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ABSTRACT

In this paper, we investigate the theoretical aspects of sampling from strongly
log-concave distributions defined on convex and compact supports. We propose
a general proximal framework that involves projecting onto the constrained set,
which is highly flexible and supports various projection options. Specifically, we
consider the cases of Euclidean and Gauge projections, with the latter having the
advantage of being performed efficiently using a membership oracle. This frame-
work can be seamlessly integrated with multiple sampling methods. Our analysis
focuses on Langevin-type sampling algorithms within the context of constrained
sampling. We provide nonasymptotic upper bounds on the W, and W5 errors, of-
fering a detailed comparison of the performance of these methods in constrained
sampling.

1 INTRODUCTION

Sampling from probability distributions plays a critical role in various fields of science and engi-
neering, especially when dealing with convex and compact sets (Andrieu et al., 2003; Gelman et al.,
1995; Stuart, 2010). In this context, the problem involves sampling from a probability measure v on
such sets, characterized by its density function
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Here, U(z) = f(x) + ¢x(x), where f(z) represents a potential function and /() is an indicator
function ensuring x lies within the convex and compact set X C RP. Specifically, {x (x) takes the
form
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Solving this constrained sampling problem is challenging and has garnered considerable interest
across various fields, including computer science and statistics. In the realm of computer science, a
line of research initiated by Dyer et al. (1991) explored polynomial-time algorithms for uniformly
sampling convex bodies. This has been followed by seminal studies on the convergence proper-
ties of the Ball Walk and the Hit-and-Run algorithm toward uniform density on a convex body
or, more broadly, to log-concave densities (Kannan et al., 1997; Kook et al., 2024; Lovasz, 1999;
Lovasz & Simonovits, 1993; Lovdsz & Vempala, 2007; Smith, 1984). Other Markov Chain Monte
Carlo (MCMC) methods, such as Gibbs sampling (Gelfand et al., 1992) and Hamiltonian Monte
Carlo (Brubaker et al., 2012; Giirbiizbalaban et al., 2022; Kook et al., 2022), have also been adapted
and enhanced to sample from distributions defined on convex and compact sets.

In recent years, leveraging optimization techniques to facilitate sampling has become a prevalent ap-
proach. By formulating the sampling challenge as an optimization problem, methods like projected
stochastic gradient descent (Bubeck et al., 2015; 2018; Lamperski, 2021; Lehec, 2023), proximal
approaches (Brosse et al., 2017; Durmus et al., 2018; Salim & Richtarik, 2020), particle-based al-
gorithms Li et al. (2022), and mirror descent (Ahn & Chewi, 2021; Chewi et al., 2020; Hsieh et al.,
2018; Zhang et al., 2020) have proven effective in navigating the target distribution to generate sam-
ples. Further innovations have emerged from the intersection of deep learning and neural networks,
leading to the development of novel sampling techniques via generative adversarial networks (Good-
fellow et al., 2014) and variational autoencoders (Kingma & Welling, 2013). These advanced



Under review as a conference paper at ICLR 2025

methodologies offer promising pathways for sampling from intricate and high-dimensional distri-
butions, particularly those defined on convex and compact sets (Ortiz-Haro et al., 2022). We will
present a detailed discussion comparing our work with previous mentioned studies in Appendix A.

In this work, we tackle the challenge posed by a non-smooth target density v by employing a
proximal method. This method leverages a regularization technique that involves projecting onto
set IC, effectively transforming the constrained sampling problem into an unconstrained one. Our
framework is versatile, accommodating various projection options, such as the Euclidean projec-
tion—which corresponds to the Moreau envelope of the indicator function £ (Rockafellar & Wets,
2009; Durmus et al., 2018; Brosse et al., 2017; Pereyra, 2016)—and the Gauge projection (Lu et al.,
2022; Mhammedi, 2022), which can be efficiently performed using a membership oracle. Specif-
ically, we introduce a smooth and strongly convex surrogate distribution that closely mimics the
target density. By fine-tuning the regularization parameter, we can significantly reduce approxima-
tion errors. The advantageous properties of our surrogate distribution enable the effective application
of various sampling techniques. In this work, we specifically explore the vanilla Langevin Monte
Carlo (LMC) (Roberts & Tweedie, 1996; Dalalyan, 2017; Durmus & Moulines, 2017; Erdogdu &
Hosseinzadeh, 2021; Mousavi-Hosseini et al., 2023; Raginsky et al., 2017; Erdogdu et al., 2018;
Mou et al., 2022; Erdogdu et al., 2022), kinetic Langevin Monte Carlo (KLMC) (Cheng et al., 2018;
Dalalyan & Riou-Durand, 2020; Shen & Lee, 2019; Ma et al., 2021; Zhang et al., 2023), and the
parallelized versions of the midpoint randomization method for these algorithms (Shen & Lee, 2019;
Yu & Dalalyan, 2024; He et al., 2020; Yu et al., 2023) (referred to as pRLMC and pRKLMC, re-
spectively), within the context of constrained sampling. We derive the convergence rates for these
algorithms in Wasserstein-1 and Wasserstein-2 distances, and provide a detailed comparison of their
performance. To this end, we make the following contributions.

* We establish both general upper and lower bounds for the distance between the smooth
approximation of the target density and its original form in Wasserstein-q distance for any
q = 1. These bounds are detailed in Proposition 2.1 and Proposition 2.2, respectively.

* In Section 2, we demonstrate that our proposed framework can seamlessly incorporate
various projection options, including both Euclidean and Gauge projections.

* In Section 3, we incorporate several MCMC sampling methods, such as (kinetic) Langevin
Monte Carlo and the parallelized midpoint randomization method for these algorithms,
into our general framework. We present a detailed convergence analysis of these methods
in both Wasserstein-1 and Wasserstein-2 distances.

In summary, we develop a comprehensive framework specifically designed for sampling from con-
vex and compact sets, utilizing a regularization technique that involves projecting onto these con-
strained sets. Our study notably presents an improved error bound for LMC in constrained sampling
settings, as well as the first convergence analysis for KLMC, pRLMC, and pRKLMC algorithms in
this scenario. We emphasize that the convergence analysis for these three algorithms relies heavily
on the smooth properties of the target density—conditions that are not met in the constrained set-
ting we examine. Our proposed framework addresses these challenges and is exceptionally flexible
and adaptable, accommodating various projection operators and sampling methods. Additionally, it
enables clear comparisons of the behaviors of different sampling methods in constrained sampling
scenarios. Overall, this new framework provides valuable theoretical insights into the dynamics of
constrained sampling.

Notation. Denote the p-dimensional Euclidean space by RP. The letter 8 denotes the deterministic
vector and its calligraphic counterpart 19 denotes the random vector. We use I, and 0, to denote,
respectively, the p x p identity and zero matrices. Define the relations A < B and B > A for two
symmetric p X p matrices A and B to mean that B — A is positive semi-definite. The gradient and
the Hessian of a function f : R — R are denoted by V f and V2 f, respectively. Given any pair of
measures £ and v defined on (RP, B(RP)), the Wasserstein-¢ distance between 1 and v is defined as

. 1/q

Wq(:u’v I/) = (Hlfgel"(/l,,u) f]Rp < RP 0 — 9’”% dg(ev 0l)> N 1 ;

where the infimum is taken over all joint distributions ¢ that have p and v as marginals. For a set
K C RP, we use K¢ to denote its complement. The ceiling function maps € R to the smallest
integer greater than or equal to x, denoted by [z].
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2 SMOOTH APPROXIMATION FOR THE TARGET DENSITY

The absence of smoothness in the target distribution v presents significant challenges because sam-
pling algorithms often depend on the smoothness properties of the target distribution to effectively
explore the space and produce representative samples. Motivated by this, we consider the approxi-
mation for /- of the form
£:(0) = 5510 —Pe(0)13,

where A > 0 is the tuning parameter and Px : R? — K denotes a projection operator which
projects the vector = € RP onto the set K. Define U*(8) := f(0) + ¢;-(0), and we the define the
corresponding surrogate target density v*

) e~ U (O

= T e P @a 21

Throughout the paper, we define 5 (v) = []0]5 v(d0) as the k-th moment of the distribution v/
(k > 1), and we assume the convex and compact set K satisfy the following assumption.

Assumption 2.1. Given a positive constant v € (0, 00), we assume the Euclidean ball centered at
the origin with radius r, denoted by Bs(r), is contained in K

Bo(r) = {0 € RP 0] < r} C K.

This assumption has been commonly made in the work of constrained sampling (Lamperski, 2021;
Bubeck et al., 2018; Brosse et al., 2017; Giirbiizbalaban et al., 2022). Moreover, we assume that the
potential function f satisfies the following assumption.

Assumption 2.2. The function f : RP — R is continuously differentiable, and its Hessian matrix
V2 f satisfies
ml, < V2f(0) < M1, VO € RP.

Moreover, we assume the function f is lower bounded and 0 = arg mingc - f(6).

The assumption that f attains the minimum at the origin simplifies the presentation of our results.
All our results will still hold even if this condition is not met. Given the minimizer of the function
f over K, denoted by 6., we simply need to shift all the coordinates and consider the constrained
set I + 6. Additionally, we note that the approximation U?* inherits the strong convexity of f.
Moreover, we require U Ato be integrable, continuously differentiable, and smooth, even if U is not.
Condition 2.1. The function U™ is m-strongly convex, continuously differentiable, and M*-smooth.
Moreover, it holds that [, e~ U049 < co.

Below, we present two examples of the approximation E,AC, each utilizing a different, commonly used
projection operator. We will demonstrate that these examples effectively approximate the indicator
function /i and the resulting potential functions fulfill Condition 2.1.

Example 2.1. [Moreau envelope] One example of a projection operator is the Euclidean operator,
which results in the Moreau envelope of the indicator function {x
E\ .
07 (0) = inforern (Cc(0') + 53210 — 0'13) = 53210 — PE(O)3,

where PE denotes the Euclidean projection on K.

Define the corresponding surrogate potential U?*(0) := f(8) + Eg’)‘(ﬂ). This surrogate potential
UEA satisfies the following property.

Lemma 2.1. Assume Assumptions 2.1 and 2.2 hold, the potential U satisfies Condition 2.1 with
M* =1/2%2 + M.

Example 2.2. [Gauge projection] Another example of the projection operator is the Gauge projec-
tion P¢ : RP — R, which is defined as

G ._ _86
PX(0) = 5@
with a variation of Gauge function (also known as the Minkowski function) gx: : RP — R of set K
g(0) :=inf{t >1:0 € tK}. (2.2)

This function encapsulates the scaling required to project @ onto the set K.
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Set £37(0) = 5150 — PE(0)]3 . The corresponding surrogate function is defined via US(8) :=
f(8)+ E,CC;’/\(B). This surrogate potential % satisfies the following property.

Lemma 2.2. Assume Assumptions 2.1 and 2.2 hold, the surrogate potential U satisfies Condi-
tion 2.1 with M> = 1/\? + M.

In the following, we aim to measure the discrepancy between the surrogate distribution and the target
distribution. To this end, we establish an upper bound in W,, distance between the target distribution
v and the approximated distribution »* defined in equation 2.1. Our aim is to demonstrate that as
approaches zero, the distance between these two distributions converges to zero.

Proposition 2.1. Under Assumption 2.1, assume that the potential function f is convex with 0 as its
minimizer. Then, for any q > 1 and any \ € (0, m% it holds that

Wi (v, v*) < Bpg(v)A (2p + @)/7,
where pg(v) = [0]3v(d6),q > 1.

In this proposition, we provide a general and precise quantification of the distance between the ap-
proximate distribution 2* to the target distribution v in W, distance for any ¢ > 1. When ¢ = 1,
our result aligns with the bound established for W (1, ) as stated in Proposition 5 of Brosse et al.
(2017). Notably, our Assumption 2.1 is less restrictive than the assumption outlined in Proposition 5
of that work, as we do not require the domain to be contained within a ball, as specified in Assump-
tion H2 of that paper. In Proposition 2.1, the size of /C is captured in the bounds through the radius
r and the ¢-th moment of the target distribution 1. In this context, u, plays a role analogous to the
radius of the ball containing /C, denoted as R in Brosse et al. (2017), while offering a more precise
description of the domain’s size.

We also derive the lower bound for the distance between the approximate distribution v to the target
distribution v in W, distance, specifically for the scenario where K = Bz (r) and the projections
discussed in Examples 2.1 and 2.2. In this case, the Gauge projection and Euclidean projection
coincide, yielding the following results.

Proposition 2.2. Let K = By(r) and assume the potential function f is convex and M-smooth, with
0 as its minimizer and f(0) = 0. Set {x = KE’A. Under Assumptions 2.1, for any q > 1 and any
A€ (0, A =), it holds that

}

_r
2(pt9) VM
This result provides a quantitative assessment of the tightness of the upper bound established in

. 1/q q
. T 3 M2 T
Wg(y,y’\) >Mq(y)mln{’(\/g€ aM r(th\qp)—’—rJrBAP) —1
Proposition 2.1. Before we discuss the results of the lower bound, we present the following corollary.

)

T

(3>\(;b+(1) + 1) 1/a -1

Corollary 2.1. Under the assumptions stated in Proposition 2.2, when A = o(r/p) and q = 1, it
holds that

Wi (v, 1Y) = Oy (V) EEEN

r

where Ciy » > 0 is a constant that depends on M and r exponentially.

Based on the results outlined in the preceding corollary, when ¢ = 1 and with a sufficiently small )\,
the lower bound aligns with the rate estimates from Proposition 2.1 up to a constant factor, thereby
confirming the optimality of the upper bound for the case of ¢ = 1. However, when ¢ > 1 and )\ is
small, the lower bound follows the order ((1 + )\)1/ 7 — 1)q, which increases at a rate slower than
. This indicates the suboptimality' of the rate stated in Proposition 2.1, highlighting a difference in
behavior for higher values of q.

3 PROXIMAL LANGEVIN ALGORITHMS

A central theme of this work is the approximation of the non-smooth potential v using a carefully
crafted smooth surrogate density »*. We note that the convergence analysis for the log-concave

"We conjecture that this suboptimality arises from the general technique used in our proof. With specific
assumptions about the density, a refined lower bound for the Wasserstein distance between v and v”.
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sampling algorithms typically relies heavily on the strongly log-concave and smooth properties of
the target density. However, these conditions are not met in the constrained setting considered in
this work. Owing to the desirable properties of the surrogate density v, we now can utilize various
sampling methods that are effective for distributions with smooth and strongly convex densities.

In this section, we demonstrate how the proposed scheme can be adapted to various sampling meth-
ods that collectively aim to sample from the density »*. We particularly focus on Langevin Monte
Carlo (LMC) and its variant, Kinetic Langevin Monte Carlo (KLMC). LMC employs stochastic
differential equations to sample effectively from complex distributions, making it a powerful tool
in high-dimensional spaces. KLMC enhances efficiency by incorporating kinetic energy dynamics.
Additionally, we explore the parallelized randomized midpoint method for these two algorithms,
which improves sampling speed by leveraging parallel computations. Due to space constraints, we
provide only a brief overview of each algorithm for the convenience of readers in the following sub-
section. We refer interested readers to the works of Dalalyan (2017); Durmus & Moulines (2017);
Shen & Lee (2019); Yu & Dalalyan (2024); He et al. (2020); Yu et al. (2023) for further details on
these algorithms.

More specifically, we combine the discretization error with the approximation error analyzed in
Section 2 to evaluate errors in Wasserstein-1 and Wasserstein-2 distances between the sample dis-
tribution and the target density v in the context of constrained sampling. Table 1 below offers a
comparison of the results for the four sampling methods mentioned above, using the specific pro-
jection operators discussed in Example 2.1 and Example 2.2°. For simplicity, we omit the constants
and logarithmic terms that appear in the bounds. The table illustrates that when the number of par-
allel steps R > 1, the randomized midpoint method markedly enhances the performance of both
the vanilla Langevin Monte Carlo and kinetic Langevin Monte Carlo algorithms. When the number
of parallel steps R = 1, the pPRLMC and pRKLMC algorithms correspond exactly to the random-
ized midpoint method applied to Langevin Monte Carlo (RLMC) and kinetic Langevin Monte Carlo
(RKLMC), respectively, as detailed in Yu & Dalalyan (2024). The convergence rate for RLMC is
comparable to that of LMC when assessing the error in W5 distance. Further details are provided
following Corollary 3.2.

H LMC KLMC pRLMC pRKLMC
W, H (5(574) 6(574) 5(R71/35710/3) 6(R—1/3878/3)
W || 0% O™ O(R™Y37%)  O(R Y379

Table 1: The number of iterations required by {L,KL,pRL,pRKL}MC algorithms to achieve an error
bounded by e+/p/m in W; distance and W5, distance. R > 1 denotes the number of parallel steps.

3.1 LANGEVIN MONTE CARLO (LMC)

Let 9 be a random vector drawn from a distribution * on R? and let W = (W; : t > 0) be a
p-dimensional Brownian motion that is independent of 1. To sample from the approximation dis-
tribution ~*, we consider the vanilla Langevin diffusion, which is a strong solution to the stochastic
differential equation

dLiP = —VUMNLIP)dt +vV2dW,, ¢t >0, LP = v,. (3.1

This equation has a unique strong solution, which is a continuous-time Markov process, termed
Langevin diffusion. Under the further assumptions on the potential U*, such as strong convexity,
the Langevin diffusion is ergodic, geometrically mixing and has v as its unique invariant distribu-
tion (Bhattacharya, 1978). Moreover, we can sample from the distribution defined by v* by using
a suitable discretization of the Langevin diffusion. LMC algorithm is based on this idea, combin-
ing the considerations with the Euler discretization. Specifically, for small values of 4 > 0 and

2In this work, we mainly focus on the Wasserstein metric. To our knowledge, the only comparable results
are those provided by Brosse et al. (2017) concerning the application of Langevin Monte Carlo. We offer a
detailed discussion of this comparison following Corollary 3.1.
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AWy = Wiy, — Wy, the following approximation holds
L0, = LiP — [ VUNLED,) ds + V2 AW, & L — hWUNLEP) +v2 A, W,

By repeatedly applying this approximation with a small step-size i, we can construct a Markov
chain (19,';MC : k € N) that converges to the target distribution »* as h goes to zero. More precisely,
9MC ~ LD for k € N, is given by

INT = M = hVUN M) + V2 (Wirayn — Win).

We now provide explicit upper bounds for the error of the LMC algorithm in terms of W; and Wy
distances within the context of constrained sampling.

Theorem 3.1. Under Assumptions 2.1 and 2.2, we further assume that the potential U™ satisfies
Condition 2.1. Let the step size h € (0,1/M?™) and the tuning parameter \ € (O ) Then,

for every n > 1, the distribution v5MC of 9tMC satisfies

_r
» 2(p+2)

Wo (UEMC 1) < e ™5 Wy (UM, 1) + 2\/3"2(”)’2(2”“) + \/2][’}:71]\4A )

Moreover, when the initial distribution I/IO‘MC is set to be the Dirac measure at the minimizer of f, it

holds that
LMC _mnh g 3u1(v)A(2p+1) 2ph M
Wl(ljn 7I/) < e 2 m + L S + m .

The term M* introduces an additional factor of \ into the convergence rate. To clarify this de-
pendence on )\, we specify in the following corollary that M* = M + 1/A2. This specification
corresponds to the specific projection operators used in Example 2.1 and Example 2.2. We then
optimize A to obtain the results presented below.

Corollary 3.1. Let ¢ € (0,1) be a small number, and M* = M + 3.
(@) Set \ = \/2/3(ph/m)**\/r /(111 (v)(2p + 1)), choose h > 0 and n € N so that

h =2719372(p/m)r? (1 (v)(2p + 1))7264 and n > 2-log(2/e),
then we have W1 (v5MC 1) < ev/p/m.
(b) Set X = 272/3371/3(rh)1/3 (g (v)ym)~1/3, choose h > 0 and n € N so that
h=27203"2r2(uy(v)m) 2% and n > 2 log(2/e),
then we have Wo(v5MC 1) < e1/p/m.

According to this corollary, when evaluating the error in W; distance, the required sample size n
to achieve a prespecified error level is of order (5(6*4). This represents an improvement over the
rate of @(5_6) obtained in Brosse et al. (2017). Additionally, our general framework provides the
convergence rate in Wy for the proximal LMC algorithm, thus complementing the study of the
proximal LMC presented in Brosse et al. (2017).

3.2 PARALLELIZED RANDOMIZED MIDPOINT DISCRETIZATION OF VANILLA LANGEVIN
DIFFUSION (PRLMC)

As an alternative to the Euler discretization method discussed in Section 3.1 for the stochastic dif-
ferential equation 3.1, we consider the randomized midpoint method, initially introduced in Shen &
Lee (2019), as a different discretization framework. This method enables the discretization and sim-
ulation of the Langevin diffusion 3.1, ultimately converging to the distribution v*. Building upon
the foundations laid by Shen & Lee (2019); Yu et al. (2023), Yu & Dalalyan (2024) developed a
parallel computing scheme for this algorithm, significantly enhancing the efficiency of the sampling
process. The formal definition of pRLMC is defined in Algorithm 1. For simplicity, the superscript
pRLMC is omitted therein. We now introduce the primary findings in the work, which establish
explicit upper bounds for the error associated with the pPRLMC algorithm, measured in W; and Wy
distances, specifically within the framework of constrained sampling.
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Algorithm 1 Parallelized RLMC (pRLMC)

Input: number of parallel steps R, number of sequential iterations @, step size h, number of iterations K,
initial point ¥o.
Output: iterate V5

l: fork=1 to Kdo

2 Draw Uy, uniformly from [ Rl, R] r=1,...,R.
3 Generate £xr = Wikru, )h — Win, 7 = 1
40 Setd9\” =, r=1,...,R
5: forg=1 to Q—1do
6.
7
8

forr=1 to R in parallel do

= Ukr — 157 },5 = 1,.
ar; = min{ %, Ukr } J= In parallel

. 1c}(q ) _ =9, — hZ]’:l akJVUA (ﬂ(q 1 ])) + ﬁém
9: end for
10: end for
11 G =0 — 258 VUM 09) + V2( Wiy 1yn — Win).

12: end for

Theorem 3.2. Under Assumptions 2.1 and 2.2, we further assume that the potential U™ satisfies
Condition 2.1. Let the the tuning parameter \ € (0 5 7_"_2)) Choose the step size h such that

M?*h < 1/10. Then, for every n = 1, the distribution vPR-MC of 9PRIMC satisfies
W, (VPRIMC 1)) < (14—@(0.82(]\4%)@—1 +0.94Mxh/R)) —mnh/2\N, (y pRLMCJ/)

+ VEMAh(3.98(MAh)9~1 +6.91M*h/VR)\/p/m
(2 + VM R (0.82(M h)Q-1 + 0.94M’\h/R)) V3m)A2p+ 2)]r,

where k = M* /m. Moreover, when the initial distribution VSRLMC is set to be the Dirac measure at

the minimizer of f, it holds that
W, (VPRIMC )y < (1 + VEMPR(0.82(M h) Q-1 + 0.94M%/R))e*m"h/2,/p/m

+ VM h(3.98(M*h)?~t +6.91M*h/VR)\/p/m
+3ur (W)A2p+ 1) /7.

To our knowledge, this represents the first convergence rate for the pRLMC algorithm within the
context of constrained sampling. When R = 1, these results recover the convergence rate for the
randomized midpoint method applied to Langevin Monte Carlo algorithm (RLMC) (He et al., 2020;
Yu et al., 2023; Yu & Dalalyan, 2024) in constrained sampling. Below, we define M A= M+1 / A2,
a setting that corresponds to the projection choices outlined in Examples 2.1 and 2.2. We then
optimize A to derive the following corollary.

Corollary 3.2. Given the number of parallel steps R, we set Q = [log R] + 1. Let e € (0,1) be a
small number, and M> =M+ >\2

(a) Set X = ( TYL/5(B)1/10( V/5p3/10  choose h > 0 and n € N so that

)

. 8/3
h:15.6710/3p2/om—1(m) RY31/3  gnd n > log(Q 22),

then we have W1 (VPRIMC 1y < ey /p/m.

(b) \ = 3202/93_1/3(m)1/gh1/3, choose h > 0 and n € N so that
= 13-, —7/3 Tp 8/3R1/3 6 d 2] 2.22
= 3 m (W) 13 an Tl og ( ) 5

then we have Wy (VPRIMC ) < e /p/m.
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Comparing this convergence rate with that obtained for proximal LMC in Corollary 3.1, we observe
superior performance of pRLMC over LMC when R > 1. When assessing the error in W5 distance
for the case of R = 1, the sample complexity O(e~%) aligns with that of LMC. This outcome results
from our specific choice of A during the optimization of the upper bound concerning A, placing it
within a region where the performance of LMC is comparable to that of RLMC.

3.3 KINETIC LANGEVIN MONTE CARLO (KLMC)

In this part, we explore the application of kinetic Langevin diffusion in constrained sampling. Recall
that the kinetic Langevin process LXP is a solution to a second-order stochastic differential equation
that can be informally written as

LLEP 4+ LEP = — VUML) + V2 W, (3.2)

with initial conditions LK = 19 and LK'"® = v. In equation 3.2, v > 0, W is a standard p-
dimensional Brownian motion and dots are used to designate derivatives with respect to time ¢ > 0.
This can be formalized using It&’s calculus and introducing the velocity field VX'P so that the joint
process (LKLP, VKLD) satisfies

AL = ViR dr; LAVEP = — (VIR + VUANLEP)) dt + vV2dW,. (3.3)

Similar to the vanilla Langevin diffusion 3.1, the kinetic Langevin diffusion (LX'P, VKLP) ig a
Markov process that exhibits ergodic properties when the potential U is strongly convex (see Eberle
et al. (2019) and references therein). The invariant density of this process is given by

P« (0.v) oc exp{—U*(0) — %HVH2}, forall 6,v € RP.
Note that the marginal of p, corresponds to @ coincides with the target density »*. The kinetic
Langevin Monte Carlo (KLMC) algorithm is a discretized version of KLD 3.3, where the term

VU*(L;) is replaced by VU*(Lyy,) on each interval [kh, (k+ 1)h). The resulting error bounds are
given in the following theorem.

Theorem 3.3. Under Assumptions 2.1 and 2.2, we further assume that the potential U satisfies
Condition 2.1. Let the tuning parameter A € (0, M) Choose ~y and h so that v > 5M*

and \/Eyh < 0.1, where K = M>/m. Assume that 9§-M is independent of v§"MC and that
v(’J(LMC ~ N,(0,~41,). Then, for any n > 1, the distribution VnKLMC ofﬂﬁLMC satisfies

W (VKM 1) < 207 Wo (VKEME 1) 43 /3u2(t/)¢(2p+2) + 0.05\/9’1E[U*(0§;W)—f(0)] + 0.97h\/%,

where o = e~™". Moreover, let the staring points ﬂgLMC = 0, it holds that
W (VKIME ) < 29"\/% + 73”1(”)?'(21’4'1) + 0.9'yh\/'%p.

To our knowledge, these results are the first reported convergence rate for the KLMC algorithm
within the context of constrained sampling. Below, we set M* = M + 1/)2, aligning with the
projection methods detailed in Example 2.1 and Example 2.2. We proceed by optimizing A to
establish the subsequent corollary.

Corollary 3.3. Let ¢ € (0,1) be a small number. Set v = 5M*, M* = M + J5.
(a) Set A = 33/421/8p1/4 (1 (V) (2p + 1))71/4p1/8m’1/4h1/4, choose h > 0 and n € N so that
h=27""213 (1 (v)(2p + 1))73p3/2m*154 and n > --log(4/e),
then we have W1 (V™M 1) < e\ /p/m.
(b) Set A\ = 217337 (r [ ua (1)) 7(h/m)?/7, choose h > 0 and n € N so that
h=3226""m %23 uy(v) 3" and n > L log(4/e),
then we have Wy (VK"MC 1) < ey/p/m.

We note that our error bounds depend in part on the synchronous coupling between the KLMC
and the KLD 3.3. However, for the vanilla Langevin algorithm, Durmus et al. (2019) have shown
that the dependency of the error bound on x can be improved by employing alternative couplings.
We propose that similar improvements might be achievable for the KLMC algorithm in constrained
sampling scenarios using non-synchronous coupling. For further insights, interested readers are
directed to Yu et al. (2023).
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3.4 PARALLELIZED RANDOMIZED MIDPOINT DISCRETIZATION OF KINETIC LANGEVIN
DIFFUSION (PRKLMC)

The randomized midpoint method, introduced and studied in Shen & Lee (2019), aims at providing
a discretization of the kinetic Langevin process 3.2 that reduces the bias of sampling as compared
to more conventional discretizations. The parallel computing of this algorithm is outlined in Yu &
Dalalyan (2024). This algorithm is referred to as pPRKLMC, and for the convenience of the readers,
we restate it in Algorithm 2. To ease the notation, we omit the superscript pPRKLMC therein. In

Algorithm 2 Parallelized RKLMC (pRKLMC)
Input: number of parallel steps R, number of sequential iterations (), step size h, friction coefficient v, number
of iterations K, initial points vy and ¥o.
Output: iterates ¥y 1 and Vi 41
l: fork=1 to Kdo
2:  Draw Ug1, ..., Uyg uniformly from [0, ], ..., [£5%, 1], respectively.

3: Generate Wy = Winys — Wi

4: Generate &, = OU’“'h (1- eiV(U’”'hfs))dVVS, r=1,...,R.

5. Setd =9, r=1,...,R.

6: forq—lto Q—ldo

7: forr =1 to Rin parallel do

8: Ar = 71_673}””

9: by — (hjm;r)l’(bﬁ Ukr)(l _ efw(Ukr»hfs))dS’j =1,...,n In parallel

10: 19<q M= 7-9k + aprvi — 22:1 bijU/\ (ﬁ](cqfl’j)) + V25,

11: end for

12: end for on ) N
13: "9k+1 :_ I + 1767 v — Zf:l %(1 _ 677h(17Uk7'))VU)\ (,'9;@* ,T)) + \/ifo (1 _

e—v(h—S))dVVS.

140 vigr=e v —y T L M-V g (19566271”)) + 2y foh e Y= qw,
15: end for

the theorem below, we quantify the error bounds for this algorithm when applied to constrained
sampling.

Theorem 3.4. Under Assumptions 2.1 and 2.2, we further assume that the potential U satisfies
Condition 2.1. Let the tuning parameter \ € ( , ﬁ) Choose ~ and h so that v > 5M> and

yh < 016715, where k = M*/m. Assume that 985%™ is independent of vER<"M and that
SRKLMC ~ N, (0,41,). Then, for any n > 1, the distribution v,PRK-MC ofﬂpRKLMC satisfies

Wa (VBRKIMC 1) < 1 80m W, (fREIME 1)) 4 28 /3u2(r)A(2p+2) +0.28\/Q”E[U*(ﬂBRKLMC)—f(o)]
+ 44. 78\/77]” P2 4 (yMPh2)2Q-1, /T
where o = e~™". Moreover, let the staring points 19pRKLMC = 0, it holds that

Wl(VfLRKLMC ) < 1.807 \/>+ 3#1(”))\(21?4-1) +44. 78\/ “YM”L )3 ( M)\h2 2Q-1 /

To our knowledge, this represents the first convergence analysis for the pRKLMC algorithm
within the context of constrained sampling. When R = 1, we recover the convergence rate for
RKLMC Shen & Lee (2019); Yu et al. (2023); Yu & Dalalyan (2024) when applied in the context of
constrained sampling. We define M* = M + 1/)2, in line with the projection options described in
Examples 2.1 and 2.2. We then select the optimal \ to derive the following corollary.

Corollary 3.4. Given the number of parallel steps R, set Q = [log R|+2. Lete € (0, 1) be a small
number, ¥ = 5M* with M» = M + 1/\2.

(a) Set \ = (T894 )1/8(3#1(;)}?21)_‘_1) )V/8(L:)1/16, choose h > 0 and n € N so that

h =23.6"8/3p7/6m~1p7/3 (,ul(y)(2p + 1))_7/3R1/3€8/3 and n > ﬁ log (3'6) ,

€
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then we have W1 (VPRKEMC 1)) < e\ /p/m.

(b) Set A = (LAB8011)2/15( Tp(2p+2))1/15(h—;)2/15, choose h > 0 and n € N so that

m? s (v)

—-7/3

h = 20.9"5p7/3m—13/6,7/3 (,ug(y)(2p + 2)) RY3¢5 and n > ﬁ log (3'6) ,

e
then we have Wy (vPREIMC ) <o\ /p/m.

The corollary demonstrates that pRKLMC achieves the best performance in terms of sample com-
plexity compared to the other three algorithms considered in this work.

4 DISCUSSION

Strongly convexity In this work, we focus on a strongly convex potential function f coupled
with specific choices of projection operators, resulting in a strongly log-concave surrogate density
v*. However, it is important to note that the approximation error bound between the target density
v and the surrogate density v, as stated in Proposition 2.1, depends solely on the convexity of f.
By relaxing the strong convexity requirement of f and considering alternative projection operators,
one can generate a surrogate density v that is less restrictive than strongly log-concave. This
modification enables the extension of these findings to a broader spectrum of sampling methods.

Other metrics The Wasserstein distance we employ is a natural metric for measuring sampling
errors due to its relevance to optimal transport theory. However, recent advancements in gradient-
based sampling have investigated other metrics, including total variation distance, KL divergence,
and x? divergence. An intriguing avenue for future research would be to establish error guarantees
for constrained sampling concerning these alternative metrics.

Limitation The primary focus of this work is to provide theoretical insights into the analysis of
constrained sampling. We hope that these insights pave the way for empirical evaluations of the
performance of Langevin-type algorithms in various settings, as well as for implementations in real
data applications, which offer promising directions for future research.
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A RELATION TO PREVIOUS WORKS ON CONSTRAINED SAMPLING

Sampling from constrained log-concave distributions is a fundamental task across various fields. In
computer science, several studies have explored the convergence of the ball walk and hit-and-run
algorithms toward the uniform density on a convex body /C, or more generally, a log-concave den-
sity (Dyer et al., 1991; Kannan et al., 1997; Kook et al., 2024; Lovész, 1999; Lovasz & Simonovits,
1993; Lovasz & Vempala, 2007; Smith, 1984). Unlike the first-order sampling methods examined
in this work, these algorithms require calls to zero-order oracles at each iteration. Additionally, the
performance of these geometric random walks is influenced by the skewed shape of X, necessitating
pre-processing steps to enhance efficiency.

Another category of samplers addresses the geometric structure of convex constraints, including
Riemannian Hamiltonian Monte Carlo (Brubaker et al., 2012; Giirbiizbalaban et al., 2022; Kook
et al., 2022), Gibbs sampling (Gelfand et al., 1992), and Mirror Langevin methods (Ahn & Chewi,
2021; Chewi et al., 2020; Hsieh et al., 2018; Zhang et al., 2020).

A particularly relevant approach to this work involves diffusion-type samplers (Brosse et al., 2017,
Bubeck et al., 2015; 2018; Lamperski, 2021; Lehec, 2021; 2023). These samplers, based on dis-
cretizations of Itd diffusions, exhibit rapid convergence to the target density in continuous time and
have been extensively employed in unconstrained settings. While the underlying stochastic pro-
cesses can be generalized to constrained settings, the discretization analysis heavily relies on the
smoothness of the target distribution, which is challenging to achieve in the constrained context
considered here.

Among these works, Brosse et al. (2017) is the most closely aligned with the spirit of this work.
It considers the same setting as the current study, proposing the use of the Moreau envelope (Ex-
ample 2.1) to derive a smooth surrogate density, followed by applying LMC to sample from this
density. Their approach supports our general framework, which integrates Euclidean projection
with LMC, and provides convergence bounds in both the W; metric and total variation norm. Our
work expands on this approach by presenting a general scheme that accommodates a broader range
of projection methods and sampling techniques beyond LMC. This enhances the applicability of
algorithms such as KLMC, pRLMC, and pRKLMC in constrained settings. Furthermore, we estab-
lish a lower bound for the distance between the surrogate distribution and the target distribution in
Proposition 2.2, demonstrating the tightness of the bound for the distance between the approxima-
tion and the target density established in Proposition 2.1. This aspect has not been addressed in any
of the previously mentioned works on the diffusion-type samplers.

B PROOFS OF SECTION 2

In this part, we provide the proof of Lemma 2.1, Lemma 2.2, Proposition 2.1, and Proposition 2.2.

B.1 PROOFS OF LEMMA 2.1 AND LEMMA 2.2

Proof of Lemma 2.1. By Theorem 2.26 in Rockafellar & Wets (2009), the function é,?’\(x) is con-

vex and continuously differentiable, and KE’A (x)is %—smooth. The last claim follows from Lemma
1 in Brosse et al. (2017).

O

Proof of Lemma 2.2. By the definition of fg”\, we have

1
G

1

By the definition of U%*, the function U%* is m-strongly convex, continuously differentiable.
Moreover, it holds that

1
V6 () = VAP W)l < 351w =yl
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This implies U is 5% + M-smooth. Now we show that [, eV""(*)ds < oo. Let R :=
maxzek|z]2, and there is a constant [ € R such that f(x) > [,Vx € R. Define R := sup, x| z|2-
Note that

/ erG)A(Z)d:L’:/ eff(“’)do:Jr/ eiUc)A(z)der/ e U @) gy
Rp K BQ(U,R)Q}CC BZ(O,R)C

We now derive the bound for the second and the third terms on the right-hand side of the previous
display. Since f is convex, there exists a € R and b € RP such that

We then find
/ e*UG’/\(w)dl' < efa+bR/ dr.
BQ(O,R)QKC 82(07R)
Thus,
/ e*UG’A(””)dx <€7a+bR/ dx
BQ(O,R)O’CC BQ(O,R)
<67“+bR/ dx
B2 (0,R)
:e—a-i-bR 7.(-p/2 D
L(§+1)
<00.
Note that

/ U@ 4y < e—z/ o~ stz (lela=R)? g
B2(0,R)e B (0,R)*

By Fubini’s theorem and the fact that

— sz (elz=R)? _ =t *%1 Hdt
e =, 32 P Liela-reo (DdE

we obtain

, ot t
/ e U Wy <e‘l/ 76*”2/ Ljalls— k.00 (f)dadt
B2 (0,R)* 0o A wilzl2>R

¢ t
Seil/ —26_W/ dadt
0o A B (0,R+1)

xP/2 R aq
=e —e T ——(R+1)%dt
s vt i

Collecting pieces gives the desired result.

B.2 PROOFS OF PROPOSITION 2.1

To prove the Proposition 2.1, we need the following auxiliary lemma.
Lemma B.1. Assume f is convex and 0 = argmingc f(0). Under Assumption 2.1, it holds for
any \ € (O ) that

|l e <

where ju,(v) = [5, 0[5 v(d6).

) TR
3\ (p +k)

/\

X Mk(l/) )
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Proof of Lemma B.1. By Fubini’s theorem and the fact that

R A — Ly Je—Px(2))2
/ 326 Lle—re(@)lz+00) (E)dE = € e lePe(@l
0

it holds for every k£ > 0 that

A
fetge o = [ ([ lalbe @1k - Pl < 0o ) e at
e

¥ (1)
Define the set K, := {x € RP :|x — Px(x)|2 < t}, we then have

:/wmﬂ@mffw&*@m
Ke K

On the other hand, it holds for every b > 0 that

/ Jz]5e™" ™) dz = (1+ b)p+k/ ly[ke=f(+0w) gy
Ko Ke/(1+b)

<U+W“/ ylie @ dy
K¢/(14b)

where we have used the inequality

(B.1)

(B.2)

FQ+0)) +650) > (40 (155 (4 0y + 17 0) = (L+8)1(y) > F() +bF0),

implying that f((1 + b)y) > f(y) for every b > 0 and every y € RP. In addition, it holds for any

x € K¢/(1 4+ b) that
|(1+b)z —Pe((L+b)z)|2 <t
which is equivalent to

1+ 1

7” - mplc((l +b)z)|2 <

@\ﬂ

Note that we can rewrite x as

b T — %H;PK((l + b))

1
v = 1P +0)2) +

140

=
Notice that

Pe((L+b)x) €K
and when b = t/r we have

x— L Pe((1+bx
1+b

By the convexity of the set /C, this implies z € K. Therefore, we obtain

[ttt < (14 1) [yl ay < o0 [y ay,

Combining this inequality with display B.2, we get

ww<www>nﬁm&#@@.
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Substituting this upper bound in display B.1 leads to

<
/ ”l’ll'z“e’UA(I)dx</ g (el ) th/HyH’Se*ﬂy) dy
Ke 0 A i

:/ (6(P+k)t/r —1)d(- 67t2/2x2) 5 / lylse=F®) dy

0

+k) [ t? +k
— 0D [Pop{ - g5+ T e [yt gy
0

r 2\2 r
_ (pj:k) exp{AQ(Z;:; k)* }/OOO exp{ _= (A2/2732(p+k)) dt x /’C||y||§e—f(y> dy
< VAR o (XOLREY o [ yierona
When )\ < SR +k), it holds that
[l @ae < PEEE L yeronay, B3

Finally, note that the normalizing constant of 2* can be lower bounded as follows

/ erx(z)dx>/erA(r)dx:/ e f@dg .
RP K K

The desired result follows readily by dividing the two sides of display B.3 by pr e~V @) dy and
employing this inequality.

O
We are now ready to prove Proposition 2.1

Proof of Proposition 2.1. By Theorem 6.15 in Villani (2009), it holds that

Wi(v,v*) < . 31w (x) — v (x)ldz .

‘We note that

23w (2) — 1A (2)| dz = / 23w (2) — v (x)|dz + IIJ?II%VA(x)dx
Rp K

)dy
—(1- s gy s + / Jog
RP

S eV dy
= g, [l @ + / ol
RP

- [ Poam e+ [ e

When A < we apply Lemma B.1 with £ = 0 and £ = ¢, which leads us to the inequality

2(p+q) ’

[ tettite) - A w)jar < 2R D) DD ),

This completes the proof.
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B.3 PROOF OF PROPOSITION 2.2

To prove Proposition 2.2, we need the following auxiliary lemma.

Lemma B.2. Under the assumptions stated in Proposition 2.2, for any k > 1 and any \ €
A #), it holds that

(0’ 2(pr+k) VM
1 ™ 3 2 D + k
koA k / Mr
x d o) = -1/ = — .
zccH ”21/ ( x)/ (V) 2 26 ’ r 4+ 3\p

Proof of Lemma B.2. By the definition of v* and p*(v), we have

1 2
ch Hx||’§e_f(9”)_w(”$"2_” dz f/c e—f@dy
)50 (de) /1 (v) = : : (B.4)
/]Cc 2 Jep eV @) da [iclz|se= /@ da
Note that f is M-smooth and f(0) = 0, it then holds that
M

2
fla) < Szl
This implies
/ Jze! ) mz Iel = gz > / Jalhe Fleli- gz (ela=r gy
Ke Ce
Employing the integration in polar coordinates gives
k My[,.|12 1 N2 +oo A a2 e ,
/ ||13”26_7”m"2_m(||37||2—7) dz = wp—l/ thtp=le=% — oz (t=7) dt,
Kce -
where wy 1 = [Z 7 Jg H?;f(sin 0;)P~7=1df; - --df,_1. Lett = r+ Az, it then follows that
e
1

+oo
M (.. 2 2
> )\wp,l/ (r 4 Az)FtP=le= T (rA2) =327,
0

Foo M 2 1.2
> Awp_l’l"k_‘—p_l/ 6_7(T+>\Z) —27° 4z
0

+oo 1+ MA2 MAr 2 2 2
3 _ o _Me2 (1L M
= Awp,1Tk+p 1/ e ( 2 \/2(1+MA2)) dre 2 ( +1+IVI)\2) .
0

The last step follows from a change of variables. Using the fact that A < 1/v/M and (z + y)? <
222 + 242, Vz,y > 0, we then obtain

+oo 2 2
/ afsef @B 0B gy > Ay phte-t / o (EMA)a? g o =255 (1 2355
Ke 0

= Awpflrﬂp_l%\/ 1 7]T\/[/\Q o MO )
_|_

_ 1 ™ _3 r2
> /\wp_1Tk+p 15‘/56 aMr®
Moreover, by display B.3, we find

/ 67UA(I)dx:/ erA(Z)der/ e U@ g
RP c c

< (H@)/ o l713/2 4
K

r
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Furthermore, using the integration in polar coordinates again gives

T
/||x|\§eif(””)dx<wp_1/ thtP=1de
K 0

rk+p
= wp—l m .
Collecting pieces and plugging them into display B.4 gives

L m _sppe ptk
ol ) ) > 5 e 2

ce 2 r+ 3)\p
as desired.
O
We are now ready to prove Proposition 2.2.
Proof of Proposition 2.2. By Proposition 7.29 in Villani (2009), it holds for any ¢ > 1 that
1/q 1/aq
i) > |( [ felty = ([ Jatgrian)) |
Dividing both sides by p4(v) gives
q 1/q q
W60 glv) 2 [( [ lelte @) g(w) " =1
q, A q, A a
_ | Jelelz? (o) + Jiefelzr(da)
Jeo |23 (d)
By the definitions of v and v, we have
Slzls (de) _ [ilzl3e /@ dz [ e/ @da
Jeo l2[3v (d2) Jop e Pdz Jlxlfe @ da
- f}C eff(z)dx
T Jee T@da 1 [ e f@dz
Combining this with display B.3 then yields
Jelelg ey
Jeol2l3v(da) ~ r+3p
By Lemma B.2 and Lemma B.1, we have
1\/?6_31\4,.2 PHa Jicel= 37 (dz) _ 3A(p + q)
2V 2 r+3Ap Jzw ||:U|\21/(da?) = 7
Collecting pieces gives the desired result.
O

C PROOFS OF SECTION 3

Proof of Theorem 3.1. The triangle inequality for the Wasserstein distance provides us with
Wa (vsMC 1) < Wa (M€ oY) + Wo (12, v) (C.1)
By Theorem 9 in Durmus et al. (2019), it holds that

mnh

Wa (M, 12) < e "5 Wa (e, 1) +

’VL

(C2)
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provided that b < 1/M*. Using the triangle inequality for the Wasserstein distance again gives

Wo (vEME A e ThWQ(z/('J‘MC, v) 41/ LAl Wy (v, 1)
m

Plugging this back to display C.1 then provides us with

2M*ph
(v LMC,V)—i— P —|-2W2(V,I/)‘).

W (EMC 1) < e -

Combining this with Proposition 2.1, for any A € (O we obtain

2+

Wa(UHC, 1) < e~ S Wa(C, ) 4+ | 2200 | o(BIAZPE2))
m T

This completes the proof of the first claim.

We then proceed to prove the second claim. By the triangle inequality and the monotonicity of
Wasserstein distance, we have

W1 (VLMC )

n

1M ) + Wy (2, )
o (VEMC DN W ().

When I/(I)‘MC is the Dirac mass at the minimizer of the function f, by Proposition 1 in Durmus &
Moulines (2019), it holds that

wW
W

NN

p
WQ(I/(I)_MC, V>‘) < /=

m

Combining this with previous display, display C.2, and Proposition 2.1 then gives

mnh 2]\4’A h
W, (vEMC ) e "W, (uMC ) | —— b +W; (1, v)
_mnh / / ph 3/11 2]7 + 1)

as desired.
O

Proof of Theorem 3.2. The proof employs a similar technique to that used in the proof of Theo-
rem 3.1. Note that M*h < 1/10, by the triangle inequality and Theorem 1 from Yu & Dalalyan
(2024), we have

WQ(I/ERLMC, ]/) < WQ(V)\, I/) + WQ(I/,ERLMC, y)\)
< (1 VEMR(0.82(M )2 + 0.94M b/ R)) e AW (M, 1)
+ VEMR(3.98(Mh) 2" + 6.91Mh/VR) /p/m + Wa (0, )
< (1 + VM R(0.82(M h) @~ + 0.94M*h/R) )) =mnh/2 (W (RME ) Wa(v, 1))
+ VEMAR(3.98(Mh)2" 4 6.91Mh/VR) /pfm + Wa (v, ).

Combining this with Proposition 2.1, for any A € (O we obtain

Sk
Wi (PRIMC 1) < (1 + VMR (0.82( M h) @~ +0.94M’\h/R)) —mnh/2\, (ERMC 1)
+ VKM h(3.98(M*h)9~! + 6.91M*h/VR)\/p/m
(2 +VEMR(0.82(M h)@1 + O.94MAh/R)> V32 (IA2p + 2)/r
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as desired. Invoking Proposition 2.1 and the monotonicity of the Wasserstein distance, since v/ RLMC

is the Dirac mass at the minimizer of the function f, it holds that

Wi (PRME ) < Wy (1PRIME LAY L, (2 )
< (14 VAMPR(082(M*R)? ! + 0.94M R/ R) ) e~ /2\ /pfm
+ VEM M (3.98(M* h)2~! 4+ 6.91M*h/VR)\/p/m
(2 + VM R(0.82(M h) @ + 0.94M*h/R)) V()M (2p + 2) /1

as desired. O

Proof of Theorem 3.3. The proof relies a similar technique to that used in the proof of Theorem 3.1.
The key distinction lies in the utilization of Theorem 3 from Yu et al. (2023) to bound the W,
distance between XM and 1*. By the triangle inequality and Theorem 3 from Yu et al. (2023),
we have

Wa (WK ) < Wi, ) + Wa (M, )

n

ng U)\ ,l9KLMC _ 0
<2971\/\/2(1/(|)<L|v|c,VA)_H)_OS\/Q [UX9§1) — f(0)] +0.99h /@—f—Wg(u’\,y)
m

m
ng U)\ ,,9KLMC _ 0
< 20" (Wa(u™C, 1) + Wa (v, 1)) + 0.05\/9 U Om )= f(0) +0.9vh %
+ Wy (v, v).
Combining this with Proposition 2.1, for any A € (07 m), we obtain

n A(9QKLMCY _
Wa (/XME 1) < 20nWo (VKME ) +3\/3u2(u))\(2p+2) +0.05\/Q E[U*(95-%) — f(0)]

" r m
+0.97h, /"%

Invoking Proposition 2.1 and the monotonicity of the Wasserstein distance, since 95-M¢ = 0, it
holds that

as desired.

Wl(u,'fLMC, v) < WQ(V,SLMC7 1/\) + Wl(uA, V)

3 A(2 1
<2@”\/£+—“1(V) (2p + )+O.9'yh1/@
m T m

as desired.
O

Proof of Theorem 3.4. By the triangle inequality and Theorem 2 from Yu & Dalalyan (2024), we
have

WQ(I/ZRKLMC, V) < W2 (I/)\, V) + WZ(VERKLMC, I/)\)

o"E[UX(95F M) — £(0)]

< 1.8QnW2(I/gRKLMC, l//\) 4 028\/

m
M)\h2 3 /
—|— 4478\/(7]%2) + (’j/MAhQ)QQ_l % + \/\/Q(VA7 I/)

o"E[UA (957 ) — £(0)]

m

M)\h2 3 /
+ 4478\/(/7R2) + (’YM)‘hQ)QQ*l %p + Wg(l/\7 I/) .

< 180" (Wa (™M 1) 4+ Wo (v, 17)) + 0.28\/
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Combining this with Proposition 2.1, for any A € (0, m), we obtain

n]E A ﬁpRKLMC _ 0
Wi (PRKEMC ) < 1 86" Wy (1 PRKLMC )+028\/ [UA( ) — f(0)]

M 2
+44.78\/( th) (yMAh2)20-1, [P +28\/3”2 A2p+2)

ﬁgRKLMC —0,it

as desired.

Invoking Proposition 2.1 and the monotonicity of the Wasserstein distance, since
holds that

Wl(V,E:RKLMC, l/) S WQ(I/ZRKLMC, VA) + W1 (l/)\, V)
A2 1 MAh2)3
< 18gn, |2 4 3P | 44.78\/M + (pap2y2a-1, P
m r R2 m

O

as desired.
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