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17 A Theoretical proof

18 A.1 Proof of Theorem 1

19 Theorem 1 (Validity). Under the assumptions stated above, the proposed method satisfies the
20 following conditional coverage guarantee:

[P(Yr41 € Cry1(a)[ X1 = 2) — (1 — )| < (4L + 2LVw +2)Vw + 6

)

log(16n) n log(16n)
n n

21 where
w =2+ 2rvp/ (k1 + /E2) I + 0(g(n)) (k1 + /k2)I.

22 For easy notation, denote A= A,, Ay = € — ¢, and sometimes we drop subscript ¢.

23 Lemma 1. For any test conformity score sy = ¢ T Aé, and the true conformity score s; = €} Aey,
24 with probability at least 1 — 9,
T

Z [5¢ — st < wn, (1)

t=T—n+1
25  where
w =21+ 2rvp\/ (k1 + VR2)I + o(g(n)) (k1 + /R2)I.

26 Proof. We have:
‘gt — St| = |€:A€t — étTAétl S ‘G;FAEt — €:A€t| + |€:A€t — GAtTAEAt|
<|ATAA| 4 2|AT Aey| + |e] (A — A)ey|
<[IANANZ + 21 AN 1A el + llel®| A = Al 0]
<r|AlI* + 2r[|Alllle]l + o(g(r)) [lel|*. )

27 The inequality (i) exists because of the Cauchy-schwartz inequality and Assumption 2. Hence, by
28 Assumption 1, we have

T T T
Do B—sd <rm 2 >0 Adlledl +olg(n) Y lledl?
t=T—-—-n+1 t=T—-—-n+1 t=T—n+1
T T T
<rnvp 2 O IIARC YD el +olgn) Y el
t=T—n+1 t=T—n-+1 t=T—n+1
T T
<rnvp +2r (Y el +olg(n) D el €)
t=T—n+1 t=T—-n+1

29 From Assumption 3, we have

1 & 1
- > EtIIQ]—n > Ellal] < sl 4)

t=T—n+1

E

30 Using Chebyshev’s inequality, we have

T
1 Var[||e:]|2 Var[||e?
P (n > ledl® = Efflecll] > g'dt” ]> < . vgln\tﬂu]z] =9, &)

t=T—n—+1
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which means that with probability higher than 1 — 4,

T
! Varl||e;||?
= 3 el < Ellel)+ %
t=T—n+1
kol
<kl
K1l + 5
—(’{1+\/;)I<(H1+\/7) ©

The last inequality is because we can set § such that 6n/ < 1. Plug into eq. (3), we have with
probability higher than 1 — d, we obtain eq. (1)) and the lemma follows.

O

Denote the empirical CDF: F, 1 (z) = 1 ZiT:T_nH 15, <oy Frya(z) = 1 Z?:T_nﬂ ls, <. and
true CDF of score function F(x) = P(s < z).

Lemma 2. Under Assumption 3, for any n, there exists an event A,, which occurs with probability at

least 1 — 4/ w, such that, conditioning on A,

sup ﬁnﬂ(fﬁ) - F(”«")’ < M~

n

Proof. The proof follows Lemma 1 in [[16] that utilizes Dvoretzky-Kiefer-Wolfowitz inequality in
[7]. O

Lemma 3. Under Assumption 1, Assumption 3,with high probability,

~

sup | Fop1(z) — Foga(2)| < (2L + 1)V + 2sup | Fypa () — Fo()] -

Proof. The proof is similar to Lemma B.6 in [[15]], and is written here for completeness.

Using Lemma[I] we have that with probability 1 — 4,

T
Z [s¢ — §¢| < nw. @)
t=T—n+1
Let S = {t:|s; — 8| > v/w}. Then,
T
ISVw< > s — 8] < nw. (®)
t=T—-n+1



45 So|S| < ny/w. Then,

T
~ - 1 R
|F7L+1(x)_Fn+1(x)| < E Z |1{3t Sx}_l{st Sl‘}|
t=T—n+1
1 R
< E‘S| + Z [1{8; <z} — 1{s; <z}
tgs
1 1 &
<8+ — Y Wls—al <Vl (i)
t=T—n+1
<Vw+ P(|sry1 — x| < Vw)
1 T
boup |t S Alse— 2] < V&)~ Pllsri - 2] < VE)
z t=T—n+1

:\/‘;"‘[Fs(m"’—\/a)_Fs(l‘_\/‘;)]
+Slip [ﬁn+l(x+\/°j)_Fn+1(x_\/a) - (FS(.Z‘-F\/J)—FS(J?—\/(;))}

(@1)
< (2L + 1)vw 4 2sup |Fpyq (z) — Fio(z)] 9)
x
46 where (¢) is because |1{a < 2} — 1{b < z}| < I{|b — z| < |a — b|} for a,b € R, and (47) is due to
47 the Lipschitz continuity of Fs(x). O

48 Proof of Theorem 1

49 Proof. Look at the conditional coverage of Y7 given X7, :
P (Yr41 € C3yy | Xrgr = 2741) — (1 — )| (10)
= ‘]P) (§T+1 < 11—« quantile Ofﬁn+1 | XT+1 = m) — (1 — Oé)‘
- ‘1}» (ﬁn+1(§T+1) <1- a) CP(Fy(spyn) < 1— a)’
= [E1{Fu1Brin) <1 a} = YF(s741) 1
<P (|Fs(3T+1) ~ (1= ) <|Fu1(ra) - FS(ST+1)|> : (1D

50 Based on Lemma we can define the event A,,, P(A4,) > 1 — @, conditional on A,,, we have:

Fupa(@) - Fo(@)| </ @ (12)

sup
x

st Hence, we can write eq. (IT)) as

P(|Fy(s711) — (1 — )] < [Fog1 (Br41) — Fo(s711)])
<P(|Fy(s741) — (1= )] < |Buy1(5r1) — Fu(sr1)||An) + P(AS)
-~ Y A - log(16m
<P(|Fy(s741) ~ (1~ )] < P Gra) = FuGra)] + [FFran) - Fulsren)llA,) + 2200
(13)
s2 Conditional on A,,:
|Epi1 3741) — Fs(Bra)| + [FsGrar) — Fu(sria)|
<sup [Fp41(z) — Fu(x)| + LlSr41 — s741]
log(16
<L+ 1)o+ 3,/ 2806 7, (14)
n
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The last equation exists because of Lemma [3|[T]and eq. (12).
Note that F(spy1) ~ Unif(0,1), we have

P(|Fy(s711) = (1= @)| < |Fapa (Br41) = FoBra)| + [Fs(Bri1) = Fu(sria)||An)

log(16n)
n

<(4L+2)y/w+6
Plug into eq. (TT)), we have
‘IP’ (YT+1 €Coy | Xy = IT+1) -(1- 04)‘

log(16n)
n

+2Lw. (15)

log(16n)

<(4L +2)Vw +6 +2Lw+T. (16)

A.2 Proof of Theorem

Theorem 2 (Efficiency). There exists 0.1 < ag < 1, such that when o < «, the optimal solution to
the minimization problem is given by:

— : T
A, = arg gl;%V(A, Q1-o(e' Ac)), (17
where € ~ N (0, A7 1).

To prove the theorem, we firstly introduce second-order stochastic dominance to compare the
magnitude of the 1 — « quantile under different A.

Definition 1 (Second—Order Stochastic Dominance). Let p and v be probability measures on R such
that Ex~,[|X|] <00 and Ey.,[|Y]|] < co. The following statements are equivalent; whenever
any of them hold we say that p second-order stochastically dominates v and write p > ssq V.

* Utility criterion. For every non-decreasing and concave function u : R — R,
Exwp[u(X)} > Eywy[u(Y)] . (18)

* Integrated distribution-function criterion. Denoting by F,, and F,, the cumulative distribu-
tion functions of p and v, respectively,

t t
/ Fy(z)dz < / F,(z)dz, VteR. (19)

— 00 —00

* Coupling criterion. There exist random variables X ~ p andY ~ v such that
Y=X-6+¢, §>0, Ele|X—4]=0. (20)

The equivalence of the definitions is proved in [8}[11]. Second-order stochastic dominance between
X and Y implies the the quantile functions of X and Y exhibit certain tail behavior, which would be
further utilized to compare the 1 — o quantile for a given small ov.

Lemma 4 (Tail-behavior of quantile function). Let X and Y be integrable random variables with
cumulative distribution functions Fx, Fy and continuous quantile functions Qx(«a) = inf{t €
R, Fx(t) >= a},Qy(a) = inf{t € R, Fx(t) >= a}. If X =ssa Y, then there exists a* €
[0, 1]such that

Qx(a) £ Qy(a), fora® <a <l

Proof. For integrable X and Y/, the distribution function criterion for second stochastic dominance
(T9) is equivalent to the quantile—integral condition[[13].

O(a) = /OQ(QX(U)—Qy(u)) du > 0, Vae€l0,1], ®(0)=d(1)=0. (21

Set A(a) := Qx(a) — Qy (a). Now we prove by contradiction. Assume that there exists a b* such
that fbl* A > 0. Then &(b*) = ®(1) — fbl* A < 0, contradicting ZT). By the continuity of the
quantile function, there exists an a* such that A(«) < 0 for a > a*. O
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Lemma 5. Let Z1, Zo, Zs, . .., Zq "5 N(0,1) and

d d
= > NZL A= M) €017 Y N =
i=1 i=1

Write X* = (3, %, | 1), Then
S Sssd O for every .

Proof. Consider the special case in the coupling criterion (20) when 6 = 0, which is also known
as Mean-preserving spread (MPS). Let T' = Zle Z?% ~ x2%. Conditioned on T' = t, the vector
(Z%,7Z3,--- ,Z3) is exchangeable, i.e. we have E[Z} | T| = E[Z3 | T| = - - - = E[Z2 | T). Rewrite
Sx = Sx+ +¢, wheree = Zle()\i — 1)Z2. Then

d

1
2 2 _
E(e|Sxa+) Z]E[ z |T} ;()\i - SE[Z]|T] = 0.
By the coupling criterion @]) Sx =ssa Sx+. In other words, the uniform weight vector minimises
risk for every risk-averse preference, completing the proof. O
Proof of Theorem

Proof. By the definition of ellipsoid volume, we have
V(A,Q1_o(e" A€)) = Constant x Ql,a(eTAe)I/Q[det(A)]_1/2 (22)

Since the optimization problem is invariant to the rescaling of the scalar (that is, A and any positive
scalar multiple cA, where ¢ > 0, produce the same mathematical solution), additional constraints,
such as the bounding of the matrix norm A < 1, can be imposed without loss of generality. Note
that € ~ N(0, A;!) and A = 0 by Cholesky decomposition, we can write A;* = LL" where L is a
lower triangular matrix. Define the matrix B = LT AL, we can rewrite the eq. as

min Q% (a7 Bx) det(L)[det(B)] ™2, (23)

where z ~ N (0,Id)and det(L) is a constant independent of B.

To further solve the optimization problem, we look at the eigenvalue of B, suppose B =
Odiag(\1, A, -, A7)OT and O is an orthogonal matrix. Since the optimization value is invariant
to different scaling of B, we are imposing additional constrains on J;.

I
min Q_ (Z Aﬂ:?) I (24)
=1

i >0,Z7{:1 Ai=1

and {z; }1<;< are i.i.d. random variables z; ~ N(0,1).

Now we would like to prove that the above optimization problem is solved when \; = Ao --- = Ay =
_1
. Note that by Cauchy-Schwartz Inequality HZ 1 A; ° isminimized when Ay = Ag--- = A\g = %
By Lemma @l there exists an agp s.t. when o < ag, Q1— Dé(z: , Aiz?) is minimized when
=X =g = 1 . By comparing the quantile function of most ma]orlzed(risky) combinations
of A=(1, O, <o, 0) with the quantile function of the least risky combinations A = (%, %, e, %),
emperically we find that oy > 0.1]9].
O
A.3 Tail-up model
Lemma 6. The spatial covariance . of any node pair (u,v) is:
S(u,v) = / m(r — wym(r — v)—2 gy, (25)
AuNAv w(u)w(v)
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Proof. Note that

w(s) w(r)

S(u,v) = Cov(/ m(s —u)

Au U)(U)

dB(s),/A m(r —v) dB(r))

w(v)

Due to the independence of increments for Brownian motion, only when r = s € Au N Awv, the
covariance is non-zero. Note that for Brownian motion, we have Cov(dB(r), dB(s)) = 1,_sdrds.
Hence Lemmal 6] follows. O

Lemma 7. If we set the moving function m(r —u) = f exp(—%), with parameters 3 > 0

(a scale factor) and ¢ > 0 (a range or decay parameter), then the covariance matrix between two
locations u,v can be expressed as:

w(u)
w(v)

Y(u,v) = o?

exp(—d(u, v)/¢) | (26)

Proof. By Lemmal6|and substitute m(r —u) = §e~4"%)/¢ and m(r — v) = fe~4)/?, we have

M) = /mmm a eXp(_W> eXp(_d(g”)) wl(ulf;zu(v) o

The set Au N Awv are the segments of networks that flow into both v and v. Consider the following
cases:

e Ifu and v are not flow-connected, then Au N Av = ) and hence X (u,v) = 0.

* Ifu and v are flow-connected, without loss of generality assume v is downstream of u. Then
Au N Av = Au, and for each r in Au, d(r,v) = d(r,u) + d(u,v). Hence we have

onf ALY _ Ay 2000

Y
leads to a remaining integral over r € Au. We can write
U

ngi exp(— d(l:z; v)) /Au exp(—%ﬂ) Z((;; dr,

Note that | A exp(fL;’uU % dr = X(u,u) is a constant, since the additivity constrain on

Y(u,v) = 52

w(u) assures the constant variance of site u. Thus, the tail-up exponential model yields a covariance
of the form

(constant factors) exp(—@) , if u and v are flow-connected,
Y(u,v) =
0, otherwise.

B Taxonomy for Related Works

Figure |1| provides an overview of the conformal prediction (CP) literature, complementing the
discussion in the related work section. The Venn diagram categorizes existing CP methods based
on the type of data they are designed for—time series, multivariate data, or both—and the nature of
the assumptions they make, particularly regarding exchangeability, temporal stationarity, and spatial
independence.

Traditional CP methods, such as split conformal prediction for i.i.d. regression[14], assume full
exchangeability, and thus cannot be directly applied to time series or spatially structured data
without modification. In the time series domain, recent works such as [, 18] |5, [17]] relax the



138
139
140
141
142

143
144
145
146

147

148
149

150
151

152
153
154
155

156
157
158

159
160
161
162
163

164
165

4 5

Spatial Temporal
Dependency Shift

1. [14] 3. [3] 4. [10]
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6. [15] 7. Our method, STACI

Figure 1: Taxonomy of works in conformal prediction. Among studies that account for both spatial
dependency and temporal shift—without assuming spatial and temporal exchangeability—our work
is the first to incorporate topology information.

exchangeability assumption via online calibration, sliding window methods, scorecasters or dynamic
programming. These methods handle distribution shift over time but typically operate in univariate or
low-dimensional settings. In contrast, CP methods for multivariate or high-dimensional data [[10} 3]
often focus on constructing prediction sets that exploit geometry or sparsity, but generally assume no
temporal structure.

Our proposed method, STACI, is positioned at the intersection of these axes in the Venn diagram.
It is designed for high-dimensional time-indexed multivariate data arising from spatio-temporal
stream networks. Our method explicitly accounts for both spatial dependencies and temporal shifts,
leveraging the underlying topological structure of the network to enhance predictive performance.

C Adaptive Uncertainty Set Construction

We construct a spatio-temporally adaptive prediction set for a new observed history X using our
proposed nonconformity score as follows:

C(Xri1;0) ={y: s(Xrs1,9) < Qi—a},

where Q_, is the (1 — «)-th quantile of the empirical cumulative distribution function of
{s(Xt,Y:),t € Dear}. The complete STACI algorithm is outlined in Algorithm

To account for potential temporal distribution shifts in the predictive error, we adopt the Adaptive
Conformal Inference (ACI) framework proposed in [3]]. This approach dynamically updates the
confidence level o, over time, ensuring that the prediction set remains responsive to evolving data
distributions.

Specifically, we iteratively update o, and reconstruct the prediction set C(X¢, o) accordingly. At the
initial test time 7" + 1, the confidence level is set as a1 = o. For subsequent time steps ¢ > T" + 1,
we update a; with a step size v > 0 as follows:

app1 = o +y(a— Y ¢ C(X;a0)}), VE>T + 1. 27

The rationale behind ACI is that if the prediction set fails to cover the true value at time ¢, the
effective error level is reduced, leading to a wider prediction interval at time ¢ + 1, thereby increasing
the likelihood of coverage. A larger step size v makes the method more responsive to observed
distribution shifts but also introduces greater fluctuations in o;. When = 0, the method reduces to
standard (non-adaptive) conformal prediction.

We present the analysis of the average coverage guarantee of STACI without any assumption about €;.
The proof follows from Proposition 4.1 in [J5].
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Algorithm 1 STACI

Input: Data D; Network topology G; Model f(-); Hyper-parameters A; Confidence level a.
Output: Prediction set C(Xp41; ).

// Training
f < Fit f using D \ Dea;
// Calibration

A~ P Zt . (thf(Xt))
£ {a=Y, - f(Xy) - =5 hepus

3, — Yiep,, €€l /(n—1) given &;

$g + Compute for (¢;,¢;/),Vi,i' € T given G;
A AT+ (1= N2,
S« {&] Aé;}iep,, given &;
Q1_o < Compute W
// Testing

C(Xry150) < {y: s(X741,9) < Qi-a}:

-th quantile given S;

_
DY XX A N

—

Proposition 1. Consider n’ test data points as the n’ realizations of (X141, Yr11), denoted by
Diest- We have the asymptotic coverage guarantee:

im Z Y, ¢ C(Xy;a0)} /0 = a.

tE€Diest

While Proposition[I] provides a weaker coverage guarantee compared to Theorem 1, it offers broader
applicability, remaining valid even in adversarial online settings. Empirical results suggest that when
the error process exhibits minimal distribution shift and the assumptions of Theorems [2] and [T]are only
slightly violated, STACI maintains the predefined coverage level (y = 0.01) while achieving efficient
prediction sets. However, when y > 0, Proposition [I]does not ensure a finite-sample coverage gap.
Understanding this limitation and developing methods to control the finite-sample coverage gap
presents an interesting direction for future research. While Proposition [I] provides a weaker coverage
guarantee compared to Theorem 1, it offers broader applicability and maintains validity even under
adversarial online setting. Our empirical observations indicate that when the error process exhibits
minimal distribution shift and the assumptions of Theorems 2] and [T]are only slightly violated, STACI
achieves efficient prediction sets while maintaining the predefined coverage level with v = 0.01.
When v > 0, Proposition [T] does not guarantee a finite coverage gap. Investigating this limitation
further presents a promising direction for future research.

D Additional Experiment Details and Results

D.1 Computational Resource

Experiments were conducted on a single NVIDIA GeForce RTX 4080 Super GPU, an AMD Ryzen 9
7950X 16-Core Processor CPU, 64GB Memory and 2TB SSD.

D.2 Datasets and Codes

The PeMSO03 dataset used in this paper is collectd by California Transportation Agencies (CalTrans)
Performance Measurement System (PeMS). It contains three months of statistics on traffic flow every
5 minutes ranging from Sept. 1st 2018 to Nov. 30th 2018, including 358 sensors. The datasets are
fromhttps://github. com/guoshnBJTU/ASTGNN/tree/main/ without available license.

The first backbone ST-Graph model is AGCRN [2]], which we adapted the official imple-
mentation from https://github.com/LeiBAI/AGCRN under MIT license. ASTGCN [6] was
implemented with PyTorch Geometric Temporal package [12]] from https://github.com/
benedekrozemberczki/pytorch_geometric_temporal under MIT license. STGODE [4] was
adapted from the official implementation https://github.com/square-coder/STGODE| under
Apache-2.0 license.


https://github.com/guoshnBJTU/ASTGNN/tree/main
https://github.com/LeiBAI/AGCRN
https://github.com/benedekrozemberczki/pytorch_geometric_temporal
https://github.com/benedekrozemberczki/pytorch_geometric_temporal
https://github.com/benedekrozemberczki/pytorch_geometric_temporal
https://github.com/square-coder/STGODE
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Figure 2: Real-world road network structures and their abstraction for PEMS-G1 and PEMS-G2. In
each sub-figure, the left map displays the road network, where freeways are bold gray lines in blue
shade, and ramps off the freeway are represented by blue squares. Based on these ramps and road
junctions, the network is divided into different segments. Traffic flow monitoring sensors from ¢; to
15 are placed exclusively on those northbound freeways, marked with green transparent triangles.
The right map provides an abstract representation of the road network and sensor locations, using the
same symbols for consistency.

D.3 Simulation Data Generation Details

Segment r; and 7o starts with (0, 1) and (0.5, 0.8), respectively, and both end with (0.3, 0.5). The
next segment 73 also starts with (0.3, 0.5), and end with (0.2, 0.1). Segment 74 start from (0.6, 0.6),
and ends at the same location as rs. Starting from this location, r5 ends at (0.4, 0). The weights for
segment 1 — 5 are set as 0.35,0.5,0.85,0.15 and 1, respectively. Each segment has two observation
locations — one at the start point, another at the middle point.

To approximate the integral, each segment is uniformly divided into 300 smaller sub-intervals. For
segments without parent nodes (71, 72 and 74 in our example), the source nodes are treated as
infinitely distant. In implementation, the source node of each segment is extended 10 times in the
same direction to simulate infinity.

D.4 Real-world Data Details

As shown in Figure 2] we construct two subgraphs from PeMS03 dataset. Note that road network
structure are required in stream networks. Among all PeMS datasets, PeMSO03 is the only one that
contains a mapping to real sensor identification number in PeMS. Therefore, other datasets are not
available for our setting.

10
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D.5 Running Time

On a single Nvidia Geforce 40808, the training time of AGCRN with PEMS-G1 is 1419s. In table[T]
we show the computation time of our and baseline CP methods on AGCRN model and PEMS-G1
dataset. Our method STACI has comparable running time with other methods.

Table 1: Computation Time (seconds) for Different CP Methods with Different Calibration Set Size n

Calibration Sphere-ACI . STACI STACI
Set Size n Sphere (g =0.01) Square  MultiDimSPCI (=0 (y=001)
100 142 144 24 24 25 25
200 152 153 24 24 26 25
300 135 129 24 24 25 26
400 132 135 25 24 24 25
500 135 136 23 24 23 24

D.6 Method Details

We provide pseudo-codes for our proposed method in[I] This applies all experiments in this paper,
excluding offline setting detailed in Section[D.§]

D.7 Hyperparameter Study

The studies for hyperparameter are presented in Figure 3]

D.8 Additional Ablation Study: Offline Experiment

In both synthetic and real-world data, MultiDimSPCI achieve the closest to our proposed method,
STACI, in efficiency. Therefore, we focus our comparison on four specific variants: vanilla
MultiDimSPCI(y = 0), MultiDimSPCI(y = 0.01), STACI(y = 0), and STACI(y = 0.01). In
the offline setting, STACI does not update the covariance matrix estimation. To ensure a fair compari-
son, we similarly fix the covariance matrix for MultiDimSPCI methods at the beginning of the test
phase.

The results are illustrated in Figure @ As seen in the left figure, fixing the covariance matrix
significantly improves the coverage rates of all methods, bringing them close to the desired 95% level.
However, despite having the same -, STACI consistently outperforms MultiDimSPCI in efficiency.
Notably, when ACI is not applied (v = 0), both methods tend to be overly conservative, resulting
in coverage rates well above the desired 95%. Therefore, since STACI (y = 0) achieves a higher
coverage rate, MultiDimSPCI (y = 0.01) and STACI(y = 0) exhibit similar efficiency.

In conclusion, regardless of whether the covariance matrix is fixed or not, STACI consistently
surpasses MultiDimSPCI in both coverage and efficiency. Furthermore, to achieve an exact coverage
rate, incorporating ACI (v = 0.01) is recommended.

11
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Figure 3: Comparison of Coverage and Efficiency for all PeMS experiments with different backbone
GNN models and datasets. Each figure show results for different belief weight A and calibration set
size n, with adaptive step size v = 0 (a&b) and 0.01 (c&d). Pre-determined coverage threshold of
95% is shown by horizontal gray dotted lines. 12
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Figure 4: Coverage and efficiency of different methods with different calibration set size n. Multi-
DimSPCI methods are in blue, and our methods are in red. Methods with v = 0 are in darker colors;
while those with adaptive coverage, v = 0.01, are shown in shallow colors.
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