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This supplementary material provides proofs for theoretical results stated in the main paper, as well
as detailed experiment settings and further experimental results. It is organized as follows

* Appendix A contains the proofs for the upper bounds of target loss introduced in Section
2.2 of our main paper.

* Appendix B contains the proofs for characteristics of two representations as mentioned in
Section 2.3 of our main paper.

* Appendix C contains the proof for trade-off theorem discussed in Section 2.4 of our main
paper.
* Finally, in Appendix D, we present the generative detail of the Colored MNIST dataset, the

experimental setting together with additional results for MSDA on Colored MNIST and DG
on the real-world PACS dataset.

1 Appendix A: Target Loss’s Upper Bounds
We begin with a crucial proposition for our theory development, which further allows us to connect
loss on feature space to loss on data space.

Proposition 1. Letf : X — YA where f = ho gwithg : X — Z and h: Z+— Ya. Let
¢: Z x [C] — R be a positive function.

i) For any i € [C], we have

/h(z,i)c(ﬁ(z),i)pg (z)dz:/f(x,i)c(f(x),i)p(m)dm,
ii) For any i € [C], we have
[ —wGile(he).0)p @iz < 17 @i - 1 @ile (§0).1) o)

where p is the density of a distribution P on X, p, is the density of the distribution Py, = g4P,
f:X = Yaand f' : X — Y are labeling functions, and h : Z — Yp and I : Z — Ya
fg,l(z) f(z,i)p(z)dx d

Ty p@de

are labeling functions on the latent space induced from f, ie., h(z) =

’ _ Jy—1y ' @i)p(2)de
h (Z) == fg71(z)p(.’1?)dac

Proof. 1) Using the definition of &, we manipulate the integral on feature space as
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[ (b)) (a2 [ e (i) fg‘}iji (fp(g f;)dx /g L P

:/Zc(fz(z),z) /l(z)f(x,i)p(x)da:dz
(:)/Z/g1(z)c(ﬁ(g(x)),i)f(x,i)p(x)dxdz
Q/ /Xﬂxeg,l(z)c(;a (z),i)f(q;,i)p(x)dxdz

[.—g(z)c (il (2) ,i) fx,i)p(x)dedz

=
TS
e

In (1), we use the definition of push-forward distribution [, p, (2) dz = [ dz fg,l(z) p(z)dz. In

(2), ¢ (ﬁ (2) ,z') can be put inside the integral because z = g (z) for any = € g~! (2). In (3), the
integral over restricted region is expanded to all space with the help of I,c,-1(.), whose value is 1 if
x € g~! () and 0 otherwise. In (4), Fubini theorem is invoked to swap the integral signs.

ii) Using the same technique, we have

O

Proposition [T]allows us to connect expected loss on feature space and input space as in the following
corollary.

Corollary 2. Consider a domain D = (P, f) with data distribution P and ground-truth labeling
function f. A hypothesis is f : X — YA, where f =h ogwithg : X — Z and h:Z s Y.
Then, the labeling function f on input space induces a ground-truth labeling function on feature
=1 Fii)p(a)da
o fg*l(z) p(x)d:z:

can be calculated either w.r.t. input space L (f, 7 IP) =[¢ (f (z),f (x)) p () dx or w.rt. feature

space h(z) . Let £ : YA X YA — R be the loss function, then expected loss



space L (iL, h, g#]P’) = [¢ (iL (2),h (z)) Dg (2) dz. If we assume the loss { (-, -) has the formed
mentioned in the main paper, that is,
c
é(“ﬂ”) = Zl (U,Z) Vi,

=1

for any two simplexes u,v € Ya, where u = [uz]lczl and v = [vi]iczl. Then the losses w.r.t. input
space and feature space are the same, i.e.,

c (B,h,g#IP’) -y (f,f,]P’).

Proof. We derive as

5

I
™
—

E(ﬁ,h,g#]}”) z/zﬁ(fl(z),h(z)>p(z

P>

i=17 X

(

=

L(f(x),i ‘ dv= [ ¢(f d

(f@.0) fip@de= [ ¢(F@).f@)r@)ds
—(f.1.P).

Here we have 2 by using (i) in Propositionwithc(b’, i) =1(B,i)forany 8 € Ya andi € [C]. O

Normally, target loss £ (f, T, IP’T) is bounded by source loss £ (f, fSJP’S), a label shift term

LS (fT, fs) , and a data shift term DS (]P’T7 IP’S) [2]. Here, this kind of bound is developed using
data distribution [P on input space and labeling function f from input to label space, which are not
convenient in understanding representation learning, since P, P° are data nature and therefore
fixed. In order to relate target loss to properties of learned representations, another bound in which

L (ﬁ, h, ]P’g) is the loss w.r.t. feature space and D.S (IP’Z, Pg ) is the data shift on feature space is more
favorable. However, this naive approach presents a pitfall, since the loss £ (iz, h, IP’g) is not identical
to the loss w.r.t. input space £ ( f 1, IP’) , which is of ultimate interest, e.g., to-be-bounded target loss

L ( £, T, PT), or to-be-minimized source loss £ ( f,fs,ps ) Using the previous proposition and
corollary, we could bridge this gap and develop a target bound connecting both data space and feature
space.

Theorem 3. (Theorem 1 in the main paper) Consider a mixture of source domains D™ =
Zfil ;D% and the target domain DT. Let ¢ be any loss function upper-bounded by a posi-

tive constant L. For any hypothesis f 1 X +— YA where f = fLog with g : X — Z and h:Zes Ya,
the target loss on input space is upper bounded

K
c (f, DT) <> mc (f, ]]])S’i) + L s By [1AD (yl2)|1] + Lv2dy s (BT BT), (1)
i=1 !
where Ap'(y|z) := [|fT(x, y) — 3z, y) H 5:1 is the absolute of single point label shift on input
space between source domain D%, the target domain DT, [K] := {1,2, ..., K}, and the feature
distribution of the source mixture P := Zfil m-IP’g 2,

Proof. First, consider the hybrid domain D% = (P7, h”), with P} := Zfil ;P35 be the feature

distribution of the source mixture, and h” is the induced ground-truth labeling function of target



domain. The loss on the hybrid domain is then upper bounded by the loss on source mixture and a
label shift term. We derive as follows:

L (iz, ]D'g”> = /E (il (2),hT (z)) py (2)dz

Firstly, using Corollary 2} the loss terms on feature space and input space are equal

K
Som [ (3% @) dZ—Zm (F.0505)
i=1

Secondly, the difference term, can be transformed into label shift on input space using Proposition|[I]

K

Zm/ \e(h(z),hT(z))—e(ﬁ(z),hsl )‘p 2)dz

Z_IK c

SZmZ/ZK(iL(z),j)Uz (2,9) hS7z]‘p dz
7,=1K j=1

:LZWZ'Z/VLT(Z]) hSlzj|p z)dz
i=1 =172

%)Limi/xlﬂ(z 7) = 5 (2, 5)| % (z) da

< LmaXEp51 [HAP (ylz) |I1 ]

1)
Here we note that < results from (ii) in Proposition|1|with c(B,i) =1forany 8 € Ya and i € [C].
Furthermore, Ap®(y|z) := [|fT (z,y) — 5z, y) |] yC:1 is the absolute single point label shift on
input space between the source domain D" and the target domain D7 .

With these two terms, we have the upper bound for hybrid domain as

¢ (hopr) < Zm (ﬁDS”)JrLg%EPSA AP (yl2)]1] -

Next, we relate the loss on target ID)T to hybrid domain ID) , which differs only at the feature
marginals.



£ (h,%) — ¢ (D)

‘/ )(pg( ) — pg(2)) dz

s/L|pg ()~ 9 (2)] dz
<L [ |G+ @) [ e - o)z

1| (g ) ] [ (- i) ]
= % U (pg(szZ(z)Jrz\/m) dz} 1/2
{2/ (\/1%— \/I%)de} 1/2

% 242 (/pg(z)dz/pg(z)d2> 1/21 " di/2 (IP’;F,IP”;)

< L\@d1/2 (Pg,Pg) .

X

In the above proof, we repeatedly invoke Cauchy-Schwartz inequality ‘ [f (z)g(z)alz‘2

If ()| dz I 9(2)|? dz. Moreover, for the sake of completeness, we reintroduce the definition
of the square root Hellinger distance

e (55) = [2 [ (0 - i) o]

To this end, we obtain the upper bound for target loss related to loss on souce mixture, a label shift
term on input space, and a data shift term between target domain and source mixture on feature space.

Finally, using the fact that loss on feature space equal loss on input space (Corollary [2), we have

L (f,]D)T) Zm ( ]DSZ) —|—Lm[ax]Epsl (1A (y|z) 1] —l—L\[dl/g ( JPT).

That concludes our proof. O

This bound is novel since it relates loss on input space and data shift on feature space. This allows us
to further investigate how source-source compression and source-target compression affect learning.
First, we prove a lemma showing decomposition of data shift between target domain and source
mixture dy /o (IP’QT, Pg) to a sum of data shifts between target domain and source domains.

Lemma 4. Given a source mixture and a target domain, we have the following

K
dij (P, P7) <> /midiye (Ph,P5Y)
j=1

Proof. Firstly, we observe that



s 65.85) = [2 | (Vi ~ ) o]
_ [zf(pf(z)erg(z)_Q\/m) dz} o

Secondly, we use Cauchy-Schwartz inequality to obtain

K K )
THCTHORS DILTACE RPN

K
S /ph s 2)

Y

Therefore,we arrive at

_ 1/2
di/z (PgT,P_Z) < 2/ iﬂ-Jpg +Z7ij _QZWJ \/pg ( ) | d=
- o
= iﬂﬂ/ (pg( )+ 5 (= )—2\/p§(2)p§’j(2)> dz
=1
-y 2 [ (i) 456 - 2 e )) ] -
j=1
K
= ;\/Fjdlﬂ (Pg ’Pg’J)

Now we are ready to prove the bound which motivate compressed DI representation.
Theorem 5. (Theorem 3 in the main paper) Consider mixture of source domains D™

ZK : D% and target domain DT. Let { be any loss function upper-bounded by a positive constant
L. For any hypothesis f X — YA where f ho gwithg: X — Z and h:Z v Ya, the target

loss on input space is upper bounded

[Ap' (yl) 1]

( ) Zm ( DS'L>+L{2[&I§]EPSJ[

27 ;
+ ZZ ! d1/2 (PgT,P;q’Z) +diy2 (]Pg 7P§’j))

=1 j=1

Proof. In the previous Theorem 3] the upper bound for target loss is

c(f,DT) < Zm f, D% + L max Epe. (1A' (y|2)l1] + Lv2d, )5 (PL,PT).
€IK]

Using Lemmafd] we have

3)



K
2 (P P5) <Y /ydiye (Py,P5Y)

j=1
Next, we use the triangle inequality for square root Hellinger distance
K
dija (Bg . Pg) < ) /iy (PY.PGY)

j—l

Z Vi (diy2 (By By + duja (B, BGY))

Therefore, by average over all }P’T }P’S i pairs,

K K K \/ﬂ_—j ) ) )
dija (P Z} 1z (B B7) < 35 Y (duje (BT BS) + dujo (B, P5Y)

We obtain the conclusion of our proof

£(70") < Zm (£:057) + L max Bpe [|AP 01o)]1]

27 ) )
+ZZ 2 (dujo (BT, P5Y) + dy o (P, BE))

=1 j=1

2 Appendix B: DI Representation’s Characteristics

2.1 General Domain-Invariant Representations

In the main paper, we defined general DI representation via minimization of source loss
mingeg ming, .,/ Zszl i L (iz, h37, ]P’g ’) We then proposed to view the optimization problem
ming o, Zfil L (E, h, ]P’f’i) as calculating a type of divergence, i.e., hypothesis-aware diver-

gence. To understand the connection between the two, we first consider the classification problem

where samples are drawn from a mixture z ~ Q% = ZLC:1 @;Q;, with Q; defined on Z and density
being ¢; (z), and the task is to predict which distributions Qj, ..., Q¢ the samples originate from,
i.e., labels being 1, ..., C. Here, the hypothesis class # is assumed to have infinite capacity, and the

objective is to minimize miny,_,, E&l:c (iz) = minj, 4, ZZC:l o L (;L, @i).

2.1.1 Hypothesis-Aware Divergence

Theorem 6. (Theorem 5 in the main paper) Assuming the hypothesis class H has infinite capacity,
we define the hypothesis-aware divergence for multiple distributions as

D* (@, Qe) = —min £, . ( ) + nf (Zz 8,9 ) . @)

This divergence is a proper divergence among Qy, ..., Q¢ in the sense that D (Qy, ...,Q¢) > 0 for
all Qq,...,Qc and o € Y, and D* (Q1,...,Qc) =0if Q1 = ... = Qc.



Proof. Data is sampled from the mixture Q® by firstly sampling domain index ¢ ~ Cat («), then
sampling data z ~ QQ; and label with . We examine the the total expected loss for any hypothesis
h € ‘H, which is

We would like to minimize this loss, which leads to

212713/.:@1 . (ﬁ) = Zrélgz:at/l (fz (2) ,i) qi (2)dz
O Zrél"g/ (Z a;l (iL ,z) ;]; ((ZZ))> q (2)dz
2 [ win (zaz (h2).7)

_ . g (2)
_/Bne%)ri (Zm (8,17) (z)) q* (z)dz

(&)

(3)
< Brg}nA (/;Oﬁl (B,7) qi (2) dz)

For (1), ¢* (2) = Zil a;q; (z) is introduced as the density of the mixture, whereas for (2), we
use the fact that # has infinite capacity, leading to the equality min;,_,, [ f ( x)) (z)dx =

Jming, ., f (iL (x)) (z) dz. Moreover, for (3), the property of concave function ¢ (t) =
mingeys (S0 ail (8,9)t:) with ¢ € Y s invoked, i.e., Exng [0 (£ (2))] < 6 (Eang [t (2)]).

This hints us to define a non-zero divergence D between multiple distributions Q1 ..., Q¢ as

Do (Qh...,Qc):—Hmei?I{lE&l:C( )+ inf (Zz 8,4) )

o (BB ) e g (Sl

which is a proper f-divergence, since —¢ (¢) is a convex function, and infgcy, (ZZ 11(8,7) o )

just a constant. Moreover, D (Q1, ...,Q¢) > 0 forall Qy, ..., Q¢ and a € YA due to the previous
inequality [5] The equality happens if there is some 3y € Y such that, forall z € Z

Bo = argmin Zaz (8,1)

BEYA =1 a(z)



This means £
q

to

((ZZ)) = A;,Vi € [C], where A; is a constant dependent on index 7. However, this leads

/%wwzm/f@w

1= 4

ie., ¢ (2) = ¢* (2),Vi € [C]. In other words, the equality happens when all distributions are the
same Q1 = ... = Q¢. O

2.1.2 General Domain-Invariant Representations

For a fixed feature map g, the induced representation distributions of source domains are ]P’g . We

then find the optimal hypothesis ﬁ; on the induced representation distributions ]P’g ** by minimizing
the loss

min i miL (b 59, PE) = ming oy, gmﬁ (D5 (©6)

hen =

The general domain-invariant feature map g* is defined as the one that offers the minimal optimal
loss as

K K

o . . 7 S”‘ L o . ES ) 2 S"
g* = arg rgnelg 2122 2 L (h, h>", IP’;) = argmin e gmin;, ,, ; L (h,]D)g z), @)

We denote IP’;”VC as the class c conditional distribution of the source domain ¢ on the latent space and
pZ*i’C as its density function. The induced representation distribution IP";]g * of source domain i is a
mixture of Pg’i’c as Pg’i = chzl yiycP;’i’c,where Yie =P (y = c).

CNC. K 7ivic S,%,C _ K o . .
We further define Q3¢ := 3 ;7 = 5<PP* where ac =}, 7;7;j,c. Obviously, we can interpret

Q;vc as the mixture of the class ¢ conditional distributions of the source domains on the latent

space. The objective function in Eq. (EI) can be viewed as training the optimal hypothesis heHto
distinguish the samples from Q;, ¢ € [C] for a given feature map g. Therefore, by linking to the
multi-divergence concept developed in Theorem [6] we achieve the following theorem.

Theorem 7. (Theorem 6 in the main paper) Assume that H has infinite capacity, we have the
following statements.

1. D*(Q5*,..,Q5°) = —minj,, Zfil m L (ﬁ,hs’i,]P’?i) + const, where a = [ac]c(c is
defined as above.

2. Finding the general domain-invariant feature map g* via the OP in ([7) is equivalent to solving

g* = argmax D* (Q3', .. (@;’C) . (8)

g
geG

Proof. We investigate the loss on mixture

M=

FYi,cE (}Ala ) Pg,i,c)
K v
]AI,C, {J 170P5,i,c

h,ec, Q?’C)

U

e

K A . .
Somic (i nS P =
=1

N
I
-
5
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M 1M 1
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Therefore, the loss on mixture is actually a loss on joint class-conditional distributions ngc =

Doiet %ng“c. Using result from Theorem @ we can define a divergence between these class-

conditionals

C C
D (@, @) = ~min 3~ acl (h,QF°) + min (Z £(8,3) ae)
c=1 c=1

K
= — Z L (ﬁ, nSe, Pf’i) + const
i=1

2.2 Compressed Domain-Invariant Representations

Theorem 8. (Theorem 7 in the main paper) For any confident level § € [0, 1] over the choice of S,
the estimation of loss is in the e-range of the true loss

Pr (‘,c () - £ (h,D7)

where e = ¢ (§) = (?) 1/2 is a function of d for which A is proportional to

1 KK Vi P K . I K K e 2
L (S5 e () 255 vm o [ ] )+ 5555 r529)

i=1 j=1

<e)z1-4,

Proof. Let S be a sample of N data points (z,y) ~ Dy sampled from the mixture domain, i.e.,

ie., i ~ Cat(r),z ~ P, and labeling with corresponding y ~ Cat (ﬁs’i (z)) The loss of a
hypothesis h on a sample (z,y) = <z, fALSV"(z)) for some domain index i is £ (ﬁ (z),hS57 (z)) To

avoid crowded notation, we denote this loss as ¢% () := ¢ (ﬁ (z),hS57 (z))

Let N = Zfil N;, where each NN; is the number of sample drawn from domain . The estimation of
loss on a particular domain ¢ is

c (h, Sl) -y RAACHE
j=1
This estimation is unbiased estimation, i.e., ]ESiN(Dg,i)Ni {L‘ (h,Si)} = ]Ezwﬂ,,g,i [Ei (z)] =

L (h, Dqs Z) Furthermore, loss estimation on source mixture is

This estimation is also an unbiased estimation
5oy [6(15)] 0 [ [0 1]

K
:;mﬁ (h.D5*) = £ (h,D]) .

Therefore, we can bound the concentration of £ (ﬁ, S) around its mean value £ (iu Dg) using
Chebyshev’s inequality

Pr (‘c () - £ (h,D7)




which is equivalent to

2 (h.8) - (hD7)

The variance of £ (71, S) is

Varg_ v [£ (e5)] @ ;Var(z’y)wpg [t (), )]

@1 _K i (Var g [6 )] + Bz [0 0)%) = (gempens [£

>
—~
N
~
<
~——
[E——"
N—
[ V)

< — Zm <Varz~p5z (¢ ()] + £ (ﬁ’D?i)2>
<N§: m;Var,_ Ps@ +<Zﬁ£( DSZ))

©))

W is true since £ (h, S) is the sum of N i.i.d. random variable ¢ (h(z), y) with (z,y) sampled from
the same distribution D. In (2), the variance of w.r.t. a distribution mixture is related to mean

and variance of constituting distribution, i.e., Vars: ., [X] = >, ™ (Var]pi [X]+ Ep, [X ]2) —
EZZ Py [X]2
We reuse the result of in Theorem substituting ]D)g = D;?’i, D7 = ]D)*ggvj to obtain

L (h, Dj’i) <r (f, ID)S=j) + LEps.i [| Ap™ (yla) 1] + LV2 dy o (B, PSY)

1 & . Z_ o
<5 20 (£(10%) + L s Bosn [ ] + 2B (B4 25 ).

Therefore, the right hand side of ]is upper by A, where A is

K
A= L ZmVarZNPg,i [Zi (z)]

1 (ST (s = ki L x~v Syi mS,J ’
A0 Kc(f,D )+L;\/?i,§gg§]Epsw [HAP (y\w)Hl]ﬂLE;;mduz(% ,Pg) :

This concludes our proof, where the concentration inequality is
. - A
Pr|c(hs) - (hDf)|<\/5)=1-4

3 Appendix C: Trade-Off in Learning DI Representations

Lemma 9. Given a labeling function f : X — YA and a hypothesis f : X — YA, let denote P{, and
]P{, as two label marginal distributions induced by f and f on the data distribution P. Particularly,

11



to sample y ~ P!, we first sample x ~ P (i.e., P is the data distribution with the density function p)
and then sample y ~ Cat (f (x)), while similar to sample y ~ ]P’g,. We then have

; . 1/2
d1/2 (P§}7P§J) S‘C(fafap) )
where the loss L is defined based on the Hellinger loss { (f (z),f (x)) = D)5 (f (z), f (x)) =

250, [VF ) - VT "

Proof. We have

D (4,8) =23 (0 - V)

1)
where we note that in the derivation in <, we use Cauchy-SchwarZ inequality:

[ f@iyp(@)de [ f(z,i)p dm><fm )

Therefore, we reach the conclusion as

dy o (nmg,p{,) <L (f, f, ]P’)l/2.
O

Lemma 10. Consider the hypothesis f =ho g. We have the following inequalities w.r.t. the source
and target domains:

. . 1/2
(i) di /2 (]P’g, IP’£> <L (h og, fT, IP’T) , where ]P’§ is the label marginal distribution induced by
fT on PT, while I@’g is the label marginal distribution induced by f on PT.

.. - K 5 si osi\]1Y2 K S . S
(ii) dy 2 (IP@,H@) < [Zi:l L (h og, f>", P l)] , where P, .= 3 .0 m Py with Py to
be induced by f°° on P and lf’§ = Zfil mﬁ”i’i with ]f”agjito be induced by f on P51 (ie.,
equivalently, the label marginal distribution induced by f on P™ := Zfil mPSe),

Proof. (1) The proof of this part is obvious from Lemma@by considering f7 as f and P as P.

12



(i) By the convexity of Dy 2, which is a member of f-divergence family, we have

K K K
T T S, 5,1 Syt S,
D1/2 <Py,]P)y> = D1/2 (Z 71'1']P)y ’Zﬂ—i]P)y ) § Zﬂ—iDl/2 (]P)y ,Py )
=1 i=1 i=1
) K . e
< Z £ (hog, f5P57)

1)
where the derivation in < is from Lemma|9l Therefore, we reach the conclusion as

K 1/2
dijz (P5,P5) < [Z miL (ﬁog,fs’i,PS’i)] .
i=1
0

Theorem 11. (Theorem 8 in the main paper) Consider a feature extractor g and a hypothesis h, the
Hellinger distance between two label marginal distributions IPY, and IP’§ can be upper-bounded as:

R 1/2 . 1/2
(i) dijs (P, P5) < [0S, mel (ho g, s34, PS8) | dy o (BT, P7) + £ (Rog, 7,7

(i) dyjo (B5.B5) < [2, me (hog £54.p54) ] 1+ £K 5K S0, (B35 BSY) +
= . 1/2

ST s (7 85) + £ (b 7).

Here we note that the general loss L is defined based on the Hellinger loss { defined as

(@) 1@) = Diga (F @), £(@)),

Proof. (1)We define P, I@’@ and ]P’;, 1@5 as in Lemma Recap that to sample y ~ PT, we sample
k ~ Cat(m),x ~ P9F (ie, x ~ P™ := Zszl mPHF), compute 2 = g () (i.e., 2z ~ P7), and
y ~ Cat (ﬁ (z)), while similar to draw y ~ PT,.

Using triangle inequality for Hellinger distance, we have

dy /3 (P5, Py) < dijo (P&f%) +dij (PW@JT;) +dijs (1@’5’]?5)

Referring to Lemma[I0] we achieve

1/2
N 1/2
T T T T
+dy o (Py,]P’y>+£(hog,f P ) :

K
d1/2 ( $7P£) < lz miLl (5097]”5@7]}»5,2')
i—1

From the monotonicity of Hellinger distance, when applying to IP’T and P7 with the same transition
probability p (y = i | z) = h(z, ) for obtaining P and IP’ , we have

dij2 (I%,IP@) <dy (P5,PT).

Finally, we reach the conclusion as

1/2 ) o
+dyjs (PT,PT) + L (hOg,fT,IF’T>

g’"g

dy o (P5,P3) < lzm (ﬁog, fs,ws,i)

13



(ii) From Lemmaf] we can decompose the data shift term and use triangle inequality again, hence
arriving at

1/2
. . 1/2
+ > iy (B PY) + £ (e g, 7, PT)

K
Jj=1
K

F30D Y (o (BT BS) + s (B, B59))

di/z (P3,P5) < lZW (ﬁog’fs”',Ps’i)

1/2

i=1 j=1

K
(3 S,i S,
;mﬁ(hog,f P5)

iy (1} og, fT,IPT)W .

This concludes our proof. O

The loss £ in Theorem |11|defined based on the Hellinger loss ¢ defined as ¢ (f (x), f(x)) =

Dy /s ( f),f (a:)), while theory development in previous sections bases on the loss ¢ which has
the specific form

z(f ) Zl( ) (,9). (10)

To make it more consistent, we discuss under which condition the Hellinger loss is in the family
defined in (10). It is evident that if the labeling function f satisfying f (z,7) > 0,Vz ~ PP and
1 € [C], for example, we apply label smoothing [10} [9] on ground-truth labels, the Hellinger loss is
in the family of interest. That is because the following derivation:

Dip (F ). )—zz[m \/T}

C
= f i) x,i
—2; e Y @D,

__ 2
where we consider [ (f (x) ,i) = { % _ 1] .

4 Appendix D: Additional Experiments

4.1 Experiment on Colored MNIST
4.1.1 Dataset

We conduct experiments on the colored MNIST dataset [[1] whose data is generated as follow. Firstly,
for any original image X in the MNIST dataset [7]], the value of digit feature is Z; = 0 if the
image’s digit is from 0 — 4, while Z; = 1 is assigned to image with digit from 5 — 9. Next,
the ground-truth label for the image X is also binary and sampled from either P(Y|Z; = 1) or
P(Y|Z4 = 0), depending on the value of digit feature Z,. These binomial distributions are such that
P(Y =1|Z4=1) =P(Y = 0]|Z4 = 0) = 0.75. Next, the color feature binary random variable Z,
is assigned to each image conditioning on its label, i.e., zo ~ P(Z¢|Y = 1) or z. ~ P(Z¢]Y = 0)
with P(Z, = 1Y = 1) = P(Z. = 0]Y = 0) = 6, depending on the domain. Finally, we color the
image red if Z. = O or green if Z, = 1.

For both DG and MSDA experiments, there are 7 source domains generated by setting P(Z, =

1Y = 1) = P(Z. = 0)Y = 0) = 6% where 6% ~ Uni([0.6,1]) fori = 1,...,7. In our
actual 1mplemetat10n we take 6% = 0.6 + 0 1 (i —1). The two target domains are created with
67" € {0.05,0.7} for i = 1, 2. After domain creat10n data from each domain is split into training

14
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Figure 1: Images in Colored MNIST dataset are “colored” according to color feature Z¢. If Z¢o = 0,
channel 0 is kept while channel 1 contains all 0, corresponding to red images. Similarly, Z¢ =1
means channel 1 is kept intact while channel 0 is zero-out, represented by green images.

set and validation set. For DG experiment, no data from the target domain is used in training. On the
other hand, the same train-validation split is applied to target domains in MSDA and the unlabeled
training splits are used for training, while the validation splits are used for testing.

4.1.2 Model

We train a hypothesis f =ho ¢ and minimize the classification loss w.r.t. entire source data

TN )
‘Cgen = Z NiéE(:z:,y)Nsti |:CE (h (g (.%‘)) ) y):| s
=1

where CE is the cross-entropy loss, IV; is the number of samples from domain ¢, and Ngis the total
number of source samples.

To align source-source representation distribution, we apply adversarial learning [4]] as in [3], in

which a min-max game is played, where the domain discriminator h*~? tries to predict domain
labels from input representations, while the feature extractor (generator) g tries to fool the domain

discriminator, i.e., ming, max;j,_. E;Z_:C The source-source compression loss is defined as

N )
Lin=3 o Eonpss [_CE (1og W (g (2) z)] :
=1

where 7 is the domain label. It is well-known [4] that if we search h*=%in a family with infinite
capacity then

sS—s __ S,1 S,7
Ig{fi)siﬂdisc =JS (}P’g g P ) .

Similarly, alignment between source and target feature distribution is enforced by employing ad-

versarial learning between another discriminator h*~* and the encoder g, with the objective is

ming maxj. . E(};tc The loss function for source-target compression is

N,

A N- A
S.—t =% R e l—1 s—t 7T]E —1 1— s—t
Line = N g Bems [0 b (9 ()| 4 5 i B [~ o (1= 207 (9 (@)

where P™% = 23:1 %PS 7 is the source mixture and P” is the chosen target domain among the

two.

Finally, for DG we optimize the objective

min (mjn Lgen + )\maxﬂss) , (11)
h hs—

g i disc

15



(3,0)
(3,20)
(3, 40)
—— (15,0) +— (0,0)
—— (15, 20) (3,0
—— (15, 40) 0.66 (15,0

—— (1,0)

= (1,20) 0.72 P N W\/\/

—— (140 Y AN A ke
44 VAR

Accuracy
Accuracy
°
3
3

&
)
Accuracy

3,0
(3, 20)
+— (3, 40)

5000 10000 15000 20000 25000 30000 35000 5000 10000 15000 20000 25000 5000 10000 15000 20000 25000
Iteration Iteration Iteration

(a) Distant target domain # = 0.05 (b) Close target domain # = 0.7, (c) Close target domain § = 0.7,
only A\*~* changes only A\*”° changes

Figure 2: Accuracy on distant and close target domains, where tuples (A*~%, A\*~*) indicate strength
of source-target compression and source-source compression, respectively.
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Figure 3: Domain generalization on PACS with different compression strength. On both domain,
a slight compression is beneficial which increases accuracy, in-line with possible benefit of com-
pressed DI representation. However, larger compression deteriorates performance, which confirm our
discussion using trade-off bound.

where ) being the trade-off hyperparameter: A = 0 corresponds to DG’s general DI representation,
while larger A corresponds to more compressed DI representation. On the other hand, the objective
for MSDA setting is

. . — t t
min (m};n Lgon + A7 max L2,7 + A~ r;laxziom) , (12)

with A\*~% controls the source-source compression and A*~! controls the source-target compression.

Our implementation is based largely on Domain Bed repository [5]. Specifically, the encoder g is
a convolutional neural network with 4 cnn layers, each is accompanled by RELU activation and
batchnorm, while the classifier 4 and discriminators /5=, h*~* are densely connected multi-layer
perceptions with 3 layers. Our code can be found in the zip file accompanying this appendix.
Moreover, our experiments were run on one Tesla V100 GPU and it took around 30 minutes for one
training on Colored MNIST.

4.1.3 Multiple-source Domain Adaptation

In additional to DG experiment provided in Section 3 in the main paper, further experiment is
conducted on MSDA, in which source-target compression is applied in additional to source-source
compression. Specifically, unlabeled data from a target domain is supplied for training, whose label
is 1 while all labeled source data has label 0, and the source-target discriminator is tasked with
classifying them. We experiment with 2 target domains 67+ € {0.5,0.7} separately and report
accuracy on target domain for different compression strength. The result is presented in Figure 2}

It is evident from the figure that the more compression on both source-source and source-target
representation, the lower the accuracy. This result aligns with our previous bound (Theorem 8 in
main paper), i.e.,
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K K K
iy (P5,P5) =D ;jdw (PT P57 Z:Zfdl/g (PS4, PS9)

=1 j=1

[

When source source and  source- target compression is  applied, the term
ZZ 1 Z d1/2 (PT, IP’S’i) + 27 1 Z d1/2 (]P’Sz ]P’S’J) is minimized, raising
the lower bound of the loss terms. Subsequently, as source loss Z ML (iz og, o1, ]P’S’i> is

1/2

(hog £ }P’S’) +£(hog,fT,nT)1/2.

||Mx

minimized, the target loss £ (h og, T, ]P’T) is high and hence performance is hindered.

However, the drop in accuracy for large compression on close target domain is not as significant as
in distant target domain, as indicated in Figure 2b]and 2] In fact, accuracy for some compressed
representation is higher than no compressed representation at larget iteration. It is possible that
the negative effect of raising lower bound as in trade-off Theorem is counteracted by the benefit of
compressed DI representation (Section 2.3.3 of main paper), i.e., the learned classifier for compressed
DI representation better approximates the ground-truth labeling function. On the other hand, model
with general DI representation cannot approximate this ground-truth labeling function as accurately,
but overfit to training dataset, resulting in target accuracy drop at larger iteration.

4.2 Experiment on PACS dataset

In order to verify our theoretical finding on real dataset, we conduct further experiment on PACS
dataset [8], which has 4 domains: Photo, Art Painting, Cartoon, and Sketch. Among the 4 domains,
Photo and Cartoon are chosen as training domains, while Art Painting is chosen as target domain
close to the training ones, and Sketch is the target domain distant from the training ones. We use
Resnet18 [6] as the feature map, while label classifier and domain discriminator are multi-layer
perceptrons. We only investigate DG setting on this dataset, in which training objective function
is Eq. [[1] The result in Figure [3]illustrates similar pattern to DG experiment on Colored MNIST.
Specifically, the accuracies for both target domains raise until a peak is reached and then decrease,
which confirms our developed theory for benefit and trade-off of compressed DI representation.
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