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A Proofs for the single layer case (Theorem 1)

In this section, we prove our characterization of global minima for the single layer case (Theorem 1).
We begin by simplifying the loss into a more concrete form.

A.1 Rewriting the loss function

Recall the in-context loss f (P, Q) defined in (6):

2
f (Pv Q) = EZO,w* |:Z0 + 1AttHP,Q(Z0):| + wjx(”“)]
n

(d+1),(n+1)
Using the notation Zg = [z(1) 2(2) ... ("] one can rewrite Z; as follows:

1
Zl = Zo + EAttnP,Q(ZO)

C 0 ey Ly ey ([Zu) e DT QLM z<”+1>]) ,
n

Thus, the last token of Z; can be expressed as

1 — N D] 1 S~ oy (n+1)
) 4 LS pi) (0T ) {x } 1 lpy o007 {x ] 7
n n P

— 0 0
where note that the summation is for i = 1,2, ...,n due to the mask matrix M. Letting b' be the
last row of P, and A € R4+1:¢ be the first d columns of @, then f(P, Q) only depends on b, A and

henceforth, we will write f(P, Q) as f(b, A). Then, f(b, A) can be rewritten as
2

1 o T
f(0,A) =Bz, 0, |b" - Zz( )20 Ag( ) gy T+

7

2 2
= Bgpu, [0TMALD 4wl a0 D] = By, [(0TMA+ ]| 13)

where we used the notation M == 1 3. POPOREY simplify. We now analyze the global minima of
this loss function.

To illustrate the proof idea clearly, we begin with the proof for the simpler case of isotropic data.

12
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A.2 Warm-up: proof for the isotropic data
As a warm-up, we first prove the result for the special case where 2(*) is sampled from A/ (0, I,;) and
wy is sampled from N(0, I).

Step 1: Decomposing the loss function into components
Writing A = [a; a1 --- ag], and use the fact that E[z(" TV [{]x("+1[j]] = 0 for i # j, we get

d d
F0,4) =3 Eg . [0 Ma; +wlj)] Bz V[ = 3 Bz, [0 May +w,]j]]”

j=1 j=1

Hence, we first focus on characterizing the global minima of each component in the summation
separately. To that end, let us formally define each component in the summation as follows.

£i(b, A) =By, [0 Ma; + w,[j]]” = Bz, [Tr(Ma;b") + w,[5]]

= Bz, [(M,ba]) +w[f]”

where we use the notation (X,Y) := Tr(XY ") for two matrices X and Y here and below.

Step 2: Characterizing global minima of each component
To characterize the global minima of each objective, we prove the following result.

Lemma 6. Suppose that V) is sampled from N'(0, 1) and w, is sampled from N'(0, 1;). Consider
the following objective ((X,Y) :== Tr(XY ") for two matrices X andY)

fJ(X) =Ez,u, (M, X) +w*[j]]2 :

Then a global minimum is given as

1
X = —
NG RACERE

where E;, ;, is the matrix whose (i1,12)-th entry is 1, and the other entries are zero.

Eqr15,

Proof of Lemma 6. Note first that f; is convex in X. Hence, in order to show that a matrix X is
the global optimum of f;, it suffices to show that the gradient vanishes at that point, in other words,

Vfj(Xo) =0.
To verify this, let us compute the gradient of f;:
Vfj(Xo) = 2E[(M, Xo) M] + 2E [w.[j]M] ,
where we recall that M is defined as
1 ROMOREEOMO
M=z Z L(z’)xuﬁ ?

To verify that the gradient is equal to zero, let us first compute E [w,[j]M]. Foreachi=1,...,n,

y(

note that E[w, [j]x(i):v(i)—r] = O because E[w,] = 0. Moreover, E[w, [j]y(i)Q] = 0 because w, is
symmetric, i.e., w, 4 _w,.and y() = <w*,x(i)>. Lastly, for k = 1,2, ...,d, we have

Bfw. [y (] = Blw. ] (w29 ) O] = B [un [P D 2D 8] = Ly (149

because E[w, [i]w,[j]] = 0 for ¢ # j. Combining the above calculations, it follows that
E [w.[jIM] = Eg11,; + Ejat1 - (15)
We now compute compute E [(M, Eqy1 ;) M]. Note first that

(M, Egi1,) = Z <w*, x<i>> O],

K2
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Hence, it holds that

(M, Eq1;) (Zx( (1) )

because E[w,| = 0. Next, we have

s 5]

4

=E

<Z<w >x(> )(Zfﬂ()x” )120

?

o[ (oo ()] -

A A

because w, = —w,. Lastly, we compute

(M. Firn) (ZM )]

To that end, note that for j # 7/,

B (e, 2 20 (1, ) 2] = {E[<x“)’f“'>> PO =0 i 4

E[[|le® ]’ e@[jl20[] =0 ifi=1,
and
N SN E[z®[j]22)[j]2] = 1 if i+,
OAWOIF (i) (z)}z , 4
E Kw*,x >a: 7] <w*7fc >:c 7] {E [(w*,m(”>2 x(”[jﬂ it ifi=d, (16)
where the last case follows from the fact that the 4th moment of Gaussian is 3 and

a:“)[j]?] =34+d—1=d+2

B {20 2058] = m o

Combining the above calculations together, we arrive at

1
E[M, Eqrr) M) = — - (n(n = 1) + (d + 2)n) (Eat1,j + Ejav1)
1 1
= (n +(d+2)— > (Eat1,5 + Ejat1) - (17)
Therefore, combining (15) and (17), the results follows. O

Step 3: Combining global minima of each component
Now we finish the proof. From Lemma 6, it follows that

1

X;=— By,
T (el @)Ly
is the unique global minimum of f;. Hence, b and A = [a; a1 - -- a4] achieve the global minimum
of f(b, A) = Y7 f;(b, A;) if they satisfy
1
ba! = — Egy1,; foralli=1,2,...,d.
e T R

This can be achieve by the following choice:
1

b' =egi1, == e, fori=1,2,...,d,
d+1 a; (n 1 (d+2) ) J ¢

where e; is the j-th coordinate vector. This choice precisely corresponds to

1 I
b= e, A:_("—*l+(d+2)l) [5] ‘

14



428 Proof of uniqueness: Suppose X; and X are two minimizers of f;, then (M, X;) = (M, X5)
420 almost surely for all M. If (M, X7) # (M, Xo), then f;(3 X1 + 3 X5) < min f; holds since the
430 1-dimensional quadratic function is strongly convex in its input. This concludes that the minimizer of

431 f; are a linear combination of £ 4,1 with its transpose. Since the constraint X = bajT ensures X is

432 rank-one, then there are two possible solutions for X: E; 441 or Fgy; ;. Given b is shared among all
433 f;, the only unique solution for X is Eq11 ;. This ensures the uniqueness of solutions for b and a;
434 up to scaling.

435 We next move on to the non-isotropic case.

436 A.3 Proof for the non-isotropic case

s37  Step 1: Diagonal covariance case

a8 We first consider the case where z(?) is sampled from A/(0, A) where A = diag(\1, . .., Aq) and w,
439 is sampled from N (0, I;). We prove the following generalization of Lemma 6.

wo Lemma 8. Suppose that %) is sampled from N(0,\) where A = diag(A1, ..., Aq) and wy is
441 sampled from N (0, I). Consider the following objective

f](X) = EZoyw* [<M7 X> + w*[j]]2 :
442 Then a global minimum is given as

1
E i
EESS VR S Y5

a3 where E;, ;, is the matrix whose (i1, i2)-th entry is 1, and the other entries are zero.

X, =—

444 Proof of Lemma 8. Similarly to the proof of Lemma 6, it suffices to check that
E[(M, Xo) M] + 2E [w,[jIM] = 0,
445 where we recall that M is defined as
1 ROMOREEOMO
M=z Z L(i)xuﬁ y % |
446 A similar calculation as the proof of Lemma 6 yields

E [w.[jIM] = Xj(Eat1,j + Ejat1)- (18)
447 Here the factor of A; comes from the following generalization of (14):

Efw, [y k] = Efw.[j] (w.,2D) 2O k] = E |w. [j20 [l k] = A1y

s Next, we compute E [(M, E4;4 ;) M]. Again, we follow a similar calculation to the proof of
449 Lemma 6 except that this time we use the following generalization of (16):

N N\ g E[z®[j]22)[j]2] = A2 ifi 4,
@\ @5 @)\ L@ = J
E Kw*,x >m ] <w*7x >x [J]} = {E [(w*,x(“>2 x(i)[j]2:| =0 e 4202 ifi =1,

450 where the last line follows since

B | (una) 0P| = o0 0] -

=N A +2)]
k

Pyl W]
k

451 Therefore, we have

1
E[(M,Eg15) M] = — - <n(n — 1A +n); Z Ak + 2n/\§.> (Eay1 + Ejat1)

" k
n—+ 1
= ( Zxk ) (Bay1; + Ejat1) . (19)
452 Therefore, combining (18) and (19), the results follows. O
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Now we finish the proof. From Lemma 6, it follows that

1
Xj=—% Eii1,
RN ) T
is the unique global minimum of f;. Hence, b and A = [a; a1 - -- a4] achieve the global minimum
of f(b, A) = Y7, f;(b, A;) if they satisfy

1
E .
EES S VR ST TS

This can be achieve by the following choice:

baszXj:— forall: =1,2,....,d.

1
B (M)
where e; is the j-th coordinate vector. This choice precisely corresponds to

. 1

0

b =eqi1, a; = — e; fori=1,2,...,d,

Step 2: Non-diagonal covariance case (the setting of Theorem 1)

We finally prove the general result of Theorem 1, namely z(*) is sampled from a Gaussian with
covariance ¥ = UAU T where A = diag(\y,...,\s) and w, is sampled from N(0, I;). The
proof works by reducing this case to the previous case. For each ¢, define W .= UTz(), Then
E[z"(z0)T] = E[UT(UAUT)U] = A. Now let us write the loss function (13) with this new
coordinate system: since () = UZ(Y), we have

d
F(b,A) = Eg, u. [(bTMA +w/] )UWH)] g S NEzpw., (0T MA+w)U) ]
j=1

Hence, let us consider the vector (b M A + w, )U. By definition of M, we have
(%)
x

®2
-
_<x(i),w*>} AU +w, U

(BT MA+ w] U = % ST

_ 1 [ Ui “2 T
= ﬁZb _<Uac(i),w*>} AU +w, U

1 T 0 Z; T oo T
R (A e B A R

Il & 1%+ 1
gzb (&, @) A+w,
U ool . [UT
0 1]"4'_[0

symmetry, w, is also distributed as N (0, I;). Hence, this reduces to the previous case, and a global
minimum is given as

_ . : - r
b=ej1, A=-— diag <{n”+'1Aj+}"(ZkAk)}j>

0

=

where we define b7 = b7 [ (1)] AU, and w, := UTw,. By the rotational

From the definition of E, A, it thus follows that a global minimum is given by
: 1 T
b —egrr, A—— |Uding <{ L (3, M) }) vl
0

as desired.
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B Proofs for the multi-layer case

B.1 Proof of Theorem 3

The proof is based on probabilistic methods (Alon and Spencer, 2016). According to Lemma 9, the
objective function can be written as (for more details check the derivations in (20))

2 2
f(Ay, A)) =ETr (E [1(7 - XJ AixoM) X wow] Xo [J(I - MXT AiXo) )
i=1 =1
1 2
=ETr | E | - X7 AiXoM)XJ Xo [J(I - MXTA;X0) | |,
i=2 j=1

where we use the isotropy of w, and the linearity of trace to get the last equation. Suppose that Aj
and A} denote the global minimizer of f over symmetric matrices. Since A} is a symmetric matrix,
it admits the spectral decomposition 4; = UD; UT where D is a diagonal matrix and U is an
orthogonal matrix. Remarkably, the distribution of X is invariant to a linear transformation by an
orthogonal matrix, i.e, X has the same distribution as XqU T This invariance yields

fUDWUT, A3) = f(Dy,U" A3U).

Thus, we can assume A7 is diagonal without loss of generality. To prove A3 is also diagonal, we
leverage a probabilistic proof technique. Consider the random diagonal matrix .S whose diagonal
elements are either 1 or —1 with probability % Since the input distribution is invariant to orthogonal
transformations, we have

Note that we use SD1.S = D; in the last equation, which holds due to D, and S are diagonal matrices
and S has diagonal elements in {+1, —1}. Since f is convex in A, a straightforward application of
Jensen’s inequality yields

f(D1,A3) = E[f(D1,5435)] = f(D1, E[SA3S]) = f(D1, diag(A3)).

Thus, there are diagonal D; and diag(A%) for which f(D;,diag(A3)) < f(Aj, A%) holds for an
optimal A} and A%. This concludes the proof.

B.2 Proof of Theorem 4

Let us drop the factor of % which was present in the original update (51). This is because the
constant 1/n can be absorbed into A4;’s. Doing so does not change the theorem statement, but reduces
notational clutter.

Let us consider the reformulation of the in-context loss f presented in Lemma 9. Specifically, let Z
be defined as
21 2@ o g p(ntl)

€ RE+Dx(nt1),

Zy =
where y(" 1) = (w,,2("*1). Let Z; denote the output of the (i —1)*" layer of the linear transformer

(as defined in (51), initialized at Zo). For the rest of this proof, we will drop the bar, and simply
denote Z; by Z;.> Let X; € R¥*"*1 denote the first d rows of Z; and let Y; € R'*"+1 denote the
(d + 1)*" row of Zj. Under the sparsity pattern enforced in (9), we verify that, for any i € {0...k},

Xi = X07

Yier =Y + ViMX A X = Yo [] (I + MXTAuXo) . (20)
=0

2This use of Z; differs the original definition in (1). But we will not refer to the original definition anywhere
in this proof.

17



498

499

500
501

502
503

504

505
506

508

509
510

511

512
513
514

515
516

517
518
519
520
521

522
523
524

525
526

527
528

529

_ |Inaxn O
where M = { 0 0

} . We adopt the shorthand A = {Ai}fzo.

We adopt the shorthand A = {Ai}fzo. Let S ¢ R(k+1)xdxd and A ¢ S if and only if for all

i € {0...k}, there exists scalars a; € R such that A; = a;%~! and B; = b;I. We use f(A) to refer
to the in-context loss of Theorem 4, that is,

£) = f ({Qi =[5 o om= % 3 }> |

Throughout this proof, we will work with the following formulation of the in-context loss from
Lemma 9:

f(A) =E(x, w.) [Tr (I = M) V1 Y (I - M))]. 2y

The theorem statement is equivalent to the following:

k
glrég; IVa S (A7 =0, (22)

where V 4, f denotes derivative wrt the Frobenius norm || A; || . Towards this end, we establish the

following intermediate result: if A € S, then for any R € R(:=+1)>dxd there exists R € S, such that,
att =0,

d - d
%f(AthR) < af(AthR). (23)

In fact, we show that R; := r;I, for r; = 1Tr (£'/2R;X'/2). This implies (22) via the following
simple argument: Consider the "S-constrained gradient flow": let A(t) : Rt — R(k+1)xdxd pe
defined as

%Ai(t) = —ri ()DL, ) = Te(SY2V 4, f(A(1)2Y2)
for 7 = 0...k. By (23), we verify that
d k
S JAW®) < = VA FAD)G- (24)
1=0

We verify from its definition that f(A) > 0; if the infimum in (22) fails to be zero, then inequality
(24) will ensure unbounded descent as t — oo, contradicting the fact that f(A) is lower-bounded.
This concludes the proof.

Step 0: Proof outline

The remainder of the proof will be devoted to showing (23), which we outline as follows:

* In Step 1, we reduce the condition in (24) to a more easily verified layer-wise condition. Specifically,
we only need to verify (24) when R; are all zero except for I2; for some fixed j (see (25))

At the end of Step 1, we set up some additional notation, and introduce an important matrix G,
which is roughly "a product of attention layer matrices". In (26), we study the evolution of f(A(¢))
when A(t) moves in the direction of R, as X is (roughly speaking) randomly transformed.

* In Step 2, we use the results of Step 2 to to study G (see (27)) and %G(A(t)) (see (28)) under
random transformation of Xg. The idea in (28) is that "randomly transforming X" has the same
effect as "randomly transforming S" (recall S is the perturbation to B).

* In Step 3, we apply the result from Step 2 to the expression of % F(A(t)) in (26). We verify that R
in (23) is exactly the expected matrix after "randomly transforming .S". This concludes our proof.

Step 1: Reduction to layer-wise condition
To prove (23), it suffices to show the following simpler condition: Let j € {0...k}. Let R; €
R?*4 be arbitrary matrices. For C' € R¥*, let A(tC, j) denote the collection of matrices, where

18
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[A(tC, j)]; = Aj+tC, and fori # j, A(tC, j); = A;. We show that forall j € {0..k}, R; € R¥*?,
there exists R; = r; %!, such that, at t = 0,

d - d

— f(A(tR:,5)) < = f(A(tR;,j 2
We can verify that (23) is equivalent to (25) by noticing that for any R, at t = 0, & f(A + tR) =

Zf:o % F(A(tR;,7)). We will now work towards proving (25) for some index j that is arbitrarily

chosen but fixed throughout.
By (20) and (21),
f(A(tR;, 7))
=E [Tr (I - M) Y}, Y1 (I — M))]
=E [Tr (I — M) G(Xo, A; + tR;) "w,] w.G(Xo, Aj + tR;) (I — M))]
=E [Tr (I — M) G(Xo,A; +tR;) 'S 'G(Xo, Aj + tR;) (I — M))]

where G(X,A; +C) == X Hf:o (I — MX{ [A(tC,j)]; X). The second equality follows from
plugging in (20). For the rest of this proof, let U denote a uniformly randomly sampled orthogonal

matrix. Let Us; := /20X ~1/2, Using the fact that X 2 Us Xo, we can verify

d .
S (AR, )

t=0

d

= E [Tr (I — M) G(Xo, A; +tR;) TS7'G(Xo, Aj + tR;) (I — M))]
t=0

d

= 5 Exou [Tr (I — M) G(UsXo, Aj +tR;) 'S G(UsXo, Aj + tR;) (I — M))]
t=0
:2EX0,U |:TI' ((I — M) G(UEX(),AJ')T271 %G(UZX(),AJ' +tRj) (I — M)>:| . (26)
t=0

Step 2: G and %G under random transformation of X

We will now verify that G(Us Xy, 4;) = UsG(Xo, 4;):

G(Us X, A;)
k
=UsXo [ (I + MX{Us, A,Us X,)
=0
—UsG(Xo, A;), 27)

where we use the fact that Uy A;Us, = U (a;%71)Us = A;. Next, we verify that

d Jj—1 k
— G(UsXo, R;) =Us Xy (H(I + MXOTAZ-XO)> MX{US RiUsXo [] (I+MX{ AiXo)
i=0 i=j+1
d
=Us 5 G(Xo, Uy, R;Us)) (28)

where the first equality again uses the fact that Uy A;Us, = A;.
Step 3: Putting everything together

Let us continue from (26). Plugging (27) and (28) into (26),

d .
SHAR; )

t=0

ZQEXO,U |:TI' ((I — M) G(UEXO,Aj)TZ_l d

L 0=m)]
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i d
Dok, v {Tr ((1 — M) G(Xo,A;) T2t G (X0, 4; + tUs R;Us)

)]
)]
L))

=)

where 7; 1= 1Tr (S¥/2R;51/2). In the above, (i) uses 1. (27) and (28), as well as the fact that
Ug XUy = S (ii) uses the fact that %G(Xo, A; +tC)|,_, is affine in C. To see this, one
can verify from the definition of G, e.g. using similar algebra as (28), that %G (Xo, A, +C) is affine
in C. Thus EU [G(Xo, Aj + tUgRjUE)] = G(X(), AJ‘ + tEU [U;RJUz)] .

=2Ex, |Tr ((I—M)G(XO,Aj)TZ_lEU %G(Xo,Aj—&—tUETRjUE)

[ d
oKy, |Tr ((1 — M)G(Xo,A;) 87! 7 G (X0, 4; + By (U R;Us))

d

=2Ey, |Tr ((I - M)G(Xo,A;) T2t iG(Xo,Aj +t-r;8h)

)

d
= —f(A(t-r; 2715
dtf( ( Tj 7)) o

B.3 Proof of Theorem 5

The proof of Theorem 5 is similar to that of Theorem 4, and with a similar setup. However to keep
the proof self-contained, we will restate the setup. Once again, we drop the factor of % which was
present in the original update (51). This is because the constant 1/n can be absorbed into A;’s. Doing
so does not change the theorem statement, but reduces notational clutter.

Let us consider the reformulation of the in-context loss f presented in Lemma 9. Specifically, let Z
be defined as
2 2@ Lo g p(nt])

€ RUEHDX (1)
gD y@ L ) D)

Zy =
where y(" 1) = (w,,2("*1). Let Z; denote the output of the (i —1)!" layer of the linear transformer

(as defined in (51), initialized at Zy). For the rest of this proof, we will drop the bar, and simply
denote Z; by Z;3 Let X; € R¥*"+1 denote the first d rows of Z; and let Y; € R**"*1 denote the
(d + 1)*" row of Z;. Under the sparsity pattern enforced in (11), we verify that, for any i € {0...k},

X1 =X+ B X;MX," A; X;

Y =Y + ViMX] AX; =Yy [ (T + MX[AX,). (29)
=0

We adopt the shorthand A = {A4;}"_ and B = {B;}"_,. Let § ¢ R2x(k+1)xdxd and (A, B) € S
if and only if for all © € {0...k}, there exists scalars a;, b; € R such that A; = ;X' and B; = b;I.
Throughout this proof, we will work with the following formulation of the in-context loss from

Lemma 9:
f(A,B) == E(xyuw,) [Tr (I = M)Y,[ 1 Vi (I - M))]. (30)

(note that the only randomness in Zy comes from Xy as Yj is a deterministic function of Xg). The
theorem statement is equivalent to the following:

k

. 2 2
s D IVASAB + V5 F(A B =0 G

where V 4, f denotes derivative wrt the Frobenius norm || 4;|| .

3This use of Z; differs the original definition in (1). But we will not refer to the original definition anywhere
in this proof.
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Our goal is to show that, if (A, B) € S, then for any (R, S) € R2*(k+1)xdxd there exists (R, S) €
S, such that, at ¢t = 0,

d ~ = d
—f(A+tR,B+1tS) < —
dtf (A+1R B+15) < dt
In fact, we show that R; := r;I, for r; = iTr (S1/2R;2Y/2) and S; = s, for s; =
éTr (2*1/ 26, %t/ 2). This implies (31) via the following simple argument: Consider the "S-

constrained gradient flow": let A(t) : Rt — RFEFDxdxd and B(t) : RT — RE+H)xdxd pe
defined as

f(A+tR,B+1tS). (32)

G A1) = —riD, ni(r) = TS0, F(AW), B)EY?)
GB1) = —siOB, silt) = (8™ 2V i, f(A(D), BU)SY?),

for i = 0...k. By (32), we verify that

k
@ (A, B) < - (Z 194, 5(A®), BO)E + ||vBif<A<t>7B<t>>||2F> BN
=0

We verify from its definition that f(A, B) > 0; if (31) does not hold then (33) will ensure unbounded
descent as t — oo, contradicting the fact that f(A, B) is lower-bounded. This concludes the proof.

Step 0: Proof outline

The remainder of the proof will be devoted to showing (32), which we outline as follows:

* In Step 1, we reduce the condition in (32) to a more easily verified layer-wise condition. Specifically,
we only need to verify (32) in one of the two cases: (I) when R;, S; are all zero except for R; for
some fixed j (see (35)), or (II) when R;, S; are all zero except for .S; for some fixed j (see (34)).
We focus on the proof of (II), as the proof of (I) is almost identical. At the end of Step 1, we set
up some additional notation, and introduce an important matrix GG, which is roughly "a product of
attention layer matrices". In (36), we study the evolution of f(A, B(t)) when B(t) moves in the
direction of S, as Xy is (roughly speaking) randomly transformed. This motivates the subsequent
analysis in Steps 2 and 3 below.

* In Step 2, we study how outputs of each layer (29) changes when X is randomly transformed.
There are two main results here: First we provide the expression for X; in (37). Second, we provide
the expression for £ X;(B(t)) in (38).

* In Step 3, we use the results of Step 2 to to study G (see (42)) and %G(B(t)) (see (43)) under
random transformation of X.

The idea in (43) is that "randomly transforming X" has the same effect as "randomly transforming
S" (recall S is the perturbation to B).

« In Step 4, we use the results from Steps 2 and 3 to the expression of % f(A, B(t)) in (36). We
verify that Sin (32) is exactly the expected matrix after "randomly transforming S". This concludes
our proof of (II).

* In Step 5, we sketch the proof of (I), which is almost identical to Steps 2-4.

Step 1: Reduction to layer-wise condition

To prove (32), it suffices to show the following simpler condition: Let j € {0...k}. Let R;, S; €
R?*4 be arbitrary matrices. For C € R3*?, let A(tC, j) denote the collection of matrices, where
A(tC,j); = A; +tC, and for i # j, A(tC, j); = A,. Define B(tC, j) analogously. We show that
forall j € {0...k} and all R;, S; € RY*%, there exists Rj =r;¥ " and Sj = s;571, such that, at
t=0,

& F(A(tR.), B) < & f(A(R;. ), B) G4

==Y

and %f(AB(tS'j,j)) < — f(A, B(tS}, j)). 35)

Qu

t
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We can verify that (32) is equivalent to (34)+(35) by noticing that for any (R, S) € R?*(k+1)xdxd_
att =0, L f(A+tR,B+1S) = Y0 (L f(A(tR;, ), B) + L f(A, B(tS;.5))).

We will first focus on proving (35) (the proof of (34) is similar, and we present it in Step 5 at the
end), for some index j that is arbitrarily chosen but fixed throughout. Notice that X; and Y; in (29)
are in fact functions of A, B and X,. For most of our subsequent discussion, A; (for all ) and B;
(for all ¢ # j) can be treated as constant matrices. We will however make the dependence on X and
B, explicit (as we consider the curve B; + t5), i.e. we use X;(X, C) (resp Y;(X, C)) to denote the
value of X; (resp Y;) from (29), with Xo = X, and B; = C.

By (30) and (29),
f(A, B(tS;,7))
=E [Tr (I — M) Yi+1(Xo, B;j + t5) " Yiy1(Xo, Bj +tS;) (I — M))]
=E [Tr (I — M) G(Xo, Bj +tS;) "w, w.G(Xo, B; + tS;) (I — M))]
=E [Tr (I — M) G(Xo, B; +tS;) "S7'G(Xo, B; +tS;) (I — M))]

where G(X,C) := X Hi:o (I — MX;(X,C)TA4;X;(X,C)). The second equality follows from
plugging in (29).

For the rest of this proof, let U denote a uniformly randomly sampled orthogonal matrix. Let
Us. := X120 ~1/2, Using the fact that Xo < Us, Xo, we can verify

d
S FALB(S;. )

_4d
Tt

t=0

Ex, [Tr ((I — M)G(Xo, B; +1S;) 'S7'G(Xo, Bj +tS;) (I — M))]

t=0

d
= EBxu [Tr (I — M) G(Us X0, B; +tS;) 'S 'G(Us Xo, B; +t5;) (I — M))]

t=0

iG(UzXo,Bj +tSj) ([ - M)):| . (36)
t=0

ZQEXO,U i

Tr ((1 — M)G(UsXy,B;) '8!

Step 2: X, and 4 2 X; under random transformation of X
In this step, we prove that when X is transformed by Us,, X; for ¢ > 1 are likewise transformed in a
simple manner. The first goal of this step is to show

X;i(UsXo, Bj) = UsXi(Xo, B;). (37

We will prove this by induction. When ¢ = 0, this clearly holds by definition. Suppose that (37) holds
for some 7. Then

Xi1(UsXo, Bj)
=X;(UsXo, B;) + BiXi(Us Xo, B; )M X;(Us X0, B;)" A; X:(Us X, B;)
=UsX;(Xo, B;) + Us B; X;(Xo, Bj)M X;(Xo, Bj)" 4;X;(Xo, B;)
=UsXi11(Xo, By)
where the second equality uses the inductive hypothesis, and the fact that A; = a;X 7!, so that

UET A;Us, = A;, and the fact that B; = b;I, from the definition of S and our assumption that
(A, B) € S. This concludes the proof of (37).

We now present the second main result of this step. Let Uy, L= 21/2yTx=1/2, 50 that it satisfies
UsUs' = Ug'Us = I. For all 4,
1 d d —1
U T Xi(UZXO7 Bj + tSj) = %Xi(X(L Bj + tUZ SjUE) . (38)
t=0 t=0

To reduce notation, we will not write -|,_ explicitly in the subsequent proof. We first write down the
dynamics for the right-hand-side term of (38): From (29), for any ¢ < j, and for any ¢ > j + 1, and
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636
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638

for any C' € R?*4,

d
22X (X0, B; +10) =0

d

X1 (Xo, By +1C) = CX; (Xo, B))MX; (X0, By) 4;X; (X0, B))
d d

75X (Xo, B +1C) = 2. X (X, B +1C)

d
+ B; <dt (Xo,Bj+tC’))M i (Xo, B ) A; X; (Xo, Bj)

d

T
%Xi (Xo,Bj + tO)) A1X1 (Xo, BJ)

+ B; X, (X0, B;)M (

+ BiX; (Xo, B))MX; (Xo, B;) ' A; (dX,» (Xo, Bj + tC)) (39)

dt

We are now ready to prove (38) using induction. For the base case, we verify that for ¢ < j,
Us! the (UsXo, B, +tS;) = 0 = £ X, (Xo, Bj 4+ tUs; ' S;Us;) (see first equation in (39)). For
index j + 1, we verify that

1 d _
Us, 1£Xj+1 (UsXo, Bj +tS;) =Us'S;Us X;(Xo, Bj)MX,;(Us X0, Bj) T A;
d
== Xin (UsXo, B; + tUs; ' S;Us. X)) (40)
where we use two facts: 1. X;(UsXo,Bj) = UsX;(Xo,B;) from (37), 2. A; = a; X571,
so that U;; A;Us = A;. We verify by comparison to the second equation in (39) that

Us' 4 X; (UsXo, Bj +tS;) = 0 = 4£X; (Xo,B;j +tUs'S;Us). These conclude the proof
of the base case.

Now suppose that (38) holds for some ¢. We will now prove (38) holds for ¢ 4+ 1. From (29),

Us'— X1 (UsXo, By +tS;)

dt
4 d
:Uzla (Xi (UsXo, B; +15j))
d
+U5' 2 (BiXi (UsXo, B +18;) MX; (Us Xo, By + 1) AiX; (Us Xo, B; +15;))

. d
:Uzla (Xi (UsXo, Bj +15j))

+Ug'B; (d

thi ((]z;)(o7 Bj + tSj)) ((]z;)(o7 ) A X; (UEXO,BJ‘)

.
C‘lltX (UsXo, B; + tS; )) A; X; (UsXo, B;)

+ Us'B; X; (Us Xo, Bj)M (
d
+ U5 B X; (UsXo, Bj))M X, (UsXo, B;) T A, (thi (UsXo, Bj + tSj)>
Oy L x, (U X, B, + 15,
i X; (UsXo, Bj +S;)
d
+ B; <U§1th,; (UEXO,BjthSj)) MX; (Xo,B;)" 4;X; (X0, B;)

1d

T
%Xi (UEX(), Bj + tSj)) A X; (Xo, Bj)

+ Bi X; (Xo, Bj)M (Uz_:

— BiX; (X0, Bj)MX; (XO,B) A, (U 1;

i (UsXo, Bj + tSj))

(u) d

- Xi (Xo, B; + tUy, ' S;Us)
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+ B, (;ltxi (Xo, B; +tU§15jUZ)> MX; (Xo,B;)" A;X; (X0, B;)

d

+ B X; (X0, B;)M (dt

.
X; (Xo, Bj +tUy, SU2)> AiX; (Xo, Bj)

d

+ BiX; (Xo, B))MX; (X0, B;) " A; (dt

X; (Xo, Bj + tU5 'S, UE)> 1)

639 In (¢) above, we crucially use the following facts: 1. B; = b;] so that Uz_lBl- = B,U:1, 2.
640 (UzX(), ) UZX (X(), B]) from (37), 3. Az = aiE’l, so that UgAZUE = Ai, 4. Ungl =
ea1 Uy s = 1. (1) follows from our inductive hypothesis. The inductive proof is complete by
e42  verifying that (41) exactly matches the third equation of (39) when C' = Uy, 1SUs.

s4s Step 3: G and 7 d ;G under random transformation of X

644 We now verify that G (UsXo, B;) = UsG(Xo, Bj). This is a straightforward consequence of (37)
645 as

G(UsXo, B))
k
=UsXo [ (I + MXi(UsXo, B;)" AiXi(Us X0, B;))

=0
k

_UEXOH (I + MX;(Xo,B;)" A; Xi(Xo, B;))
=0
=UsG(Xo, Bj), (42)

e46 where the second equality uses (37), as well as the fact that UZT A;Us, = A;. Next, we will show that

d
Ug' 2 G(UsXo, Bj +15))

647 To see this, we can expand

= %G(XO, B; +tU5'S;Us) (43)

t=0 t=0

1 d
UE_ dtG(UEXO,Bj + tSj)

k
1 d
=Ug" it (UEXO H (I +MX;(UsXo,B; + ST A; Xi(Us Xo, B; + tSj))>
i=0
i—1

k
:XOZ <H (I+ MX@(UZX(), ) AZX (UEXOaBZ))>

i=0 \¢=0

(

Xo

(Xi(UsXo, Bj +t5;)" 4;X;(Us X0, B;))

=

==

(I+MX5(U§]X0, ) AZX (UEX();B[))>

g

1

I
+

1
@

II=
'M?T

S
I
=)

(I + MX(Xo,B)) AgXe(Xo,Be))>

S
Il

s

( (I + MXy(Xo,Bj) AKXZ(XOan))>
t=it1

k i—1
(ﬂ)X Z <H I+ MX,(Xo,B ) Ang(XO,Bg))>

£=0

1=0
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648

650

651
652

653
654

655
656
657

658

659

660
661

662
663

664
665
666
667

668

d

dt dt

T
M <<dXi(XO,Bj +tU215jUE)> AiXi(Xo,Bj) +MXi(X0,Bj) A; (
k
. ( H (I+MX€(XO, )TAzXZ(Xo,Bg))>
(=it1

"“)iG(XO,B + U5 'S, Us)

In (¢) above, we the following facts: 1. X;(Us Xy, B;) = Us X;(Xo, B;) from (37),2. A, = a; 271,
so that UZTA Us = A;, 3. UEUE =Ug s =1. (zz) follows from (38). (ii¢) is by definition of
G.

Step 4: Putting everything together
Let us now continue from (36). We can now plug (42) and (43) into (36):

& (A BUS;. )

t=0

d
ZQEXQ,U |:TI' <(I — M) G(UEX(), )TE 1 %G(UEXQ,BJ' + tSJ)

L 0=m)]
)]
)]
=)

(l—)QEX0 |:TI' ((I — M) G(Xo, Bj)T271 iG(Xo, B; + tUX_:lSjUg)

dt

i d
Dok y, |Tr L G(Xo, B; + 1By [Ug'S;Us])

Xo,B;)Tx !
G( 05 ]) dt

t

=2Ex, |Tr ((I—M) G(Xo,B )TE 1E [iG(Xo,Bj—f—tUElSjUz)
( G(Xo,B;)Tx! —tG(XO,Bj +ts;1)

—2Ey, |Tr

(1~ 1))

| E—

t=0

d
= S F(A,B(ts; )

t=0
where s; := éTr (2*1/25}-21/2). In the above, (i) uses 1. (42) and (43), as well as the fact that
Ug S7Us = E71. (ii) uses the fact that G(Xo, B; +tC)|,_, is affine in C. To see this, one
can verify from (39), using a simple induction argument, that %Xi (Xo, Bj + tC) is affine in C for
all 7. We can then verify from the definition of G, e.g. using similar algebra as the proof of (43),
that %G(Xo,Bj + C) is affine in %Xi(XO,B]’ + tC) Thus EU [G(Xo,Bj + tU{;lS]‘UE)] =
G(Xo, B; +tEy [Ug 'S;Us)].

With this, we conclude our proof of (35).

Step 5: Proof of (34)

We will now prove (34) for fixed but arbitrary j, i.e. there is some 7; such that
_ d .
7f( (t ’I"] 17.7) B)<£f(A(tijj)aB)

The proof is very similar to the proof of (35) that we just saw, and we will essentially repeat the same
steps from Step 2-4 above.

Let us introduce a redefinition: let X;(X,C) (resp Y;(X,C)) to denote the value of X; (resp
Y;) from (29), with Xo = X, and A; = C (previously it was with B; = (). Once again, let

G(X,0) = XH;}:() ([ + MX;(X,0)TA; X;(X, C)), where flj =A; +tC, and Ay = Ay forall
0e{0..k}\{j}.
We first verify that

X;(UsXo, Bj) = Us X;(Xo, B;)

G(UsXo, Bj) = UsG(Xo, Bj). (44)
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es9 The proofs are identical to the proofs of (37) and (42) so we omit them. Next, we show that for all ¢,

d d
Ug'—Xi(UsXo, Aj +tR;)| = —X;(Xo,Aj +tUs R;Us)| . (45)
dt o At =0
670 We establish the dynamics for the right-hand-side of (45):

d

R (Xo,A; +tC) =0

d

X511 (Xo, A; +1C) = B, X; (Xo, 4))MX; (Xo, A)NTOX; (X0, Ay)

d d

%Xi+1 (Xo, 45 +tC) = %Xi (Xo, 4j +1tC)

d
+ B; (th" (Xo, Aj + tC’)) MX; (Xo,4;)" 4;X; (Xo, A;)

T
+ BiXi (Xo, A])M (thz ()(07 Aj + tC)) Ale (Xo, AJ)

+ BiX; (Xo, Aj))MX; (Xo, A;) " A, (ZgXi (X0, A; + tC)) (46)

671 Similar to (40), we show that for ¢ < j,

d d
Us'—X; (UsXo, A; + tR;) =0 = Uy, ' — X; (Us Xo, A; + tUs R;Us)

= at = at

. d _
Us, 1$Xj+1 (UsXo, Aj + tR;) =Uy' BjUs X;(Xo, Aj) M X;(Us X0, A;) " A;
d

Tt
672 Finally, for the inductive step, we follow identical steps leading up to (41) to show that

Xj+1 (UgXQ,Aj + IfU;RjUEXj) .

d
Ugl%Xi+1 (UsXo, Aj +tR;)
d

zﬁxi (Xo, A; + tUs, R;Us))

d
+ B; <thi (Xo,4; + tUgRjUg)) MX; (Xo,Aj)T Ai X (Xo, 4j)

d T
+ B X; (X0, Aj))M (th,» (X0, A; + tUETRjUg)> Ai X (Xo, 4j)

d
+ BiX; (Xo, A;)MX; (X0, A;) " A; (thi (Xo,4; + tUZTRjUZ)> 47)
673 The inductive proof is complete by verifying that (47) exactly matches the third equation of (46)

674 when C' = Uy, 1 SUs,. This concludes the proof of (45).

675 Next, we study the time derivative of G(Ux X, A; + tR;) and show that

d d

G UnXo, Aj +1R;) =—G(Xo, 4; +tUs, R;Us). (48)

676 This proof differs significantly from that of (43) in a few places, so we provide the whole derivation
677 below. By chain-rule, we can write

Uy!

d
UE_l%G(UgXO, Aj+tR;) = &+ Q
678 where

k

d

» = UE—la (UEXO [T (7 + MXi(UsXo, A; + tR))" A Xi(Us Xo, A; + tRj))>
=0
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679 and

j—1
Q ::UglUEXO <H (I+MX (UEX(),A ) A; X; (UEXQ,A )))
=0
- MX;(UsXo, A))"R; X;(Us X0, Aj)

k

i=j+1

es0  We will separately simplify # and O, and verify at the end that summing them recovers the right-
68t hand-side of (48). We begin with #, and the steps are almost identical to the proof of (43).

k
Uy, (UZXOH (I +MX;(UsXo, Aj +tR))T A; X;(Us Xo, A; + tR; )))
=0

i1
( (I+MX,(UsXo,Aj)"ArX; (U2X07Af))>

XZ(UEXO,A +tR;)T A X;(Us Xo, Aj +tR;))

S
Q.‘&
—~

k
H (I-i—MXg(UzXo,A ) A X; (UEXO’AZ))>

_ ko /i1
(QXOZ (H (I + MXy(Xo,A;) AeXz(XO,Ae))>

£=0

d T d
M ((UE d i(UgXo,Aj + tR])> AiXi(X07 AJ) + MXi(Xo,Aj)TAi <U£1thi(U2X07Aj —|— tR])>)

l=i+1

k
: ( (I + MX(Xo, Aj) A/XZ(XOaA/))>
(“)X

02

(2

i-1
(H I+ MX(Xo,Aj) AéXe(XmAé)))
=0

S Xi(Xo, Aj + UL R, U2)>>

k
=0
d r d
M ((th’L Xo,A -I—tUZR UE)) AZXZ(XQ7A])+MX1(X0,AJ> A; (
k

H I+ MXy(Xo,4;) AeXz(XmAe)))
l=i+1

i—1
Xo (H (I + MX(Xo, A))T AcXo(Xo, Ae)))
=0 \/4=0

d
M (X:(Xo, Aj + tUs, R;Us)T A; X;(Xo, A; + tUg R;Us))

&

k
( H (I + MXy(Xo, A; )TAzXz(Xo,Az))> (49)

l=i+1

sz In (i) above, we the following facts: 1. X;(Us Xy, Bj) = Us X;(Xo, B;) from (44),2. A; = ;X7 1,
e83 sothat Uy A,Us = A;, 3. UgUy ' = Uy, 'Us. = I. (ii) follows from (45).
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es4  We will now simplify ©.
@

j—1
:UilUEX() <H (I + MXZ‘(UEX(), AJ)TAZXl(UEXmA])))
i=0
- MX;(UsXo, A;)" R; X;(Us Xo, Aj)
k
II 7+ MX(UsXo, A))" AiXi(Us X0, Aj))
i=j+1
O (o
= X, (H (I + MX;(Xo, A;)" A Xi(Xo, Aj))> MX;(Xo,A;)"Us R;Us X;(Xo, Aj)
=0
k
I (7 +MXi(Xo, A)TAiXi(Xo, 45)) |, (50)
i=j+1
e85 where (i) uses the fact that X;(Ux Xy, B;) = UsX,(Xo, B;) from (44) and the fact that A; =
686 ;0 L.

ee7 By expanding £G(Xy, A; + tUyl R;Us), we verify that

d d
70 (Xo, 45+ tUs, R;jUs) = (49) + (50) = & + O = U;%G(UEXO, Aj +tR;),
ess this concludes the proof of (48).

689 The remainder of the proof is similar to what was done in (36) in Step 4:

d .

t=0

d
:2EX0,U |:TI' <(I — M) G(UEX(), Aj)TX)*l %G(UEXO’ Aj + tR])

L))
L 0=)]
L))
L))

eo0 where 1; := éTr (21/2Rj21/2). In the above, (i) uses 1. (44) and (48), as well as the fact that
so1 Uy, $7'Ux = X1 (id) uses the fact that £ G(Xo, A; 4 tC)|,_, is affine in C. To see this, one
692 can verify using a simple induction argument, that %Xi (Xo,A; + tC) is affine in C for all 3.
693 We can then verify from the definition of G, e.g. using similar algebra as the proof of (48), that
694 %G(Xo, Aj + C) is affine in %Xi(XQ, Aj + tC) and C. Thus E; [G(Xo, Aj + tUgR]UE)] =
695 G(Xo, Aj + tEU [UQRJUE] )

696 This concludes the proof of (34), and hence of the whole theorem.

Dok o [Tr ((1 M) G(Xo, 4) 5 L C(Xo, 45 + WU R;Us)

og, [Tr ((1 — M) G(Xo, A43) 757 LG (Xo, A; + By [V R,Us])

=2Ex, [Tr <(I - M)G(Xo,A;) 87! %G(XO, Aj+t-rnh

= S I 25),B)

697 B.4 Equivalence under permutation

eos Lemma 7. Consider the same setup as Theorem 4. Let A = {Ai}fzo, with A; = a; 2", Let

4; 0 Oaxa 0]1"
ee0 f(A) = f ({Ql = [0’ O] , P = { dOXd 1}} ) . Let i,j € {0...k} be any two arbitrary

i=0
700 indices, and let A; = Aj, A; = A;, and let Ay = Ay forall £ € {0...k}\ {4, j}. Then f(A) = f(A)
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Proof. Following the same setup leading up to (21) in the proof of Theorem 4, we verify that the
in-context loss is

F(A) = B [Tr (I — M) G(Xo, A)TS ™ G(Xo, A) (I — M))]
where G/(Xo, A) := Xo [Tj_o (I + MXT ArXo).
Consider any fixed index ¢. We will show that
(I+MX§AcXo) (I+MXG App1Xo) = (I +MX{ A1 Xo) (I +MX{ ArXo) -

The lemma can then be proven by repeatedly applying the above, so that indices of A; and A; are
swapped.

To prove the above equality,
(I+MXJAXo) (I+MX] Ary1Xo)
=T+ MXFAXo+MXT Ay 1 X0+ MXTAXoMXE Ap1 X0
=T+ MXTAXo+ MXTAy 1 X0+ MXT a2 ' XoMXT ap 1271 X,
=1+ MXI Ay Xo+ MX§ Ary1 X0+ MXJ ap1 X XoMXJ a2~ X
= (I +MX{ A1 Xo) (I + MX5 ArXo) .

This concludes the proof. Notice that we crucially used the fact that A, and Ay, are the same matrix
up to scaling. O

C Auxiliary Lemmas

C.1 Reformulating the in-context loss

In this section, we will develop a re-formulation in-context loss, defined in (5), in a more convenient
form (see Lemma 9).

For the entirety of this section, we assume that the transformer parameters { P;, Qz‘}f:o are of the
form defined in (11), which we reproduce below for ease of reference:

B; 0 |4, 0
R—|:O 1:|7 Qi—|:0 0:|
Recall the update dynamics in (4), which we reproduce below:
1
Zis1 = Z;+ ~PZ;MZ] QZ,, (51)
n

where M is a mask matrix given by M := [I"OX” 8} . Let X}, € R¥"+! denote the first d rows
(d+

of Z, and let Y3, € R™*"+! denote the
equivalent to

l)th (last) row of Zj. Then the dynamics in (51) is

1
X1 =Xi+ —Bi XiMXT A X;
n

1
Yig1 =Y+ —YiMX]IAX;. (52)
n

We present below an equivalent form for the in-context loss from (5):

Lemma 9. Let p, and p,, denote distributions over R%. Let (V) .. (n+1) i P and wy ~ py,. Let

Zy € RéH1n+1 s specifically defined in (1) as

LD 2@ L g p(ntD)

R@+1)x(n+1)
gD @ oy g | €

Zy =
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Let Zy, denote the output of the (k — 1)*" layer of the linear transformer (as defined in (51), initialized
at Zy). Let f ({Pi, Qi}fzo) denote the in-context loss defined in (5), i.e.

2
f{Pi,QiYizo) = Ezow.) K[Zk](dﬂ),(nﬂ) + wjx("ﬂ)) ] (53)

Let Z be defined as
2D L@ o p(n) p(ndD)

7o = 6R(d+1)><(n+1)’
0 y O y@ oy y(n+1)}

where y("t1) = <w*,x("+1)>. Let Zy, denote the output of the (k — 1) layer of the linear

transformer (as defined in (51), initialized at Z). Assume {P;, Qi}fzo be of the form in (11). Then
the loss in (5) has the equivalent form

—T—
f({Ai, Bi}izo) = f ({Pi; Qi}imo) = E(Zy .y [Tr ((I -M)Y, Y- M))] ;
where Y}, € RV s the (d + 1) row of Z.
Before proving Lemma 9, we first establish an intermediate result (Lemma 10 below). To facilitate
discussion, let us define a function F'x ({Ai, Bz‘}f:o , X0, Y0> and Fy ({AZ—, Bi}fzo , Xo, YO) to

be the outputs, after £ layers of linear transformers respectively. Le.

Fx ({AmBi}f:o ,Xo,Yo) = Xp11

Fy ({Ai, B} X0, Yo) = Yieon,
as defined in (52), given initialization Xy, Yj.

We now prove a useful lemma showing that [Yo], , , = y™*+1) influences X;,Y; in a very simple
manner:

Lemma 10. Let X;,Y; follow the dynamics in (52). Then

1. [X;] is are independent of [Yy],, , ;-

2. For j #n+ 1, [Y]; is independent of [Yo],, .
5 v

depends additively on [Yp)]

n+1 n+1°

In other words, for C := [0,0,0...,0, c] € RIH1x1

1 Fx ({40 Bty Xo. Yo + C) = Fx ({43, BiYg . X0, %)

2+3: Iy ({Ai»Bi}f:o , Xo, Yo + C) = Fy ({Aini}f:() 7X0»Y0) +C

Proof of Lemma 10. The first and second items follows directly from observing that the dynamics

for X; and Y; in (52) do not involve [Y;], ., due to the effect of M.

The third item again uses the fact that Y; 1 — Y; does not depend on [Y7] O]

n+1-

We are now ready to prove Lemma 9
Proof of Lemma 9. Let Zy, Zx, Zo, Z) be as defined in the lemma statement. Let X and

Y, denote first d rows and last row of Z;. Then by Lemma 10, X, = X and Y, =
Vi+[0 0 -+ 0 (w,,z""V)]. Therefore, (53) is equivalent to

7 2
E(fo,w*) [([Z’f](d+l),(n+1)) }
5V 2
:E(Zo,w*) [([Yk](n+1)) ]
T2
By [H(I_M) ol }

=Ez, 0., [Tr ((I MY, Y (- M))} :
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This concludes the proof. O

C.2  Proof of Lemma 2 (Equivalence to Preconditioned Gradient Descent)

Proof of Lemma 2. Consider fixed samples z(V)...z("), and fixed w,. Let P = {Pi}fzo ,Q =

{Qi}fzo denote fixed weights. Let Z; evolve as described in (4). Let X; denote the first d rows of Zj,
(under (9), X; = X for all I) and let Y; denote the (d+1)" row of Z;. Let g(z,y, k) : RIXRxZ —
R be a function defined as follows: let 2" ! = z and let y§ ™' = y, then g(x,y, k) := y; ™. Note

that y; ™' = [Vi],, 1.

We verify that, under (9), the formula for updating y,inH) is given by

1
Yig1 =Y — EYkMXOTAkXo.

where M is a mask given by [é 8} . We can verify the following facts

1. g(x,y,k) = g(x,0, k) + y. To see this, notice first that for all s € {1...n},
i I~ T e
j=1

In other words, y,(:) does not depend on yt(nH) for any ¢. Next, for y,inH) itself,

n n 1 = n T 1 1
u =Y = et Ay,
j=1

which depends on y,?“ only additively. We can verify under a simple induction that
9@,y k+1) —y =g(z,y.k) —y.

2. g(x,0, k) is linear in . To see this, notice first that for j # n + 1, y,(cj) is does not depend

on xinﬂ) for all ¢, j, k. Consequently, the update formula for y,i’fll) depends only linearly
on z("t1) and y,in+1). Finally, y(()"+1) = 0 is linear in z, so the conclusion follows by

induction.

With these two facts in mind, we verify that for each k, there exists a 0y € R<, such that

g(l’,y,k) = g(xa()?k) +y= <9k:7x> +y
for all z, y. It follows from definition that g(x,y,0) = y, so that (8, z) = g(z,y,0) —y = 0, so
that 6y = 0.

‘We now turn our attention to the third crucial fact: for all 7,
@D,y k) =y = <0k7 x(")> +yt

To see this, suppose that we let ("1 := z() for some i € 1...n. Then

i H lx~ T .G
y =) — = 32 Aalily )
j=1

n+1 n+1 1 = n T i j
?J;i;{ ) _ y,(g +1) _ ﬁzx( +1) Akx(g)y}(ca)7
j=1

thus 97, = o4 if y

y(()nJrl)

,(j) = y,(€"+1), and the induction proof is completed by noting that y(()i) =
by definition. Let X € R4*™ be the matrix whose columns are z(1)...z("), leaving out z("t1).
Let Y3, € R'*" denote the vector of y,il) y,i") Then it follows that

Vi = Yo+ 07X,
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771 Using the above fact, the update formula for yl(ﬁnﬂ) can be written as

n+1 n+1
(+)7y(+)7

Yer1 “Yk <AkXTYk’I(nH)>

1
n
= <9k+lax(n+1)> = <9k, Z(n+1)> - % <AkX (XTQk + }70) ,x(n+1)>

= <9k, 5U(n+1)> - % <AkX (XT (0 + w*)) ,x(”+l)>

772 Since the choice of z("*1) is arbitrary, we get the more general update formula
L eor
0k+1 =0 — ﬁAkXX (Hk + w*) .
773 We can treat Ay, as a preconditioner. Let f(0) :== 2 (6 +w,)” XXT (0 + w,), then
1
1 = O — ~ AV F(6).
774  Finally, let wid = —0. We verify that f(—w) = R,,, (w), so that
1
d d d

Wety = W — gAkVRw* (i)

775 We also verify that for any z("*1) the prediction of y,(c”H) is

g (x<n+1>7y<n+1>7 k) — D) _ <9, x("+1)> — D) 4 <wgd,x<”+1>> ,

776  This concludes the proof.
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