On the Convergence of Step Decay Step-Size for
Stochastic Optimization

Xiaoyu Wang Sindri Magniisson
KTH - Royal Institute of Technology Stockholm University
Stockholm, Sweden Stockholm, Sweden
wanglOQkth.se sindri.magnusson@dsv.su.se

Mikael Johansson

KTH - Royal Institute of Technology
Stockholm, Sweden
mikaelj@kth.se

Abstract

The convergence of stochastic gradient descent is highly dependent on the step-size,
especially on non-convex problems such as neural network training. Step decay
step-size schedules (constant and then cut) are widely used in practice because
of their excellent convergence and generalization qualities, but their theoretical
properties are not yet well understood. We provide convergence results for step
decay in the non-convex regime, ensuring that the gradient norm vanishes at an
O(InT/+/T) rate. We also provide near-optimal (and sometimes provably tight)
convergence guarantees for general, possibly non-smooth, convex and strongly con-
vex problems. The practical efficiency of the step decay step-size is demonstrated
in several large-scale deep neural network training tasks.

1 Introduction

We focus on stochastic programming prOblemS on the form
min r) .= ]E ~= X, . 1
:DElX f( ) E~VE [f( 3 5)] ( )

Here, ¢ is a random variable drawn from some source distribution = over an arbitrary probability
space and X is a closed, convex subset of R?. This problem is often encountered in machine learning
applications, such as training of deep neural networks. Depending on the specifics of the application,
the function f can either be non-convex, convex or strongly convex; it can be smooth or non-smooth;
and it may also have additional structure that can be exploited.

Despite the many advances in the field of stochastic programming, the stochastic gradient descent
(SGD) method [37, 32] remains important and is arguably still the most popular method for solving
(1). The SGD method updates the decision vector x using the following recursion

w1 = Ha (2 — 1:9¢) @)

where g; is an unbiased estimate of the gradient (or subgradient) at x; and IIy is the Euclidean
projection onto X. The step-size parameter (learning-rate) 1; > 0 is critical to control the rate at
which the model learns and to guarantee that the SGD iterates converge to an optimizer of (1). Setting
the step-size too large will result in iterates which never converge; and setting it too small leads to
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slow convergence and may even cause the iterates to get stuck at bad local minima. As long as the
iterates do not diverge, a large constant step-size promotes fast convergence but only to a (large)
neighborhood of the optimal solution. To increase the accuracy, we have to decrease the step-size.

The traditional approach is to decrease the step-size in every iteration, typically as 19/t or 179 //%.
Both these step-size schedules have been studied extensively and guarantee a non-asymptotic con-
vergence of SGD [31, 26, 36, 19, 38, 15]. However, from a practical perspective, these step-size
policies often perform poorly, since they begin to decrease too early. For non-convex problems, such
as those which arise in training of deep neural networks, the most successful and popular step-size
policy in practice is the step decay step-size [25, 21, 22]. This step-size policy starts with a relatively
large constant step-size and then cuts the step-size by a fixed number (called decay factor) at after a
given number of epochs. Not only does this step-size result in a faster initial convergence, but it also
guarantees that the SGD iterates eventually converge to an exact solution.

The step decay step-size is the default choice in many deep learning libraries, such as TensorFlow [4]
and PyTorch [35]; both use a decay rate of 0.1 and user-defined milestones when the step-size is
decreased. Although some recent studies attempt to monitor the optimization process to trigger the
milestones when certain conditions are met [27, 50], such approaches are difficult to analyze. Another
common approach is to simply divide the targeted number of iterations into /N intervals of equal
length, and trigger a milestone at the end of each such interval. However, the theoretical properties of
this simpler step-size policy is also not yet well understood. To make the problem more manageable
theoretically, some related step-size policies that let the length of each segment increase linearly [6]
or exponentially [19, 8, 49] are analyzed. On the contrary, we consider the more practical case when
the horizon 7" of the step-decay step-size is divided into several equal parts.

If the number of iterations or horizon 7" is known apriori, reference [11] analyzes a step decay
step-size with a decay rate of 1/2 applied every T'/ log, T iterations and establishes a near-optimal
O(log, T'/T) convergence rate for vanilla SGD on least-squares problems. However, to our knowl-
edge, there are no convergence guarantees in the literature under more general conditions, e.g., for
general strongly-convex, general convex, or non-convex problems. Motivated by this, in this paper,
we study the non-asymptotic convergence of SGD with the step decay step-size in more general
settings.

1.1 Main Contributions

This work establishes novel convergence guarantees for SGD with the step decay step-size on non-
convex, convex and strongly convex optimization problems. We make the following contributions:

* We propose a non-uniform probability rule P; o 1/, for selecting the output in the smooth
non-convex setting. Based on this rule, we (i) establish a near-optimal O(InT'/+/T) rate for
SGD with step decay step-size; (ii) improve the results for exponential decay step-size [28];
(iii) remove the In T factor in the best known convergence rate for the 1/+/# step-size.

* For strongly convex problems, we establish the following error bounds for the last iterate
under step-decay: (i) O(InT'/T) for smooth problem, which we also prove to be tight; (ii)
O(In® T/T) without the smoothness assumption.

* For the general convex case, we prove that the step decay step-size at the last iterate can
achieve a near-optimal convergence rate (up to a In 7" factor).

1.2 Related Work

For SGD, the best known bound for the expected error of the T*" iterate is of O(1/+/T) when
the objective is convex and smooth [32, 12], and of O(1/T") when the objective is also strongly
convex [31, 36]. Without any further assumptions, these rates are known to be optimal. If we
restrict our attention to diminishing step-sizes, 7; = 7o/, the best known error bound for strongly
convex and non-smooth problems is of O(InT'/T') [38], which is also tight [17]. This rate can be
improved to O(1/T) by averaging strategies [36, 26, 38] or a step decay step-size [19]. For smooth
non-convex functions, Reference [12] established an O(1/+/T) rate for SGD with a constant step-size
n: = O(1/v/T). Recently, this error bound has proven to be tight up to a constant, unless additional
assumptions are made [9].



Step decay step-sizes were probably first considered for deterministic subgradient methods [14] and
[40]. More recently step decay step-size schemes have been employed to improve the convergence
rates under various conditions: local growth (convex) [45], Polyak-Léjasiewicz (PL) condition [49],
sharp growth (non-convex) [8]. Most of these references consider proximal algorithms (which add a
quadratic term A |- ||2 to the original loss function) and, in addition, perform an extra averaging step

between stages. In particular, if the function f is p-weakly convex (i.e. f 4 § [[-||? is convex), A is
required to be larger than £ [49, 6]. In contrast, we study the performance of step decay step-size for
the standard SGD algorithm. Moreover, in [45] the output of each inner-loop is an uniform average.
So their complexity reflects the average performance over iterations. But for convex and strongly
convex problems, we focus on the final iterate which is the most preferred choice in practice. In fact,

most practitioners just use the final iterate.

Reference [6] considers slowly decaying step-sizes, ~ 1/t where t is the stage index. In other words,
the step-size is not cut by a constant factor between stages as we do, but it decays (very) slowly.
Compared to [19] and [49], where the inner-loop size S grows exponentially, we use a constant
value of S, which is known to work better in practice. In the extreme case when S' = 1, step-decay
reduces to the exponentially decaying step-size recently studied under the PL condition and a general
smoothness assumption [28].

A number of adaptive step-size selection strategies have been proposed for SGD (e.g., [10, 42, 23, 30,
29]), some of which result in step-decay policies [44, 27, 50]. For example, Reference [27] develops
a statistical procedure to automatically determine when the SGD iterates with a constant step-size no
longer make progress, and then halve the step-size. Empirically, this automatic scheme is competitive
with the best hand-tuned step-decay schedules, but no formal guarantees for this observed behaviour
are given.

The paper is organized as follows. Notation and basic definitions are introduced in Section 2. In
Section 3, we analyze the convergence rates of step decay step-size on nonconvex case and propose a
novel non-uniform sampling rule for the algorithm output. The convergence for general convex and
strongly convex functions are investigated in Sections A and 4, respectively. Numerical results of
our algorithms are presented and discussed in Section 5. Finally, conclusions are made in Section 6.

2 Preliminaries

In this part, we will give some definitions and notations used throughout the paper.

Definition 1. (I) The stochastic gradient oracle O is variance-bounded if for any input vector it
returns a random vector § such that B[||§ — E[g]||*] < V2 (2) O is bounded if for any input vector
&, it returns a random vector § such that K[||§||*] < G2 for some fixed G > 0.

Definition 2. When the function f is differentiable on X, we say that f is L-smooth on X if
there exists a constant L > 0 such that |V f(z) — Vf(y)|| < L||x —yl||. Ir also implies that
fy) < fl@)+ (Vf(x),y—z)+ Lz - y|? for any z,y € X. If f is not differentiable on X, we
say that f is L-smooth with respect to x* if f(z) — f(z*) < L ||z — 2*||* Vo € X, with L > 0.

The definition of L-smoothness for non-convex functions has been considered by [36].

Definition 3. The function f is p-strongly convex on X C R4 if fly) > f(x) + (g,y —z) +
Ly —z|?, Yo,y € X, g € Of (x), with ju > 0.

Definition 4. The function f is convex on X if f(y) > f(z) + {9,y — ) for any g € Of(x) and
T,y € X.

Throughout the paper, we assume the objective function f is bounded below on X and let f* denote
its infimum. If f is strongly convex, z* is the unique minimum point of f and f* = f(z*).

Notation: Let [n] denote the set of {1,2,--- ,n} and ||-|| := ||-||, without specific mention. We use
|7] and [r] to denote the nearest integer to the real number 7 from below and above. For simplicity of
notation, we assume that S, N, (log,, T')/2, log,, T and T/ log,, T are all integers. The subgradient
of the function f on z is denoted by Of (z) := {v | f(y) > f(z) + (v,y — x) ,Vy}.



3 Non-asymptotic Convergence for Non-convex Problems

In this section, we provide the first convergence bounds for SGD with step-decay step-sizes on
non-convex problems. We also show that our technical approach can be used to improve the best

known convergence bounds for both i) standard 1/+/# step-sizes and ii) exponential decay step-sizes.
Before we proceed, we illustrate the theoretical novelty that allows us to derive these results. Most
convergence results for SGD on non-convex problems analyze a random iterate drawn from {z;}~_;
with some probability P; [12, 13, 28]. For example, reference [12] provides the following result.

Proposition 3.1. Suppose that f is L-smooth on R® and the stochastic gradient oracle is variance-
bounded by V2. If the step-size n; = no/\/t < 1/L, then

2 flz) = f*  LVZno(InT+1)
ElIv ) < Lo DEmla T,

where T is randomly chosen from {xt}tT:l with probability Py o< 1. !

3)

Since 7, is decreasing, P, o< 7, means that initial iterates are given higher weights in the average in
Equation (3) than the final iterates. This contradicts the intuition that the iterates become better as the
algorithm progresses. Ideally, we should do the opposite, i.e. put high weights on the final iterates
and low weights on the initial iterates. This is exactly what we do to obtain convergence bounds
for step decay step-size: we use the probability P; o< 1/, instead of P, o 1, [12, 28] or uniformly
sampling [8]. This is especially important when the step-sizes decrease exponentially fast, like in step
decay and exponential decay step-sizes. For example, suppose that 7; < 0.97% and 7' = 100. Then
with P; o< 17; we pick the output from the first 10 iteration with 65% probability. On the other hand,
with P; o 1/n; we pick the output from the last 10 iterations with 65% probability; see Figure 1.

There are other averaging or sampling rules which favor the last iterate in a similar spirit as we do.
References [26] and [16] consider SGD with a 1/t step-size and analyze the increasing weighted
average ~ t" (r > 0) of the iterates. [6, 46] selects a random iterate as output with increasing
probabilities, ~ t" (r > 0) for stagewise optimization algorithms, but their step-sizes and output
probabilities are very different from ours. Especially, for step-decay, their output probabilities are
on the form ¢ (r > 0), while we use a! (o > 1) which increases much quicker with ¢, hence our
sampling rule favours late iterates to a much higher degree. Moreover, our output distribution is
directly related to the step-size, and does not include any new parameters that require hyper-tuning.

In the following three subsections we perform such an analysis to 1) provide convergence bounds for
step decay step-size (where no bounds existed before) 2) provide improved convergence rate results
for exponential decay step-size, and 3) improve the convergence bound for 1/+/% step-size.

3.1 Convergence Rates under the Step Decay Step-Size

Algorithm 1 describes the SGD algorithm with step decay step-size and our probability rule for
selecting the output. Here, and in the analysis below, N is the number of stages, and « is the decay
factor by which the step-size is divided at the end of each such stage. In practical deep neural network
training, o = 10 is the default and NN is typically a hyper-parameter selected by experience. For
non-convex problems, we will show that it makes sense to let NV depend on the desired number of
iterations 7" and the decay factor «. Specifically, we will derive results for N = (log, T") /2 (which
is typically a small number) and show that this choice works well in numerical experiments.

Theorem 3.2. Suppose that the non-convex objective function f is L-smooth on R?, the stochastic
gradient oracle is variance-bounded by V2, and assume that there exists a constant Ao > 0 such
that B[f (x}) — f*] < Ao forall t > 1. If we run Algorithm 1 withT > 1, « > 1, N > 1,99 < 1/L,
and 1 € RY, then

2(a—1)Ay Nalv noLV?(a —1)

N 2
L R

“4)

"In [12], P; o< (2n; — Ln3?). If n is far smaller than 1/L, we have (21, — Lni) = 2n,. For simplicity, we
rewrite the probability as P; o 7, to show the results.



Algorithm 1 SGD with step decay step-size on the non-convex case

1: Input: initial point x%, initial step-size 1), decay factor o > 1, the number of iterations 7',
outer-loop size N

2: Initialize: inner-loop size S = T/N
3: for t=1: N do
4 =1o/at!
5 for i=1:Sdo
6: Query a stochastic gradient oracle at x! to get a vector g} such that E[g!] = V f(z!)
by =along]
8: endlfor
t
9 it =gl
0: end for
1:

—_—

Return: 27 is randomly chosen from all the previous iterations {«!} with probability P} =

1/ne ,
SN, m where ¢ € [S] and t € [N]

Furthermore, if we assume that N = (log,, T')/2, then
Ao InT LV2,
E[|Vf(@Er)|*] < A=2. +B 7

(%)
where A= (o —1)/(a?Ina) and B = o — 1.

The theorem establishes the first convergence guarantee of SGD with step decay step-sizes on
non-convex problems. The results in Eq. (4) capture the influence of IV (the number of stages)
on the convergence rate. For example, if N = 1, then the step-decay schedule reduces to the
constant step-size and the convergence bound in Theorem 3.2 matches the known results by setting
N =no/ VT [12]. For N > 1, the error bound becomes more complicated. Increasing N reduces
the noise term, but it increases the error related to the function value. So there is a trade-off between
making the two terms in the right hand side of Eq. (4) small.

The convergence rate is optimized by selecting N = (log, T")/2, which yields the rate given in
Eq. (5). It ensures a O(In T'/+/T) rate towards a stationary point, which is comparable to the results
for n; = O(1/+/t) step-size in [12] or Proposition 3.1. However, as illustrated in our experiments
in Section 5, step decay step-size converges faster in practice and tends to find stationary points
that generalize better. Moreover, in the deterministic case when V' = 0, let N = 1, Theorem 3.2
yields the standard O(1/T) convergence rate result for deterministic gradient descent [33, 5, 13].
Another benefit of Theorem 3.2 is that we can reduce the effect of the very large noise variance V2 to
the convergence bound by setting o = 1 4 1/V2. This is in contrast to Proposition 3.1 and 1/v/¢
step-sizes, where an increased V2 results in a worse upper bound.

The main novel difficulty in proofing Theorem 3.2, compared to similar results, appears in that we

have the new term Zthl E[f(x¢) — f(w11)]/n? to account for. To this end, we require that the
expectation of the function value at each outer iterate E[f ()] is uniformly upper bounded. In [39],
the authors proved that the function values at the iterates of SGD can be controlled by the initial state,
provided that the step-size is bounded by 1/ L. Therefore, it is fair to make this assumption as long
as the initial state is given. Nevertheless, this assumption (or its stronger version that the objective
function is upper bounded) has been widely used (or implied) in optimization [20, 47, 48, 46] and
statistic machine learning [43, 7], and it has never been violated in our numerical experiments. We
illustrate the details of the proof in the supplementary material.

3.2 A Special Case: Exponentially Decaying Step-Size

An interesting special case occurs when we set S = 1 in the step decay step-size. In this case, the
step-size will decay exponentially, 77, = 79/’. The first convergence rate results for such step sizes,
which we will call Exp-Decay, have only recently appeared in the preprint [28]; we compare our
work to those results below.

Clearly, for S = 1, the exponential decay factor o > 1 cannot be chosen arbitrarily: if « is too large,
then 7; will vanish in only a few iterations. To avoid this, we choose a similar form of the decaying



factor as [28] and set o = (3/T) /7, where 3 € [1,T). The intuition is that at the final iteration

T the step-size is on the order of 1/v/T (setting § = O(+/T)), and thus does not vanish over the T
iterations. Note that in the special case where S = 1, then N = T, the choice for /3 is also implied

from Theorem 3.2 by setting a” = /7. We are now ready to prove the algorithm’s convergence.
Theorem 3.3. Suppose that the non-convex objective function f is L-smooth and there exists a
constant Ao > 0 such that E[f (x:) — f*] < Ag forallt > 1, and that the stochastic gradient oracle
is variance-bounded by V2. If we run Algorithm I withT > 1, S =1, 99 < 1/L, 1:% e R and
a=(B/T)" M7, then

Mo ln(%) 2A0 T 2
E[|Vf(&7)|?] < —L= () + LV?T|,
where T is randomly drawn from {:Et}thl with probability P, = z:Tl/inlt/’r] In particular, B = /T
t=1 t
yields
A() LV27]0> InT
E[|V a1 < [ =+ : : 6
Vs < (224 250 ) 2 ©

Theorem 3.3 establishes the convergence of Exp-Decay to a stationary point. With 5 = /T, Exp-
Decay yields the rate of O(InT'/+/T'), which is comparable to the results in [28]. However, in [28],
the O(InT'/ VT )-rate is obtained under the (arguably impractical) assumption that the initial step-size
1o is bounded by O(1/+/T). This means that the initial step-size 7o will be small if we plan on
running the algorithm for a large number of iterations 7. This is in conflict to the original motivation
for using exponentially decaying step-sizes, namely to allow for large initial step-sizes which decrease
as the algorithm progresses. On the other hand, our results in Theorem 3.3 only require that the initial
step-size is bounded by 1/L, which matches the largest fixed step-sizes that ensure convergence.

Another advantage of Theorem 3.3 is that it uses the output probability P; o< 1/7;, instead of P; o 7,
as in [28]. As discussed in the beginning of the section (and in Figure 1), P; o< 1/n; means that the
output is much more likely to be chosen during the final iterates, whereas with P, o< 7, the output
is more likely to come from the initial iterates. Therefore, Theorem 3.3 better reflects the actual
convergence of the algorithm, since in practice it is typically the final iterate that is used as the trained
model. We illustrate this better in our experiments in Section 5.

3.3 Improved Convergence for the 1/+/f Step-Size

The next theorem demonstrates how the idea of using the output distribution P, o 1/7; instead of
P; o< 1y can improve standard convergence bounds for 1/+/% step-sizes.

Theorem 3.4. Suppose that the objective function is L-smooth and there exists a constant Ag > 0
such that B[f (z¢) — f*] < Ag for all t > 1, and that the stochastic gradient oracle is variance-
bounded by V. If n; = no/\/t < 1/L, then

E[|[Vf(ir)|?] < (?’UAOO N 3LVno> ]

2 VT
where T is randomly drawn from {xt}thl with probabilities P, = Z’l}/inlt/n
t=1 t

Theorem 3.4 establishes an O(1/+/T)) convergence rate of SGD with 1/+/% step-sizes. This improves
the best known convergence bounds O(InT'/+/T) for the algorithm, see Proposition 3.1 or [12].

4 Non-asymptotic Convergence for Strongly Convex Problems

We now investigate the convergence of the step decay step-sizes in the strongly convex case. We allow
general convex and closed constraint set X C R? and possibly non-smooth convex problems. To
capture this setting, Algorithm 1 needs to be adjusted by including a projection step and subgradients
(see Algorithm 2 in supplementary material). We also give the convergence for the general convex
case (see Appendix A).



4.1 Strongly Convex and L-Smooth Functions

We first consider the case when f is strongly convex and L-smooth (with respect to z*).

Theorem 4.1. Assume that the objective function f is p-strongly convex on X and the stochastic
gradient oracle is bounded by G*. If we consider Algorithm 2 with T > 1, N = log, T, 21 € X,
and 1o < 1/(2u), then we have
Bl - o <ty G e ) T
s “exp (43 h) 21 A; T

where Ay = 2unoalna/(a — 1) and R = Hm% —2*||”. Further, if the objective function f is
L-smooth with respect to x* then we can bound the objective function as follows

Elf (@) — f@)] < SE[Jal — o]

The theorem provides an O(InT'/T') theoretical guarantee for the last iterate under step decay step-
size.? This bound matches the convergence rate of [11] for strongly convex least squares problems.
Therefore, Theorem 4.1 can be considered a generalization of the result in [11] to general smooth
and strongly convex problems.

From Theorem 4.1, we see that the effect of the initial condition ||z} — 2*||? is forgotten exponentially
fast, unlike for 1/¢ step-sizes (e.g.[31]). For 1/¢ step-sizes, the initial learning rate is critical (both
in theory and practice) to the convergence rate of SGD [32, 31]. For example, an initial step-size
of g < 2/p, will lead to a t~#1°/2 rate, far from the optimal rate 1/¢. For step decay, the initial
step-size only affects the constant in front of the theoretical convergence bound and is not sensitive to
the choice of initial step-size 779 < 1/(2u). We also observe this property of step-decay step-size in
the experiments in Figure 4(b).

Under some step-sizes, e.g. n: = 1/t , it is possible to get an O(1/T") convergence rate for SGD for
smooth and strongly convex problems [31, 36, 19]. However, our next result shows that the rate in
Theorem 4.1 is tight for Algorithm 2.

Theorem 4.2 (Lower Bound). Consider Algorithm 2 with S = T/log,, T and x1 = 0. For any
T € Nt and § € (0,1), there exists a function fr : X — R, where X = [—4,4], that is both
1-strongly convex and 1-smooth such that

; . In(1/5) T

fr@gy) = fr(z*) > 9exp2)lna T

with probability at least §, where ©* = minge x fr(x).

The high probability lower bound O(In T'/T") matches the upper bound in Theorem 4.1. This suggests
that the bound in Theorem 4.1 is actually tight for Algorithm 2 in the smooth strongly-convex case.

4.2 Strongly Convex and Non-Smooth Functions

For general, not necessarily smooth, strongly convex functions we have the following result.

Theorem 4.3. Suppose that the objective function f is p-strongly convex on X and the stochastic
gradient oracle is bounded by G*. If we run Algorithm 2 with T > 1, S = T/ log,, T, v1 € X, and
no < 1/(2u), then we have

RInT InT +2

E[f(«)) - f(z*)] < Ly +Dﬁm<

E, ) In*T
~ Agexp (Bsi=2) T InT) T

where Ay = noalna, By = 2uAys/(a — 1), Cy = G*noa, Dy = G?/(2ulnaBy), E4 = aBy.

The theorem shows that even without the smoothness assumption, we can still ensure convergence
at the rate O(In® T//T). We can improve the rate to O(InT/T') with an averaging technique, as
illustrated next. Moreover, the averaging technique improves the dependence of the parameter . from
1/p? (see Theorem 4.3) to 1/ .

’Note that exp(Asz/ InT)< exp(As/ In2) for all 7'>2 and exp(As/ InT') converges to 1 as T' goes to co.



Theorem 4.4. Under the assumptions of Theorem 4.3

AsR InT

E[f(@r) = f(a")] € —F—F——~ + Cs—
[f(IT) f(x)]_eXp(Bz;%—l) 5T

where T = Zi\;f i Zle zt/(S Zi\it ne), t* 1= max{0, |log, (noaAsT/log, T)|}, As =

2ua/(a—1), Cs = a2+ 1/(a? — 1))G?/(2uln ), and By is as defined in Theorem 4.3.

5 Numerical Experiments

In this section, we evaluate the practical performance of step decay step-size and compare it against
the following popular step-size policies: 1) constant step-size, 1, = no; 2) 1/t step-size, 1, =
no/(1 + agt); 3) 1/\/t step-size n, = no/(1 + aoV/t); 4) Exp-Decay [28], i, = no/at with
o = (B/T)~YT for B > 1. In each experiment, we perform a grid search to select the best values for
the free parameters 7, ag, 8 as well as for the step decay step-size parameter ««. More details about
the relationship between the different step-size policies are given in the supplementary material.

5.1 Experiments on MNIST with Neural Networks

Consider the classification task on MNIST database of handwritten digits using a fully-connected
2-layer neural network with 100 hidden nodes (784-100-10) [3]. We first explore the output z at the
last iterate 7', which is the output of the algorithm that is typically used in practice. The theoretical
output 27 (in Theorem 3.2) is drawn from all the previous iterates {z!} with probability P; oc 1/;.
To get an insight into the relationship between the last iterate and theoretical output in Theorem 3.2,
we randomly choose 6000 iterates (10% of the total iterates) with probability P; o 1/7;, record
their exact training loss and testing loss, and calculate the probabilities (shown in Figure 1, middle
and right). We can see that the theoretical output can reach the results of the last iterate with high
probability, no matter training loss or testing loss.

In the same way, in order to show the advantages of probability P, o« 1/1; over P; o 1, we
also implement Step-Decay with probability P; o< 7, in Figure 1. We can see that the output with
probability P; o< 1/7; is more concentrated at the last phase and has a higher probability, especially,
in terms of loss, compared to the result of probability P; o 7.

The performance of the various step-size schedules is shown in Figure 2. Exp-Decay and Step-Decay
perform better than other step-sizes both in loss (training and testing) and testing accuracy. Step-
Decay has an advantage over Exp-Decay in the later stages of training where it attains a lower training
and testing loss.

5.2 Experiments on CIFAR10 and CIFAR100

To illustrate the practical implications of the step decay step-size, we perform experiments with
deep learning tasks on the CIFAR [1]. We will focus on results for CIFAR100 here, and present
complementary results for CIFAR10 in the supplementary material. To eliminate the influence of
stochasticity, all experiments are repeated 5 times.

We consider the benchmark experiments for CIFAR100 on a 100-layer DenseNet [22]. We employ
vanilla SGD without dampening and use a weight decay of 0.0005. The optimal step-size and
algorithm parameters are selected using a grid search detailed in the supplementary material. The
results are shown in Figure 3. We observe that Step-Decay achieves the best results in terms of both
testing loss and testing accuracy, and that it is also fast in reaching a competitive solution. Another
observation is that as the iterates proceeds in each phase, its testing loss and accuracy is getting worse
because its generalization ability is weakened. Therefore, deciding when to stop the iteration or
reduce the step-size is important.

Finally, we compare the performance of Exp-Decay and Step-Decay on Nesterov’s accelerated
gradient (NAG) [34, 41] and other adaptive gradient methods, including AdaGrad [10], Adam [23]
and AdamW [30]. The results are shown in Table 1. All the parameters involved in step-sizes,
algorithms, and models are best-tuned (shown in supplementary material). The + shows 95%
confidence intervals of the mean accuracy value over 5 runs. We can see that compared to the
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Figure 1: Output probability distributions (left); training loss (middle) and testing loss (right)

008

Training loss

005

“ene Const
— 1

WE
— Exp-Decay
— Step-Decay

Testing loss

“ene Const
—

WE
— Exp-Decay
— Step-Decay

40

60 80
# Epochs

100 120

20

a0

60
# Epochs

80

100 120

Testing accuracy (%)

9%

— 1
wit

— Exp-Decay

— Step-Decay

20 40 60 80 100 120
# Epochs
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Figure 3: Results on CIFAR100: left - training loss; middle - testing loss; right - testing accuracy

Exp-Decay step-size, Step-Decay can reach higher testing accuracy on Adam, AdamW and NAG.
This suggest that the Step-Decay step-size can be extended to other methods.

5.3 Experiments on Regularized Logistic Regression

We now turn our attention to how the step-decay step-size and other related step-sizes behave in
the strongly convex setting. We consider the regularized logistic regression problem on the binary
classification dataset rcv1.binary (n = 20242; d = 47236) from LIBSVM [2], where a 0.75 partition
is used for training and the rest is for testing.

Figure 4(a) shows how a constant step-size has to be well-tuned to give good performance: if we
choose it too small, convergence will be painstakingly slow; if we set it too large, iterates will stagnate
or even diverge. This effect is also visualized in blue in Figure 4(b), where only a narrow range of
values results in a low training loss for the constant step-size. In contrast, the initial step-size of both
Exp-Decay and Step-Decay can be selected from a wide range (=~ 10 — 10%) and still yield good
results in the end. In other words, Exp-Decay and Step-Decay are more robust to the choice of initial
step-size than the alternatives. A more thorough evaluation of all the considered step-sizes on logistic
regression can be found in Supplementary D.3.



Table 1: Test accuracy on CIFAR100.

Method

CIFAR100-DenseNet

Testing accuracy

AdaGrad

0.6197 £ 0.00518

Adam + Exp-Decay

0.6936 £ 0.00483

Adam + Step-Decay

0.7041 £ 0.00971

AdamW + Exp-Decay

0.7165 £ 0.00353

AdamW + Step-Decay 0.7335 £ 0.00261
NAG + Exp-Decay 0.7531 £ 0.00606
NAG + Step-Decay 0.7568 + 0.00156

Training loss

Training loss (final)

2 @ @ s a0 10
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(a) Constant step-size
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(b) Initial step-sizes

Figure 4: The results on rcv1.binary - logistic(Ls)

6 Conclusion

We have provided theoretical guarantees for SGD under the step decay family of step-sizes, widely
used in deep learning. Our first results established a near-optimal O(InT'/+/T) rate for step decay
step-sizes in the non-convex setting. A key step in our analysis was to use a novel non-uniform
probability distribution P; o 1/n; for selecting the output of the algorithm. We showed that this
approach allows to improve the convergence results for SGD under other step-sizes as well, e.g., by
removing the In 7" term in the best known convergence rate for 7; = 1/+/t step-sizes. Moreover,
we established near-optimal (compared to the min-max rate) convergence rates for general convex,
strongly convex and smooth, and strongly convex and non-smooth problems. We illustrated the
superior performance of step-decay step-sizes for training of large-scale deep neural networks. In the
experiments, we observed that as the iterates proceeding in each phase, their generalization abilities
are getting worse. Therefore, it will be an interesting to study how to best select the size of inner-loop
S (instead of constant or exponentially growing) to avoid the loss of generalization.

Broader Impact

This is mostly a theoretical work and, therefore, it does not have any direct negative societal impacts.
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Algorithm 2 Projected SGD with step decay step-size on the convex and strongly convex cases

1: Input: initial point x}, initial step-size 7, decay factor o > 1, the number of iteration 7T,
outer-loop size N

2: Initialize: inner-loop size S = T/N

3: for t=1:N do

4 mp=mo/a!

5 for i=1:Sdo

6: Query a stochastic gradient oracle at x! to get a random vector g¢ such that E[g!] = g}
Where gt € of (at)

7 al =TIy (x! —n:gt), where ILy is the projection operator on X

8 endlfor
t

9 ay =aly,

10: end for

11: Return: 2§,

A Non-asymptotic Convergence for General Convex Problems

We now establish the first convergence rate results for the step decay step-size in the general convex
setting. More specifically, we consider a possibly non-differentiable convex objective function on
a closed and convex constraint set X C R?. For this problem class, we analyze the projected SGD
with step decay step-size detailed in Algorithm 2.

‘We have the following convergence guarantees:

Theorem A.1. Suppose that the objective function f is convex on X and sup,, ¢ ||z — yH2 < D2
The stochastic gradient oracle is bounded by G*. If we run Algorithm 2 with T > 1, S = 2T/ log,, T,
m% € X, then we have

s

| N mT B,
EZ;E[JC(%‘ N —f < AQ\F 7T

where Ay = D?/(dngaln o) and By = G?*ngar/2. Moreover, we have the following bound on the
final iterate:

T (2425
VT VT

Theorem A.1 establishes an O(In T'/+/T') convergence rate for both the average objective function
value and the objective function value at the final iterate. This convergence rate is comparable to the

results obtained for other diminishing step-sizes such as 7; = 19/+/¢ under the same assumptions [38].

E[f(z§)] = f* < (A2 + B2) —=

Proof. (of Theorem A.1) The convexity of f yields (¢f,z — z!) < f(z) — f(al) forany z € X,
where g! € 0f(xl). Also, by convexity of X, we have ||TLy(u) —v|| < |lu — v|| for any points
u € R% and v € X. Using these inequalities and applying the assumption that the stochastic gradient
oracle is bounded by G2, i.e., E[ |§f||2} < G2, for any z € X, we have

El||2,, — 2|*] = E[|| M (2 — nedt) — 2] < E[|| 2t — g} — ||’]

< E[||a! — x||*] — 2mE[(g!, 2t — 2)] + 2G>
< E[||af - x||"] - 2ne[f (al) — f(a)] + PG> (7
Shifting [f(xf) — f(x)] to the left side gives
2E[f () — f(x)] < E[|Ja} — z||"] — B[ty — 2|*) + n2G>. ®)

Now, consider the final phase NV (let t = N) and = 2* and apply (8) recursively from ¢ = 1 to S to
obtain

anZE | <E[Ja) —a*||"] + Sn% G*. 9)
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Combining the assumption that sup,, , ¢ v ||z — sz < D? for some finite D with the expression for
the step-size in the final phase that ny = oo/ VT, we have

L B Lt O
S 2’(]]\/'5 + 2
< D? log, T G*noa L (10)
dnoa VT 2 VT
We have thus proven the first part of Theorem A.1. Next, based on the above results, we prove the
error bound for the last iterate. We focus on the last phase NV and apply (8) recursively fromi = S —k
to S to ﬁnd

_f*g

2 2
i 3 LGN — A SB[y — 8] — B [l - ] + 6+ DR
i=S—k
1D
Introducing W}, := k%_l ZiS:S—k E[f(2))], inequality (11) implies that

G2
—flz§ ) <-WH + 77N2 .

By the definition of W}, ,, we have (k + 1)WY | — kWY = f(«§_,). Using this formula and
applying (12) gives

12)

G2
WY = (k+ WL = Fed ) < (e + W, = Wi, + 25
Dividing by k, we get

UNG
2k
Using the above inequality repeatedly for k = 1,2,--- , S — 1, we have

=y G 2T
N <wh 4 I o2 (4 1), 1
Wi < Wi+ k_WS o (e 7) (13)

Recalling the definition of Wév and applymg (10) into the above inequality, we obtain
" D? log, T G?ma InT  G?*noa(l +1n(2)/2

E[f(e)] - f* < o - % T Goall+ n(@B)/3)

dnoae /T 2 VT VT

The proof is complete. O

Wi < Wil + =5 —

B Proofs of Section 3

Before presenting the proofs of Section 3, we state and prove the following useful lemma.

Lemma B.1. Suppose that f is L-smooth on R® and the stochastic gradient oracle is variance-
bounded by V2. If ny < 1/L, consider the SGD algorithm, we have

LV2pt

FE(IVF@)l*) < Elf(@e)] - Elf (vesn)] + =

Proof. Recall the SGD iterations 211 = @ — 1:§t, where E[g;] = V f(a¢). By the smoothness of f
on R?, we have

F(eera) € Flen) + (V@) ves = 2) + 5 s — el
< Ja) + (), ) + & s — el

< flae) —m (Vf (o), gt>+L”t 13l (14)
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The stochastic gradient oracle is variance-bounded by V2, i.e., E[||g; — V f(z)||*] < V2. Taking
expectation on both sides of (14) and applying E[g;] = V f () and the variance-bounded assumption
gives

Bl (ze1)] < BLf (o)) — mEIV A ) I2] + “2 gl
< B/ ()] ~ BV A @) ]+ “2 B g~ V() + VAl

2
< Blf(z0)] ~ nEIIV A @I + 22 (Ellg. - V() + BNV @I

2 2
< E[f(e)] + (m ; L) BV £ (w0 IP] + L5 — VF ()

LV 77t

< E[f ()] + (m““) E{IV £ (z0)2] + (15)

where the second inequality follows the fact that gradient g, is unbiased (E[g:] = V f(x+)). We thus
have that
Elllgr — V(@) + V(@)|*] = Elllge — VF @) + [V f@)l* + 2§ — V@), V(@)
= E[l|g: — V£ (@0)|*] + B[V £ (22)|°]

Since 19 < 1/L, we have —1, + n2L/2 < —n,/2. Using this inequality, shifting E[||V f(z)||*] to
the left side, and re-arranging (15) gives

LV?2n?
FE(IV@)lI*) < Elf (@0)] — Elf (ze1)] + =5
O
Proof. (of Proposition 3.1) By Lemma B.1, the following inequality holds for SGD
LV?2n?
TE(IVF(@e)’] < Elf (0] - Elf (ween)] + —5 (16)

Under the diminishing step-size 7; = 19/+/*, we estimate the summation of 7; and 1? from ¢ = 1 to
T, respectively:

1 T
— — > Lo VT -1
;nt 770; =m | 1o ( )
I T T 1
Do =y < <1+/ tdt> = (InT +1).
t=1 t=1 t=1

Recall that the output Z7 is chosen randomly from the sequence {xt}thl with probability P, =
. We thus have

Zf 1
ElVY ntE[IIVf(xt)ll ]
INEEIE ST
o 25 Elf ) ~Elf ()], LV S 02
B Z?:l Ur ZtT:1 i
2(f(w1) = f*) | LV2Y [ m}

<
- 23:1 Tt " ZtT:1 U

< f(xl) — f* LV27]0(1HT + ].)
T no(VT - 1) 2(VT - 1)
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Proof. (of Theorem 3.2) Invoking the result of Lemma B.1, at the current iterate ¢, the following

inequality holds:
LV?2n?
LRV < B 4] - Blf et + =52
Dividing both sides by n? /2 yields
2
‘EHVf )|’ S;p@ﬂﬂﬁﬂ—EU@hﬂD+LV2
t

a7

At each inner phase for i € [S], the step-size 7 is a constant. Applying (17) repeatedly for

1=1,2,---5 gives

2
— ZE V£ < o (E[f(2})] = E[f(z41)]) + LV?- S (18)
UG
Since the output &7 of Algorithm 1 is randomly chosen from all previous iterates {z! } with probability
t 1/me
P} = SR 1m0 Ve have
1 A 2
E\VF@r)I*) = con s 2o o 2 VG
SEﬁiﬂlﬂ%)ggan;
N
1 2 LvV?.8
< ——=v 2 3 Bl -Ef s )) + =7
SE U 2 Sy 1
N
210 2(t— 1) t Lv? LVt
« )] — E[f (zs41)]) + (19)
SW()Zt pat” 1; Zt pat” a

By the update rule in Algorithm 1, the last point x 1 of the " loop is the starting point of the

t+1

next loop, i.e., z% 1= = ;" foreacht € [N]. Applying the bounded assumption on the objective

function that E[f(z!) — f*] < Ag forall t > 1,

N N
> o (E[f (a)] ~ Elf(ah41)]) < flad) = f* 4+ (0 —1) 3 a*

< O[Q(Nfl)AO'
Plugging this inequality into (19) and S = T'/N we obtain that
2770&2(N71)A0 LV277()

E[|Vf(@r)|*] < +
V5GP < e+ ot
2(a—1)Ay Na¥ noLVZ?(a —1)
a2mnq T —a=N) aV -1

Substituting N = (log,, T')/2 and S = 2T/ log,, T into the above inequality gives

2 (=1)Ag log, T | noLV?*(a—1)
ST G SR S A AU

Then by changing the base « of log,, 7" to be natural logarithm, the theorem is proved.

Proof. (of Theorem 3.3) Based on Lemma B.1, at the current iterate x;, we have

2,,2
BV (o)) < BIf (o)) — Elf ()] + 2

Dividing the above inequality by 1? /2 and summing over ¢t = 1 to T gives

T

IV f(x Z nt]E[f(ﬂ«"tJrl)]) + LV2T

1
E[
=1 't =

17

fai) = f7

(20)



Applying the assumption that the objective functionE[f (z;) — f*] < Ag for all ¢ > 1, and recalling

the definition of the exponential decay step-size [28], i.e., 7, = 10/a* where o = (3/T)~'/T and
B > 1, we find
T T
2E|[f(z¢)] — E[f(x 2(f(x1) — f* 1 1 N
= i m = \ht T
" T
< 2(f($1)2* ) + % (a2 _ 1) Za2(t—1)A0
n o t=2
27 (T>2
<220 (2) . 1)
oo\

Next, we estimate the sum of 1/7; from¢ =1to T"

"1 oy (51
;E 72 7701—04)_770(1—1/04)

<g—1>_<g—1>T

> = . (22)
noln(a) — noln(F)
where the last inequality follows from the fact that 1 — x < ln( ) forall z > 0.
Combining the selection rule for £ with inequalities (20), (21) and (22), we have
1 T
E[|Vf(&r)|*] = [Z E[|Vf(z0)]|"]
Zt 1 1/77t t=1
In(3) 24, (T\?
< 1P & = () + LVT
(E -)T | m \B
Letting 5 = VT, we see that
. noInT 27 5
B[V f(er) 2] < { v
197601 < 302 |5
which concludes the proof. O

Proof. (of Theorem 3.4) In this case, we consider the diminishing step-size 7; = 79/+/t. By Lemma
B.1:

LV?Zp?
SENV@)IF) < Elf ()]~ Elf (wra)] + =5 23)
In the same way as Theorems 3.2 and 3.3, we divide (23) by n? /2 and sum over ¢ = 1 to 7 to obtain
T
=1 =1 "t
9 T
< S f) = )+ D= (t = D)E[f(a) = f7)]| + LVT
0 t=2
< 2780 + LV°T. (24)
Ul

Recalling that the output 1 is randomly chosen from the sequence {xt}tT:l with probability P; =

Lﬂm and applying (24), yields

i1/
Zt 1 1/n: Zt 1 1/n: TIO
3A0 3LV Mo 1
()
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where the last inequality holds because Zle 1/ny > 1/no - ftT:o Vitdt = %T 3/2_ The proof is
complete. O

C Proofs of Section 4

Proof. (of Theorem 4.1 ) In this case, we consider the step decay step-size (see Algorithm 2) with
S =T/log, T and N = log, T. By the p-strongly convexity of f on X, we have

@) = f@h) + (gha* —al) + 5 ||t — a7, (25)
@) = fa®) + (g2t =) + & ot —2*||* Vg™ € 0f(a). (26)

Due to the fact that * minimizes f on X', we have (¢*,x — 2*) > 0 forall g* € 9f(z*) and z € X.
In particular, for z = ! we have (g*, z! — z*) > 0. Plugging this into (26) and re-arranging (25)
and (26) gives

5 et~

(g a; —x*) > a:*HQ + (@) = f(a*) = plat —m*HZ. 27

By the convexity of X, we have ||[Tlx(u) — v||> < ||u—v||* for any u € R? and v € X. Then
applying the update rule of Algorithm 2 and using these inequalities gives

E([laty — o |* | 7| =B [0t - mah) — o |* | 7] <E [t —mst —o*|* | ]

< ot =71 — 2 ({5t — ) | 4] + 025 [ 7]
< ||t = 2*||* — 2me (gt 2t — &) + PG
<( *|I” + n2G?, (28)

where the third inequality follows from the stochastic gradient oracle is bounded by G2, i.e., §!

satisfies that E[g!] = ¢! € 0f(2!) and E[||g ||2] < G2 In this case, the time horizon T is divided
into N = log,, T phases and each is of length S =T/log, T. Recursively applying (28) from i = 1
to S in the " phase and using the assumption 19 < 1/(2) gives

*

S—1
E[[[#%00 — o |*] < (1= 20m)°E [z — o] + G202 Y- (1 = 20me)’
=0

G2
< (1= 2um) E [[Jof — 2 |*] + 5 e (29)

2

Repeating the recursion (29) fromt = 1 to IV, we get

*

2] < H (1 = 2pmy)® ||

+*Zm 1—2um)

G N
I+ " Znt exp (—mSan) , (30)
t=1

>t

E[la, -2

< exp (—MSZm) [E
t=1

where the second inequality follows from the fact that (1 + z)® < exp(sz) for any € R and
s > 0. Recalling the formula for the step decay step-size, 7; = 79/a’~! in the ¢ phase, and that
N =log, T and S = T/log,, T, we can estimate the two sums that appear in (30) as follows:

no(l—a_N) no T-1
S = .
Znt loga 1-1/a (a—1) log, T
SZ n()a’t(l —a~(N=1) _ ma Ta~'—1
"= 1-1/a) (a—1) log, T

>t
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Using these inequalities in (30) gives

w2 2unopae T —1 a2 G Yo 2unoae Ta™t —1
E[ng_~_17$ H ] §exp<a_01 .1Og T> Hx%fx H + QMOZat_lexp<a_01, log. T )

) 31)

Next, we turn to bound the right-hand side of (31). Let t* := max {0, Poga (25 a0 logT T)J } If

t* > 1, we prefer to divide the second term into two parts. First, we estimate this term for ¢t < ¢*:

t* t* *
0 1 2ungee Ta™t —1 G%ng 1 ot 2unoo
_ . < IS T ol A e S
-1 P\ T T log, T )= Z pras i o iy (a—

t=1 2u = 1log, T
2 2 a o *
B G*noaexp (ﬁ) t ot
< T Z o
g exp (2o — )
<
- 2uat”
2 1Mo
< G (OZ - 1) €xp ((aflly(l)oga T 1) loga T

(32)

where the third inequality uses that f;:olo xzexp(—x)dx < 2/exp(1). Next, we estimate the term for
t* <t < N:
G?no al 1 2unoae Ta™t — 1 G?*noax AR at’ 2unoo
_ . < — B T sl A S
2 t:;i-l at—1 P < a—-1 log, T ) T 2u t:;i-l at P ( at + (a—1) logaT)

2 «a
B G?no exp (%) a(l —2/exp(1))
< 2 at”
2 [}
3 G*(a—1)exp (%) (1—2/exp(1)) log, T
= 4U2 T ’
(33)

where the second inequality uses that f;zo xexp(—x)dx = 1 — 2/ exp(1l). Incorporating (32) and
(33) into (31) gives

ot —a| | GHla—Dex (w2%er) 1og.T

N
E {||xs+1 —a|| } = o (zwoa L I ) 4p2 T
a—1 og, T

Changing the base « of log,, to the natural logarithm, that is log,, 7' = InT'/ In o, we arrive at the
desired result. O

Before proving the lower bound of Algorithm 2, we state an utility lemma.

Lemma C.1. [24] Let X1, Xo,--- , X be independent random variables taking values uniformly
from {—1,+1} and X = + 21}(:1 Xi. Suppose 2 < ¢ < @, then

P {X > \/CE] > exp(—9¢2/2).

The lemma was proposed by [24] (see lemma 4) to show the tightness of the Chernoff bound. Recently
it has been used to derive a high probability lower bound of the 1/¢ step-size [18]. We will now
use Lemma C.1 to prove the following high probability lower bound of the step decay scheme in
Algorithm 2 for S = T'/log, T
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Proof. (of Theorem 4.2) We consider the one-dimensional function fT( ) = 233 where x € X =
[—4, 4]. This function i 1s 1- strongly convex and 1-smooth on X'. For any p01nt !, the gradient oracle
will return a gradient z! — 2! where E[2f] = 0. We apply the step decay step-size With § = T /log, T

to fr using 1 = 0 and 79 = 1. Then the last iterate satisfies
N S
e§in =D Y (=0 ST (1 — ). (34)
t=1 i=1

Letting t* = log,, T —log,, log,, T+1, we have that 7= = 19/a ~! = log, (T)/T and (1—n;-)° =
exp(—1). Fort # t* and i € [S], we pick 2! = 0. Then the final iterate Tg 1 can be estimated as

s
log, T -
)
w81 =m0, (1 Z (1—ne) 72 > exp" 2T - — )52
=1

For v = (1 — n;+)®%, it holds that exp(—1) < v < 1forall i € [S]. Define 2! = X} /v} where
X is uniformly chosen from {—1,+1}. Then |2¢ | < exp(1) € X for any i € [S]. Hence, this
gradient oracle satisfies the assumptions. Now,

N loga Z 1 loga T XS: X (35)
x .
S+12 exp(2)T exp T = t

Invoking Lemma C.1 with ¢ = 1/21n(1/0)/3 and K = T/ log,, T gives

2
N 1 N 1 1 21n(1/9) _In(1/6) T
Hasa) = 5("%“) Z3 <exp ) 3y/T/log, T > " 9exp(2)lna T (36)

with probability at least 6 > 0. Since we know the optimal function value f} = fT(x*) = 0, the the
desired high probability lower bound follows. [

Proof. (of Theorem 4.3) Recalling the iterate updates of Algorithm 2, for any = € X, we have
E([lat - all"] = E [I0x (@t = mg) - o|*] < E[[l2! - mgt - o]
<E[||«t - z|*] - 2mE[(gt, 2t — 2)] + n?E {ng | }
< E[||2! — «[|") - 20,E[(g!, ! — 2)] + n?G2. (37)

where the second inequality follows since ||[IIx(u) — v|| < |Ju — v|| for any v € X and the third
inequality follows from the fact that the gradient oracle is bounded and unbiased. In the following
analysis, we focus on the final phase, that is ¢t = N. Let k be the integer in {0,1,2,---,5 — 1}.
Extracting the inner product and summing over all ¢ from S — k to .S gives

- — - 2
leE oot = )] < B [ladl i~ ol "] + e+ DG %)
By the convexity of f on X, we have E[f(z) — f(z)] > E [(¢, 2 — 2I)]. Plugging this into
(38), we get
5 . 2
Ny _ o N ,
7i§kf(:ci ) f(x)] < (k+1)nN]E {Hxsfk l } 4N G2 (39)

We pick z = xg_k in (39) to find

S
%_A,_l Z E[f(xiv)] - E[f(xg—k)] < UNGQ. (40)
i=S—k
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Let W11 = k—}rl Zf: s_x E[f(2)] which is the average of the expected function values at the last
k + 1 iterations of the final phase V. The above inequality implies that

—f(@Y ) < Wiyt +nG2
By the definition of Wy, we have Wy = E[f(z})] and kW), = (k + 1)W1 — E[f(2]_,)]. Using
these formulas and applying (40) gives
Wi = (k+ D)Wt — f(28_1) < (k+ 1) Wiyt — Wigq + nnG?
which, after dividing by k&, yields
nnG?

Wi < Wi + —

Applying the above inequality recursively for k =1,--- , S — 1, we get
5-1

Wy =E[f(z8)] < W +nnG* > % < Ws +nnG*(In(S — 1) + 1). (41)
k=1

It only remains to estimate Ws. At the N phase, the iterate starts from x1. We pick z = z* and
k=S5 —1in(39) so that

S
Ws=E [; > fw)] < @)+ B [} -

z* 2} + G2, 42)

Note that in order to estimate Wg, we have to bound E [H:c{v —x* Hﬂ first. From inequality (30) of

Theorem 4.1, we know that the distance between the starting point ¥ of the N™ phase and x* can
be bounded as follows:

9 N—1
] < exp (—2u5 > m) |21
t=1

We now follow the proof of Theorem 4.1 to estimate [ [Hx{v

*

. 2N N-1
= > mexp <—2u5 > m) . (43)
t=1

>t

* 2}. Substituting the step-size
Ny = no/a'~t fort € [N], N = log, T and S = T/ log,, T, we have

SZ no(1 — =N+ o T -«

" 1oga Ty 1-1/a  (a—1) log,(T)

g Z 77006_ 1—a W=Dy poa  (Ta™t —a)
"= loga (1-1/a) Ca—1 log,(T) -

>t

Therefore, using these inequalities in (43) gives

_ G*(a — 1) exp (%)
w2 2nopa T — « w2 (a—1)log, T log, T
e e e ] L el NG

Incorporating the above results and substituting ny = noa/T and S = T/ log,, T into (41), we have

E[f ()] - f(a") < Bllt -1 NG 4y G (In(S — 1) + 1)
NS

2u
B v Cle-Dew (i) T
Mo eXp (27707/1104 . 13;10% 4p2no T
G?*noa(In(T) + 2)
+ .
T
By changing the base of « to be natural logarithm, i.e., log,, T' = InT'/ In a, the proof is finished. [J
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Proof. (of Theorem 4.4) Recall inequality (37) in the proof of Theorem 4.3: for any = € &’ it holds
that

Ell|ety, —2||] < Ell|e} - 2|’] - 2mE[(g}, 2! — )] + n?G>.

By the convexity of f, we have E[f(z) — f(z!)] > E[(g},x — x!)], so the above inequality implies
that

2E[f (z}) — f(2)] < E[|jef — z||*] - El||atyy — || + n?G2. (44)

Let t* = max {0, {loga (2‘;@‘13‘2 . ﬁ” } and xz = z*. By applying (44) repeatedly and sum-
ming over all t* <t < N and i € [S], we have

S w3 st 10e7) < Jof -

t=t* =1

2 N
z* ] +SG*> nf. (45)

t=t*

Let

N Zt e Tt Zz L 7

X . .
S Zt:t* ui

Since X is convex and each iterate x} belongs to X, we have &7 € X. By the convexity of f and
(45) it then follows that

E[f(i’T) - f(fl?*)] th e Tt Zz 1 f( )] f( ) Zt =t* Utz E[f(mz)] o f($*)

Szt = Tt Szt = Tt
E[Hml —x*H } + SG2Zt t* 77t
SZiV:t* e SZt e+ Tt
(46)

Next, we turn to estimate £ [thl —x* H2} . By (30) with N = t* — 1, we have

5 . 5 t —1
_ — *
=E HJ;SH —T

G2
+meH 1 - 2pm)®

t*—1 t —1 t*—1
< exp ( 218 Z m) ot — ¥ + — Z T exp <2u5 > m) :

1>t
(47)

. -1
E [thl —x } < tljl (1 —2un,)® Hx%

Next, we estimate the summation of 7, froml =¢t+ 1tol =t* — 1

SZ B - (1) Y T (—)_ w o T 1

= (1-1/c) log, T a—1 a—1 log,Tat=1 24
(48)
Incorporating (48) into the second term of (47) gives
-1 -1 -1
2pmo T
2uS = . 1
S o (25 ) < 3y (- 2 L
t=1 >t
2 o1 g t
noa” exp(1) @ !
=Tt Z; ot P T
t=
2npa? —1) log, T
< = =(O‘M ) e (49)

where the inequality follows from the fact that f::of zexp(—z)dr < 2/exp(1). Letting t = 0 in
(48), we have
-1

oo r 1
S Z [ log, T 2u (50)
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Plugging (49) and (50) into (47), we get

1 * 2
E {Hmtl e 2] - =1 = 27|] L Gla—1) log, T 651
eXp (25201(1 ’ logT T 1) 2,”42 T

Incorporating (51) into (46) and using ST_al <S Zi\[:t* e < 2% and S Zi\it n? < mi(fm gives

Bl ) | SGP 0

N N
S e Mt S e Mt
2p0E[||z] — 2* 2] N aG? log, T
- a—1 2u(a? —1) T
1 2
2pa e} —2*|” N « (1 + 2(a2—1)) G log, T
Tl e (e Ly o) s T
which concludes the proof. O

D. The Details of the Setup in Numerical Experiments

In this section, we provide some details for the numerical experiments in Section 5 and give some
complementary experimental results.

To better understand the relationship between all the considered step-sizes, we draw Figure 5 to show
the step-size 7, (y-axis is log(n;)) versus the number of iterations (starting from the same initial
step-size). In the left picture, we show the many step-sizes, studied in Sections 5.1 and 5.2, which
finally reach the order of 1/+/T for the non-convex and convex cases. In the strongly convex case (the
right picture), we show the step-sizes which are based on the order of 1/7". We also add yet another
kind of exponentially decaying step-size (called Exp(H-K-2014)) proposed by [19]: 7; = no/2¢,
t € [T;,Tiy1) and T = 2T, where ), T; =T

10 T == Mollast+1)ia=1 100

log(n:)

10000 20000 30000 40000 50000 60000 70000 10000 20000 30000 40000 50000 60000 70000
Iteration Iteration

(a) non-convex & convex cases (b) strongly convex case

Figure 5: Step-sizes involved in the experiments

From Figure 5(a), we observe that Exp-Decay for 3 = v/T can be regarded as a lower bound of
Step-Decay. From another viewpoint, we can see that when the decay factor « is very close to 1,
the proposed Step-Decay will reduce to Exp-Decay for 3 = v/T'. A similar relationship can also be
observed from Figure 5(b).

D.1 The Details of the Experiments on MNIST

The MNIST dataset consists of a training set of 60,000 examples and a testing set of 10,000 examples.
We train MNIST on a fully connected two-layer network (784-100-10). The [ regularization
parameter is 10~ and the mini-batch size is 128. We run 128 epochs, which implies that the number
of iterations 7T is equal to the training size (60, 000). The experiments on MNIST are implemented
in Python 3.8.5 on the server with two 3.1 GHz Intel Xeon processors (total 32 cores) and 128 GB of
RAM.
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In order to fairly compare the considered step-sizes, the initial step-size 79 is chosen from the search
grid {0.001, 0.005, 0.01,0.05,0.1,0.5,1,5}. For 1/t and 1/+/%, the initial step-size is 79 = 1, and a
is tuned by searching for the final step-size nr over the grid {0.001,0.005, 0.01,0.05,0.1,0.5,1,5};
in our experiments, it turned out that the best value of np was 0.01. The best initial step-
size np was found to be 0.5 for both Exp-Decay and Step-Decay. Similarly, the parameter
B for Exp-Decay is selected to make sure that its final step-size np is tuned over the grid
{0.001, 0.005,0.01,0.05,0.1,0.5, 1, 5}; the best tuning of 1y was found to be 0.05. For Step-Decay,
the decay factor « is empirically chosen from an interval (1, 12] and the search grid is in units of 1
after @ > 2. The outer-loop size N is |log,, 7'/2] which is numerically better than its ceil. The best
choice was foundtobe o = 7 (N = 2).

D.2 The Details of the Experiments on CIFAR10 and CIFAR100

The benchmark datasets CIFAR10 and CIFAR100 both consist of 60000 colour images (50000
training images and the rest 10000 images for testing). The maximum epochs called for the two
datasets is 164 and batch size is 128. The numerical experiments for CIFAR10 and CIFAR100 are
implemented in Python 3.7.4 with 2 x Nvidia Tesla V100 SXM2 GPU with 32GB RAM.

First, we employ a 20-layer Resident Network model [21] called ResNet20 to train CIFAR10. We
use vanilla SGD without dampening and a weight-decay of 0.0005. The hyper-parameters are
selected to work best according to their performance on the test dataset. For all evaluated step-
sizes, the initial step-size 7o is tuned from {0.0001,0.0005,0.001, 0.005, 0.01,0.05,0.1,0.5,1}.
For the constant step-size, the best choice was achieved by 1, = 0.05. For the 1/t step-size,
the initial step-size 79 = 1 and the parameter ag is tuned such that 7 reaches the search grid
{0.0001, 0.0005, 0.001, 0.05,0.01,0.5,0.1} (the grid search yielded nr = 0.05). We tuned the
1/+/t step-size in the same way as the 1/t step-size: the initial step-size 9 = 1 and 77 = 0.05.
For Exp-Decay, 779 = 1 and (3 is chosen such that the final step-size 7 reaches the search grid for
step-size (resulting in n7 = 0.01). For Step-Decay, the best initial step-size is achieved at y = 0.5
and o = 6.

The numerical results on CIFARI10 is shown in Figure 6. We can see that the sudden jumps in
step-size helps the algorithm to get a lower testing loss and higher accuracy (red curve) compared to
other step-sizes.

Training loss
Testing loss

20 40 6 8 100 120 140 160 2 40 6 8 100 120 140 160 20 40 60 80 100 120 10 160
# Epochs # Epochs # Epochs

(a) Training loss (b) Testing loss (c) Testing accuracy

Figure 6: Results on CIFAR10 - ResNet20

Next, we give the details about how to select the optimal values of the parameter 7y,
ap, [ and « for CIAFR100. The initial step-size for all step-sizes is chosen from
{0.0001, 0.0005, 0.001, 0.005, 0.01,0.05,0.1, 0.5, 1}. For the constant step-size, we found 79 = 0.1
and a weight-decay of 0.0001. For the 1/¢ step-size, 179 = 1 and ag was set such that nr is searched
over the grid above, which yielded 17 = 0.01. For 1/+v/%, 19 = 1 and ay is set to make sure that 77
is tuned from the set for step-size, resulting in np = 0.01. For Exp-Decay, 179 = 1 and /3 is chosen
such that 7 reaches the grid {0.0001, 0.0005, 0.001, 0.05,0.01,0.5,0.1} (resulting in n = 0.01).
For the Step-Decay, the initial step-size 79 = 1 and the decay factor o = 6.

Next, we detail the parameter tuning for the algorithms in Table 1. The maximum epochs called
was 164 and the batch size was 128. This implies that 7' = 164 - T'//128. The weight-decay was set
to 0.0005 for Adam and NAG. The best initial step-size for AdaGrad was found to be 19 = 0.05
(weight-decay is 0); For Adam, we found the parameters (31, 52)=(0.9, 0.99). The weight-decay
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was set to 0.025 for AdamW while the other parameters were the same as for Adam. For NAG, the
momentum parameter was set to 0.9. For Exp-Decay: the best-tuned § was 0.005 - 7" and 79 = 0.1
for NAG; 8 = 0.01 - T" and 19 = 0.005 for Adam and AdamW; For Step-Decay: the optimal o was
found to be 6 for all methods including Adam, AdamW and NAG while the best 179 = 0.05 for NAG
and 19 = 0.005 for Adam and AdamW.

In Figure 7(a), we show how the number of outer-loop iterations /N changes with the decay factor
a € (1,12]. The decay factor is an important hyper-parameter for Step-Decay. To figure out the decay
factor affects the performance, we plot the testing loss and generalization error (the absolute value
of the difference between training loss and testing loss), as well as the testing accuracy in Figures
7(b) and 7(c), respectively. All results are repeated 5 times. The best choice of the decay factor is
found to be a = 6, according to the best performance on testing loss and accuracy. It is observed that
« € [4, 6] performs better and is more stable than « € [7,12). The main reason is that the length of
each phase for a € [7,12) is larger than that of a € [4, 6] so that it loses its advantages in the end
(the generalization is weakened). Moreover, suppose that the number of outer-loop iterations N is
fixed, for example at N = 3 (where o € [4,6]) or N = 2 (where « € [7,12]), we can see that the
testing loss is getting better if we increase the decay factor.

g

— Testing loss
— Generalization error

3 75w
15 8

3

§ o

b

# N (outer-loop)
Loss (final)

g

2 10 12 2 3 4 5 6 & 9 10 11 12 1 0 2 3 4 5 6 8 9 10 11 12 1

7 7
Decay factor a Decay factor a

(a) # Outer-loop (b) Loss (c) Accuracy

5
Decay factor a

Figure 7: The performance of decay factor v on CIFAR100

D.3 Numerical Details for Regularized Logistic Regression

In this part, we present the numerical results for all considered step-sizes on regularized logistic regres-
sion. The initial step-size 1) is best-tuned from the search grid {0.01, 0.05,0.1, 0.5, 1, 10, 50, 100} for
all step-sizes. For the constant step-size, the initial step-size is 7 = 1. For 1/¢, 1/ Vi, Exp(H-K-2014),
Exp-Decay [28] and Step-Decay, the initial step-size 7 is 10. We tune a for 1/t and 1/+/1 step-sizes
such that the final step-size nr is searched over the grid {0.01, 0.05,0.1,0.5,1, 10, 25, 50, 75, 100}
(nr = 0.1). Similarly, the parameter 5 of Exp-Decay [28] is chosen such that 7y is searched over
the grid {0.01,0.05,0.1,0.5, 1,10, 50, 100} (n7 = 0.01). The initial period Tp for Exp(H-K-2014)
is Ty = 5. For Step-Decay, the decay factor is chosen to be o = 4.

Compared to the polynomial diminishing step-sizes (e.g. 1/¢, 1//%), we can observe that Exp-Decay
and Step-Decay not only yields rapid improvements initially, but they also converge to a good solution
in the end.

Testing accuracy (%)

20 o 6 g 100 120 140
# Epochs # Epochs

(a) Training loss (b) Testing accuracy

Figure 8: The results on rcv1.binary - logistic(Ls)
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