PIVi_1)(s,0)
5: Vi(s) = max,e a7, (s) Qr(s,0)

6: end for

7: end for

8: Output Qy

C.1.2 Proof of Theorem 3 - Sample complexity of Temporally Abstract Partial Model.

Proof. We here consider the transition models in the ground SMDP M, the intent induced SMDP
M7z, and the approximate SMDP M 47, over affordable state-option pairs are denoted by P,, P!,
and P! respectively.

We here consider HQk - Q*

oo

Adding and subtracting Qj\;u and 0}, we get,
Fz

Q= Q =Qr— Q.+, — Qv + A, —

—_—
Term (A) Term (B) Term (C)
Bounding Term (A)
— Q% = : PIVi_1)(s, 0) — (r(s, PIV*)(s,
@k = @ || = max, [r(s.0) 4 (BIViea)(5,0) = (r(s, 0) + (BSV)(5,0))
= a PI(Vi_1 = V)(s, ‘
e [PV = 7)) 0)
SY’ Vi—1 —V*H
< _ _ )*.
_Yse%%f(o) OEI};—}?(S)Qk 1(s:0) OGI}%;{(S) MAFI(S’O)‘
<v (s.,(gleajl(fz Qr-1(s,0) — QM.A]—'I(S7 0)‘

:YHQk—l - QAj\;lAFZ

oo
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Unrolling the above £ times, we get;

HQk—Q*

Mars

oo

Bounding Term (B)

(
(

= (B = BD)V*) (5,0~ (BL(v* = 77))(s,0)
( )

max * (s,0)— max O* s’ 0’)
o’EA]-‘z(s)QMZ( »9) O’EA]:I(S)QMAFI( 0

Considering the max over all state-options, we have;

A * o I\, * A *
|9, — Q| < [|(2 = 2)V [ +v]| @, - ]|
Finally;
[, -l < -
Mar, Mz o~ (1-v) ¢ o) Mz

Now let’s fix a state option pair (s, 0) € AFz

N
. N 1 « *
(POI - POI) VMI = N Z VMI(S;) - ES/EPOI("SJ’) [VMI (S/)]

i=1

= %(SN - E[SN]>

where Sy = ZZI\LI X, and X; = V*(s;), X are independent variable and | X;| < V44

We now consider the Hoeffdings inequality:

P55~ Bi 21) 200 (522E) 20 (522

Applying Hoeffdings, we get;

P( max | (P = P1)Viig, (s, 0)‘ > t) - P(a(s, o€ A]—'I)s.t.‘(f)j — PIYVie (s, 0)’ > t)
<3 Pr(‘(Pj — PIVig (s, 0)‘ > ¢)// Union Bound
AF 1
—Nt?
= 2| AF 1 (0) | AFz(s)] exp (T5—)

= 2|AF 1| exp (#)

max
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We assume that the failure probability § > 0, We then solve for ¢ by equating the RHS to 4 as follows:

2|AFz|exp (_Nt2) =4

VT%(II
(—Ntz) 5
ex =
P Vn%,aar 2‘A‘FI|
—Nt? o O
Vie O 2AF]
V2 2| AFz|
t2 — maz |
N %75
B /1 2| AFz|
t = Viaz N log 5
Plugging this back in Term (B) HQAj\A/l_A}' — QM < (1;/) ‘ ‘ (PO — PO) V*||, we get:
o [ee)
HQ'T\;IAFZ B Q’*;\AI —

Based on Remark 2,

* *
H M-A}_I QMI o

Vinar |1 2[AF7]
< V1
w-1-y VN ® 5
RO [1  2|AF4]
< max —1
Sy VN TS

Bounding Term (C) HQj\/lz - Q7

o0

We first define the following optimality bellman operator:

Qi =TQMm
where(Tf) :=R(s,0)+ (P(s,0), Vy)
whereV;(-) := max f(-,0)

Our aim here is to bound ‘ ‘Q}‘Vh - Qi

for any two SMDP models M7 and Ms.

Let 77 and 73 be the Bellman operator of the SMDPs M, and M, respectively. Therefore,

@i, ~ Qi

_=||men, - mas,

= max ‘(Pl(s, 0), Var,) — (Pa(s,0), Vay,)

oo

(s,0)€SXO
- (s,gleagixo Eynpy(5,0)[ViL ()] = Bsrnpy(s.0) [Vir, (5)]
<||dhs 2
Therefore,
HQ}le - Q?VIQ . == HQR{I - EQR{I + 7’2@?\41 - 7-2Q7\/[2 -
<[ dhn ane| |+ || 72Qin, — To@is |
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Bounding the second term of the last step i.e. ‘ "EQ M, — 1@,

il

Tafi(s,0) = Tafa(s, 0)| = |(r(s., 0) + (Pa(s, )V, (5))) = (r(s. 0) + (Pa(s. 0)Vpa(s)) |
=[(Pals, )V, (1)) = (Pa(s. 0)Va ()
< omax [Boy o0 Vi ()] = Evnryon Ve ()]
= Sg)neag(XOZPg s'|s, 0) ‘Vfl — Vi ()

Therefore,

@i, -

—H/HVX/[I -V

< HdM1 Mo
oo

where note that the second term in the last step is bounded as following,

max ’Vf\j[l - Var,
S

= max ) max Q}, (s, 0) — max Q}y, (s, 0)‘
S o o

< maxx | max(Qy, (5, 0) — Qi (5,0))|

< max Qi (5, 0) — Qi (5, 0)|
=||@n — @i _
Therefore,
)‘Qj\/lz—@* OOSHd?vh,Mz OO"‘Y“V;AI_V* -
< [dhe an ||+ || @ @[]
< e
YR e
T 1=y
We conclude,
e[| <len -, | +HQMMP Q||+ @i — @]

(V)" 1 SR
+ — 10g(2|./4]:1|) W

“(1=y) (@-v)PVN
To obtain an € estimation of the optimal ()-value function in the SMDP, we distribute the error across
Term A, B, and C such that ;

HQk—Q*

< Term (A) + Term (C) 4+ Term (B)
o0 \W—/

<e/2 <e/2

log (s<17v>2—2<v

(1-v) ) *
PTeE and N = W log(2|AFz~|), we get HQk -Q

<
logy

By choosing k =
e/2+¢/2
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Note that this choice of k holds if and only if:

e(1—v)*>2¢"y
2¢Ty
-

Therefore, the total number of samples needed to get an e-estimation of the optimal option value
function is;

|AFz-| )

Nisliol=0(g =55z

C.1.3 Proof of Theorem 4 - Sample complexity of Temporally Abstract Full Model.

, and Q* is the optimal option value function in the underlying
o0

Proof. 'We here consider HQ;C -Qr
SMDP M.

Adding and subtracting Q* we get,
Qr—Qx=Qr-Q +Q -~ Q"
——— ——

Term (A)  Term (B)
Bounding Term (A)
HQk - Q" = max {r(s, 0) + PVi_1(s,0) — (r(s,0) + B,V* (s, 0))}
- (s,gle%;(xo Py(Vier = V7)(s, 0)‘

< VDHVk—l -V

oo

< fyD max
s€S

Ak
max Qr-1(s, 0) — max Q" (s, 0)‘

< AP ’ - Y
=7 (s,gleag(xo Qr-1(s,0) = Q"(s,0)

e

Unrolling the above £ times, we get;
(vP)*

o -a = 1=1P)

< (6P)|Qo - &

Bounding Term (B)

(Q* - Q*) (s,0) = POV*(S, 0) — P,V*(s,0)
= P,V*(s,0) — P,V*(s,0) — P,V*(s, 0) — P,V*(s, 0) Adding and Subtracting P,V *

= ( - PO)V (s,0) — ]50(17* — V*)(s, 0)
= ( SR PO)V*(S, 0) — ]50(5’|s, 0) ( max Q*(s/, o) — max Q" (s, 0'))
s'eS
Therefore;
|or-ar||_ <[|(7-r)v[[ 470 - e
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Finally;

<

o - < ==

(Po - Po) v*

Now let’s fix a state option pair (s,0) € S x O

(130 - PO)V* = % i_v: V*(s7) = Bsrep, (5,0 [V (s)]
_ %(SN ~ElS])

where Sy = vazl X;and X; = V*(s;), X; are independent variable and | X;| < V5.
We now consider the Hoeffdings inequality:

Pk (Sy ~ElSy) 21) < 2exp (1 ) =2exp (o)

mazx

Applying Hoeffdings, we get;

P( ma ‘(150 ~PV(s, 0)‘ > t) - P(a(s, o)s.t.’(ﬁo — P)V*(s, 0)’ > t)

<3 Pr(‘(f?o - Po) V(s 0)‘ > t)// Union Bound
S,0
= 2|S]|O| exp (;/12\7752)

max

We assume that the failure probability 6 > 0, We then solve for ¢ by equating the RHS to ¢ as follows:

2/8]|0] exp (;]2\“2) —5

max

exp (—Ntz) )
X =
Vi as 2/S[|0|
—Nt? o O
Ve  C2IS[[O]
V2 2|S||0]
2 max
= I
t N og 5
7 1 2|S||0|
thmaz NlOgT

Plugging this back in Term (B) ‘ ‘Q* -Q* , we get:

<k (- 2)y

o -] = Gy s 252
Therefore;
=< |l@—a|_+[jer -

< (vP)* + Vinaa llo 2|50

Sa-?) T VN TS
Dyk Rmae |1, 2[S||O
(v )DJr 7Dz/flogll\ |

(I=97) (A—=9P)PVN 0
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To obtain an € estimation of the optimal @-value function in the SMDP, we distribute the error
uniformly;

HQk*Q*

<e/24¢/2

Equating each term to £/2 and solving for & and N results in k= % and N =
W log(2|S]|O|) Therefore;

|S]|O]
N|S||0| :O(W)
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