
A Theoretical results443

Quantity Description Introduced in

A P Rdˆd,m P Rd Multivariate Ornstein-Uhlenbeck drift parameters Eq. (1)
D “ 1

2ωω
J Multivariate Ornstein-Uhlenbeck diffusivity Eq. (1)

P Schrödinger bridge path measure Section 2.1
Q Reference process path measure Section 2.1
µx0

t ,!t Unconditional mean and covariance of mvOU process started at x0 Section 3.1
pt|px0,xT q Conditional density of mvOU bridge Section 3.1
ct|px0,xT q mvOU bridge control between px0,xT q Section 3.1
µt|px0,xT q,!t|px0,xT q “ ”t Conditional mean and covariance of mvOU bridge Section 3.1
”st Conditional covariance process of mvOU bridge Section 3.1
ut|px0,xT q, st|px0,xT q Conditional probability flow and score field of mvOU bridge Section 3.1
N pa,Aq,N pb,Bq Initial and terminal mvOU-GSB marginals Section 3.2
N pa,Aq,N pb,Bq Transformed mvOU-GSB marginals Section 3.2
C Cross-covariance of entropic transport plan Section 3.2
At,Bt, ct Key quantities for the mvOU-GSB Section 3.2
εt mvOU-GSB mean process Section 3.2
#t,#st mvOU-GSB variance and covariance process Section 3.2
SJ

t #
´1
t SDE drift matrix of mvOU-GSB Section 3.2.

Table 3: Glossary of some key notations and quantities used in the statements of our theoretical
results.

A.1 Some calculations on multivariate Ornstein-Uhlenbeck processes444

For convenience, we first collect some results about multivariate Ornstein-Uhlenbeck processes of445

the form (1), a detailed discussion of mvOU processes can be found in e.g. [50]. For a time-invariant446

process with drift matrix A and diffusion ω, we have that447

pXt|X0 “ x0q „ N pµt,!tq,
where448

µt “ e
tAx0, !t “

! t

0
e

pt´ωqAωωJ
e

pt´ωqAJ
dω. (20)

If X0 „ N pµ0,!0q and writing X0t “ X0 ‘ Xt, some tedious but straightforward applications of449

conditional expectations and the tower property reveal that450

X0t „ N pµ0t,!0tq, µ0t “ µ0 ‘ e
tAµ0, !0t “

„
!0 !0e

tAJ

e
tA!0 !t ` e

tA!0e
tAJ

"
. (21)

More generally, for a process dXt “ pAXt ` bqdt ` ωdBt, one has:451

µt “ e
tAx0 ` petA ´ IqpA´1bq, !t “

! t

0
e

pt´sqAωωJ
e

pt´sqAJ
ds. (22)

The expressions for the covariance of the mvOU process can be obtained from the fact that the452

covariance evolves following a Lyapunov equation. For the case of constant coefficients, we state the453

following result.454

Lyapunov equation solution It is easy to verify that 9Gt “ AGt ` GtAJ ` Qt has solution455

Gt “
! t

0
e

pt´sqAQse
pt´sqAJ

ds.

A.2 Bridges of multivariate Ornstein-Uhlenbeck processes456

This problem has been studied by Chen et al. in [8], however the material therein is geared towards a457

control audience and considers a more general case where all coefficients are time-dependent. We458

will re-derive the results that we will need for processes of the form (1). Additionally, while in459

practice we typically use ω “ εI, we state some results in the general setting of non-isotropic noise.460
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Derivation of the dynamical OU-bridge (Theorem 1) Consider a mvOU process461

dXt “ pAXt ` bq dt ` ω dBt. (23)

Now form the controlled version pinned at p0,x0q and pT,xT q, where utpXtq is an additional force462

arising from the conditioning of the process at an endpoint:463

dXt “ pAXt ` b ` utpXtqq dt ` ω dBt. (24)

The main result that we need is that utpxq is itself a linear time-dependent field whose coefficients464

are independent of px0,xT q. In the above we consider the simplest case of classical optimal control,465

where the control is directly added to the system drift and there is no unobserved system.466

Consider the system started at p0,x0q and pinned to pT,xT q. For now, we make all statements for467

time-dependent coefficients and the diffusion is non-isotropic. We then form the Lagrangian:468

min
u

E
#! T

0
}ut}2dt ` sup

ε
ϑ}XT ´ xT }2

+
“ sup

ε
min
u

E
#! T

0
}ut}2dt ` ϑ}XT ´ xT }2

+

Fixing some ϑ ! 0, the resulting problem is known as a linear-quadratic-Gaussian problem [27] in469

the control literature:470

min
u

E
#
1

2

! T

0
}ut}2dt ` ϑ

2
}XT ´ xT }2

+
, (25)

for which we can write a HJB equation:471

0 “ BtVtpxq ` min
u

"
rAtrVtspx,utpxqq ` 1

2
}utpxq}2

*
, (26)

subject to the terminal boundary condition VT pxq “ ε
2 }x´xT }2, and the operators rA,A are defined472

as473

rAtrf s “ xAtx ` bt ` ut,→xfy ` 1

2
→x ¨ pωtω

J
t →xfq, (27)

Atrf s “ xAtx ` bt,→xfy ` 1

2
→x ¨ pωtω

J
t →xfq, (28)

these are the generators of the controlled (24) and uncontrolled (23) SDEs respectively. Substituting474

all these in, we find that the HJBE is475

0 “ BtVtpxq ` AtrVtspxq ` min
u

„
xut,→xVty ` 1

2
}ut}2

"
. (29)

It follows from the first order condition on the “inner” problem that ut “ ´→xVt, so476

0 “ BtVtpxq ` AtrVtspxq ´ 1

2
}→xVtpxq}2. (30)

Use an ansatz that the value function is quadratic:477

Vtpxq “ 1

2
xJMtx ` cJ

t x ` dt ùñ →xVtpxq “ Mtx ` ct. (31)

Then:478

AtrVts “ xJpAJ
t Mtqx ` xAJ

t ct ` Mtbt,xy ` xbt, cty ` 1

2
trpωtω

J
t Mtq. (32)

Now note that the quadratic form only depends on the symmetric part of the matrix, i.e.479

xJAJ
t Mtx “ 1

2
xJ `

AJ
t Mt ` MtAt

˘
x.

The HJBE is therefore480

0 “ 1

2
xJ 9Mtx ` 9cJ

t x ` 9dt

` 1

2
xJpAJ

t Mt ` MtAtqx ` pAJ
t ct ` MJ

t btqJx ` bJ
t ct ` 1

2
trpωtω

J
t Mtq

´ 1

2
pMtx ` ctqJpMtx ` ctq

(33)
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So481

0 “ 9Mt ` AJ
t Mt ` MtAt ´ M2

t , (34)

0 “ 9ct ` AJ
t ct ` Mtbt ´ Mtct. (35)

with the boundary condition MT “ ϑI and ct “ ´ϑxT .482

Let ”t “ M´1
t , so that 9”t “ ´M´1

t
9MtM

´1
t “ ´”t

9Mt”t. Substituting, we find that483

9”t “ ”tA
J
t ` At”t ´ I. (36)

Actually we can rewrite the value function in a different way, which is more convenient for us:484

Vtpxq “ 1

2
px ´ ktqJMtpx ´ ktq ` const

in which case ct “ ´Mtkt, and so we have kT “ xT . The corresponding ODE for kt is485

9kt “ Atkt ` bt. (37)

Let us now specialise to the case of time-invariant coefficients, which allows us to write down explicit486

expressions for the solutions:487

9kt “ Akt ` b ùñ kt “ e
´pT´tqApxT ` A´1bq ´ A´1b. (38)

Rewriting the SDE drift to have the form Ax ` b “ Apx ´ mq we have that b “ ´Am ùñ488

A´1b “ ´m, when A is nonsingular. Then:489

kt “ e
´pT´tqApxT ´ mq ` m. (39)

Now we deal with the quadratic term ”t. Let Gω “ ”T´ω , so that BωGω “ ´ 9”T´ω . Then Gω490

satisfies491

BωGω “ ´GωA
J ´ AGω ` I, G0 “ 0. (40)

So492

Gω “
! ω

0
e

´pω´sqA
e

´pω´sqAJ
ds. (41)

Substituting back, we find that493

”t “
! T´t

0
e

´pT´t´sqA
e

´pT´t´sqAJ
ds “

! T´t

0
e

´sA
e

´sAJ
ds. (42)

The bridge control is therefore494

ut|px0,xT q “ ´”´1
t px ´ ktq (43)

For the general case of non-constant coefficients, we express them as solutions of ODEs with terminal495

boundary conditions.496

9kt “ Atkt ` bt, kT “ xT , (44)
9”t “ ”tA

J
t ` At”t ´ I, ”T “ 0. (45)

In practice, both of these equations can be approximately solved by numerical integration in time.497

Finally we remark here that the diffusion component does not play a role in the control, which is498

classical.499

“Static” Ornstein-Uhlenbeck bridge statistics (Theorem 2) As was studied by [8] for a more500

general scenario of time-varying processes, the mvOU process and its conditioned versions are501

Gaussian processes. Under these assumptions, pXs,Xtq has joint mean502

µs ‘ µt, (46)

and covariance503 „
#s #se

pt´sqAJ

e
pt´sqA#s #t

"
. (47)
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where #t is the covariance of the process started from a point mass at time t:504

#t “
! t

0
e

pt´sqAωωJ
e

pt´sqAJ
ds, #t “ #t´s ` e

pt´sqA#se
pt´sqAJ

. (48)

By taking the Schur complement, we have that Xs|Xt is distributed with variance505

VrXs|Xts “ #s ´ #se
pt´sqAJ

#´1
t e

pt´sqA#s (49)

and mean506

ErXs|Xts “ µs ` #se
pt´sqAJ

#´1
t pXt ´ µtq. (50)

More generally, we can consider the three-point correlation pXr,Xs,Xtq. Then the mean is507

µr ‘ µs ‘ µt and the covariance is508
»

–
#r #re

ps´rqAJ
#re

pt´rqAJ

¨ #s #se
pt´sqAJ

¨ ¨ #t

fi

fl (51)

Using the Schur complement again, we have that pXr,Xsq|Xt has covariance509

VrXr,Xs|Xts “ #re
ps´rqAJ ´ #re

pt´rqAJ
#´1

t e
pt´sqA#s. (52)

For the case of time-varying coefficients, we need to introduce the state transition matrix $ts [27]510

which describes the deterministic aspects of evolution between s " t under pAtqt. That is, for a511

dynamics 9xt “ Atxt one has xt “ $t,sxs and $pt, sq “ $pt, rq$pr, sq for t # r # s. In this512

case there is not an explicit expression for #t. Instead, let p#tqt be the unconditional variance513

evolutions for such a process started at t “ 0, obtained by solving514

9#t “ At#t ` #tA
J
t ` ωtω

J
t , #0 “ 0. (53)

Then the more general result from [8] for the covariance of pXr,Xs,Xrq is515
»

–
#r #r$J

sr #r$J
tr

$sr#r #s #s$J
ts

$tr#r $ts#s #t.

fi

fl (54)

From this result, the same Schur complement computation yields expressions for the conditional516

covariances and mean:517

VrXr,Xs|Xts “ #r$
J
sr ´ #r$

J
tr#

´1
t $ts#s, (55)

VrXs|Xts “ #s ´ #s$
J
ts#

´1
t $ts#s, (56)

ErXs|Xts “ µs ` #s$
J
ts#

´1
t pXt ´ µtq (57)

A.3 Simulation-free Schrödinger bridges with linear reference dynamics518

Having characterised the solution of the SBP for general reference processes and now that we have519

derived the score and flow for the Ornstein-Uhlenbeck bridge, the path is clear towards a simulation-520

free scheme for learning Schrödinger bridges where the reference dynamics are given by a linear521

SDE.522

For solution of the static SBP problem (18) (equivalently, (SBP-static)), the transition kernel of the523

reference dynamics is given by524

dQ0t

dx b dx
px0,xtq “ 1

Zt
exp

ˆ
´1

2
pxt ´ µx0

t qJ!´1
t pxt ´ µx0

t q
˙

dQ0

dx
px0q

ùñ ´ log

ˆ
dQ0t

dx b dx

˙
“ 1

2
pxt ´ µx0

t qJ!´1
t pxt ´ µx0

t q ` logZt ´ log

ˆ
dQ0

dx
px0q

˙
, (58)

where µx0
t denotes the mean at time t conditional on p0,x0q. Notably, the last two terms depend525

only on x0. It is a classical result (and very easy to show) that these kinds of terms do not affect the526

minimiser of (18) and so they are immaterial. The cost function to use is thus effectively527

Cpx0,xtq “ 1

2
pxt ´ µx0

t qJ!´1
t pxt ´ µx0

t q. (59)
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Once a solution ε of the static SBP is on hand, we want to utilise the stochastic regression objective528

on the conditional score and flow. Sampling px0,xtq from ε, recall that P px0,x1q “ Qpx0,x1q so we529

want to sample from the Q-bridge using (11), (12):530

t „ U r0, 1s, xpx0,x1q
t „ N pµt|px0,x1q,!t|px0,x1qq. (60)

Equations (9) and (12) give us the score and flow at xt.531

A.4 Characterisation of the Q-GSB (Theorem 3)532

We will construct the Q-GSB utilising its characterisation (2). Our approach is similar to that of533

[5] – we first obtain explicit formulae for the static Q-GSB (SBP-static) and then build towards the534

dynamical Q-GSB (SBP-dyn) by using the characterisation of Q-bridges.535

Static Q-GSB The standard Gaussian EOT problem has a well known solution [30, 20, 5, 21].536

Here we use the notations of [20] and define537

OTb
ϑ2pϖ,ϱq :“ min

ϖP!pϱ,ςq
1

2

!
}x ´ y}22 dςpx,yq ` ε

2 Hpς|ϖ b ϱq, (61)

where ε ! 0 is the regularisation level and ϖ “ N pa,Aq and ϱ “ N pb,Bq. The solution to (61) in538

the Gaussian case is given by [20, Theorem 1]539

OTb
ϑ2pϖ,ϱq “ 1

2
}a ´ b}22 ` 1

2
Bb
ϑ2 pA,Bq (62)

Bb
ϑ2pA,Bq “ trpAq ` trpBq ´ 2trpCq ` ε

2 log det

ˆ
1

ε2
C ` I

˙
, (63)

C “ A1{2
ˆ
A1{2BA1{2 ` ε

4

4
I

˙1{2
A´1{2 ´ ε

2

2
I. (64)

We are, of course, interested in a slightly different problem, namely, for φ0 “ N pa,Aq and540

φT “ N pb,Bq, we seek to solve minϖP!pφ0,φT q KLpς|Q0,T q. Expanding the definition of KL and541

simplifying, we get542

(SBP-static) “ min
ϖP!pφ0,φT q

!
dς log

ˆ
dς

dQ0,T

˙
(65)

“ min
ϖP!pφ0,φT q

´
!
dς log

ˆ
dQ0,T

dx0 b dxT

˙
` Hpς|φ0 b φT q ` Hpφ0|dx0q ` HpφT |dxT q

(66)

» min
ϖP!pφ0,φT q

´
!
dς log

ˆ
dQ0,T

dx0 b dxT

˙
` Hpς|φ0 b φT q (67)

» min
ϖP!pφ0,φT q

´
!
dςpx0, xT q log

ˆ
dQT |0pxT |x0q

dxT

˙
` Hpς|φ0 b φT q (68)

where by » we denote equality of the objective up to additive constants which do not affect the543

minimiser ς. We note that the last line is exactly (61) with ϖ,ϱ “ φ0, φT and ε “ 1 and a modified544

cost. Further, recognise dQT |0pxT |x0q{dxT as the Q-transition density, and QT |0 “ N pµx0
T ,!T q.545

Thus,546

(SBP-static) » min
ϖP!pφ0,φT q

1

2

!
pxT ´ µx0

T qJ!´1
T pxT ´ µx0

T q dςpx0,xT q ` Hpς|φ0 b φT q (69)

where we remind that µx0
t is the mean at time t conditional on starting at p0,x0q, and !t is the547

covariance at time t, started at a point mass, i.e. !0 “ 0.548

In particular, we have !t “ #t, using the notation of Theorem 2. Recall that in the case of constant549

coefficients, we have the following explicit expressions:550

µx0
t “ e

tApx0 ´ mq ` m, (70)

#t “
! t

0
e

pt´sqAωωJ
e

pt´sqAJ
ds. (71)
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Define the following changes of variable px0,xT q $Ñ px0,xT q, injective whenever !T is positive551

definite:552

x0 “ T0px0q “ !´1{2
T µx0

T ,

xT “ TT pxT q “ !´1{2
T xT

Let φ0 “ pT0q#φ0 and φT “ pTT q#φT , and ς “ pT0 ˆ TT q#ς and note that the relative entropy is553

invariant to this change of coordinates. So the problem (69) is equivalent to554

min
ϖP!pφ0,φT q

1

2

!
}xT ´ x0}22 dςpx0,xT q ` Hpς|φ0 b φT q. (72)

This is exactly OTb
ϑ2“1pφ0, φT q as per (61) with φ0 “ N pa,Aq and φT “ N pb,Bq. The transformed555

means and covariances are556

a “ !´1{2
T peTApa ´ mq ` mq

A “ !´1{2
T e

TAAe
TAJ

!´1{2
T

b “ !´1{2
T b

B “ !´1{2
T B!´1{2

T

We remark that for time-dependent coefficients our approach still applies, however computation of557

the transformation coefficients will be in terms of the general state transition matrix instead of matrix558

exponentials. In what follows, we focus on results for constant coefficients for simplicity and their559

practical relevance.560

The solution to (72) is therefore561

px0,xT q „ ς “ N

˜„
a
b

"
,

«
A C
CJ B

#¸
,

where C is the cross-covariance the transport plan, given by (64).562

Dynamic Q-GSB : marginals and covariance Let Xt|px0,xT q denote the Q-bridge pinned at563

px0,xT q. Then by Theorem 2,564

Xt|px0,xT q “ N pµt|px0,xT q,!t|px0,xT qq “ N pµt|px0,xT q,%tq.
Invoking the inverse mappings T´1

0 , T
´1
T and substituting the expression for µt|px0,xT q from 2, we565

get566

µt|pT´1
0 px0q,T´1

T pxT qq “
´
e

´pT´tqA ´ &t

¯
!1{2

Tlooooooooooooomooooooooooooon
At

x0 ` &t!
1{2
Tloomoon

Bt

xT `
´
I ´ e

´pT´tqA
¯
m

looooooooooomooooooooooon
ct

(73)

“ Atx0 ` BtxT ` ct. (74)

where &t “ #te
pT´tqAJ

#´1
T . For clarity, we state first a general formula:567

Lemma 1. Let pX0,X1q „ N
ˆ„

µ0

µ1

"
,

„
!00 !01

!10 !11

"˙
. Let568

YX0,X1 „ N pAX0 ` BX1 ` c,%q.
Then, ErY s “ Aµ0 `Bµ1 `c and VrY s “ %`A!00AJ `B!11BJ `A!01BJ `B!J

01A
J

.569

Application to (74) gives us the following formula for the variance of the bridge at time t:570

VrXts “ %t ` AtAAJ
t ` BtBBJ

t ` AtCBJ
t ` BtC

J
AJ

t “: ’t. (75)
Substituting and simplifying, we get the following expressions for each of the terms:571

AtAAJ
t “ pI ´ &te

pT´tqAqetAAe
tAJ pI ´ &te

pT´tqAqJ
, (76)

BtBBJ
t “ &tB&J

t , (77)

AtCBJ
t “ pe´pT´tqA ´ &tq!1{2

T C!1{2
T &J

t . (78)

18



Similarly, the mean can be computed as572

ErXts “ Ata ` Btb ` ct (79)

“
´
e

´pT´tqA ´ &t

¯
e
TApa ´ mq ` &tpb ´ mq ` m “: ϑt. (80)

To calculate the covariance of the SB process, we use again the disintegration property (2). We have573

from (52) for the Q-bridges and 0 " s " t " T :574

VrXs,Xt|X0,XT s “ #se
pt´sqAJ ´ #se

pT´sqAJ
#´1

T e
pT´tqA#t “: %s,t. (81)

Now,575

VrXs,Xts “ ErpXs ´ ϑsqpXt ´ ϑtqJs (82)

“ ErXsX
J
t s ´ ϑsϑ

J
t (83)

“ ErErXsX
J
t |X0,XT ss ´ ϑsϑ

J
t . (84)

and576

ErXsX
J
t |X0,XT s “ VrXs,Xt|X0,XT s ` µs|pX0,XT qµ

J
t|pX0,XT q, (85)

in which the first (variance) term doesn’t actually depend on pX0,XT q. So,577

ErXsX
J
t s “ %st ` EpX0,XT qrµs|pX0,XT qµ

J
t|pX0,XT qs. (86)

In fact let’s switch to the “mapped” coordinates X0,XT for the endpoints. We abuse notation and578

omit the inverse map in what follows. Then, from previously,579

µt|pX0,XT q “ AtX0 ` BtXT ` ct. (87)

Expanding, collecting and cancelling terms, we have that580

Erµs|pX0,XT qµ
J
t|pX0,XT qs ´ ϑsϑ

J
t “ AsVrX0sAJ

t ` AsVrX0,XT sBJ
t ` BsVrXT ,X0sAJ

t ` BsVrXT sBJ
t

(88)

“ AsAAJ
t ` AsCBJ

t ` BsC
J
AJ

t ` BsBBJ
t . (89)

Putting everything together, we get581

VrXs,Xts “ %st ` AsAAJ
t ` AsCBJ

t ` BsC
J
AJ

t ` BsBBJ
t “: ’s,t. (90)

Dynamic Q-GSB : SDE representation We proceed via the generator route also used by [5].582

Expanding the covariance (90), we find that583

VrXt,Xt`hs “ ’t,t`h “ %t,t`h ` AtAAJ
t`h ` AtCBJ

t`h ` BtC
J
AJ

t`h ` BtBBJ
t`h (91)

“ ’t ` h

!
pBt1%t,t1 qptq ` AtA 9A

J
t ` AtC 9B

J
t ` BtC

J 9A
J
t ` BtB 9B

J
t

)
` ...

(92)
“ ’t ` hSt ` ... (93)

where we have set the key quantity584

St “ pBt1%t,t1 qptq ` AtA 9A
J
t ` AtC 9B

J
t ` BtC

J 9A
J
t ` BtB 9B

J
t (94)

Now, pXt`h,Xtq are jointly Gaussian with mean and covariance585
„
ϑt`h

ϑt

"
,

„
’t`h ’t`h,t

’t,t`h ’t

"
. (95)

So586

ErXt`h|Xts “ ϑt`h ` ’J
t,t`h’

´1
t pXt ´ ϑtq (96)

“ Xt ` h
“

9ϑt ` SJ
t ’

´1
t pXt ´ ϑtq

‰
(97)

VrXt`h|Xts “ ’t`h ´ ’J
t,t`h’

´1
t ’t,t`h (98)

“ hp 9!t ´ pSt ` SJ
t qq. (99)

19



Let x $Ñ upxq be a twice differentiable test function. Then:587

E rupXt`hq|Xt “ xs “ E
«
upXtq ` pBxupXtqqJpXt`h ´ Xtq ` 1

2
pXt`h ´ XtqJpB2

xxupXtqqpXt`h ´ Xtq
ˇ̌
ˇ̌
ˇXt “ x

#

(100)

“ upxq ` hpBxupxqqJ `
9ϑt ` SJ

t ’
´1
t px ´ ϑtq

˘
` 1

2
E

«
pXt`h ´ XtqJpB2

xxupXtqqpXt`h ´ Xtq
ˇ̌
ˇ̌
ˇXt “ x

#

(101)

“ upxq ` hpBxupxqqJ `
9ϑt ` SJ

t ’
´1
t px ´ ϑtq

˘
` h

2
trrpB2

xxupxqqp 9’t ´ pSt ` SJ
t qqs ` ...

(102)

Subtracting upxq and taking the limit h Ñ 0, it is clear from the definition of the generator that the588

SDE drift is589

9ϑt ` SJ
t ’

´1
t px ´ ϑtq. (103)

This takes the same form as the equation found in [5], however our formulae for St allow us to apply590

it to any linear reference SDE, not necessarily ones with scalar drift. Additionally, we empirically591

verify that for asymmetric A the matrix St is asymmetric. This contrasts with the symmetric nature592

of the drift for the gradient-type setting.593

Now we want to work out what each of these terms are in practice. Effectively we need to compute594

9At, 9Bt and pBt1%t,t1 qptq:595

9At “ pAe
´pT´tqA ´ 9&tq!1{2

T , (104)
9Bt “ 9&t!

1{2
T , (105)

9&t “
´
e
tAωωJ

e
TAJ ´ #tA

J
e

pT´tqAJ ¯
#´1

T , (106)

pBt1%t,t1 qptq “ #t

”
AJ ´ e

pT´tqAJ
#´1

T e
pT´tqA

´
´A#t ` e

tAωωJ
e
tAJ ¯ı

. (107)

Remark on the case of time-varying coefficients In this case we can still assume without loss of596

generality that we still work on the time interval r0, T s, by shifting the time coordinate if necessary.597

Let $pt, sq be the state transition matrix associated with At and #t be the solution at time t to (53).598

Then we still have !T “ #T for the transition kernel covariance in the cost, i.e. the covariance599

started from a point mass. For the mean of the reference process started from x0, we have the600

generalised formula601

µtpx0q “ $pt, 0qx0 ´
! t

0
$pt, sqAsms ds, (108)

and we remark that its inverse µ´1
t always exists since $ is never singular:602

µ´1
t pyq “ $pt, 0q´1

ˆ
y `

! t

0
$pt, sqAsms ds

˙
. (109)

Then603

a “ !´1{2
T µa

T , (110)

A “ !´1{2
T $pt, 0qA$pt, 0qJ!´1{2

T , (111)

b “ !´1{2
T b, (112)

B “ !´1{2
T B!´1{2

T . (113)

Recall that the general expression for the Q-bridge conditioned on p0,x0q, pT,xT q is604

µt|px0,x1q “ µtpx0q ` #t$pT, tqJ#´1
T pxT ´ µT px0qq. (114)
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Letting x0 “ µ´1
T p!1{2

T x0q and xT “ !1{2
T xT and substituting the expression for µ´1

t we have605

µt|pT´1
0 px0q,T´1

T pxT qq “
`
$pt, T q ´ #t$pT, tqJ#´1

T

˘
!1{2

T x0

` #t$pT, tqJ#´1
T !1{2

T xT

`
! T

t
$pt, sqAsmsds.

(115)

Set &t “ #t$pT, tqJ#´1
T , then606

At “ p$pt, T q ´ &tq!1{2
T , (116)

Bt “ &t!
1{2
T , (117)

ct “
! T

t
$pt, sqAsmsds. (118)

Case: Brownian motion Let’s check this against the results of Bunne and Hsieh [5], who consider607

a class of reference processes608

dYt “ pctYt ` ϖtq dt ` gt dBt.

This corresponds to a special case of ours, where the drift is scalar-valued. Setting gt “ ↼,ϖt “ ct “609

0, their results give us the marginal parameters of the GSB connecting N pµ0,!0q and N pµ1,!1q.610

In what follows, using their results and notations of [5, Table 1], we have that rt “ t, rt “ 1 ´ t, ↽ “611

0,⇀pt, t1q “ ↼
2
t, φt “ t. Then:612

µt “ rtµ0 ` rtµ1 ` ↽ptq ´ rt↽p1q, (119)
“ p1 ´ tqµ0 ` tµ1, (120)

!t “ r
2
t!0 ` r

2
t!1 ` rtrtpCϑ ` CJ

ϑ q ` ⇀pt, t1qp1 ´ φtqI (121)

“ p1 ´ tq2!0 ` t
2!1 ` tp1 ´ tqpCϑ ` CJ

ϑ q ` ↼
2
tp1 ´ tqI. (122)

Let us compute the same quantities using our formulae. We set A “ 0,m “ 0 and T “ 1. Then,613

#t “ t↼
2I,&t “ tI,!1{2

T “ ↼I. Then,614

A “ ↼
´2A, B “ ↼

´2B.

Also from the underbraced expressions, we have615

At “ ↼p1 ´ tqI, Bt “ ↼tI.

Assembling our results, we get616

ErXts “ pI ´ &tqa ` &tb

“ p1 ´ tqa ` tb

VrXts “ %t ` AtAAJ
t ` BtBBJ

t ` AtCBJ
t ` BtCAJ

t

“ %t ` p1 ´ tq2A ` t
2B ` ↼

2
tp1 ´ tqpC ` CJq.

Now C is the transport plan obtained from the scaled input Gaussians, of variance A “ A{↼2
,B “617

B{↼2 (in the case of Brownian reference process, there is no linear mapping via the flow map). For618

the scaled measures, EOT is calculated with ⇁ “ ε
2 “ 1. It stands to reason that once we scale619

everything back, we should get C “ C{↼2. To verify this, recall that for the untransformed problem620

arg min
ϖP!pϱ,ςq

1

2

!
1

↼2
}x ´ y}2dς ` Hpς|ϖ b ϱq “ arg min

ϖP!pϱ,ςq
1

2

!
}x ´ y}2dς ` ↼

2 Hpς|ϖ b ϱq.

Then for the RHS problem, we have that621

C “ A1{2pA1{2BA1{2 ´ ↼
4

4
Iq1{2A´1{2 ´ ↼

2

2
I

“ ↼
2pA1{2pA1{2BA1{2 ` 1

4
Iq1{2A´1{2 ´ 1

2
Iq

“ ↼
2C.
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Also it is easy to verify that %t “ !t|px0,x1q “ ↼
2
tp1 ´ tqI. So,622

VrXts “ ↼
2
tp1 ´ tqI ` p1 ´ tq2A ` t

2B ` tp1 ´ tqpC ` CJq, (123)
where C is the EOT plan between the unscaled measures N pa,Aq, N pb,Bq with ⇁ “ ↼

2. This is623

exactly the same result as the one derived in [5].624

Case: Centered scalar OU process A “ ´ϑI,m “ 0 From [5, Table 1], we have that rt “625

sinhpϑtq{ sinhpϑq, rt “ sinhpϑtq cothpϑtq ´ sinhpϑtq cothpϑq, ↽ “ 0. The mean is then626

µt “ rtµ0 ` rtµ1. (124)
With ⇀pt, t1q “ ↼

2
e

´εt sinhpϑtq{ϑ and φt “ e
´εp1´tq sinhpϑtq{ sinhpϑq , the variance is627

!t “ r
2
t!0 ` rt!1 ` rtrtpCϑ‹ ` CJ

ϑ‹ q ` ⇀pt, tqp1 ´ φtqI, (125)

where ε
‹2 “ ↼

2 sinhpϑq{ϑ. For convenience, we will check things term by term and using Mathe-628

matica.629

Check first the mean. We have:630

#t “ ↼
2

ˆ
1 ´ e

´2εt

2ϑ

˙
I, &t “ e

´p1´tqε
ˆ
1 ´ e

´2εt

1 ´ e´2ε

˙
I (126)

Then, plugging into our formula,631

ErXts “ e
´εpep1´tqεI ´ &tqloooooooooomoooooooooon

“rt

a ` &tloomoon
“rt

b. (127)

Now the variance. We have that632

!1 “ ↼
2

ˆ
e

´ε sinhpϑq
ϑ

˙
I, (128)

A “ ϑe
´ε

↼2 sinhpϑqA “ ϖA, (129)

B “ ϑ

↼2e´ε sinhpϑqB “ ϱB, (130)

At “
´
e

p1´tqεI ´ &t

¯
!1{2

1 , (131)

Bt “ &t!
1{2
1 . (132)

From here it is straightforward to verify that633

AtAAJ
t “ r

2
tA, BtBBJ

t “ r
2
tB. (133)

Now note that634

C “ A1{2
ˆ
A1{2BA1{2 ` 1

4
I

˙1{2
A´1{2 ´ 1

2
I (134)

“
a
ϖϱ

«
A1{2

ˆ
A1{2BA1{2 ` pϖϱq´1

4
I

˙1{2
A´1{2 ´ pϖϱq´1{2

2
I

#
(135)

“
a
ϖϱC1{?

ϱς , (136)

where C1{?
ϱς denotes the EOT covariance for entropic regularisation level 1{?

ϖϱ. Then:635

AtCBJ
t ` BtC

J
AJ

t “ peεp1´tqI ´ &tq&t!1

a
ϖϱlooooooooooooooomooooooooooooooon

rtrt

pC1{?
ϱς ` CJ

1{?
ϱςq (137)

It is also easy to check that636

1?
ϖϱ

“ ↼
2 sinhpϑq

ϑ
.

Finally,637

%t “ !t|px0,x1q “ #tpI ´ e
´2εp1´tq#t#

´1
1 q “ ⇀pt, tqp1 ´ φtqI. (138)

We have verified that all the terms in the expression for the variance agree.638
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A.5 Proof of Theorem 4639

Proof. We follow the arguments of [48] with application to the generalised Schrödinger bridge – not640

much changes for Q as the reference and we reproduce in detail the arguments as follows. For the641

equality of gradients, it suffices to show this for the flow matching component of the loss, since the642

score matching component can be handled using the exact same arguments [48]. Let ut|px0,xT q be643

the conditional flow between px0,xT q and ut be the SB flow defined by644

utpxq “ Epx0,xT q„ϖ

„
pt|px0,xT qpxq

ptpxq ut|px0,xT qpxq
"
, ptpxq “ Epx0,xT q„ϖ pt|px0,xT qpxq.

Let u↼
t be the neural flow approximation with parameter θ. Assuming that ptpxq ! 0 for all pt,xq645

we then have:646

→↼Epx0,xT q„ϖEx„pt|px0,xT q }u↼
t pxq ´ ut|px0,xT qpxq}2 ´ →↼Ex„ptpxq}u↼

t pxq ´ utpxq}2 (139)

“ →↼Epx0,xT q„ϖEx„pt|px0,xT q

“
}u↼

t pxq}2 ` }ut|px0,xT qpxq}2 ´ 2xu↼
t pxq,ut|px0,xT qpxqy

‰
(140)

´ →↼Ex„ptpxq
“
}u↼

t pxq}2 ` }utpxq}2 ´ 2xu↼
t pxq,utpxqy

‰
(141)

“ 2→↼Epx0,xT q„ϖEx„pt|px0,xT q xu↼
t pxq,utpxqy ´ xu↼

t pxq,ut|px0,xT qpxqy, (142)
where in the last line terms not depending on θ are zero and we use the fact that647

Epx0,xT qEx|px0,xT qfpxq “ Exfpxq. Now, using the relation between ut and ut|px0,xT q,648

Ex„ptpxqxu↼
t pxq,utpxqy “

!
dptpxqxu↼

t pxq,utpxqy (143)

“
!
dptpxq

B
u↼
t pxq,

!
dςpx0,xT qpt|px0,xT qpxq

ptpxq ut|px0,xT qpxq
F

(144)

“
!
dςpx0,xT q

!
dx ptpxq

B
u↼
t pxq, pt|px0,xT qpxq

ptpxq ut|px0,xT qpxq
F

(145)

“
!
dςpx0,xT q

!
dpt|px0,xT qpxq

@
u↼
t pxq,ut|px0,xT qpxq

D
(146)

“ Epx0,xT q„ϖEx„pt|px0,xT q xu↼
t pxq,ut|px0,xT qpxqy. (147)

So we conclude that the two gradients are equal. Clearly, the unconditional loss can be rewritten over649

candidate flow and score fields pû, ŝq as650

pû, ŝq $Ñ }û ´ u}2L2pdptpxqdtq ` }ϑtpŝ ´ sq}2L2pdptpxqdtq,

where we denote by }htpxq}2L2pdptpxqdtq “ $1
0 dt

$
dptpxq}htpxq}2L2pRdq for a test function ht :651

r0, 1s ˆ Rd Ñ Rd. This loss is zero iff û “ u and ŝ “ s pdpt ˆ dtq-almost everywhere.652

Let P denote the law of the Schrödinger bridge as per (SBP-dyn) and write ptpxq “ Pt to mean its653

marginal at time t. Then in (2) and for Q a mvOU process (1), identifying:654

• dP‹
0T “ ς where ς is prescribed in Proposition 1, and655

• Qx0,xT
t “ pt|px0,xT qpxq where pt|px0,xT q is defined as in Theorem 2,656

substituting all these into (2) one has657

ptpxq “
!
dςpx0,xT qpt|px0,xT q.

Consequently, there exists utpxq such that Btptpxq “ ´→ ¨ pptpxqutpxqq. Writing stpxq “658

→x log ptpxq to be the score, recognising terms from the probability flow ODE, it follows that659

that the SDE660

dXt “ putpXtq ` DstpXtqqdt ` ωdBt (148)
generates the marginals ptpxq of the Schrödinger bridge. Since P is characterised as a mixture661

of Q-bridges, it follows that Xt defined by the SDE (148) generates the Markovization of P (see662

Appendix B of [48]). Moreover, P is the unique process that is both Markov and a mixture of663

Q-bridges [26, 42].664
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A.6 Additional background665

Hamilton-Jacobi-Bellman equation Consider the deterministic control problem on r0, T s:666

V0px0q “ min
u

! T

0
Cpxt, utq dt ` DpxT q. (149)

subject to a dynamics 9xt “ F pxt, utq. Vtpxq is the value function for the problem starting at pt, xq up667

to the final time T . The function xT $Ñ DpxT q specifies a cost on the final value. The corresponding668

Hamilton-Jacobi-Bellman (HJB) equation [22, Section 3.11] is669

BtVtpxq ` min
ut

tx→xVtpxq, F px, utpxqqy ` Cpx, utpxqqu “ 0, (150)

subject to the final boundary condition VT pxq “ Dpxq. A heuristic derivation is as follows. Consid-670

ering a time interval pt, t ` δtq and a path xt, it’s clear that671

Vtpxtq “ min
u

#! t`↽t

t
Cpxs, usqds ` Vt`↽tpxt`↽tq

+
. (151)

Using Taylor expansion and the constraint 9xt “ F pxt, utq we have to leading order that672

Vt`↽tpxt`↽tq “ Vtpxtq ` pBtVtpxtq ` x→xVtpxtq, F pxt, utqyq δt ` Opδt2q. (152)

Substituting back and also approximating the integral, we find that673

Vtpxtq “ min
u

Cpxt, utqδt ` Vtpxtq ` pBtVtpxtq ` x→xVtpxtq, F pxt, utqyq δt (153)

Cancelling terms, rearranging and taking a limit δt Ó 0, we get the desired result.674

Stochastic Hamilton-Jacobi-Bellman Now we consider the stochastic variant of the HJB, in which675

case Xt is driven by an SDE of the form676

dXt “ F pXt, utqdt ` εtdBt. (154)

The value function is thus in expectation:677

V0px0q “ min
u

E
#! T

0
CpXt, utqdt ` DpXT q

+
. (155)

Carrying out the same expansion as before, we have678

Vtpxtq “ min
u

E
#! t`↽t

t
CpXs, usqds ` Vt`↽tpXt`↽tq

+
. (156)

Note that in the above, pXt`↽t|Xt “ xtq is a random variable and hence so is Vt`↽tpXt`↽tq which is679

why it appears in the expectation. Using Ito’s formula, to expand this, we get680

Vt`↽tpXt`↽tq “ VtpXtq `
„

BtVtpXtq ` 1

2
→ ¨ pεtε

J
t →xVtpXtqq

"
dt ` x→xVtpXtq, dXty

“ VtpXtq `
„

BtVtpXtq ` 1

2
→ ¨ pεtε

J
t →xVtpXtqq ` x→xVtpXtq, F pXt, utqy

"
dt ` x→xVtpXtq,εtdBty.

Plugging this in, cancelling terms, and noting that the final term has zero expectation, we find that681

0 “ BtVtpXtq ` min
u

tArVtspXt, utq ` CpXt, utqu (157)

where A is the generator of the SDE governing Xt, i.e.682

Arf spx, uq “ xF px, uq,→xfpxqy ` 1

2
→ ¨ pεtε

J
t →xfq. (158)

The HJB equation for stochastic control problem is therefore683

0 “ BtVtpxq ` min
u

tArVtspx, utpxqq ` Cpx, utpxqqu , (159)

i.e. this is the same as the HJB for the deterministic case, except with a diffusive term arising from684

the stochasticity.685
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B Experiment details686

For (mvOU, BM)-OTFM and IPFP, all computations were carried out by CPU (8x Intel Xeon Gold687

6254). NLSB and SBIRR computations were accelerated using a single NVIDIA L40S GPU.688

B.1 Gaussian benchmarking689

We consider settings of dimension d P t2, 5, 10, 25, 50u with data consisting of an initial and terminal690

Gaussian distribution and a mvOU reference process constructed as follows. We sample a d ˆ 2691

submatrix U from a random dˆd orthogonal matrix. Then for the reference process, A is constructed692

as the d ˆ d matrix693

A “ U

„
0 1

´2.5 0

"
UJ

.

Similarly, we let m “ U r1 ´1sJ. For the marginals, we take N pµ0,!0q and N pµ1,!1q where694

µ0 “ U r´2.5 ´0.5sJ
, !0 “ U

„
0.1 0.005
0.005 0.1

"
UJ ` 0.1I.

µ1 “ U r0.5 2.5sJ
, !1 “ U

„
1.1 ´2
´2 1.1

"
UJ ` 0.1I.

For each d, the initial and final marginals are approximated by N “ 128 samples txi
0uNi“1 „695

N pµ0,!0q, txi
1uNi“1 „ N pµ1,!1q. We fix ω “ I and compute the exact marginal parameters696

pµt,!tqtPr0,1s using the formulas of Theorem 3 and reference parameters pA,mq. Additionally, we697

compute the SDE drift vSBpt,xq of the mvOU-GSB using (17).698

(mvOU, BM)-OTFM We apply mvOU-OTFM as per Algorithm 1 to learn a conditional flow699

matching approximation to the Schrödinger bridge. We choose to parameterise the probability700

flow and score fields using two feed-forward neural networks u↼pt,xq “ NN↼pd ` 1, dqpt,xq and701

s⇀pt,xq “ NN⇀pd ` 1, dqpt,xq, each with r64, 64, 64s hidden dimensions and ReLU activations.702

We use a batch size of 64 and learning rate 10´2 for 2,500 iterations using the AdamW optimizer.703

For BM-OTFM, the same training procedure was used except the reference process was taken to be704

Brownian motion with unit diffusivity.705

IPFP We use the IPFP implementation provided by the authors of [49], specifically using the variant706

of their algorithm based on Gaussian process approximations to the Schrödinger bridge drift [49,707

Algorithm 2]. We provide the mvOU reference process as the prior drift function, i.e. x $Ñ Apx´mq708

and employ an exponential kernel for the Gaussian process vector field approximation. We run the709

IPFP algorithm for 10 iterations, which is double that used in the original publication. Since IPFP710

explicitly constructs forward and reverse processes, at each time 0 % t % 1, IPFP outputs two711

estimates of the Schrödinger bridge marginal, one from each process. We consider both outputs and712

distinguish between them using the pÑ,&q symbols in Table 1. For the vector field estimate we713

employ only the forward drift.714

NLSB We use the NLSB implementation provided by the authors of [23]. Following [12, Section715

4.6], for a mvOU reference process dXt “ ft dt ` ε dBt, the generalised SB problem (SBP-dyn)716

can be rewritten as a stochastic control problem717

min
ut

E
„! 1

0

1

2
}ut}22 dt

"
, subject to dXt “ pft ` utq dt ` ε dBt.

On the other hand, the Lagrangian SB problem [23, Definition 3.1] is718

min
vt

E
„! 1

0
Lpt,x,vtpxqqdt

"
, subject to dXt “ vt dt ` ε dBt.

This shows that the appropriate Lagrangian to use is Lpt,x,vtpxqq “ 1
2}vtpxq ´ ftpxq}22. We apply719

this in the mvOU setting by taking ftpxq “ Apx´mq. The NLSB approach backpropagate through720

solution of the SDE to directly learn a neural approximation of the SB drift vt. We train NLSB the721

same hyperparameters as used in the original publication, using the Adam optimizer with learning722

rate 10´3 for a total of 2,500 epochs.723
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Metrics We measure both the approximation error of Gaussian Schrödinger bridge marginals as724

well as the error in vector field estimation. For the marginal reconstruction, for each method and for725

each 0 % t % 1 we sample points integrated forward in time and compute the mean µ̂t and variance726

!̂t from samples. We then compare to the ground truth marginals pµt,!tq computed from exact727

formulas using the Bures-Wasserstein metric (62). For the vector field, for each method and for each728

time 0 % t % 1 we sample M “ 1024 points from the ground truth SB marginal Npµt,!tq and729

empirically estimate }v̂SB ´ vSB}N pµt,!tq from samples. All experiments were repeated over 5730

independent runs and summary statistics for metrics are shown in Table 1.731

B.2 Gaussian mixture example732

We consider initial and terminal marginals sampled from Gaussian mixtures. At time t “ 0, we733

sample from734

N
´
U r´0.5 ´0.5sJ

, 0.01UUJ
¯
, N

´
U r0.5 0.5sJ

, 0.0625UUJ
¯

in a 1:1 ratio, and at time t “ 1 we sample in the same fashion from735

N
´
U r´2.5 ´2.5sJ

, 0.01UUJ
¯
, N

´
U r2.5 2.5sJ

, 0.25UUJ
¯
.

Here, the matrix U and reference process parameters pA,mq are the same as used for the previous736

Gaussian example for d “ 10. All other training details are the same as for the Gaussian example.737

B.3 Repressilator example738

Based on the system studied in [41], we simulate stochastic trajectories from the system739

dx1

dt
“

ˆ
ϱ

1 ` px3{kqn ´ ▷x1

˙
dt ` ε dBp1q

t

dx2

dt
“

ˆ
ϱ

1 ` px1{kqn ´ ▷x2

˙
dt ` ε dBp2q

t

dx3

dt
“

ˆ
ϱ

1 ` px2{kqn ´ ▷x3

˙
dt ` ε dBp3q

t ,

,

»

———–

ϱ

n

k

▷

ε

fi

%%%fl “

»

———–

10
3
1
1
0.1

fi

%%%fl , (160)

with initial condition N pr1, 1, 2s, 0.01Iq and simulated for the time interval t P r0, 10s using the740

Euler-Maruyama discretisation. Snapshots were sampled at T “ 10 time points evenly spaced on741

r0, 10s, each comprising of 100 samples.742

We employ Algorithm 2 to this data, running for 5 iterations starting from an initial Brownian743

reference process A “ 0,m “ 0. For the inner loop running mvOU-OTFM (Algorithm 1), we744

parameterise the probability flow and score as in the Gaussian example, with feed-forward networks745

of hidden dimension r64, 64, 64s and ReLU activations. We run mvOU-OTFM for 1,000 iterations746

using the AdamW optimiser, a batch size of 64 and a learning rate of 10´2. At each step of the747

outer loop, we employ ridge regression to fit the updated mvOU reference parameters pA,mq. We748

do this using the standard RidgeCV method implemented in the scikit-learn package, which749

automatically selects the regularisation parameter.750

We also carry out hold-one-out runs where for 2 % i % 9 (i.e. all time-points except for the very first751

and last), Algorithm 2 is applied to T ´ 1 snapshots with the snapshot at ti held out. Once the mvOU752

reference parameters are learned, forward integration of the learned mvOU-SB is used to predict the753

marginal at ti. We report the reconstruction error in terms of the earth-mover distance (EMD) and754

energy distance [38]. Table 2 shows results averaged over held-out timepoints, and full results (split755

by timepoint) are shown in Table 4.756

Since the system marginals are unimodal we reason that they can be reasonably well approximated757

by Gaussians. For each 2 % i % 9 we fit multivariate Gaussians to the snapshots at ti´1, ti, ti`1758

and use the results of Theorem 3 with the fitted mvOU reference output by Algorithm 2 to solve759

the mvOU-GSB between pti´1 , pti`1 . This is illustrated in Figure 4 for i “ 4, and we show the full760

results for all timepoints in Figure 6 in comparison with the standard Brownian GSB.761
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Algorithm 2 Iterated reference fitting with mvOU-OTFM

Input: Samples txtj
i uNj

i“1 from multiple snapshots at times ttjuTj“1, initial mvOU reference parameters
pA,mq, diffusivity D “ 1

2ωω
J

Initialise: Probability flow field uω
t pxq, score field sε

t pxq.
Define: FitReferencepX,V q :“ argminA,m }V ´ ApX ´ mq}22 ` ω}A}2F ` ε}m}2
ϑ̂j ! N´1 &N

i“1 ϖxtj
i

, 1 " j " T Form empirical marginals

while not converged do
puω

t , s
ω
t q ! fitOTFMpA,m,Dqpϑ̂1, . . . , ϑ̂T q Fit flow and score with reference parameters

v
tj
i ! puω

tj ` Dsε
tj

qpxtj
i q, 1 " i " Nj , 1 " j " T Get SDE drift

A,m ! FitReferenceptpvtj
i qNi

i“1uTj“1, tpxtj
i qNi

i“1uTj“1q Update reference parameters

end while

Leave-one-out marginal interpolation error
Error metric t Iterate 0 Iterate 1 Iterate 2 Iterate 3 Iterate 4 SBIRR (mvOU) SBIRR (MLP)

EMD

1 3.59 ˘ 0.17 3.14 ˘ 0.12 2.28 ˘ 0.15 2.08 ˘ 0.11 2.02 ˘ 0.11 2.24 ˘ 0.28 2.71 ˘ 0.41
2 5.20 ˘ 0.47 2.59 ˘ 0.29 1.62 ˘ 0.28 1.27 ˘ 0.25 1.13 ˘ 0.16 3.13 ˘ 0.62 2.29 ˘ 0.92
3 3.23 ˘ 0.24 1.42 ˘ 0.18 1.10 ˘ 0.14 0.86 ˘ 0.08 0.83 ˘ 0.10 2.67 ˘ 0.85 1.39 ˘ 0.55
4 1.48 ˘ 0.20 0.52 ˘ 0.05 0.47 ˘ 0.05 0.47 ˘ 0.06 0.48 ˘ 0.06 1.38 ˘ 0.46 0.94 ˘ 0.28
5 2.50 ˘ 0.40 1.43 ˘ 0.65 1.12 ˘ 0.32 1.29 ˘ 0.11 1.21 ˘ 0.13 1.63 ˘ 0.17 1.40 ˘ 0.71
6 6.18 ˘ 0.41 3.42 ˘ 0.50 2.18 ˘ 0.28 1.91 ˘ 0.38 1.75 ˘ 0.17 2.40 ˘ 0.32 1.96 ˘ 1.41
7 2.56 ˘ 0.25 3.09 ˘ 1.53 2.13 ˘ 0.46 2.23 ˘ 0.55 1.93 ˘ 0.50 1.45 ˘ 0.20 0.51 ˘ 0.13
8 2.29 ˘ 0.26 2.12 ˘ 0.09 1.82 ˘ 0.33 1.81 ˘ 0.31 1.81 ˘ 0.16 1.93 ˘ 0.61 2.14 ˘ 0.40

Energy

1 3.00 ˘ 0.09 2.75 ˘ 0.07 2.24 ˘ 0.10 2.10 ˘ 0.07 2.05 ˘ 0.08 2.20 ˘ 0.18 2.56 ˘ 0.26
2 3.53 ˘ 0.21 2.27 ˘ 0.19 1.66 ˘ 0.20 1.38 ˘ 0.21 1.26 ˘ 0.13 2.61 ˘ 0.33 2.05 ˘ 0.61
3 2.29 ˘ 0.17 1.31 ˘ 0.16 1.00 ˘ 0.10 0.80 ˘ 0.06 0.78 ˘ 0.07 2.10 ˘ 0.52 1.25 ˘ 0.43
4 0.93 ˘ 0.14 0.25 ˘ 0.06 0.17 ˘ 0.04 0.15 ˘ 0.02 0.14 ˘ 0.01 0.99 ˘ 0.38 0.84 ˘ 0.25
5 1.10 ˘ 0.18 0.53 ˘ 0.27 0.45 ˘ 0.13 0.55 ˘ 0.04 0.51 ˘ 0.07 0.64 ˘ 0.10 0.66 ˘ 0.37
6 2.49 ˘ 0.12 1.22 ˘ 0.10 1.13 ˘ 0.15 1.01 ˘ 0.22 0.91 ˘ 0.11 1.43 ˘ 0.17 0.90 ˘ 0.64
7 0.97 ˘ 0.13 1.39 ˘ 0.65 1.02 ˘ 0.21 1.05 ˘ 0.25 0.91 ˘ 0.25 0.65 ˘ 0.09 0.17 ˘ 0.08
8 0.54 ˘ 0.11 0.57 ˘ 0.03 0.56 ˘ 0.11 0.55 ˘ 0.10 0.55 ˘ 0.04 0.48 ˘ 0.08 0.36 ˘ 0.06

Table 4: Full results for repressilator example

SBIRR We apply SBIRR [41] using the implementation provided with the original publication,762

which notably includes an improved implementation of IPFP [49] that utilises GPU acceleration. We763

provide the reference vector field x $Ñ Apx ´ mq and seek to learn a reference process in one of764

two families: (1) mvOU processes, i.e. we consider the family of reference drifts Âpx ´ m̂q where765

Â, m̂ are to be fit, or (2) general drifts, i.e. we parameterise the drift using a feed-forward neural766

network with hidden dimensions r64, 64, 64s. For each choice of reference family, we run Algorithm767

1 of [41] for 5 outer iterations and 10 inner IPFP iterations, as was also done in the original paper.768

B.4 Cell cycle scRNA-seq769

The metabolic labelled cell cycle dataset of [4] is obtained and preprocessed following the tutorial770

available with the Dynamo [37] package. This gives a dataset of N “ 2, 793 cells, embedded in 30771

PCA dimensions. In addition to transcriptional state txiuNi“1, Dynamo uses metabolic labelling data772

to predict the transcriptional velocity tv̂iuNi“1 for each cell.773

To fit the reference process parameters pA,mq, we use again ridge regression via the RidgeCV774

method in scikit-learn. We train mvOU-OTFM using Algorithm 1 with ε “ 0.3, parameterising775

the probability flow and score as previously using feed-forward networks of hidden dimensions776

r64, 64, 64s and train with a batch size of 64, learning rate of 10´2 for a total of 1,000 iterations.777
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(a) i “ 1 (b) i “ 2

(c) i “ 3 (d) i “ 4

(e) i “ 5 (f) i “ 6

(g) i “ 7

Figure 6: Repressilator mvOU-GSB interpolation. Using the learned mvOU reference process, we
interpolate between pi´1 (blue) and pi`1 (green). Middle timepoint pi is shown in red.

Figure 7: Cell cycle mvOU-GSB interpolation. Using the learned mvOU reference process and
scale factor ▷ “ 50, we interpolate between the first snapshot p1 (blue) and last snapshot pT (green).
All computations are done in d “ 30 and shown in leading 2 PCs.
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