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A Proofs of theorems

A.1 Proof of Theorem 1

From Conditions 1 and 2 in Theorem 1, by the consistency property, we have

p(x1,91,2) = Z p(z1|uwi)p(zui)p(wi),  p(wo,y1,2) = Z p(aolui)p(zlui)p(ui), (A.1)

i=1,2 i=1,3

p(x1,90,2) = Z p(z1|ui)p(zui)p(wi),  p(wo,yo,2) = Z p(xolui)p(zlui)p(ui), (A.2)

i=3,4 i=2,4
pleryn) = Y plarfu)pus),  plzo,yr) = Y plaolus)p(us), (A.3)
i=1,2 i=1,3
p(z1,90) = plar|ui)p(ui),  plwo,y0) = > plwolui)p(us), (A4)
i=3,4 i=2,4
Pz, 2) = D |2)p(2) = D p(2lus)p(ui),  p(Yaor 2) = P(Yay|2)p(2) = Y plz|ui)p(us),
i—1.2 i=1,3
(A.5)
4
p(z) =Y plzlu)p(ui), p(ys) Zp Yer:2)s  P(Yay) Zp Yaos 2 (A.6)
=1
for z € {#1,...,24}. Thus, letting
1 p(21) p(22) p(23)
p_ | pleny) plrny,z) plrny, 22)  pleny, 2s) (A7)
p(r1,%0) p(r1,%0,21) p(r1,y0,22) p(21,90,23) |’ '
P(»“C07y1) p(mmyhzl) p(l’o,yhzz) P(fﬂmyl,Zg)
1 p(21) p(22) p(z3)
Q=1 PWx) PWerr21) PWYzrr22) PWYay523) |, (A.8)
PWro) PWros21) PWYaor22) P(Yuo»23)
L p(z1fur) 0 p(zolu) L p(zifur)  p(zelur)  p(zafur)
r=| ! p(z1]u2) 0 0 g | 1 p(21|u2) p(22|u2)  p(z3luz)
1 0 p(xrlug)  plxolus) |- 1 p(zi|us) p(z2lus) plzslus) |°
1 0 p(z1]us) 0 L p(zifus) p(z2lug)  p(zslua)
(A.9)
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111 1 p(uq) 0 0 0
M={1100]), a=| O ) 0 0 (A.10)
0 0 0 p(ua)
we derive
P=RTAS, Q= MAS, (A.11)

where the notation “T” stands for a transposed vector/matrix. Since P is invertible from
Condition 3 in Theorem 1, from equation (A.11)), R is given as the solution of the simultaneous
linear equation

QP'R" = M. (A.12)
Letting a; and m; be the i-th column vector of the 3 x 4 matrices QP! and M, respectively
i=1,...,4), that is, QP~! = (a1;a2;a3;a4) and M = (my;ma; m3;my4). From equation

(A.12)), since we have
QP 'R" = (a1;a2;a3;a4)R" = M = (my;mg;ms;my),
or, equivalently,
ar +p(zi|ur)az + {1 = p(z1ur) }ags = my, ay +p(x1|uz)ag = ma,
ar +p(z1|us)as + {1 — p(z1|us)} as = m3, a1+ p(r1|ug)asz = my,
we derive
p(ri|ui)(az —as) = my —ar —ag, p(riluz)as = ma — ay,
p(x1|uz)(az — as) = m3 —ar —as, p(r1lus)az =my — as.

It shows that p(x1|u;) and p(xolu;) = 1 — p(x1|u;) are identifiable since a; and m; are
identifiable (j = 1,...,4) under Condition 3 in Theorem 1. In addition, note that we

have (RT)flP = AS from equation , and the first column of AS is given as
(p(u1),...,p(us)). Thus, a comparison between the first column of (RT)"'P and AS
shows that p(u1),...,p(us) are identifiable since both P and R are identifiable. Thus, PN,
PS, and PNS are identifiable since

p(r,ui) = pler|ui)pui),  plo,ui) = plaolui)p(u;)
are identifiable from R, A and P fori=1,...,4. O

A.2 Proof of Theorem 2

From Conditions 4 and 5 of Theorem 2, by the consistency property, we have

plyr,zwlan) = Y plwler, wi)p(zlui)p(uile), (A.13)
i=1,2
p(y1, 2, wlzo) = Z p(w|zo, u;)p(z|ui)p(us|zo), (A.14)
i=1,3
p(Yo, 2, wlz1) = Z p(w|zy, u)p(zlu)p(us|z1), (A.15)
i=3,4
P(yo, 2, wlo) = ‘Z p(w|zo, ui)p(z|us)p(uilo), (A.16)
4 o 4
pz, wlar) = Zp(wlxhui)p(zlui)p(uilwl), Pz wlzo) = Zp(w\wo,ui)p(ZIMP(uilwo),
=1 i=1 (A17)
p(yilr) = D pluwilz1),  plyleo) = > pluilao) (A.18)
i=1,2 i=1,3

for z € {#1,...,24} and w € {wy,...,ws}. Then, for x € {x1, 20}, letting

) ponanle) o) oo

o pl\wy|T P\Z1, W1 |T P 22, W1 |T P\Z3, W1 |T

Po = plwa|z) plz1,walr) ple2,w2|r) p(z3,ws|r) ’ (A.19)
p(ws|z) p(z1,wslz) ple2, wslx) p(z3,ws|z)



(y1|x) P(111,21|$) p(y1,22|5€) p(yl,23|33)

0, — p(y1, wilz)  plyr, z1,wilr)  p(ys, 22, wilz)  pys, 23, wilz) (A.20)
v p(ylaw2‘ ) p(ylvzlan‘x) p(ylsza’wQ‘x) p(yl,zg,w2|x) ’ ’
p Y1, w3 Jf) p(yl,Zl,w?,‘x) p(y1,2’2,w3‘$) p(yl,Z3,U)3|$)
1 p(wi|z,ur)  plwale,ur)  plws|e,ur)
1 p U)1|1’ u2) p(U)2|£L',u2) p(’lU3|£L',’LL2) (A 21)
L p(wi|z,uz) plwa|r,us) p(ws|z,uz) |’ ’
1 p(wilz,us) plwa|z,us)  plws|z, us)
p(url|x) 0 0 0
_ 0 pluslz) 0 0
Ay = 0 0 p(us|z) 0 ’ (A.22)
0 0 0 pluse)
1 0 0 O 1 0 0 O
01 00 0 0 0O
Ma=10000] Me={001 0] (A.23)
00 00 0 0 0O
1 pgzliulg szzimg pgzsiulg
1 p(z1luz) pz2luz)  p(zs|us A
= .24
S=1 1 p(arfus) pleafus) plzsfus) | (4.2
L p(zifus)  plzalus)  plzslus)
we derive
P, =R]A,S, Q.=RI/A,M,S forazec{x, x}. (A.25)
Here, since both P,, and P, are invertible from Condition 6 in Theorem 2, we obtain
P7'Q,=S"'M,S forzc {x,z0}, (A.26)
whose eigenvalues are 0 and 1. Then, letting E,, and E,, be 4 x 4 matrices
€11 €12 0 0 6/11 0 6/13 0
_ €21 €929 0 0 _ 0 6’22 0 6/24
By, = 0 0 e33 es3q ’ Eaco B 631 0 62))3 0 ’
0 0 es3 e 0 € 0 ey

the matrices of eigenvectors of P, 'Q,, and P, 'Qg, can be written by A,, = S™'E,, and
Ay, = STLE,,, respectively. Thus, we have

A Bl =571 = A, B,
Letting A;! = (a¥) and A Ay, = (bY), from E,;, A7 A, = E,, and the first column of
E, A7l =S, we have

( €11 €12 ) ( ai b;i b;z > o < 1 6’11 (/) >
€21 €22 a b b “\1 0 e ’
31 31 32 / ” (A27)
€33 €34 a b b _ 1 €31 0
€43 €44 att bt b2 1 0 €y

From equation (A.27)), ea1, €22, €43, and eyq are identifiable by noting the second row of each
of the following matrices:

€11 €12 o 1 6/11 all bll -t
€21 €922 - 1 0 a21 b21 ’
. (A.28)
€33 €34 _ 1 eél a31 b31
€43 €44 - 1 0 (141 b41 ’
Similarly, e11, e12, €33, and egq are identifiable by noting the first row of each of the following
matrices:
( €11 €12 ) o < 1 0 > ( all b12 -1
€21 €92 - 1 6/ a21 b22 ’
2 (A.29)

€33 €34 _ 1 0 CL31 b32 -t
€43 eqq )\ 1 €l al b2 :



Thus, E,, is identifiable and thus F,, and S are identifiable from E, A 'A,, = E,, and
E, A7l = S, respectively.

Then, a comparison between the first row of P, S~' and R} A, shows that
p(ui|z1),...,p(uqs|zy) are identifiable since both P,, and S are identifiable and the first
row of R} A,, are given as (p(u1|z1),...,p(ua|z1)). Similarly, p(ui|zo),. .., p(us|zo) are
identifiable as ascertained through a comparison between the first row of P,y S™" and R} A,
Since

p(ui) = p(usle1)p(z1) + p(uilzo)p(zo),
the PN, PS, and PNS are identifiable for i = 1,...,4. O

B Estimation

B.1 Estimation in Case 1

Let {(X;,Y:, Z;)}", be a sample from the data generating process in Figure [1] In addition,
we observe W where {Z, W} satisfies the back-door criterion to relative to (X,Y") and let
denote the sample as {W;}? ;. Let denote the maximum likelihood estimators of p(z|z),
p(y12), p(w]2), ply, 212), and p(ylz, 2, w) as p(zlw), Blyle), Plwlz), Hly, 2|x), and plyla, 2, w)
for z € {z1,20}, y € {y1,%0}, and z € {z1,..., 24}, respectively. Then, since p(Y, = y|z) is
identifiable and is given by

= yl2) Zp yla, z,w)p(w|z), (B.1)
p(Yz), P(Yz, 21), P(Yz, 22), and p(y., 23) are also identifiable. We denote the estimators as
Wz )y P(Yas 21), DYz, 22), and p(yq, z3). Let the plug-in estimators of P and @ denote as

1 _ p(=)  P(z2)  b(zs)
pP= p(z1,91) 11(1714/1721) Q(Ihyl,zz Q(Ihyhzza) (B.2)
P(x1,50) Pl1,90,21) D(x1,90,22) P(w1,90,23) |’ )
p(zo,y1) D(wo,y1,21) DP(zo,y1,22) P(To,Y1,23)
p(

R 1 p(z1) p(22) z3)
Q= ( PWar) DPWzrs21) D(Yzys22) DYy 23) ) ~ (B.3)
i)\(yro) ﬁ(yzov Zl) ﬁ(yﬂﬁoa 22) ﬁ(yzov 23)

From the proof of Theorem [I] in the Supplementary Material [A71] given P and @, the
identifiable matrix R satisfies
QP 'R" =M
It means that R is a solution of the following minimization problem
1
inimize - ||QP'OT — M|? B.4
minimize - [QP~'O7 — M]3 (B4)
subject to 0 < (O@7) 'Pe; <1, 17(0@7) 'Pe; =1, 6015+ 6014=033+03, =1, (B.5)

where e; = (1,0,0,0)7, e2 = (0,1,0,0)7, e3 = (0,0,1,0) 7, e4 = (0,0,0,1)T, 1 = (1,1,1,1) T
and

T :={0 = (0;;) € GL4s(R): 0;1 = 1,030 = 040 = 013 = 023 =24 = 044 =0, and 0 < © < 1}.

Here, GL4(R) is the group of invertible 4 x 4 matrices with entries in R and inequalities are
understood component-wise. The equation (B.5)) is the condition in which the first column
of (@T)71P is consistent with (p(uy),...,p(us)).

We propose to estimate R as a solution of the following minimization problem by replacing
P and Q to P and Q, respectively,

minimize 5||c§13—1@T — M|% (B.6)

subject to 0 < (@T)71ﬁ61 <1, lT(@T)71ﬁ61 =1, O12+6014=033+03,=1, (B?)



Following Bertsekas [2], let denote the augmented Lagrangians as
L(@aﬁ7@7ﬂ'a ,Uq,/lg,)\)

1 ~~ —~ —~ 2
= 31QP0T = M|} + 1 (1T(@T)—1Pe1 - 1) n g (1T(@T)—1Pe1 - 1)

+p1 (B2 + 6014 — 1)+ g (612 + 014 — 1) + pig (033 + O34 — 1) + g (033 + 034 — 1)°

4
+ij<@=)‘7p)7 (B'S)

j=1
where g1, 1, p2, and A = (A1,...,\s) " are the Lagrange multipliers and
fi(©,X,p) = min (/\jUj + P 2)

~ U]
Oﬁe;(@T)*lPel—ngl 2

~ ~ 2 ~
Aj(e] (©T)tPe; —1)+ 5 |ef (©T) ' Pe; — 1‘ if \j +p(e] (©7)"1Pe; —1) > 1,

~ ~ |2 ~
=Y \e (©7) 'Pe; + 5 ’e?(@T)*lPell if X\j + pe (©7) ' Pe; <1,
2
—% otherwise.
P
(B.9)
The multiplier iterations are given by
pl = p® 4 p(1T(O7) " Pey — 1), (B.10)
pdD = 1 4 (01 + 14 — 1), (B.11)
ps Y = 1 + p(035 + O34 — 1), (B.12)
A 4 p(e] (0T) ' Pey —1) it AV + p(e] (OT) ' Pey —1) > 1,
ATV =00 4 peT (@)1 Pey it A\ + pe] (07) ' Pey <1, (B.13)
0 otherwise.

Then, the estimator of R is given by the solution O of the following estimating equation

%L(G;PaQ7u7M17M27A) =0. (B14)
Algorithm [If is an algorithm that provides the solutions of the optimization problem based
on the augmented Lagrangian method and the update rules via gradient descent. Here, « is
the fixed step size at the t-th iteration, T is the number of iterations, and ©(©) is the initial
point. Once we obtain the estimator R as the solution of the optimization problem ,
the estimator of w = (p(u1),...,p(uq)) " is given by

= (R")"'Pe,.
For example, since PNS is the second component of u, we can estimate PNS as the second

component of . Similarly, we can estimate causal risk difference as the difference between
the second and third components of .

B.2 Estimation in Case 2

Let {(X;,Y;, Z;, W;)}™_, be a sample from the data generating process in Figure Let denote
the maximum likelihood estimators of p(z|z), p(w|x), p(z, w|z), p(y|z), p(y, z|z), p(y, w|x),
and p(y, 2, w|z) as plz|z), Pwle), Bz wle), Pyle), By #2), Dy, wle), and Fly, 2, wz) for
x €{x,x0}, y € {y1,%}, 2 € {z1,...,24}, and w € {wy,...,wy}, respectively. Then, let
the plug-in estimators of P, and @, denote as

1 Plafx)  plaafz)  plaslz)

5 _ | Plwn|z) Plzr,wnlz) Plza,wilw)  plzs, wi|z)

T — oy oy oy foy )
lﬁ(w2|9€) g(zl,wzlx) 3(22,w2|x) 2(23,w2|x)
p(w3|33) p(217w3|95) p(227w3|33) P(Zs,w3|33)

(B.15)



Algorithm 1 Estimation of uw = (p(uy),...,p(us))" in Case 1.
IHPUt {(XN)/MZHW) =1 «, Ta p
Output: u
1: Initialize ©©), ;0 0, ,u( ) 0, ,u(o) «0,and A9 0
2: Calculate 5(ys), P(Ur, 1), P(Ur, 22), and p(ys, 73) using equation (B-1)
3: Calculate P and @) using observational data {(X;,Y;, Z;)}
4: fort=0,1,...,T—1do
5: 9(t) +— max{m1n{912 ,1},0}, Gét — max{min{@ét2 ,1}, 03, 9§g — max{min{@é?, 1},0},
Gflt) — max{m1n{943 , 1}, 0}, 9%” — rnax{rmn{@14 , 1}, 0}, Gét) — max{m1n{934 ,1},0}

6 O g _ aa% (©; P, Q, 1u D A o

7o ot (>+p(1T(@T) 1Pe; — 1)

8: (Hl) el + P(912 + 914 -1)

9: (t+1) S+ p(Oss + 030 — 1)

10: for j=1,...,4do

11: if )\gt) + p( T(©U+)T)"1Pe; — 1) > 1 then

41 5

12: AP A(” +ple] (OUFDT)~1pe; —1)

13: else if )\§-t + pe; (@(t“)—r)_lPel < 1 then

14: AT AW 4 pe (0UHDT)~1 Pe,

15: else

16: A;Hl) +— 0; A§t+1) «~0

17: end if

18:  end for

19: end for
20: R+ 01D
21: 4+ (R7)"!Pe

Ble)  Bwalk)  plycele) P alk)
O, — ply,wilz) Py, z1,wilr) Py, 22, wilz) Py, 23, wi|z) (B.16)

ZZ(Z/,’LUQW) E(yazlan‘x) E(yaZQ,wz\x) E(yazi%wQ‘x)
p(y7w3|x) p(y,zl,wg\l‘) p(y,zz,wg,\l‘) p(y,23,w3\$)

for x € {x1,x0}. From the proof of Theorem [2|in the Supplemental Material given P,
and Q. for x € {z1, 2o}, the identifiable matrix S satisfies

P, =R]A,S, Q,=R!A.M,S, (B.17)

thus, we have
SP'Q, = M,S.

Because it means that S is a solution of the following minimization problem

minimize L[OP;1Qr, — M, I} + S0P, @, — My O3 (B.18)
subject to 0 < (P, @ 1) Te; <1, 17(P,, 07 1) Te; =1, (B.19)
0<(P,® Her <1, 17(P, 07 )Te; =1, (B.20)
where
4
T:={0=(0;) € GL4(R =1,Y f<lfori=1,...,4and0<O <1},
j=2

we propose to estimate S as a solution of the following minimization problem by replacing
P, and @, to P, and @, respectively,

ool s 1, 515
Hll%lgl%ze §||®P:c11QJE1 - MII/’1®H%‘ + 5”6PxoleL’o - Mﬂﬂo@”%‘ (B21)



subject to 0 < (P,,0 1 Te; <1, 17(P,,07 ) e, =1, (B.22)
0< (P, NTer <1, 17(P,,0 )Te;=1. (B.23)

Here, GL4(R) is the group of invertible 4 x 4 matrices with entries in R and inequalities are
understood component-wise. The equations (B.19)) and (B.20|) are the conditions in which
the first row of P,©~! is consistent with (p(ui[z), ..., p(us]r)) for x € {zg,z1}.

Following Bertsekas [2], let denote the augmented Lagrangians as
L(G);Pw1?PéanQ$17Qwo?M?A117Awo)
1 o~ ~
= > S 1OP; Qe — MOl + oo (ﬂ(pm@*l)Tel — 1)
z€{x1,x0} ze€{x1,x0}
4
~ 2
_ g (1T(pw@—1)Te1 _ 1) + 3 S £ A0), (B.24)
z€{z1,2z0} z€{z1,x0} =1

where 1 and Ay = (Az1,...,Az4) | are the Lagrange multipliers and

ffb,j(ea )‘map) - R min ()\z,jvj —+ B’UJQ)
0<e] (P,O 1) Te1—v;<1 2

-~ ~ 2 -~
Ao j(e] (PO )Ter —1)+ 4 ’e;(Px@‘l)Tel - 1‘ if \pj+ple] (PO ) Te; —1) > 1,
~ ~ 2 ~
=V Aei(e] (PO ) Ter) + 4 |e] (P01 e if Ay + ple] (PO )Ter) < 1,
A2
-5 otherwise
(B.25)
for « € {x1,x0}. The multiplier iterations are given by
P = 4 4 (1T(13909—1)Te1 - 1) , (B.26)
" )\% + p(ejT(APIG—l)Tel —-1) if )\%;7 + p(ejT(APm@—l)Tel -1)>1,
Moy = AN 4 pel (P61 Te, it A\ + pe] (P01 Tes < 1, (B.27)
0 otherwise.

Then, the candidate of the estimator of S is given by the solution O of the following estimating
equation

0 ~ ~ ~ ~
%L(@;PrupivoaszQrgv.ua)\xly)‘zo) =0. (B28)

Algorithm [2]is an algorithm that provides the solutions of the optimization problem based on
the augmented Lagrangian method and the update rules via gradient descent. Here, « is the
fixed step size at the ¢-th iteration, 7" is the number of iterations, and ©(°) is the initial point.

As we can see immediately, for the zero © of the estimating equation (B.28)), the any row

permutated matrix I1O is also the solution of the same estimating equation, where II is the
permutation matrix. Therefore, we find the row permutated matrix I1©, which achieve the

smallest losses and adopt the matrix as the estimator of S. Once we obtain the estimator 3)
as the solution of the optimization problem (B.21)), the estimator of w = (p(u1),...,p(us))"
is given by

n n

u= (711 Z {Xi= x1}> (Pe,07)er + <Tll Z HX; = xo}) (Pry®7)er.

i=1 i=1

B.3 Asymptotic normality

Following Yuan and Jennrich [5], we show the asymptotic normality of the estimators from
Algorithm 2]



Algorithm 2 Estimation of u = (p(uy),...,p(us))" in Case 2.
IHPUt {(XN)/MZHW) =1 Q, Ta P
Output: u

1: Initialize @ w0 0, )\52) +— 0 and )\g;%) «~0

2: Calculate le, Pxo, Qo,, and Q,, using observational data {(X;,Y;, Z;, W; )y
3: fort=0,1,...,7T—1do
4: fori=1,...,4do

5: for j=1,...,4do
6: 95 ) max{mm{@w ,1},0}
7 if 7 > 2 then
t
8: 0% + max{0),1 - Y1710}
9: end if
10: end for

11:  end for N

1. O « o) —a% (0; Pryy Pags Qs Qg 1, AL A
13 plt = u“) +p(1T(P(0t)) 1) Tey — 1)

14: forj=1,...,4do

15: if A0 4 (eT(ﬁ ((00F)71)Tey —1) > 1 then

Y |®:@(t)

z J
1
16: )\:(tt1+J) = )‘icl)J + P( ( L (@(t+1)) )Tel 1)
1)
17: A a0 +ple; T(P,, (0t+D)=1)Te; — 1)
18: else if )\(t) + pe; T(P,(0+))~1))Te; < 1 then
19: )\;tl-&-]l) <_ Ectl)j +peT(ﬁ (© t+1))71)'l'el
. (t+1) 3
20: Aaoj )\Io i+ pe] (P (00FT))~1)Te,
21: else
22: )\ff;) — 0 /\itjjl +~0
23: end if
24: end for
25: end for

26: 11° & arg. min {II(H(%(T’)?;@II — M, (TOM)|12,

6P, — My, (IO }

27: @ « e R A
28: U+ (% S X = 21}) (P, © 1) Tey + (% S X = o }) (P, ©71) Tey

Theorem B.1. Let

(@ Pﬂ?l?-PIo?QCEl?QI()) —VeC( a

8 (@ PazlaPme:vaxovﬂ’aAmnAmo))

and

6F<@7P1117 $07QI17QIO) 8F(@7P11? w07QI1?Q10)

= K =
J aVGC(@)T ’ avec([levaoanuQmo])T,

where vec(-) is a vec operator that transforms a matriz into a column vector by verti-
cally stacking the columns of the matriz. For the asymptotic covariance matriz ¥ of

vec ([ﬁxl;ﬁmo;@m;@zo]) and u = ﬁ(wl)(ﬁxlé_l)—rel —i—ﬁ(mo)(ﬁmo(:)_l)—rel which is ob-
tained by Algorithm@ when both J and J'KXKTJ~T are invertible, we have
Vil —ug) 5 N (0,5)

for ug = p(x1)(Pr, 05 ") Ter + p(20)(Pr, ©p ') €1 around ©q that is one of the solutions of
F(@7 P31'1 ) ch07 Q£C17 on) = O} wh’ere

2. = [{e] (p(w1)Pay + p(wo)Poy)} © 1) (JTUKEK T T T)




x [{e] (p(z1)Py, + p(20)Psy }®I]

and the notation “—T ” stands for a transposed inverse matriz.

Proof. For 5] satisfying F(O; ﬁl, 130, @17 @0, ty Az s Azy) = 0, from the Corollary 1 in Beni-
chou and Gail [I], we have

v (Vec(@) - veC(G)g)) AN (0,JLKSKT T (B.29)
Then, we have
V(U — u)
n vec (ﬁ(xl)(ﬁzl@)_l)—rel +ﬁ(x0)(1310(?)-1)%1)
nvee (p(x1)(Pr,051) "er + p(w0) (Pry©p ') Ter)
:ﬁ(m){(elP )®I}\/ﬁvec(® ) + B0 {(e wo) } nvec(©T)
—p(w1) {(ef Pr,) @ I} Vnvec(©5 ") + plwo) { (e] Pry) © I} Vnvec(© ")
= [pen) { (7 P ) @ I} + Blwo) (e] Poy @ 1) | Vi vee(®T)
— [p(z1) {(e] Pu,) @ I'} + plxo) (€] Puy @ I)] V/nvec(©5 1)
= [{eT (o) Po, +lw0) Pry ) } 0 1] Virvee( @)
— [{el (p(x1)Poy + p(0) Poy) } @ I] V/nivee(©] 1)
= [{el (B Py, + o) Py ) } 2 1] Virvec(®T — 657)

+ [{el (B Pey +5@a)Pry ) | @ 1 = {e] (plar) Pry +plao) Pry)} @ 1] Vi vee(€77),

where ® stands for the Kronecker product. Then, from P, % P,, plx) B p(z) for z €

{x1, 70}, and (B:29), we have
V(@ —ug) 5 N (0,%,)
from Slutsky’s lemma, where
Su = [{ed (p(@1)Poy + p(wo)Pry) } @ 1] (J’lKEKTJ*T)ﬂ
x [{e] (p(z1)Py, + p(20) Py, }®I]

C Numerical Experiments

In this section, we investigate more properties of our proposed estimators through more numer-
ical experiments in addition to Section@ Letting X, Y, Z W, and U be discrete variables, we
consider the causal diagrams shown in Fig. [2| where the joint probabilities of (X,Y, Z, W, U)
are given according Table [C.1] Note that the distribution of (p(u1), p(u2), p(us), p(uyg))
is unbalanced differently from Section [5} Under the situation where (X,Y, Z, W) can be
observed but U can not, the properties of the proposed estimators p(us) and p(uz) plus) of
p(ug) and p(ug) — p(u;;), respectively, are verified in the numerical experiments with sample
sizes n = 100, 200, 1000, and 5000.

Table and Fig. show the basic statistics and the box plots of p(uz) and p(us) — p(us)
for the above situations, respectively. The horizontal lines in Fig. show the true values of
p(uz) and p(us) —p(us). As seen from Table[C.2} the sample means of p(uz) and pluz) —plus)
are close to the true values and the sample standard deviations are smaller as the sample
size is larger. Thus, it seems that the proposed estimation method provides the consistent
estimators of p(uz) and p(uz) — p(us). From Fig. the interquantile ranges for p(us) and



Table C.1: Conditional probability tables in another simulation.

(a) p(2]U) (b) p(W]U) (c) p(Y =1|X,U)
Z=1 Z=2 Z=3 Z=4 Z=1 Z=2 Z=3 Z=4 X=1 X=0
U=1 7/10 110 1/10 1/10 7/10 1/10 1/10  1/10 1 1
U=2 1/10 7/10 110 1/10 1/10 7/10 1/10  1/10 1 0
U=3 1/10 1/10 7/10 1/10 1/10 110  7/10  1/10 0 1
U=4 1/10 1/10 1/10 7/10 1/10 1/10 1/10 7/10 0 0
d) p(X = 1|W,U
(d) p( [W.U) (e) p(U)
W=1 W=2 W=3 W=4
U=1 21/46 18/43 18/43 18/43  5/16
U=2 9/34 21/7T1 9/34  9/34  5/16
U=3 9/3¢ 9/34 21/71 9/34  5/16
U=4 9/34 9/34  9/34  21/71  1/16
Table C.2: Basic statistics in case that u = (5/16,5/16,5/16,1/16) .
(a) pluz) (b) Plug) — plus)
n=100 n=200 n=1000 n=>5000 n=100 n=200 n=1000 n =5000
Minimum 0.009 0.010 0.001 0.001 —0.942  —0.946 —0.961 —0.894
1st Quantile  0.194 0.214 0.257 0.272 —-0.120  —0.093 —0.064 —0.060
Median 0.256 0.268 0.285 0.300 -0.014 —0.011 —0.014 —0.007
Mean 0.259 0.270 0.284 0.299 —-0.034  —0.030 —0.044 —0.034
3rd 0.314 0.316 0.312 0.320 0.071 0.054 0.026 0.030
Maximum 0.895 0.900 0.853 0.872 0.866 0.888 0.802 0.796
s.e. 0.116 0.104 0.087 0.082 0.217 0.197 0.185 0.171

p(u2) — p(ug) are narrower and still include the true values even if the sample size is large.
In addition, the outliers would occur when it is difficult to judge that Condition [6] holds
from observed data. Here, note that p(us) may be underestiamted differently from Section
This is because p(uy4) is truncated by zero for the finite sample size and p(uz) is greater than
p(uq) in the setting.

D Case study

We illustrate our results through the data set reported by LaLonde [4] and re-analyzed
by Dehejia and Wahba [3]. The aim of this study was to evaluate the effect on trainee
earnings of the National Supported Work (NSW) demonstration, a job training program, in
the field experiment. According to LaLonde [4], in this study, individuals were randomly
assigned to treatment (attendance) and control groups (non-attendance) with the estimates
that would have been produced by an econometrician, however it seem that the random
assignment was not successful. The data set used in this section is available from Dehejia’s
homepage (https://users.nber.org/~rdehejia/nswdata2.html). The sample size given
in the homepage is 445, and the variables of our interest are as follows:

X: an indicator for whether the individual attends the job training program (x;: “attend”;
xo: “not attend”),

Y: an indicator for whether the individual’s earning increment was increasing compared
between 1975 and 1978 (y;: “increasing”; yo: “not increasing”),

Z: a joint indicator for marriage status and high school degree (z1: non-zero earning in 1975
and “marriage”; zo: non-zero earning in 1975 and “no marriage”; z3: zero earning in
1975 and “marriage”; z4: zero earning in 1975 and “no marriage”),

W: an indicator for age in years (w;: age < 20; wq: 20 < age < 27; ws: 27 < age < 35; wy:
age > 35).
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(a) Boxplots for PNS

Figure C.1: Boxplots of estimates based on the proposed method in case that u
(5/16,5/16,5/16,1/16).

(b) Boxplots for causal risk difference

Table D.1: Estimates of PNS and causal risk difference in NSW dataset.
Estimate (95%CI)

0.297 (0.041, 0.704)
0.061 (—0.612, 0.615)

PNS
causal risk difference

Under the situation, we assume that the data generating process of this study is encoded in
Figure

In the data set, the sample estimations of Py, Py, Q,, and Q,, are given by

1.000 0.141 0.568 0.049 1.000 0.115 0.719 0.038

P - 0.205 0.011 0.189 0.000 P - 0.262 0.008 0.242 0.000
7| 0416 0.054 0.195 0.022 |~ o | 0.404 0.050 0.288 0.008 |~

0.254 0.038 0.135 0.022 0.242 0.054 0.112 0.023

0.670 0.103 0.351 0.032 0.581 0.046 0.446 0.023

~ | 0.146 0.011 0.130 0.000 ~ | 0177 0.008 0.169 0.000
Qay = 0.276 0.038 0.119 0.016 |~ Quy = 0.223 0.019 0.177 0.004 |~

0.162 0.032 0.076 0.011 0.135 0.015 0.062 0.015

respectively. From these equations, it would be reasonable that Conditions [] and [6] of
Theorem [2] hold. Then, under the assumption that Condition [f] of Theorem [2] holds, together
with Conditions [ and |§|, p(u1), p(uz), p(us) and p(us) are estimated as
Plui) = 0.289, plug) = 0.297, plus) =0.236, plus) = 0.177,

through the proposed estimation method, respectively. From these probabilities, PNS
p(uz) and the causal risk difference p(uz) — p(us) are evaluated by p(ug) = 0.297 and
p(uz) — p(ug) = 0.061, respectively. Table shows the estimates of PNS and causal risk
difference with 95% confidential intervals. Here, the 2.5th and 97.5th percentiles of 1000
bootstrap replications of the estimates to derive the 95% confidential intervalsﬂ
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