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A Theoretical results

Quantity Description Introduced in
AeR¥™ meR? Multivariate Ornstein-Uhlenbeck drift parameters Eq.
D = %O’O’T Multivariate Ornstein-Uhlenbeck diffusivity Eq.
P Schrodinger bridge path measure Section|2.1
Q Reference process path measure Section
neo 3, Unconditional mean and covariance of mvOU process started at ¢y Section
Pt|(zo, 1) Conditional density of mvOU bridge Section
Ct|(wo,m1) mvOU bridge control between (xo, z1) Section
Ki|(zo,2r)s 2t|(zo,2r) = $2¢  Conditional mean and covariance of mvOU bridge Section

st Conditional covariance process of mvOU bridge Section
Ut|(wg,@7)> St|(zo,@7) Conditional probability flow and score field of mvOU bridge Section

(a, A),N(b,B) Initial and terminal mvOU-GSB marginals Section [3.
N(a, A),N(b, B) Transformed mvOU-GSB marginals Section[3.2
C Cross-covariance of entropic transport plan Section |3.2
A, By, ¢ Key quantities for the mvOU-GSB Section
v mvOU-GSB mean process Section
i, Bt mvOU-GSB variance and covariance process Section [3.
s/=t SDE drift matrix of mvOU-GSB Section|3.2.

Table 3: Glossary of some key notations and quantities used in the statements of our theoretical
results.

A.1 Some calculations on multivariate Ornstein-Uhlenbeck processes

For convenience, we first collect some results about multivariate Ornstein-Uhlenbeck processes of
the form (), a detailed discussion of mvOU processes can be found in e.g. [50]. For a time-invariant
process with drift matrix A and diffusion o, we have that

(Xt|X0 = iBo) ~ N(Hm Et>7

where .

Wy = etlay, B, = f et AGeTt=T)AT 4 (20)
0
If Xo ~ N (po, X0) and writing Xo; = Xo @ X, some tedious but straightforward applications of

conditional expectations and the tower property reveal that

.
>0 Soetd

Ay, 3, 4 etAetAl | @h

Xot ~ N(po, Zor),  por = po D e pg, o = [

More generally, for a process d X; = (AX; + b)dt + od By, one has:
t
pe = elxy + (e —1) (A7), T, = f =) AG o Tet=9)AT 4g.
0

(22)

The expressions for the covariance of the mvOU process can be obtained from the fact that the
covariance evolves following a Lyapunov equation. For the case of constant coefficients, we state the
following result.

Lyapunov equation solution It is easy to verify that G, = AG, + G, AT + Q) has solution

t
Gy = f e(tfs)AQse(tfs)ATds.
0

A.2 Bridges of multivariate Ornstein-Uhlenbeck processes

This problem has been studied by Chen et al. in [8], however the material therein is geared towards a
control audience and considers a more general case where all coefficients are time-dependent. We
will re-derive the results that we will need for processes of the form (I). Additionally, while in
practice we typically use o = oI, we state some results in the general setting of non-isotropic noise.
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Derivation of the dynamical OU-bridge (Theorem|l) Consider a mvOU process
dX;, = (AX,+b)dt+ o dB;. (23)
Now form the controlled version pinned at (0, x¢) and (T, 1), where u;(X}) is an additional force
arising from the conditioning of the process at an endpoint:
dX; = (AX; + b+ w(Xy))dt + o dB;. (24)
The main result that we need is that u,(x) is itself a linear time-dependent field whose coefficients

are independent of (o, ). In the above we consider the simplest case of classical optimal control,
where the control is directly added to the system drift and there is no unobserved system.

Consider the system started at (0, o) and pinned to (7', 7). For now, we make all statements for
time-dependent coefficients and the diffusion is non-isotropic. We then form the Lagrangian:

T T
min E{J |ut2dt+sup)\|XTa:T|2} = sup min E{J
“ 0 A A 0

Fixing some A > 0, the resulting problem is known as a linear-quadratic-Gaussian problem [27] in
the control literature:

e |*dt + A| X7 — lez}

. 1" 2 A 2
min E<X = | Jlu*dt + = | Xy — 1|}, (25)
for which we can write a HIB equation:
. ~ 1
0 =0, Vi(x) + min {At[Vt](w,ut(m)) + 2|ut(m)|2} , (26)
subject to the terminal boundary condition V() = %[z — |2, and the operators A, A are defined
as
~ 1
Alf] = (A + by + i, Vo f) + 5V - (010 Vo f), @7
1
Ai[f] =<At$+bt7vwf>+ivw'(at(f;vmf)» (28)

these are the generators of the controlled and uncontrolled SDEs respectively. Substituting
all these in, we find that the HIBE is

0 = &Vi(z) + A Vi](2) + min [(ut, V. Vi) + ;|ut|2] . (29)
It follows from the first order condition on the “inner” problem that u;, = —V,V}, so
0= AVi(@) + AV(@) — 5|V Vila)” (0)
Use an ansatz that the value function is quadratic:
Vi(zx) = %:cTth telx+d = V,Vi(x) = Myx + c;. (31)
Then:
AV = 2" (AT Mo + (Al e, + Miby, ) + (bioe) + strlowo] M), ()

Now note that the quadratic form only depends on the symmetric part of the matrix, i.e.
1
:BTAtTMt:c = §:BT (AtTMt + MtAt) x.
The HIBE is therefore
1 . ) .
0= inMta: + ctTa: + d;
1 1

+ -z (A M, + MA))z + (Al e, + M, b)) "z + b/ c;, + §tr(0't0'tTMt) (33)

(Mtw + Ct)T(Mtw + Ct)

N =N
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So
0= M, + A M, + M;A, — M?, (34)
0=¢ + Al e + Myb, — Mic;. (35)
with the boundary condition My = Al and ¢; = —A\xp.
Let Ay = M; %, sothat A, = — M *M,;M;* = —A, M, A,. Substituting, we find that
A =AA] + AN T (36)

Actually we can rewrite the value function in a different way, which is more convenient for us:

1
Vi(z) = 5(:2 — k)" M, (x — k;) + const

in which case ¢, = — Mk, and so we have k7 = . The corresponding ODE for k; is
k, = Ak, + b, (37)
Let us now specialise to the case of time-invariant coefficients, which allows us to write down explicit
expressions for the solutions:
ki=Ak+b=—=k, =¢ T D%z, + A" b)— A 'b. (38)

Rewriting the SDE drift to have the form Ax + b = A(x — m) we have that b = —Am —
A~'b = —m, when A is nonsingular. Then:

k; = e T4 (zp —m) + m. (39)

Now we deal with the quadratic term A;. Let G, = Ap_., so that 0,G, = —AT_T. Then G,
satisfies

.G, = -G, A" —AG, +1, Gy=0. (40)
So .
G, = J e=(T=9)Ag—(r=9)AT 4¢ 41)
0
Substituting back, we find that
T—t T—t
Ay = J e~ (T—t=9)A—(T—t-9)AT 4 _ J e~sAe—sAT g, (42)
0 0
The bridge control is therefore
U\(wo,ar) = —Ai (@ — ki) (43)

For the general case of non-constant coefficients, we express them as solutions of ODEs with terminal
boundary conditions.

ki = Ak + b, kr =z, (44)

A= MA] + AN — T, Ap=0. (45)
In practice, both of these equations can be approximately solved by numerical integration in time.
Finally we remark here that the diffusion component does not play a role in the control, which is

classical.

“Static”” Ornstein-Uhlenbeck bridge statistics (Theorem |g) As was studied by [8] for a more
general scenario of time-varying processes, the mvOU process and its conditioned versions are
Gaussian processes. Under these assumptions, (X, X;) has joint mean

Hs @ pe, (46)

and covariance .
P, P elt=)A
[e(t—s)Aq>s ®, : 47)
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where ®, is the covariance of the process started from a point mass at time ¢:

t
P, = J e(t*S)AUUTe(t*S)ATds, P, =P, , + e(t*S)Aése(t*S)AT. (48)
0
By taking the Schur complement, we have that X ;| X is distributed with variance
V[X,|X] = B, — ®e94 @, (-4, (49)
and mean .
E[X5|Xt] =M + (}se(tis)A ‘Pfl(Xt - /'l't) (50)

More generally, we can consider the three-point correlation (X, X, X;). Then the mean is
- @ s @ e and the covariance is

P, (I,Te(s—r)AT @T,e(t—r)AT
o, P elt—o)A (51
) b,

Using the Schur complement again, we have that (X,., X)| X, has covariance

V[X,, X | X;] = @, AT _ @ 1A G Le(t-)AP (52)

For the case of time-varying coefficients, we need to introduce the state transition matrix Wy, [27]]
which describes the deterministic aspects of evolution between s < t under (A;);. That is, for a
dynamics @; = A,x; one has &, = ¥, ;xs and ¥(t,s) = ¥(t,r)¥(r,s) fort = r > s. In this
case there is not an explicit expression for ®;. Instead, let (®;); be the unconditional variance
evolutions for such a process started at ¢ = 0, obtained by solving

b, — A, D, + B,A] +o0], ®,=0. (53)
Then the more general result from [8]] for the covariance of (X, X, X,.) is

P, &0/ .9/

v,d, b, D0/ (54)
‘Iltri)r \Iltsés (Dt-

From this result, the same Schur complement computation yields expressions for the conditional
covariances and mean:

V[X,, XX/ = @9 —&,9 &'V, & (55)
V[X,|X] =&, — .9 P, 'V, &, (56)
E[X,|X¢] = ps + B0 @71 (X, — ) (57)

A.3 Simulation-free Schrodinger bridges with linear reference dynamics

Having characterised the solution of the SBP for general reference processes and now that we have
derived the score and flow for the Ornstein-Uhlenbeck bridge, the path is clear towards a simulation-
free scheme for learning Schrodinger bridges where the reference dynamics are given by a linear
SDE.

For solution of the static SBP problem (equivalently, (SBP-static)), the transition kernel of the
reference dynamics is given by

1 0 _ zoy | dQ
Tt ai) = oo (e~ W) e ) ) o)

d 1 N - N d
= —log <Q0t> = 5(:1% —pP) TS @y — pf°) + log Z, — log <£;J(-’E0)> , (58)

where p;° denotes the mean at time ¢ conditional on (0, (). Notably, the last two terms depend
only on x. It is a classical result (and very easy to show) that these kinds of terms do not affect the
minimiser of (18) and so they are immaterial. The cost function to use is thus effectively

1
C(xo,xt) = 5(5171: — pP) S (@ — ). (59
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Once a solution 7r of the static SBP is on hand, we want to utilise the stochastic regression objective
on the conditional score and flow. Sampling (z, ;) from 7, recall that P(0-1) = Q(%0,#1) 50 we

want to sample from the Q-bridge using (L1)), (12):
E~ U0, 1], 27 ~ N (o) Dtl(moan))- (60)
Equations (9) and give us the score and flow at x;.

A.4 Characterisation of the Q-GSB (Theorem 3)

We will construct the Q-GSB utilising its characterisation (2)). Our approach is similar to that of
[5]] — we first obtain explicit formulae for the static Q-GSB (SBP-static) and then build towards the

dynamical Q-GSB (SBP-dyn)) by using the characterisation of Q-bridges.

Static Q-GSB  The standard Gaussian EOT problem has a well known solution [30}, 20, [S} 21]].
Here we use the notations of [20] and define

1
OT% (0, 8) = min ~ f I — yl2 dr(@,y) + o® H(rla ® B), 61)
nell(a,8) 2

where o > 0 is the regularisation level and @ = N (a, A) and 3 = N (b, B). The solution to (61) in
the Gaussian case is given by [20, Theorem 1]

1 1
OT%: (o, 8) = 5lla —bl3 + B2 (A, B) (62)
1

B% (A, B) = tr(A) + tr(B) — 2tr(C) + o* log det (020 + I) , (63)

ot \ /2 o2
C=A"? <A1/2BA1/2 + I) ATV T (64)

4 2
We are, of course, interested in a slightly different problem, namely, for py = AN (a,.A) and

pr = N (b, B), we seek to solve min cri(,,,pr) KL(7|Qo, 7). Expanding the definition of KL and
simplifying, we get

d
(SBP-static) =  min Jdﬂ' log ( T > (65)
mell(po,pr) dQo,r
= min — Jdﬂ' log (dQOT) + H(7|po ® pr) + H(po|dxo) + H(pr|dzr)
well(po,pr) dzo @ dzr
(66)
. dQo, 7 )
~ min — |drlog|———|+H 67
mell(po,pr) f o8 (dﬂ?o ®dzr (7T|P0 ®© PT) 7
d
~  min —Jdﬂ'(xo,xT)log (QTO(ITCEO)) + H(x|po ® pr) (68)
mell(po,pr) dxr

where by ~ we denote equality of the objective up to additive constants which do not affect the
minimiser 7. We note that the last line is exactly with a, 8 = pg, pr and ¢ = 1 and a modified
cost. Further, recognise dQrjo(z7|z0)/dzr as the Q-transition density, and Q7o = N (u7°, Xr).
Thus,

. 1 oy T 51— .
(SBPstalic) ~ _min o J(wT — ) S5 @ — pf°) dr(@o, 1) + H(x|po ® pr) (69)
™ 0,PT

where we remind that p7° is the mean at time ¢ conditional on starting at (0, ), and 3; is the
covariance at time ¢, started at a point mass, i.e. 3y = 0.

In particular, we have X; = ®,, using the notation of Theorem [2] Recall that in the case of constant
coefficients, we have the following explicit expressions:

pie = e (zo —m) +m, (70)
t

P, = J et=DAg 5T et=9)AT 44 (71)
0
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Define the following changes of variable (g, 1) — (Zo, Z7), injective whenever X is positive
definite:

Ty = To(xo) = E;l/zuéﬁo,

T = TT(IET) = E;Usz

Let py = (To)#po and pp = (Tr)zpr, and T = (Tp x Tp)xm and note that the relative entropy is
invariant to this change of coordinates. So the problem is equivalent to

. 1. _ L SN

_min 5 [ 1@~ wolf de(@o, @1) + H(xlpy © 7). @
7ell(po,pr) 2

This is exactly OT®, _, (py, pr) as per (61) with p, = N (@, A) and 5, = N (b, B). The transformed

means and covariances are

a=3;"c"a—m)+m)

A= 2;1/26TAAETAT 2;1/2

b=%:""

B — 2;1/232;1/2
We remark that for time-dependent coefficients our approach still applies, however computation of
the transformation coefficients will be in terms of the general state transition matrix instead of matrix

exponentials. In what follows, we focus on results for constant coefficients for simplicity and their
practical relevance.
)

The solution to is therefore
— _ a
(®o,Zr) ~T =N ([b] )
where C is the cross-covariance the transport plan, given by (64).
Dynamic Q-GSB : marginals and covariance Let X;|(xzo, 1) denote the Q-bridge pinned at
(xo, 7). Then by Theorem
Xi|(@o, 27) = N (Bt)(@o,2r) Ztl(@o,zr)) = N (Ht)(o,27), Dt)-

Invoking the inverse mappings T0*1’ T;l and substituting the expression for pi|(z,,z.) from E, we
get

—(T—t)A 1/2 1/2 —(T—t)A
Pt (15 @o), T @) = (e o _Ff) Sr T+ TiXp ®r + (I_ e )m (73)

A C
¢ B

Ay By Ct

= Q«ltio + %th + ¢ (74)
where I'y = @te(T*t)AT @;1. For clarity, we state first a general formula:

- Ho| |Xoo o1
Lemma 1. Let (Xo, X1) ~ N ([Ml] , [210 211]). Let

Y}(O}X1 ~ N(AXO + BX; +c, Q)
Then, E[Y] = Apo+ By +candV[Y] = Q+ AXAT + BE1BT + AX1 BT + BE], AT.

Application to (74) gives us the following formula for the variance of the bridge at time ¢:

VX = Q + A AA +8,BB] + ACB] +B,C A ==, (75)
Substituting and simplifying, we get the following expressions for each of the terms:
A, AU] = (I —TyeTDA) A LA (T — Ty T-04)T (76)
B8, BB, = I',BI/, (77)
A,CB] = (¢~ T4 _T1,)mesl ] (78)
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572 Similarly, the mean can be computed as
E[Xt] =A;a + %tg + ¢t (79)
= (e_(T_t)A - I‘t) eTA(a—m) +Ty(b—m) +m =:v,. (80)

573 To calculate the covariance of the SB process, we use again the disintegration property (2). We have
574 from for the Q-bridges and 0 < s <t < T

V[X,, X| X0, X7] = ®,el7)AT _ $,oT-)A g 1T-DAP, —. Q. (81)
575  Now,
V[X,, X;] = E[(X, — v ) (X — 1) T] (82)
=E[X. X/ ] - v (83)
= E[E[X, X, |Xo, Xr]] — vsv/". (84)
576 and
E[X. X[ X0, X7] = V[ X, X4| X0, X1] + fhe](X0, X)) (X0, X7 (85)

577 in which the first (variance) term doesn’t actually depend on (X, X7). So,
E[XthT] = Qg + E(XmXT)[”'SKXO»XT)'U’J(XO,XT)]' (86)

s78  In fact let’s switch to the “mapped” coordinates X, X 1 for the endpoints. We abuse notation and
579 omit the inverse map in what follows. Then, from previously,

Mt‘(XO;XT) = 22[tyo + %th + ¢4 (87)
ss0 Expanding, collecting and cancelling terms, we have that

B[ty % 50 M) (% 3py] — VsV = V[Xo]A] + A VX, X7]B, + BV[X 7, XoJ2A, + B, V[X7]B/

(88)
— A, AN +A,CB] +B,C A+ B,BB/. (89)

581 Putting everything together, we get
V[X,, X,] = Q + AU + A,CB] +B,C A/ +B,BB] = =,,. (90

ss2  Dynamic Q-GSB : SDE representation We proceed via the generator route also used by [5]].
ss3  Expanding the covariance (90), we find that

= = el redl =
VX, Xton] = Errrn = Quopn + AL AU, +2A,CB/[, +B,C AL, +B,BB/, O

=B, +h {(at,nw)(t) +AAN, + ACB, +B,C A, + %tﬁ%:} + ...

92)
=5, +hS + ... 93)
584 where we have set the key quantity
Sy = (00 Qup)(t) + AN, +ACB, +B,C A, +B8,BB, (94)
585 Now, (X4 p, X;) are jointly Gaussian with mean and covariance
[Vt+h] , [§t+h Eth,t] ‘ 95)
4 St t+h =it
586 SO
E[X 1| X0] = vign + B 1B (X — ) (96)
=X+ h[v+ S/ BN (X — )] (97)
VX 0| Xi] = Bin — B i nBr "Bt (98)
= (2 — (S; + 8))). (99)
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587 Let & — u(x) be a twice differentiable test function. Then:

E[u(Xi4n)|Xe = ] = E | u(Xy) + (Qou( X)) T (Xopn — Xo) + 5 (Xesn — Xo) T (05,0(X0))(Xisn — Xo)

1
2

Xt = w}
(100)

=u(z) + h(Osu(x))" (0 + S/ E  (x — ) + %E (Xivn — Xo) T (2,u(X0)(Xin — Xt)

Xt = :1:]
(101)

= u(z) + h(0pu(x)) " (I)t +8'E Nz — I/t)) + gtr[(aizu(:v))(Et —(S¢+ 8 )N]+ ...
(102)

sss  Subtracting u(x) and taking the limit & — 0, it is clear from the definition of the generator that the
589 SDE drift is

v+ ST E (- vy). (103)
so0 This takes the same form as the equation found in [5], however our formulae for S; allow us to apply
591 it to any linear reference SDE, not necessarily ones with scalar drift. Additionally, we empirically

s92  verify that for asymmetric A the matrix S; is asymmetric. This contrasts with the symmetric nature
s93  of the drift for the gradient-type setting.

s94 Now we want to work out what each of these terms are in practice. Effectively we need to compute
595 Q(t, %t and (atlﬂt’t/)(t):

A, = (Ae (T4 _ 1)1/, (104)
B, = 52, (105)
T, — (etAo_o_TeTAT _ cI,tATe(T—t)AT> ‘I’:?la (106)
(Ou ) (t) = B, [AT _ (MDA G 1,(T-0)A (—A<I>t + etAaaTetAT)] . (107)

s96 Remark on the case of time-varying coefficients In this case we can still assume without loss of
sg7  generality that we still work on the time interval [0, T'], by shifting the time coordinate if necessary.
se8  Let W(t, s) be the state transition matrix associated with A; and ®; be the solution at time ¢ to (53).
s99 Then we still have X7 = ®1 for the transition kernel covariance in the cost, i.e. the covariance
600 started from a point mass. For the mean of the reference process started from x(, we have the
601 generalised formula

t
(o) = P(t,0)xg fj W(t,s)Asm, ds, (108)
0
602 and we remark that its inverse g, 1 always exists since W is never singular:
t
u;t(y) = ®(t,0)7! <y +J. P(t,s)Asm, ds) . (109)
0
603 Then
a=3:"ps, (110)
A=37"20(t,0)A%(t,0) 5.2, (111)
b=x;"%, (112)
B-x,"8Bs;" (113)

o+ Recall that the general expression for the Q-bridge conditioned on (0, xq), (T, ) is

ot (o 1) = Bt(To) + By ¥(T, )T @7 (27 — pr(20)). (114)
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Letting &g = u;l (EIT/ 250) and T = ElT/ QET and substituting the expression for p, ! we have

Tx—1 1/2_
By @)1y @y = (G T) — @08 (T,1) T @51) 227
— 1/2__
+ q)t‘I’(T,t)TQleT/ T (115)
T
+J W(t,s)Asmgds.
t

SetT; = &,¥(T,t) ®,", then

A, = ((t,T) —T,) Y, (116)
B, =T,V (117)
T
= J W(t, s)Asmds. (118)
t

Case: Brownian motion Let’s check this against the results of Bunne and Hsieh [5]], who consider
a class of reference processes

d}ft = (Ctht + Oét) dt + gt dBt

This corresponds to a special case of ours, where the drift is scalar-valued. Setting g; = w, s = ¢; =
0, their results give us the marginal parameters of the GSB connecting N (g, Xo) and N (p1, 31).
In what follows, using their results and notations of [5| Table 1], we have that r, = t,7, =1 —1¢,( =
0, k(t,t') = w?t, p; = t. Then:

B = Tepro + repn + C(L) — reC(1), (119)
= (1= t)po + tpun, (120)
S =280 + 128 + 17 (Cy + CJ) + w(t, 1) (1 — py)T (121)
= (1 -t +t*2; +t(1 - t)(Cy + C)) + (1 — 1)L (122)

Let us compute the same quantities using our formulae. We set A = 0,m = 0 and 7" = 1. Then,
&, = tw?L,T, = I, 2> = wI. Then,

A=wA, B=w’B.
Also from the underbraced expressions, we have
A = w(l — 1), B, = wtl.
Assembling our results, we get
E[X:]=(I-T:)a+T:b
=(1—-t)a+tb
V[X:] = Q + A.A] +B,BB/] + A,C8/] + B,CA/
—Q+ (1-1)2A+2B+wi(1-t)(C+C).

Now C is the transport plan obtained from the scaled input Gaussians, of variance A = A/w? B =
B/w? (in the case of Brownian reference process, there is no linear mapping via the flow map). For
the scaled measures, EOT is calculated with ¢ = 0 = 1. It stands to reason that once we scale
everything back, we should get C = C/w?. To verify this, recall that for the untransformed problem

1 1 1
arg_min gfﬁux ~yldr + H(rla®5) = arg_min j & — y[dm + w? H(rla ® §).

Then for the RHS problem, we have that

C = AI/Q(A1/2BA1/2 o %41)1/2./4—1/2 _ %21
19— 1/9— — 1 — 1
— W (AABAT + DA V2 5D

w?C.
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Also it is easy to verify that £, = 3y|(5, 4,) = w?t(1 — t)L. So,
VX =?t(1 -+ (1 -0)2A+2B+t(1-t)(C+CT), (123)

where C is the EOT plan between the unscaled measures N (a,.A), N'(b, B) with € = w?. This is
exactly the same result as the one derived in [S].

Case: Centered scalar OU process A = —\I,m = 0 From [5] Table 1], we have that 7, =
sinh(At)/sinh(A), 7y = sinh(At) coth(At) — sinh(At) coth(X), ¢ = 0. The mean is then
B =Tipo + TeH. (124)
With s(t, ') = w?e M sinh(\t)/) and p; = e~ *(=8) sinh(\t)/sinh()) , the variance is
2 =280 4+ 121 + 17 (Cor + C L) + K(t, 1) (1 — p)T, (125)

where 0*? = w? sinh(\)/\. For convenience, we will check things term by term and using Mathe-
matica.

Check first the mean. We have:

1— 672/\16 1— 672)\t
_ 2 _ —(1-tA
Then, plugging into our formula,
E[X,] =e e -T))a+ T, b (127)
- -
Now the variance. We have that
. h
Y, = w2 (ebl/\nm) I, (128)
— e A
— = 129
A= s A = A (129)
— A
B=——F———B=03B 130
w2e=* sinh(\) FB, (130)
A, — (e(l_t))‘l _ rt) 12, (131)
B, =T,x)° (132)
From here it is straightforward to verify that
A, AU =7 A B,BB =r’B. (133)
Now note that
— —ap (=g 1Nl 1
C=A/<A/BA/+4I) A (134)
-1\ 1/2 —1/2
=+/ap lAl/Q <A1/2B.A1/2 A I) I (135)
4 2
=+apBCy, /a5, (136)
where Cy,, /75 denotes the EOT covariance for entropic regularisation level 1/4/a 3. Then:
— —_T _
ACB, +B,C A/ = (AT, T4/ 0B(C)yag + €1 yan) (137)
Tt
It is also easy to check that
1 w?sinh(})
VaB A
Finally,
Qi = Zy(np00) = (I — e 20D D,®7Y) = k(t,1)(1 — py)L. (138)

We have verified that all the terms in the expression for the variance agree.
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A.5 Proof of Theorem [

Proof. We follow the arguments of [48] with application to the generalised Schrodinger bridge — not
much changes for Q as the reference and we reproduce in detail the arguments as follows. For the
equality of gradients, it suffices to show this for the flow matching component of the loss, since the
score matching component can be handled using the exact same arguments [48]. Let wy|(5,,2.) be
the conditional flow between (xo, 1) and u; be the SB flow defined by

DPt|(zo,x1) (.’13)

pe()

Let u! be the neural flow approximation with parameter §. Assuming that p;(x) > 0 for all (¢, z)
we then have:

VO (2 @)~ Bampimg o |8 (€) = Wil (@20 (@) |* = VoEanp, @6 (x) — us(2)[* (139)
= VoE @y or)~rBa~piag op) UL (@)]° + [@)(@o.2r) (@)]* = 2(u] (2), Wyj(zg,2r) ()] (140)

— VoEgp, (@) [[6f (@)]7 + [we (@) — 2(uf (z), uy(a))] (141)
= 2V0E (2 )~ wBaop (o oy (U1 (), e (®)) = (U (), (g ) (®))s (142)

where in the last line terms not depending on 6 are zero and we use the fact that
E(z.27)Ea|(zo,2r)f () = Ez f(x). Now, using the relation between u; and wy|(zy.z1)»

'u't(x) = ]E(mo,wT)~7T [ ut(Ig,IT)(x)] ) pt(m) = E(mo,wT)~7r pt\(mo,mT)(x)~

By () 0 (), wy () = Jdpt(m)@?(m), uy(x)) (143)
- [an(a) <uf<w>, | dw(wo,wT>Wut<mm><w>>
(144)
- [anteo.zn) [ azpi(a) <uf<w>, meo,m(m>
(145)
= Jdﬂ'(l’o, .’IZT) Jdpt\(mo,rw) (:13) <uf (.’I))7 utho’mT) (:13)> (146)
= E(wo7wT)~7wa~Pu(m0,mT)<u$ (il?), Ut|(xo,@r) (w)> (147)

So we conclude that the two gradients are equal. Clearly, the unconditional loss can be rewritten over
candidate flow and score fields (4, §) as

(@, 8) = & — ul T2 (ap, @)ar) + 1Xe(8 = 8)Z2(apy @)an)-
where we denote by Hht(w)”%?(dpt(w)dt) = Sé dtSdpt(ac)Hht(m)Hiz(Rd) for a test function h; :
[0,1] x RY — R4, This loss is zero iff &4 = u and 8 = s (dp; x dt)-almost everywhere.

Let P denote the law of the Schrodinger bridge as per (SBP-dynl) and write p;(x) = P; to mean its
marginal at time ¢. Then in (2)) and for Q a mvOU process (1)), identifying:

» dPj; = m where 7 is prescribed in Proposition and

* Q""" = Di|(wo,mr) (T) Where py|(zy o) is defined as in Theorem
substituting all these into (2) one has

pi(@) = fdﬂaso,wﬂpﬂ(mo,m).

Consequently, there exists u:(x) such that dipi(x) = —V - (pi(x)us(x)). Writing sq(x) =
V. log p:(x) to be the score, recognising terms from the probability flow ODE, it follows that
that the SDE

dXt = (’U,t(Xt) + DSt(Xt>)dt + O'dBt (148)
generates the marginals p;(x) of the Schrédinger bridge. Since PP is characterised as a mixture
of Q-bridges, it follows that X; defined by the SDE generates the Markovization of PP (see
Appendix B of [48]). Moreover, P is the unique process that is both Markov and a mixture of
Q-bridges [261 142]. O
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665 A.6 Additional background

e Hamilton-Jacobi-Bellman equation Consider the deferministic control problem on [0, T']:
T
%(l‘o) = mlnf C(l‘t, Ut) dt + D(J}T) (149)
v Jo

667 subject to a dynamics &; = F'(x¢, uy). Vi(z) is the value function for the problem starting at (¢, z) up
ees to the final time T". The function x1 — D(x) specifies a cost on the final value. The corresponding
669 Hamilton-Jacobi-Bellman (HJB) equation [22, Section 3.11] is

0 Vi(x) + Hzl}tn {{V Vi), Fx,u(x))) + C(z, u(x))} =0, (150)

670  subject to the final boundary condition Vr(z) = D(x). A heuristic derivation is as follows. Consid-
671 ering a time interval (¢,¢ + 0t) and a path x, it’s clear that

t+5t
Vi(z¢) = min {J C(zs,us)ds + Vt+5t(xt+5t)} ) (151)
w t
672 Using Taylor expansion and the constraint #; = F'(z¢, u;) we have to leading order that
Vivot(@epst) = Vi(xe) + (0t Vi) + (Vo Vilay), Fas, ut))) ot + O(5t2). (152)
673 Substituting back and also approximating the integral, we find that
Vi(zy) = muin Czt, ur)ot + Vi(x) + (0eVi(my) + (Vi Vi(my), F(xt, up))) 6t (153)

674 Cancelling terms, rearranging and taking a limit §¢ | 0, we get the desired result.

675 Stochastic Hamilton-Jacobi-Bellman Now we consider the stochastic variant of the HIB, in which
676 case X, is driven by an SDE of the form

dXt = F(Xt,ut)dt + O'tdBt. (154)

677 The value function is thus in expectation:

T
Vo(zo) = minE {f C( X, up)dt + D(XT)} . (155)
“ 0

676 Carrying out the same expansion as before, we have

t+0t
‘/vt(.ﬁt) = mmE {f C(XS,US)dS + Vrt+5t(Xt+5t)} . (156)
t

u

679 Note that in the above, (X;s¢| Xt = x¢) is a random variable and hence so is V; 1 5: (Xt 5¢) which is
680 why it appears in the expectation. Using Ito’s formula, to expand this, we get

1
Vias(Xesst) = ViCXi) + [0VA00) + 3V (0] V. Vi) | dt 4 (O30, 00

1
= ‘/t(Xt) + [@V}(Xt) + §V . (atUtTVth(Xt)) + <V$V;§(Xt), F(Xt,ut)>] dt + <V;E‘/,5(Xt), O'tdBt>.
681 Plugging this in, cancelling terms, and noting that the final term has zero expectation, we find that
0=0:Vi(Xy) + m&n {A[Vi]( Xy, ue) + C( Xy, ue)} (157)
es2 where A is the generator of the SDE governing X, i.e.
1
Alf)(w,u) = (F(,u), Vaf (@) + 5V - (000] Vo f). (158)

683 The HJB equation for stochastic control problem is therefore
0=oVi(z) + min {A[Vi](z, w(z)) + C(z, ue(x))}, (159)

684 i.e. this is the same as the HIB for the deterministic case, except with a diffusive term arising from
685 the stochasticity.
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B Experiment details

For (mvOU, BM)-OTFM and IPFP, all computations were carried out by CPU (8x Intel Xeon Gold
6254). NLSB and SBIRR computations were accelerated using a single NVIDIA L40S GPU.

B.1 Gaussian benchmarking

We consider settings of dimension d € {2, 5, 10, 25, 50} with data consisting of an initial and terminal
Gaussian distribution and a mvOU reference process constructed as follows. We sample a d x 2
submatrix U from a random d x d orthogonal matrix. Then for the reference process, A is constructed
as the d x d matrix

CoTo 1],r
A_U[—Q.S O]U'

Similarly, we let m = U [1 —1]T. For the marginals, we take N (o, Xo) and N'(p1, X1) where

- - ~To1 0005,
o =U [—2.5 —0.5] R o=U [0005 0.1 :| U' +0.11L
= U05 25], S -U [1_; 1‘%] UT +0.1L

For each d, the initial and final marginals are approximated by N = 128 samples {z{}}Y, ~
N (10, 20), {xi N, ~ N(p1,X1). We fix o = I and compute the exact marginal parameters
(¢, B¢ )sef0,1] using the formulas of Theorem|3|and reference parameters (A, m). Additionally, we
compute the SDE drift vsg (¢, ) of the mvOU-GSB using (17).

(mvOU, BM)-OTFM  We apply mvOU-OTFM as per Algorithm |1 to learn a conditional flow
matching approximation to the Schrodinger bridge. We choose to parameterise the probability
flow and score fields using two feed-forward neural networks wy(t, ) = NNg(d + 1,d)(¢, ) and
s,(t,x) = NN, (d + 1,d)(t, x), each with [64, 64, 64] hidden dimensions and ReLU activations.
We use a batch size of 64 and learning rate 10~2 for 2,500 iterations using the AdamW optimizer.
For BM-OTFM, the same training procedure was used except the reference process was taken to be
Brownian motion with unit diffusivity.

IPFP We use the IPFP implementation provided by the authors of [49], specifically using the variant
of their algorithm based on Gaussian process approximations to the Schrodinger bridge drift [49,
Algorithm 2]. We provide the mvOU reference process as the prior drift function, i.e. * — A(x—m)
and employ an exponential kernel for the Gaussian process vector field approximation. We run the
IPFP algorithm for 10 iterations, which is double that used in the original publication. Since IPFP
explicitly constructs forward and reverse processes, at each time 0 < ¢ < 1, IPFP outputs two
estimates of the Schrodinger bridge marginal, one from each process. We consider both outputs and
distinguish between them using the (—, <) symbols in Table E For the vector field estimate we
employ only the forward drift.

NLSB We use the NLSB implementation provided by the authors of [23]]. Following [12| Section
4.6], for a mvOU reference process dX; = f; dt + o d By, the generalised SB problem (SBP-dyn)
can be rewritten as a stochastic control problem

1
1
minE [J §||ut\|§ dt] , subject to dX; = (f; +u,) dt + o dBy.
wt 0
On the other hand, the Lagrangian SB problem [23| Definition 3.1] is
1
minE U L(t,x, vt(:c))dt] , subject to dX; = vy dt + o dB;.

Ut 0

This shows that the appropriate Lagrangian to use is L(t, @, v;(x)) = ] v;(x) — fi(x)||3. We apply
this in the mvOU setting by taking f;(x) = A(x — m). The NLSB approach backpropagate through
solution of the SDE to directly learn a neural approximation of the SB drift v;. We train NLSB the
same hyperparameters as used in the original publication, using the Adam optimizer with learning
rate 10~ for a total of 2,500 epochs.
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Metrics We measure both the approximation error of Gaussian Schrédinger bridge marginals as
well as the error in vector field estimation. For the marginal reconstruction, for each method and for
each 0 < ¢ < 1 we sample points integrated forward in time and compute the mean fi; and variance

3, from samples. We then compare to the ground truth marginals (g, 3;) computed from exact
formulas using the Bures-Wasserstein metric . For the vector field, for each method and for each
time 0 < ¢ < 1 we sample M = 1024 points from the ground truth SB marginal N (p,, ¥;) and
empirically estimate ||0sp — vsB|ar(,,5,) from samples. All experiments were repeated over 5
independent runs and summary statistics for metrics are shown in Table|T]

B.2 Gaussian mixture example

We consider initial and terminal marginals sampled from Gaussian mixtures. At time ¢ = 0, we
sample from

N (U [-05 —0.5]" ,0.01UUT) N (U 0.5 05]7, 0.0625UUT)
in a 1:1 ratio, and at time ¢t = 1 we sample in the same fashion from
N(Ul-25 —25"00wUT),  N(U[R25 25025007 ).

Here, the matrix U and reference process parameters (A, m) are the same as used for the previous
Gaussian example for d = 10. All other training details are the same as for the Gaussian example.

B.3 Repressilator example

Based on the system studied in [41], we simulate stochastic trajectories from the system

dxy B (1)
= —— +o0dB
(1 ( B ’yxl) dt + o dB;

3
dao ( B ) 2) "
— = —— — gz | dt +0dB;”, El=1]11, (160)
dt 1+ (z1/k)" k ~ 1
dag B (3) o 0.1
drs _(___ P dt + o dB
a (1 T+ (za/ k)" W?’) TodSe

with initial condition A([1,1,2],0.01I) and simulated for the time interval ¢ € [0, 10] using the
Euler-Maruyama discretisation. Snapshots were sampled at 7" = 10 time points evenly spaced on
[0, 10], each comprising of 100 samples.

We employ Algorithm [2 to this data, running for 5 iterations starting from an initial Brownian
reference process A = 0,m = 0. For the inner loop running mvOU-OTFM (Algorithm [I), we
parameterise the probability flow and score as in the Gaussian example, with feed-forward networks
of hidden dimension [64, 64, 64] and ReLU activations. We run mvOU-OTFM for 1,000 iterations
using the AdamW optimiser, a batch size of 64 and a learning rate of 1072, At each step of the
outer loop, we employ ridge regression to fit the updated mvOU reference parameters (A, m). We
do this using the standard RidgeCV method implemented in the scikit-learn package, which
automatically selects the regularisation parameter.

We also carry out hold-one-out runs where for 2 < ¢ < 9 (i.e. all time-points except for the very first
and last), Algorithm [2is applied to 7" — 1 snapshots with the snapshot at ¢; held out. Once the mvOU
reference parameters are learned, forward integration of the learned mvOU-SB is used to predict the
marginal at ;. We report the reconstruction error in terms of the earth-mover distance (EMD) and
energy distance [38]]. Table[2|shows results averaged over held-out timepoints, and full results (split
by timepoint) are shown in Table ]

Since the system marginals are unimodal we reason that they can be reasonably well approximated
by Gaussians. For each 2 < ¢ < 9 we fit multivariate Gaussians to the snapshots at ¢;_1,¢;, ;41
and use the results of Theorem [3 with the fitted mvOU reference output by Algorithm [2 to solve
the mvOU-GSB between p;, ,,p:,,,. This is illustrated in Figurelé_t] for ¢ = 4, and we show the full
results for all timepoints in Figure @ in comparison with the standard Brownian GSB.
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Algorithm 2 Iterated reference fitting with mvOU-OTFM

Input: Samples {mfﬂ ﬁijl from multiple snapshots at times {¢; };‘-le, initial mvOU reference parameters
(A, m), diffusivity D = Joo '

Initialise: Probability flow field u! (), score field s7 (x).

Define: FitReference(X,V) := argmina m |V — A(X —m)|3 + M| A|% + v|m|?

pj — Nt Zil §mf,j ,1<5<T Form empirical marginals
while not convergedldo
(u?,s?) — fit0TFM(A,m, D) (D1, - - -, PT) Fit flow and score with reference parameters
v — (uf, + Ds?)(x), 1<i<Nj1<j<T Get SDE drift
Am — FitReference({('vfj )ﬁ\gl}?zl, {(a::] Vi 1) Update reference parameters
end while

Leave-one-out marginal interpolation error

Error metric t Iterate O Iterate 1 Iterate 2 Iterate 3 Iterate 4 SBIRR (mvOU) SBIRR (MLP)
1 359+0.17 314+4+0.12 228+0.15 208+0.11 2.02+011 2244028 2.71 £ 0.41
2 5204047 2594029 1.62 £ 0.28 1.27 £0.25 1.13+0.16 3.13+0.62 2.29 +£0.92
3 3234024 1.42 4+ 0.18 1.10+0.14 086 £0.08 083+ 0.10 2.67 4+ 0.85 1.39 + 0.55

EMD 4 1484+020 0524005 047+£005 047 +£0.06 048 £0.06 1.38 4+ 0.46 0.94 +£0.28
5 2504040 1.43 £ 0.65 1.12 £ 0.32 1.29 £ 0.11 1.21 £0.13 1.63 £ 0.17 1.40 £ 0.71
6 6.18+041 3424050 218 £0.28 1914+038 1.75+0.17 240 £0.32 1.96 £+ 1.41
7 256+0.25 309+ 153  2134+046 223 +055 1.93 + 0.50 1.45 4+ 0.20 0.51 + 0.13
8 2294026 2.12+40.09 1.82 + 0.33 1.81 + 0.31 1.81 + 0.16 1.93 + 0.61 2.14 £+ 0.40
T 300+009 2754007 224+0.10 210+£0.07 2.05+0.08 2.20+0.18 2.56 + 0.26
2 3534021 227 £0.19 1.66 £ 0.20 1.38 £ 0.21 1.26 £ 0.13  2.61 +£0.33 2.05 £ 0.61
32294017 1.31 £ 0.16 1.00 +0.10 080+ 0.06 0.78 +0.07 2.10 + 0.52 1.25 £ 0.43

Energy 4 093+0.14 025+006 0.174+0.04 0.15+0.02 0144001 0.99 +0.38 0.84 +£0.25
5 1.10+0.18 053+027 045+0.13 0554+0.04 051+0.07 0.64+0.10 0.66 + 0.37
6 249+0.12 1.22 £ 0.10 1.13 £ 0.15 1.01 £022 091 £0.11 1.43 £0.17 0.90 £ 0.64
7 0974+0.13 1.39 £ 0.65 1.02 £ 0.21 1.05+£025 091 £025 0.65 £ 0.09 0.17 £ 0.08
8 0.54+0.11 0.57+0.03 0.56 +0.11 055+ 0.10 0.55+0.04 048 £0.08 0.36 £ 0.06

Table 4: Full results for repressilator example

SBIRR We apply SBIRR [41] using the implementation provided with the original publication,
which notably includes an improved implementation of IPFP [49] that utilises GPU acceleration. We
provide the reference vector field  — A(x — m) and seek to learn a reference process in one of

two families: (1) mvOU processes, i.e. we consider the family of reference drifts A(x — 1) where
A, i are to be fit, or (2) general drifts, i.e. we parameterise the drift using a feed-forward neural
network with hidden dimensions [64, 64, 64]. For each choice of reference family, we run Algorithm
1 of [41]] for 5 outer iterations and 10 inner IPFP iterations, as was also done in the original paper.

B.4 Cell cycle scRNA-seq

The metabolic labelled cell cycle dataset of [4]] is obtained and preprocessed following the tutorial
available with the Dynamo [37]] package. This gives a dataset of N = 2,793 cells, embedded in 30
PCA dimensions. In addition to transcriptional state {x;} ;, Dynamo uses metabolic labelling data
to predict the transcriptional velocity {®;} ; for each cell.

To fit the reference process parameters (A, m), we use again ridge regression via the RidgeCV
method in scikit-learn. We train mvOU-OTFM using Algorithm[I|with o = 0.3, parameterising
the probability flow and score as previously using feed-forward networks of hidden dimensions
[64,64, 64] and train with a batch size of 64, learning rate of 10~2 for a total of 1,000 iterations.
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Figure 6: Repressilator mvOU-GSB interpolation. Using the learned mvOU reference process, we
interpolate between p;_ (blue) and p; 1 (green). Middle timepoint p; is shown in red.
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Figure 7: Cell cycle mvOU-GSB interpolation. Using the learned mvOU reference process and
scale factor v = 50, we interpolate between the first snapshot p; (blue) and last snapshot pr (green).
All computations are done in d = 30 and shown in leading 2 PCs.

28



	Introduction
	Background and related work
	Schrödinger bridges
	Probability flows and (score, flow)-matching
	Related work

	Schrödinger bridges for non-conservative systems
	Multivariate Ornstein-Uhlenbeck bridges
	The Gaussian case
	The Non-Gaussian case – score and flow matching

	Results
	Discussion
	Theoretical results
	Some calculations on multivariate Ornstein-Uhlenbeck processes
	Bridges of multivariate Ornstein-Uhlenbeck processes
	Simulation-free Schrödinger bridges with linear reference dynamics
	Characterisation of the Q-GSB (Theorem 3)
	Proof of Theorem 4
	Additional background

	Experiment details
	Gaussian benchmarking
	Gaussian mixture example
	Repressilator example
	Cell cycle scRNA-seq


