TN-SHAP-G: Graph-Structured Tensor Network Surrogates for Shapley Values
and Interactions

Anonymous Authors'

Abstract

Shapley values are a widely used tool for attribut-
ing importance and interactions among input vari-
ables in black-box models, but their computation
involves a function defined over an exponentially
large space of subsets. We propose TN-SHAP-
G, a framework that exploits structure in graph-
structured inputs to compute Shapley values and
higher-order interaction indices efficiently. Given
a predictor and a fixed masking scheme, TN-
SHAP-G learns a compact, graph-aligned mul-
tilinear surrogate that approximates the masked-
input behavior, represented as a tensor network
whose topology mirrors the input graph. Once
trained from a small number of oracle queries,
the surrogate enables deterministic recovery of
first- and higher-order Shapley indices via the
multilinear extension, without additional model
queries or Monte Carlo variance. Experiments on
molecular benchmarks show that the learned fac-
torization closely matches exact Shapley values
on small graphs and scales efficiently to larger
graphs where sampling-based methods become
infeasible.

1. Introduction

Explaining predictions on graph-based data requires attribut-
ing importance to individual nodes and their interactions.
Shapley values (Shapley, 1953) and interaction indices (Gra-
bisch & Roubens, 1999) offer principled, axiomatically
grounded attributions widely used in ML explainability
(Lundberg & Lee, 2017; Sundararajan & Najmi, 2020), yet
applying them to graph predictors remains challenging: ex-
act computation scales as O(2") in the number of nodes,
while existing approximations sacrifice essential proper-
ties. Architecture-specific methods (e.g., GNNExplainer
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(Ying et al., 2019), PGExplainer (Luo et al., 2020)) leverage
message-passing structure but do not apply to black-box
models. Sampling-based approaches (e.g., GraphSVX (Du-
val & Malliaros, 2021)) are model-agnostic but require thou-
sands of forward passes, with variance worsening sharply
for higher-order interactions (Fumagalli et al., 2024).

Shapley values are weighted averages over 2" coalition val-
ues, forming an exponentially large table. However, this
table need not be treated as unstructured: modern neural
networks, including GNNs, exhibit low-rank and localized
dependency patterns (Hu et al., 2022; Chen et al., 2022),
and prior work has shown that induced coalition games
can admit compact representations (Heidari et al., 2025).
TN-SHAP-G exploits this structure by learning a factorized
surrogate whose topology mirrors the input graph (Fig. 1),
with nodes corresponding to tensor modes and edges to
shared factors. This graph-aligned decomposition com-
presses the coalition-value table while making the expres-
sivity—accuracy—cost trade-off explicit through rank parame-
ters. Once trained from a small number of model queries, the
surrogate enables exact, deterministic recovery of Shapley
values and interaction indices via closed-form integration,
without imposing architectural constraints on the predictor.

Contributions.

e A principled graph-aligned low-rank representa-
tion of cooperative games. We introduce a tensor-
network (Kolda & Bader, 2009) surrogate that compresses
the exponential coalition-value table into a low-rank,
graph-aligned multilinear representation. By matching
the surrogate topology to the input graph, bond dimen-
sions control capacity across graph separators, yielding
an inductive bias aligned with local dependency patterns
in graph predictors (Theorem 3.2).

* Amortized and deterministic computation of Shapley
values and interactions. We leverage the surrogate’s mul-
tilinear structure to compute Shapley values and higher-
order interaction indices via closed-form Vandermonde
interpolation, requiring only O(n) surrogate evaluations
and no Monte Carlo variance. A single trained surrogate
amortizes computation of all first- and higher-order Shap-
ley quantities. We use surrogate test R? as a principled
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Figure 1. TN-SHAP-G overview. (A) Masked graph game with baseline replacement (29). (B) Black-box teacher queried on coalitions.
(C) Graph-aligned tensor network surrogate. (D) Exact Shapley values, and interactions via interpolation.

proxy for attribution accuracy, with guarantees linking
game approximation error to Shapley error (Lemma 3.7).

* Theoretical guarantees for expressivity, correctness,
and complexity. We show that the learned surrogate
uniquely determines the multilinear extension of the
masked-input game, ensuring exact recovery of Shap-
ley values and interaction indices on the surrogate. We
further characterize surrogate expressivity via cut-rank ar-
guments and prove near-linear teacher-query complexity
for bounded-degree graphs (Theorems 3.2, 3.6).

* Strong empirical accuracy and scalability. Across
molecular benchmarks, TN-SHAP-G achieves > 0.99
cosine similarity to exact Shapley values with as few as
50 model evaluations—10-100x fewer than SHAP-IQ
and GraphSVX—while scaling to graphs where exact
enumeration and sampling-based methods become im-
practical.

2. Problem Formulation

We formalize graph explanation as a cooperative game in-
duced by node masking, which serves as the basis for all
attribution methods considered in this work.

2.1. The Masked Graph Game

Let G = (V, E) be an undirected graph with n = |V| nodes,
each associated with a feature vector =, € R%. Let X =
(7)vey € R™¥9 denote the stacked node-feature matrix.
Let f be a trained graph predictor mapping attributed graphs
to scalars, and let X° = (29),cy € R™ < be a baseline
feature matrix (e.g., observational or interventional; we use
the mean baseline for experiments in Section 4).

For any coalition S C V, define the masked feature matrix
X g € Rnxd by

vES,

Ty,

and the induced cooperative game
v(S) = f(G, Xs). (2)

Although we focus on node-level explanations (players v €
V), the same construction applies when players correspond
to edges or subgraphs by redefining the masking operator
accordingly. Throughout, we consider explanations for a
fixed input instance (G, X), so v is an instance-specific
cooperative game over players V.

2.2. Shapley Values and Interaction Indices

Given the masked graph game (2), we now define the attri-
bution quantities of interest. The Shapley value (Shapley,
1953) measures the contribution of each node by averaging
its marginal effect over all possible coalitions:

o= 3 1S|! (n —n|!5\ —1)!

SCV\{v}

(S U{v}) —v(9)].
3)

Beyond first-order attributions, pairwise interaction indices
quantify whether two nodes contribute synergistically or re-
dundantly. We include both first- and second-order Shapley
quantities in the experiments; formal definitions of interac-
tion indices are deferred to Appendix D.3.

2.3. Multilinear extension and tensor contraction view

Direct computation of (3) requires summing over 2" !
coalitions. The multilinear extension (Owen, 1972) pro-
vides a continuous relaxation of discrete coalition games
that transforms Shapley value computation into polynomial
integration. We show that this extension admits an exact
tensor formulation, motivating the use of tensor-network
surrogates when the full tensor is intractable.

Let V. = {1,...,n} and let v : 2 — R be a set
function (cooperative game). The multilinear extension
v : [0,1] — R is the unique multi-affine (affine in
each coordinate) polynomial in the continuous variable
z = (z1,...,2n) € [0,1]" satisfying U(1g) = v(S) for
all S C V, where 15 € {0, 1}™ denotes the indicator vector
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of S. Equivalently, for all z € [0, 1]?,

o(z) =Y _v(S) [] 2 []1Q -2,

SCv vES  v¢s

7(1s) = v(8).
4

Each coordinate z, € [0, 1] continuously interpolates be-
tween excluding (2, = 0) and including (2, = 1) player
.

Shapley values as diagonal integrals and polynomial
interpolation. The Shapley value admits the classical in-
tegral representation

L ov

; g(tl) dt, (5)

¢(u) =

where the equivalence to (3) follows from Owen’s multilin-
ear extension identity (Owen, 1972). Since v is multi-affine,
the diagonal derivative
ov
t) = —(t1
9ult) = (1)

is a univariate polynomial of degree at most n — 1. Hence
¢(u) is determined by finitely many evaluations of g,,.

Concretely, we choose probe points t1,...,t, € [0,1]
with m > n (we use Chebyshev nodes for numerical sta-
bility), evaluate g,,(t;), and fit the unique degree-(n—1)
polynomial consistent with these values. Writing g,,(t) =

Z;é cu i tF, the coefficients solve a Vandermonde-type
linear system

1 4 et Cu,0 gu(t1)
Do : : = S ©
1 tm t?n_l Cu,n—1 gu(tm)
—_——
Vandermonde design Cu Gu

illustrated in Fig. 3. In practice we solve (6) in a numerically
stable form (e.g., barycentric / least-squares when m > n),
and then integrate the recovered polynomial in closed form:

1
b(u) = /0 gu(tydt = §° Lk
=0

2.3.1. TENSOR CONTRACTION VIEW

The multilinear extension admits an equivalent tensor for-
mulation that motivates the surrogate construction. Recall
the masked-input game v : 2V — R induced by a fixed
graph instance (G, X) with baseline X°, defined as v(S) =
f(G, Xs) (Section 2.1). We encode coalitions by binary
indicators s € {0,1}" via S(s) :={v €V : s, = 1}. The
following theorem gives an exact tensor contraction form of
the multilinear extension.

Theorem 2.1 (Multilinear extension as a tensor contraction).
Define the coalition tensor 7~ € R2X"%2 py
Tarsn = US(s5)),

n

s e {0,1}". @)

For any z € [0,1]", let b,(z,) € R? denote the Bernoulli
selector vector

1— 2z,
Zy

by(zy) := [ ] , veV.

Then the multilinear extension v : [0, 1]" — R satisfies

> T be(z0)s. ®)

se{0,1}» v=1

v(z) =

Intuitively, U(z) is the expected value of v(S) when each
player v is included independently with probability z,.

Theorem 2.1 shows that v can be identified with an order-n
tensor 7 of masked evaluations of f on (G, X, X°), and
that the multilinear extension is exactly the contraction of 7~
with Bernoulli selector vectors. The step-by-step derivation
is deferred to Appendix A.3.

By uniqueness of the multilinear extension (Appendix A.1),
a surrogate that fits all coalition values yields exact Shapley
quantities; in practice we fit from M < 2™ samples (The-
orem 3.6) and then compute attributions deterministically
from the surrogate (Section 3.3).

3. TN-SHAP-G

TN-SHAP-G explains black-box graph predictors by distill-
ing the masked game v into a graph-aligned tensor-network
surrogate . We treat the predictor f as an oracle accessible
only through masked evaluations f(G, Xg). The surro-
gate is trained to approximate the multilinear extension v,
from which Shapley values and interaction indices are re-
covered deterministically via polynomial interpolation. By
uniqueness of 7, an exact surrogate yields exact attributions;
approximation error bounds attribution error (Lemma 3.7).

Section 3.1 introduces the graph-aligned tensor-network sur-
rogate and its expressivity, Section 3.2 describes how it is
learned from M < 2" teacher queries, and Section 3.3
shows how Shapley values and interaction indices are recov-
ered deterministically without further oracle access. Con-
cretely, the method proceeds in three stages:

(i) define the masked graph game v;
(ii) learn a graph-aligned TN surrogate 7 approximating
the multilinear extension 7;
(iii) extract Shapley values and interaction indices from .
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Algorithm 1 TN-SHAP-G (single-surrogate deterministic
O1 Shapley)

Require: fixed instance (G = (V, E), X), baseline X°,
black-box teacher f, query budget M, TN bond dim Y,

probe points {£;}72,

Ensure: node Shapley values {$(u)}uev
1: Sample coalitions S = {S;}}2, ~ D
: Query labels y; < f(G, X, ) for all j
: Train graph-aligned TN surrogate (-; ©) by minimiz-
ing Eq. (13)
cforj=1,...,mdo
5:  Setall sites to b, (¢;) and contract TN on G to obtain
reusable messages
for eachu € V do
Compute g¢,(t;) =
by (t;) — bl,(t;)
8: end for
9: end for
10: For each u, interpolate g, (t) from {(¢;, gu(t;))}""

Jj=1
and return ¢(u) = f01 gu(t) dt
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Figure 2. From graph game to graph-aligned tractable surrogate.

3.1. Graph-aligned surrogates and rank-based
expressivity

The coalition tensor 7 € R2**2 defined in (8) contains
2™ entries, and constructing it explicitly would require 2"
black-box evaluations of f(G, Xg), which is prohibitive
even for moderate n. We therefore construct a compact
surrogate by imposing a tensor network (TN) structure on
T whose topology mirrors the input graph G = (V, E). We
treat each node v € V as a player. For each node v € V,
we introduce a core tensor

.A(u) c R2XX><"'XX, )
of order |N'(u)| 4+ 1 with one physical index of dimension

2 encoding coalition membership s,, € {0,1} and |N (u)]
bond indices of dimension Y, one per neighbor v € N (u).

Contracting bond indices along edges (u,v) € F and fixing
physical indices to s € {0, 1}™ defines a surrogate coalition

tensor:
T I I (u)
Ts = Z Asﬁaowm)’ (10)

{O‘e}eEE ’U.GV

where a () = (a(u’v))veN(u) collects the bond indices
incident to node u, each summed over [x] = {1,...,x}.
The contraction sums over all bond indices and returns a
scalar for each coalition assignment s € {0,1}", defin-
ing an implicit approximation T of the coalition tensor.
Intuitively, bond indices transmit interaction information
between neighboring nodes, while the bond dimension y
controls the capacity of this information flow across graph
separators. This expressivity can be formalized via the ma-
tricization rank of the represented tensor across a bipartition.
Fig. 2 shows the compression from 2™ coalition values to a
x-controlled surrogate.

The graph-aligned architecture encodes a locality assump-
tion: interaction effects between distant nodes must prop-
agate through intermediate bonds in G, with information
capacity bounded by x per edge. This bias is well-suited
whenever the masked-input game exhibits predominantly
local, low-rank dependencies over the graph, an assumption
satisfied by many practical predictors (including but not lim-
ited to message-passing GNNs). When the underlying game
exhibits dense long-range interactions that do not respect
graph distance, larger bond dimensions or alternative TN
topologies may be required.

The expressivity of a tensor network is governed by its
ability to capture correlations across partitions. This is
formalized by the matricization rank, which measures the
complexity of dependencies between two groups of vari-
ables.

Definition 3.1 (Matricization rank). For a tensor 7 over
vertex set V' and a bipartition (A, B) of V, let rank 4 5(7)
denote the rank of the matrix obtained by grouping indices
in A as rows and indices in B as columns.

This quantity, also known as Schmidt rank in quantum in-
formation, measures correlation complexity across a parti-
tion (Levine et al., 2019). The following theorem makes
explicit that any TN must allocate sufficient bond dimension
to capture these correlations.

Theorem 3.2 (Cut-rank lower bounds separator capacity).
Let T € R?*"X2 pe the coalition tensor on vertex set
V, and consider a TN representation of T. Suppose that
removing a set of TN edges §(A, B) separates the cores
indexed by A from those indexed by B. If each edge e €
d(A, B) has bond dimension ., then

T x (11)

e€d(A,B)

rankA|B(T) <



TN-SHAP-G: Graph-Structured Tensor Network Surrogates for Shapley Values and Interactions

In particular, if a single bond of dimension x separates A
and B, then x > rank 4 (T).

Proof. See Appendix C.1. O

As a consequence, compact graph-aligned surrogates exists
only when the coalition tensor has low matricization rank
across graph-induced separators.

Corollary 3.3 (Necessary condition for compact
graph-aligned surrogates). If a graph-aligned TN on G uses
uniform bond dimension x on every edge, then for every
separator (A, B) induced by cutting a set of TN edges
0(A,B),

rank 4 p(7) < x°@AP. (12)

This bound implies that graph-aligned TNs can achieve a
target fidelity with smaller bond dimension, hence fewer
parameters and queries, than chain-based surrogates such as
tensor trains (TT) (Oseledets & Tyrtyshnikov, 2010) when
T has low cut-rank across graph separators.

Example: cycle graphs and TT rank inflation. This
separation—capacity effect is easiest to see on a cycle (ring)
graph. If G is a ring, the graph-aligned surrogate corre-
sponds to a tensor-ring (TR) whose separators align with
the graph, so bond dimension x suffices.

A tensor-train (TT/MPS), however, enforces a 1D chain
and only exposes prefix—suffix cuts. Even when 7 has
an efficient TR representation with bond dimension Y, the
induced TT ranks can generically grow to ©(x?), increasing
parameter count (and thus query/sample needs) to reach
the same fidelity. The following theorem quantifies this
inflation.

Theorem 3.4 (TT-rank inflation from tensor-ring structure).
Let T admit a tensor-ring decomposition with uniform rank
X. Then any tensor-train representation of ‘T generically
requires TT-ranks Q(x?), and approximation with smaller
ranks incurs error lower-bounded by the truncated singular
value tail of the corresponding matricization.

Proof in Appendix C.2.

This rank inflation is not an artifact of cycle graphs: for
GNN predictors, similar effects arise from the interaction
structure itself. For message-passing GNN predictors, re-
cent theory shows that interaction complexity across a vertex
partition (A, B) is governed by a graph-theoretic walk in-
dex of the cut boundary (Razin et al., 2023). In current
notation, this implies that rank 4 5(7) can be large for cuts
whose boundary admits many length-(L—1) walks crossing
the partition, even for moderate depth L. Combined with
Theorem 3.2, this predicts that chain surrogates (TT/MPS)
may require large ranks for unfavorable orderings, while

graph-aligned TN explicitly allocate capacity along graph
separators and are ordering-invariant by construction.

Corollary 3.5 (TT ordering sensitivity for GNN-induced
games). For a TT/MPS surrogate with node ordering T,
every chain cut (A, B) along 7 satisfies py > rank 4 5(T)
by Theorem 3.2. Thus, on graphs where the GNN induces
high cut interaction rank for some partitions (e.g., high-
walk-index cuts (Razin et al., 2023)), TT can require large
ranks for certain orderings, while graph-aligned TNs remain
ordering-invariant by construction.

Overall, this section suggests that graph-aligned surro-
gates can reach a target fidelity with smaller bond dimen-
sion (hence fewer parameters and teacher queries) when
interactions are localized and cut-ranks across graph sep-
arators are low. Section 4 supports this empirically via
parameter-matched comparisons of predictive accuracy and
01/02 Shapley recovery. Next, we present the training pro-
cedure and efficient Shapley/interaction recovery from the
learned surrogate.

3.2. Tensor network surrogate training

Having established the expressivity advantages of graph-
aligned surrogates, we now describe how to learn them from
limited oracle access.

We train 7, parameterized by a graph-aligned TN, to approx-
imate the masked graph game v/(.S) using teacher queries
on sampled coalitions. The training dataset S = {S;}},
consists of coalitions S C V labeled with teacher evalua-
tions y; = v(S;). Since the full coalition space has size
2™, we sample from a distribution that balances coverage
across coalition sizes while prioritizing coalitions most in-
formative for Shapley and low-order interactions (details in
Appendix D).

3.2.1. DISTILLATION

We train a graph-aligned TN surrogate 2(-; ©) : [0, 1] —
R to approximate the masked game v using M teacher
queries. Coalitions S = {51, ..., Sy} are sampled from
a distribution D that balances coverage across coalition
sizes while prioritizing coalitions informative for low-order
interactions (details in Appendix D). The surrogate is fit by
empirical risk minimization:

. 1 M A
min M;(V(Sj) -9(15:0))°, (13

where 7(1g; ©) denotes the TN output at the binary indica-
tor 1g, selecting the included/excluded slice at each node
according to S.

The learned surrogate is the multilinear function induced by
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Figure 3. Deterministic Shapley from a TN surrogate via diagonal interpolation. (a) Restrict to the diagonal z = t1 and evaluate

gu(t) = azuﬁ(tl) at probe points ¢;. (b) Multilinearity implies g, is a degree-< n—1 polynomial. (c) Interpolate coefficients via a
Vandermonde design (or a stable equivalent) and integrate exactly: ¢(u) = fol gu(t) dt.

the TN parameters O:

~

ﬁ(z,@) = T(@) X1 bl(zl) X+ Xp bn(Zn), (14)

where 7A'(@) is the surrogate coalition tensor implicitly rep-
resented by the TN cores, b,(z,) = [1 — z,, 2z,] are
Bernoulli selector vectors, and x; denotes mode-i contrac-
tion (Appendix A). The contraction is performed directly
on the factorized representation without materializing the
2™-entry tensor. At binary inputs z = 1g, evaluating (1g)
reduces to contracting the TN with physical indices fixed by
coalition membership.

The following theorem, adapted from Khavari & Rabusseau
(2021, §4), shows that the required query budget scales with
TN parameter count rather than 2!V

Theorem 3.6 (Near-linear teacher-query complexity on
bounded-degree graphs). Let Hq be a tensor-network hy-
pothesis class on topology G = (V, E) with parameter
count Ng = 3, cv [ locp, dim(e) (Khavari & Rabusseau,
2021, §4). Assume v(S) € [—B,B| and let v € H¢ be
learned by empirical risk minimization (ERM) from M i.i.d.
teacher queries (S;,v(S;)). Then with probability > 1 — ¢,

E()— inf Eh) = @(32 (NG+10g(1/5)))7

heHa M

where £(h) = E[(h(S) — v(5))?] and O(-) hides logarith-
mic factors in M and |V|. Moreover, if deg,,..(G) < A
and dim(e) < x, then Ng < |V|x®, hence M =
O(|[V|x2 /e2) suffices to reach excess risk < €2, i.e., near-
linear in |V | for fixed x, A.

See Appendix C.4 for the details and proof sketch.

Theorem 3.6 shows that graph-aligned TN surrogates can
be learned from a near-linear number of teacher queries;
we now quantify how this sample efficiency translates into
surrogate fidelity on unseen coalitions and, in turn, into
Shapley attribution accuracy.

Test R? as a fidelity metric. We measure surrogate fi-
delity by held-out R? on coalitions in Siest

oSS (v(9) - 3(15))2'
S sesi (V(S) = 7)

Theorem 3.6 links the teacher-query budget M and TN
capacity to surrogate generalization, while Lemma C.2 (Ap-
pendix C.7) highlights an intrinsic approximation floor when
the chosen TN topology or bond dimension  cannot capture
the game’s cut-rank structure (quantified by truncated-SVD
residuals of matricizations). Thus, increasing M and/or
typically improves R? until this floor is reached. Finally,
Lemma 3.7 guarantees that uniform game approximation
|lv — P]|so < € implies worst-case Shapley error at most
2e. Empirically, we observe a strong correlation between
test R? and Shapley cosine similarity (Fig. 5), making R? a
practical proxy and tuning knob for attribution accuracy.

R? =1

Lemma 3.7 (Stability of Shapley values and interactions
under game perturbations). Let v, : 2V — R satisfy
lv = Plloo < e Thenforalli €V, |¢;(v) — ¢i(P)] < 2e.
Moreover, for any T C V with |T| = k > 1, the Shapley
interaction index satisfies |7 (V) — ¢ (D)| < 2Fe.

Proof in Appendix C.3.

Together, these results justify computing Shapley values and
interaction indices directly from the learned TN surrogate:
once the surrogate achieves high fidelity, the induced attri-
butions are guaranteed to be accurate. We now show how
Shapley quantities can be computed deterministically from
the multilinear TN representation.

3.3. Deterministic Shapley and interactions from the TN
surrogate

Recall 7 is the trained graph-aligned TN surrogate. Since
¥ is a multilinear polynomial in z by construction, we can
compute Shapley values and interaction indices deterministi-
cally from the surrogate, without further teacher evaluations.
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For any player u € V, Shapley values admit the diagonal-
derivative integral representation (Owen, 1972)

Lo
0 6Zu

(t1) dt. (15)

The integrand is evaluated by TN contraction. At a given
t € [0, 1], we contract the surrogate at the diagonal input
z = t1, using b, (t) = [l — ¢, t]" at every node v, except
that at the queried node u we insert the derivative vector
b),(t) = [-1, 1]". Higher-order interactions are obtained
by inserting b}, (t) at multiple sites (Appendix B).

Define ¢,(t) := 0,,0(t1). Multilinearity implies
deg(g,) < n—1, so0 gg(u) = fol gu(t) dt is recovered from
m = O(n) probe points via the diagonal interpolation
recipe in Section 2.3 (Fig. 3). Each evaluation g,,(t;) is ob-
tained by the same local-replacement contraction described
above, i.e., b, (t;) — b/, (t;) while b, (t;) is used for v # w.
Mixed partial derivatives for interactions are handled identi-
cally by replacing multiple sites (Appendix B).

Notably, the same surrogate supports all first- and higher-
order quantities, whereas sampling-based estimators typi-
cally require separate Monte Carlo budgets for each order.

3.3.1. COMPUTATIONAL COMPLEXITY

Given a trained surrogate, the cost of computing Shapley
values and interaction indices is dominated by tensor net-
work contraction and polynomial interpolation. The graph-
aligned structure of the surrogate allows both first- and
second-order attributions to be computed efficiently by ex-
ploiting locality in the interaction graph.

Theorem 3.8 (Amortized runtime on bounded-treewidth
graphs). Let © be a graph-aligned TN surrogate on G =
(V, E) with bond dimension x. Assume we contract the
TN using a tree decomposition of width T (max bag size
T+ 1), and reuse the resulting messages to form single-node
and single-edge environments. Then for a fixed probe point
te0,1]:

(i) allfirst-order derivatives {0, 0(t1) }yev can be com-
puted in O(|V|x™ 1) total time;

(ii) all edge mixed derivatives {0, 0., (t1)} (uv)eE can
be computed in O(|V |x™ 1) total time.

Therefore, using m probe points, computing all Shapley
values and all edge interaction indices costs O(m|V|x™ 1)
time.

See proof in Appendix C.6.

Remark 3.9 (Message reuse across probe points). The tree
decomposition structure is independent of the probe point
t. However, the message values depend on ¢ through the
Bernoulli vectors b, (t), so messages cannot be directly
reused across different probe points. The stated complex-

Table 1. Correctness on small graphs (mean =+ std). GraphSVX
exhibits high variance due to poor convergence; O2 is omitted as
GraphSVX does not support interaction indices.

Method

TN-SHAP-G
GraphSVX

TN-SHAP-G
GraphSVX

Dataset (0] 02

0.9979 (.004) 0.9612 (.051)
0.30 (.51) -

Mutagenicity 0.9933 (.012) 0.9688 (.071)
Mutagenicity ~ 0.45 (.66) -

Benzene
Benzene

ity O(m|V|x™"!) thus reflects m independent message-
passing sweeps. In practice, the overhead is modest since
m = O(n) and the per-sweep cost is linear in |V| for
bounded treewidth.

Corollary 3.10 (Constant treewidth and bond dimension).
If T = O(1) and x = O(1), then the total cost is linear in
graph size: O(m|V'|) time for all Shapley values and edge
interactions.

Many molecular graphs encountered in practice admit low-
width decompositions, making the above bound effective.

4. Experiments

We evaluate TN-SHAP-G along three axes: (i) correctness
on small graphs where exact enumeration is feasible, (ii)
query efficiency relative to sampling-based estimators, and
(iii) scaling with graph size. Unless stated otherwise, we
explain a fixed test instance (G, X)) using the node-masking
game in (2) with a mean-feature baseline. We report sur-
rogate fidelity via held-out coalition R? and attribution fi-
delity via cosine similarity to enumeration on small graphs
(n < 20) for Ol Shapley values and O2 interactions. Query
efficiency is evaluated against permutation sampling (Castro
et al., 2009) and SHAP-IQ (Fumagalli et al., 2024) as repre-
sentative model-agnostic Shapley estimators (GraphSHAP-
1Q (Muschalik et al., 2025) in F.12), and evaluate on stan-
dard molecular benchmarks including Mutagenicity (Deb-
nath et al., 1991), Benzene (Sanchez-Lengeling et al., 2020),
and proteins (Dobson & Doig, 2003); full experimental
details in Appendix E.

Correctness on Small Graphs & query efficiency. On
small graphs (n < 20), TN-SHAP-G closely matches exact
Shapley values (O1) and interaction indices (O2) across
molecular benchmarks (Table 1). Under matched teacher-
query budgets, TN-SHAP-G achieves high attribution ac-
curacy with 10-100x fewer model queries than permu-
tation sampling and SHAP-IQ (Fig. 4). Notably, a sin-
gle learned surrogate supports both O1 and O2 recovery,
whereas sampling-based methods require separate Monte
Carlo budgets and exhibit high variance, particularly for
higher-order interactions. Code is available at https:
//github.com/icmltnshapgrepo/tnshapg.
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similarity with 10-100x fewer queries than baselines; a single
surrogate yields both O1 and O2.
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Figure 5. Surrogate R predicts Shapley accuracy. Each point
is one (graph, epoch) pair; color indicates training progress.

Fidelity, scaling, and structure ablation. Surrogate test
R? strongly correlates with O1 and O2 cosine similarity
across training (Fig. 5), validating R? as a practical proxy
for Shapley accuracy and supporting the theoretical stability
guarantees. TN-SHAP-G scales efficiently to larger graphs
(the coarsening architecture; Appendix F.7), with practical
training and deterministic attribution times (Fig. 7), enabling
explanations beyond the reach of enumeration or sampling.
Finally, structure ablations show that graph-aligned TN sur-
rogates consistently outperform tensor trains under parame-
ter matching, with TT additionally sensitive to node ordering
(Fig. 6). Details of the graph-aligned scaling architecture
used in these experiments are deferred to Appendix F.4.

5. Related Work

Tensor networks and query-efficient learning. Tensor
networks compress high-dimensional functions with com-
plexity governed by bond dimension rather than input di-
mension (Kolda & Bader, 2009; Oseledets & Tyrtyshnikov,
2010). Tensor cross interpolation (TCI) (Oseledets & Tyr-
tyshnikov, 2010; Fernandez et al., 2025) enables learning
TN representations from few queries, and topology-aligned
networks can outperform tensor trains on structured func-
tions (Tindall et al., 2024). TN-SHAP-G builds on these
ideas to learn graph-aligned multilinear surrogates and com-
pute Shapley values exactly on the surrogate via the Owen
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Figure 7. Scaling behavior of TN-SHAP-G.

extension (Owen, 1972).

Shapley values on graphs. Shapley explanations (Shap-
ley, 1953) are widely used in tabular ML (e.g., KER-
NELSHAP (Lundberg & Lee, 2017)) and extended to inter-
actions via indices such as Shapley—Taylor (Sundararajan &
Najmi, 2020). On graphs, GRAPHS VX (Duval & Malliaros,
2021) adapts kernel-based Shapley estimation by sampling
masked graphs. However, sampling-based estimators of-
ten require many model evaluations and incur variance that
grows with interaction order.

Surrogate-based attribution. Surrogate modeling amor-
tizes explanations by approximating a black-box function
under perturbations (e.g., LIME (Ribeiro et al., 2016), Ker-
nelSHAP (Lundberg & Lee, 2017)). Unlike generic linear
surrogates, TN-SHAP-G uses structure-aware multilinear
TN surrogates, enabling deterministic Shapley and interac-
tion computation without Monte Carlo estimation.

6. Conclusion

We presented TN-SHAP-G, a framework for computing
Shapley values and interactions by learning a graph-aligned
tensor network surrogate. By exploiting low-rank structure
in value-functions, TN-SHAP-G enables exact, determin-
istic attribution recovery with O(n) queries. Future work
includes adaptive rank and extension to other structures.
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Impact Statement

This work advances methods for explaining black-box graph
predictors through principled game-theoretic attributions.
The primary societal benefit lies in improving transparency
of graph neural networks deployed in high-stakes domains
such as drug discovery and molecular property prediction,
where understanding why a model makes a prediction is
essential for scientific validation and regulatory compliance.
We do not foresee direct negative societal consequences
from this methodological contribution. The computational
efficiency gains may democratize access to rigorous expla-
nation methods for practitioners with limited computational
resources. As with all explanation techniques, users should
remain aware that attributions reflect the model’s learned
behavior rather than ground-truth causal relationships.
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Appendix A collects the notation and background needed to read the method and proofs. We first define tensor and
tensor-network (TN) notation and the contraction operator used throughout. We then derive the multilinear-extension
contraction identity that underpins our deterministic Shapley computation, and show how partial derivatives are computed
efficiently via local gate replacement. The remaining sections provide proofs of the main theoretical statements, additional
experimental details, and extended discussion/related work.

A. Preliminaries and notation

This section fixes tensor and TN notation used throughout and states the contraction conventions needed for our multilinear-
extension and derivative identities.

A.1. Tensors and Tensor Networks

Let 7 € R4 X *dn be an order-n tensor and x; € R% . The associated multilinear map is
g(x1,. .y xn) = T X1 @1 Xg -+ Xp Ty, (16)

where x; denotes the mode-i tensor—vector contraction, defined as

d;

(T X xl) 7;‘1:~~~7ji71;k:ji+17~~~a.jn (mi)k' (17)

Jlseedim1sJidlsesdn
k=1

Successive contractions along all modes yield a scalar.

A tensor network (TN) represents 7 implicitly as a contraction of low-order core tensors connected by shared indices
(bonds). The product of bond dimensions across any bipartition defines the cut rank, which controls both expressiveness and
contraction complexity. We write 7 (©) for the tensor implicitly represented by a TN with parameters ©.

Tensor trains (TT). A tensor train (TT) is a TN topology in which 7T is factorized as

_ 1) (2) (n)
7—1-11-”71‘ - Z Gi],a1Gu],i2,a2 o .G (18)

n Qn—1,in’?
Q1y..yQn—1

where G*) are 3-way cores (except at the ends) and «ay, are bond indices of dimension . The maximal yj determines the
TT rank and contraction cost (Oseledets, 2011).

x1 €2 €3 Ty

Figure 8. Tensor train (TT) representation of a 4-way tensor. Physical indices x; are shown as dangling legs; internal edges correspond to
bond indices.

Evaluating g(z1, ..., z,) using a TN representation corresponds to contracting all bond indices after attaching the vectors
{z;} to the physical legs. We refer to one such evaluation as a TN contraction. In TN-SHAP-G, all surrogate evaluations
and partial derivatives are computed via TN contractions with appropriately chosen local vectors.

A.2. Multilinear Extension and tensor view

The multilinear extension admits an equivalent tensor contraction form that will be useful for connecting Shapley computation
to tensor-network surrogates. For completeness, a step-by-step derivation of the contraction identity is given in Appendix A.3.
A.3. Step-by-step derivation of the contraction identity

We derive Equation (8) starting from the Bernoulli-mixture definition of the multilinear extension in Equation (4).

11



TN-SHAP-G: Graph-Structured Tensor Network Surrogates for Shapley Values and Interactions

Step 1 (Start from the multilinear extension). By definition,

v(z) =Y v(S) [z [JC-2) (19)

sCv veES  vgs

Step 2 (Re-index the sum by binary indicators). Each subset S C V is in bijection with its indicator vector s € {0, 1}"
given by s, = 1{v € S}. Equivalently, for any s € {0, 1}" define S(s) := {v € V : s, = 1}. Using this bijection, we can

rewrite (19) as a sum over s:
n

v(z) = Z S(s)) H 250 (1 — zy) %0, (20)

se{0,1}" v=1
Step 3 (Introduce the coalition tensor). Define the coalition tensor 7 € R?* %2 by
7;17“':'571 = V(S(S)>> s € {07 1}n'
Substituting this into (20) yields

vz)= Y. T ][er-z) 21)

se{0,1}n v=1

Step 4 (Define selector vectors). For each v € V define
L 1-— Zy 2
by(zy) := [ . ] € R-.

Then for s, € {0,1},

by(z0)s, = (1 — 2)' 75025, (22)
Therefore,
H 2y (1 — Zv)lisv = H by (20)s,-
v=1 v=1
Plugging this into (21) gives
vz)= Y. T[] bolz0)s. (23)

s€{0,1}n v=1

Step 5 (Recognize the tensor contraction). Since 7 has mode size 2 in each dimension and each b, (z,) € R2, the
multilinear form in (23) is exactly the successive mode-wise contraction of 7~ with {b, (z,) }7_;:

1 1 n
Z Z Teroiism H by(zv)s, =T X1 b1(21) X2+ X by (2n).
v=1

s1=0 Sn=0
This proves the contraction identity (8).

Exactness of Shapley values. The multilinear extension v is uniquely determined by the 2™ masked evaluations v(S) =
f(G,xg). Consequently, any multilinear function 7(z) that matches these values at the vertices,

v(1lg) =v(S) VSCV,
must coincide with 7 everywhere on [0, 1]™. In particular, Shapley values are given exactly by
1 ~
7]
o) = | S(t,....t)dt.

. azv goon

This provides a principled foundation for our approach: by learning a multilinear surrogate 7 that fits the masked-input
vertices, we recover the unique multilinear extension of the ML game and can compute exact Shapley values via deterministic
polynomial integration.
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A.4. Uniqueness of the multilinear extension

Remark A.1 (Uniqueness of the multilinear extension). The multilinear extension v is the unique multilinear polynomial
satisfying 7(1s) = v/(S) for all S C V. This follows from the fact that the 2" functions {[],cg 20 [1,¢s(1 — 20)}scv
form a basis for the space of multilinear polynomials in n variables. Consequently, any multilinear surrogate 2 that perfectly
fits the coalition values {v(S)}scy must coincide with 7, and Shapley values computed via (5) on the surrogate are exact.

Theorem A.2 (Single-surrogate sufficiency via the multilinear extension). LetV = {1,...,n} andletv : 2V — R be a
cooperative game with (Owen) multilinear extension v : [0,1]" — R defined by (39). Then:

(i) (Uniqueness) v is the unique multilinear polynomial satisfying v(1s) = v(S) forall S C V.
(ii) (Linearity of Shapley) For each i € V, there exists a linear functional L; on multilinear polynomials such that

¢i(v) = Li(v),

and in particular ¢;(v) admits the equivalent integral representations (40)—(41).
(iii) (Linearity of interactions) For any nonempty T C V, |T| = k > 1, and for any interaction index I that admits a
multilinear-extension characterization of the form

1 k'l;
IT(I/) :Ck‘/0 %(tl)wk(t)dt

for some scalar ci;, and weight function wy, depending only on k, there exists a linear functional L1 such that
Ir(v) = Lr(V).

Consequently, for any surrogate multilinear extension v (e.g., represented by a tensor network) we obtain surrogate
attributions by substitution:

bi=L;©), Ir:=LrD),

so a single surrogate v suffices to compute all desired first-order Shapley values and higher-order interaction indices,
without retraining separate surrogates per index.

Proof is in Appendix C.5

Surrogate-based deterministic attributions. The discussion above implies a concrete recipe for query-efficient graph
explanations. First, we represent the masked game v through its multilinear extension v, whose Shapley values and low-
order interactions reduce to integrals of diagonal partial derivatives (Eq. (5)). Second, since these diagonal derivatives are
univariate polynomials of degree at most n — 1, they can be recovered from finitely many evaluations via stable interpolation.
Finally, we avoid the exponential coalition tensor by learning a structured surrogate © from a limited query budget, and then
compute all required Shapley quantities deterministically from this single surrogate without further teacher evaluations.
Section 3 instantiates this recipe using graph-aligned tensor networks.

B. Derivative Computation via Local Gate Replacement

This appendix provides a detailed derivation of how Shapley values and interaction indices are computed from the tensor
network surrogate via local gate replacement.

B.1. Setup and Notation

Recall that the surrogate multilinear extension is given by the tensor contraction

n

p(z)= > T ]]bu(z)s, (24)

s€{0,1}» v=1
where 7 € R2**2 ig the (implicitly represented) surrogate coalition tensor and the local Bernoulli gate at node v is

1— 2z,
v

e =[] el == 5)
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B.2. First-Order Derivatives

Lemma B.1 (Local gate derivative). For the Bernoulli gate b,(z,) = [1 — 2,,2,] |, we have

0by(zy) -1 /
= =:b 26
azv { 1 ] v ( )
which is constant (independent of z.,).
Proof. Direct computation: Ti(l — 2y) = —1and %(zv) =1. O

Proposition B.2 (Partial derivative via gate replacement). The partial derivative of the surrogate with respect to z, is
obtained by replacing the gate at position u with its derivative:

ov ~
g(z) = Z Ts - [buls, - H[bv(zv)]sv- 27
v se{0,1}" v#EU
In tensor contraction notation:
o . ,
g(z) =T X1 b1(21) X+ Xy bu Xu+1 " Xnp bn(zn)- (28)

Proof. Since (24) is a product of terms where only one factor depends on z,,, the product rule gives

ov ~  Olby(zu)]s,
9. ()= > T.- S [1bu(z0)ls, (29)
s€{0,1}» vEU
= Z 7\—3 - [by]s, - H[bv(zv)]sva (30)
se{0,1}" vEU
where we used Lemma B.1 and the fact that
0 -1 ifs, =0
—[(1 = 2) 7 Pu2ie] = C T =1, 31
g (L= =) ] {+1 o —1 = Duls. 3D
B.3. Diagonal Evaluation and Polynomial Structure
Proposition B.3 (Diagonal derivative is a univariate polynomial). Define g, (t) := Z?zi (t,...,t). Then g, is a univariate
polynomial in t of degree at most n — 1:
n—1
gu(t) =Y aftk. (32)
k=0

Proof. Substituting z,, = t for all v into (27):

gu®) = > T b, - [T —0)' = (33)

se{0,1}n v#U
= 3 T B, - (1= )l el (34)
sG{O,l}n’

Each term (1 — )(»~D~ls—ultls—ul s a polynomial in t. The highest power of ¢ occurs when |s_,, | = n — 1, giving "~ 1.
Hence deg(g,) < n — 1. O
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Algorithm 2 TN-SHAP-G (deterministic O2 edge interactions from a single surrogate)

Require: trained surrogate 7(+; ©) on G = (V, E), probe points {¢;}7
Ensure: edge interaction indices {dgmj}(w,)e B
1. forj=1,...,mdo

2:  Setall sites to b, (t;) and contract TN on G to obtain reusable messages

3:  foreach (u,v) € E do

4: Compute gy (t;) = 0,,0,,0(t;1)

5: by replacing by (t;), by (;) — by, (t;), b, (t;)
6: end for

7: end for

8: For each (u,v), interpolate gy, (t) from {(t;, guv(t;)) }714
9: Return g, = fol Guw(t) dt for all (u,v) € E

B.4. Exact Shapley via Vandermonde interpolation (linked to Theorem 3.8)

Since g, (t) is a polynomial of degree at most n — 1, it is uniquely determined by n evaluations at distinct points.

Theorem B.4 (Exact Shapley computation). Let t1,...,t, € (0,1) be distinct probe points. Define:

* yj = gu(t;) for j = 1,...,n (computed via TN contraction with gate replacement),

* V € R™ " the Vandermonde matrix with Vj;, = tffl.

Then the Shapley value is

~ 1 n—1 a’(:)
u) = () dt = , 35
= [ =32 35)
where the coefficients a(*) = (a(()u), e 7a5;u'_)1)—|— are recovered by solving Va(®) = y.

Proof. The Vandermonde system Va(*) = y has a unique solution since the t; are distinct. Integration of the monomial
basis gives the result. O

B.S. Second-Order Interactions via Double Gate Replacement

Proposition B.S (Mixed partial derivatives). For distinct players i,j € V, the second-order mixed partial derivative is
obtained by replacing both gates at positions i and j:
0%v ~ o, ,
(z) = § Ts - [bils: - [bj]sj : H [y (20)]s, - (36)
se{0,1}n vg{i,j}

Proof. Apply Proposition B.2 twice: first differentiate with respect to z; (replacing b; — bf), then differentiate with respect
to z; (replacing b; — b;). Since b} and b;. are constant vectors, the order of differentiation does not matter. O

Corollary B.6 (Diagonal mixed derivative polynomial). Define h;;(t) := %(t, ...,t). Then h;; is a univariate

polynomial of degree at most n — 2, and the second-order Shapley interaction index is

1
<;S,;j:/0 hi;(t) dt, 37

computable via Vandermonde interpolation with n — 1 probe points.
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B.6. General k-th Order Interactions

Proposition B.7 (k-th order derivative). For a subset T C 'V with |T'| = k, the k-th order mixed partial derivative is

ok ~

%(Z) = Z Ts - H [V)s. - H[bv(zv)}sua (3%)
s€{0,1}" ueT vgT

where Ozr := [ [, e Ozu. The diagonal restriction is a polynomial of degree at most n — k.

B.7. Computational Cost

Each evaluation of g, (¢;) requires one tensor network contraction with modified gates. For m probe points and n players:

* First-order Shapley values: O(n - m - Teontr) total cost.
* Second-order interactions (all pairs): O(n2 -m - Teontr) total cost.

¢ Second-order interactions (edges only): O(|E| - m - Teontr) total cost.
Here T¢ont: 1s the cost of a single TN contraction, which depends on the graph structure and bond dimension Y.

B.8. Summary: The Gate Replacement Principle

The key insight enabling efficient exact computation is:

Gate Replacement Principle. To compute 3:? forany T’ C V:
1. For each u € T replace b, (2,) = [l — 24, 2,] " with b, = [-1,1] .
2. Foreach v ¢ T keep b, (z,) unchanged.

3. Contract the tensor network as usual.

This yields the exact partial derivative at cost equal to one surrogate evaluation.

C. Proofs

This appendix contains proofs and technical details omitted from the main text for clarity.

C.1. Cut-rank proof

Proof. Cutting the edges in §(A, B) exposes a collection of bond indices a € ], . 5(A,B) [Xe]. Contracting all cores on the
A side yields functions f,(s4), and contracting all cores on the B side yields functions g, (sz), such that

Ts = Zfa(SA) 9a(sB).

Thus the (A[B)-matricization factors as a sum of at most ][54 ) X rank-one terms, proving (11). O

C.2. Proof sketch and formal statement of Theorem C.1 (TT-rank inflation)

Theorem C.1 (TT-rank inflation from tensor-ring structure). Let T € R™ %" %" qdmit a tensor-ring (TR) decomposition
with cores G € R"*"iX"i+1 for j € [d], with cyclic ranks g1 = 1. For any k € [d—1], let T(;, € RN<x*N>r denote
the matricization with N<j, = Hle n; and N, = H?:,H_l n;. Then:

(i) (Upper bound) rank(T(;;y) < 71 7k11.
(ii) (Generic tightness) If N<j, > 117,41 and N}, > 117,41, then for a generic choice of TR cores, rank(T(k)) =7 T k41
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(iii) (TT lower bound) Any tensor-train (TT) representation of T with the same mode ordering must have TT rank at bond k
satisfying pi > 1 Tk+1-
(iv) (TT approximation error bound) For any TT tensor Tpr with bond rank py; at cut k,

1T~ Terlle > (3 o2@un)

> pk
where 0;(T(y,)) denotes the i-th singular value of the matricization T|y.

In particular, if vy = --- = rq = X, then generically any TT representation requires TT ranks Q(x?).

Proof sketch. Fix k € [d — 1]. Contract the first k£ TR cores into a left subchain and the remaining d — k cores into a right
subchain, yielding a factorization 73, = LR with L € RV<+*(m7i+1) and R € R(mms+1)XN>k (see, e.g., (Zhao et al.,
2016)). This implies rank(T( k)) < r17k+1. Under the stated dimension conditions, L and R are generically full rank, so
equality holds. Finally, TT rank at bond & equals rank (7)) for the same ordering, proving the lower bound.

For (iv), note that reshaping preserves Frobenius norm, so |7 — Trr|[r = || T(x) — Trr, ) | 7. Since TT structure forces
rank(Trr (1)) < pk, the Eckart—Young theorem gives || T(;) — Allr > (3
with equality attained by the truncated SVD.

i> o 01 (T(x)))'/? for any rank-p;, matrix A,

C.3. Proof sketch of Shapley stability

Proof. The bound follows by writing ¢ as an average of 2!”I-term discrete differences, each involving evaluations of v
and » that differ by at most . This follows from the linearity of ¢ and the fact that each marginal contribution involves two
game evaluations, while each k-th order discrete difference involves ok game evaluations; see Heidari et al. (2025). ]

C.4. Proof sketch of Theorem 3.6

Proof sketch. (Khavari & Rabusseau, 2021) bound the pseudo-dimension of TN hypothesis classes by Pdim(Hqg) <
2Ng log(12|V[) (Khavari & Rabusseau, 2021, Thm. 2). Standard learning-theory bounds for bounded regression classes
controlled by pseudo-dimension yield an excess-risk rate O( B*(Pdim(H¢) + log(1/8))/M ), which becomes O( B?(N¢ +
log(1/6))/M) after substitution. Finally, if deg,,,,(G) < A and dim(e) < ¥, then for each v, [leep, dim(e) < ydee®) <
x>, hence Ng < 30, oy X2 = [VIXA. O

C.5. Proof of Single-Surrogate Sufficiency via the Multilinear Extension (Theorem A.2)

Proof. Fix aplayersetV = {1,...,n} and a game v : 2V — R. Its (Owen) multilinear extension is the polynomial
vp) = > v [[p[[-p). pelo.™ (39)
scv i€S  i¢s

This polynomial is unique: since the 2" functions { [, ps ]_[i§£ s(1—pi)} scy form a basis of the space of multilinear
polynomials in (p, ..., p,), the coefficients v/(.S) are uniquely determined, hence 7' is uniquely determined by v.

We now show that all standard attribution quantities obtained from v (Shapley values and higher-order interaction indices)
can be written as linear functionals of v.

Let e; be the i-th standard basis vector. The Shapley value admits the (Owen) integral representation

1
i) = / (1 + (1~ t)er) — (e1)) (40)
0
equivalently (by the fundamental theorem of calculus),
Yo
oi(v) = t1) dt. (41)
0 = | G

Both (40) and (41) are linear in v: evaluation  — v(p), partial differentiation 7 — 0, 7, and integration are linear operators.
Hence ¢;(v) = L;(V) for a linear functional £,.
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For any T' C V with |[T| = k > 1, a broad class of k-th order interaction indices (including Shapley—Taylor / Shapley
interaction families) can be written as averaged k-th mixed partial derivatives of the same multilinear extension:

T = —(t1 t)dt 42
r) = e [ g wn 42)

for some scalar constant c;, and weight function wy, depending only on & (and on the chosen interaction definition), where
Opr = [];cr Opi- Again, (42) is linear in 7 because mixed partial differentiation and integration are linear. Therefore
Zr(v) = Lr(v) for a linear functional L.

Since each desired attribution quantity is a linear functional of the same unique 7, any surrogate © that approximates v (e.g.,
a trained tensor-network surrogate) can be plugged into these linear functionals to obtain corresponding approximations to
all first-order Shapley values and higher-order interactions, without retraining a separate surrogate for each index. O

C.6. Runtime proof (Section 3.3)

Proof. Let (T,{X;}iter) be a tree decomposition of G with width 7, so each bag satisfies | X;| < 7+ 1.

Step 1: Cluster tensor construction. For each bag X;, define the cluster tensor C; € Rx™*! by contracting all core
tensors { A"}, c x, whose indices are internal to the bag, while leaving bond indices connecting to other bags as open legs.
Each cluster tensor has at most 7 + 1 open bond indices.

Step 2: Message passing on the tree. The tree decomposition 7" induces a tree structure on clusters. Run two-pass
message passing:

» Upward pass: Root 7" arbitrarily. For each cluster ¢ with children cy, . .., ¢k, compute the message to parent:

Ht—parent(t) = Contract (Ct (tl), Hey—ty - -5 Hey —>t)7
marginalizing over indices not shared with the parent bag.

* Downward pass: Compute messages from parents to children analogously.

Each message contraction involves tensors with at most 7 + 1 indices of dimension , costing O(x™ 1) per edge of T.
Since |T'| = O(|V]), the total message-passing cost is O(|V|x"+1).

Step 3: Environment computation. For any node u € V, let ¢(u) denote a bag containing w. The environment &,, (the
full contraction with site u removed) is computed by:

1. Contracting all incoming messages to bag ¢(u): cost O(x7+1).

2. Removing the contribution of A (*) from the cluster tensor.

With messages precomputed, each environment costs O(x™1).

Step 4: Derivative computation. Given &,, the first-order derivative is:

8., (1) = £, X phys b

u’

where b/, = [~1,1] . This costs O(x") per node.

For edges (u,v) € E, if u and v lie in the same bag (which can always be arranged for edges), the edge environment &,,, is
constructed similarly by removing both sites from the cluster, and:

0.,0.,0(t1) = Euy x (b}, @ b)).
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Step 5: Total complexity.

 Message passing (once per probe point): O(|V|x7 1)
* All |V| node environments and derivatives: O(|V|x7 1)

* All |E| edge environments and derivatives: O(|E|x™ 1) = O(|[V|x™ 1)
Summing and multiplying by m probe points yields the stated bound. O

Together, Theorems 3.8 and 3.6 show that TN-SHAP-G computes Shapley values and interaction indices exactly on the
learned surrogate, with runtime and query complexity determined by graph structure. All attribution quantities are obtained
from a single surrogate without additional teacher queries.

C.7. Approximation floor from limited cut capacity

Lemma C.2 (Approximation floor via truncated SVD). Let T € R2% X2 be the coalition tensor and fix any bipartition
(A, B) of the node set V. Let T be any surrogate tensor such that its matricization across this cut satisfies rank(TA‘ B) <.
Then the best achievable approximation error is lower-bounded by the truncated SVD residual of the true matricization:

~ ~ N\ 172
T =Tlr = ITais = Taisllr > [ Tajp — (Tas)rllr = (Zak(TAlB)) 7 (43)
k>r

where (T4 ), denotes the best rank-r approximation of Ta| g, obtained by truncating its singular value decomposition.

Proof. Matricization is a linear reshaping, so | T — T|p = | TaiB — 7Aj4‘ pllF for any fixed bipartition (A, B). Since
rank(ﬁ;‘ B) < r, the matrix ’7A'A‘ p 1s a rank-< r approximation of ’7j4| B- By the Eckart—Young theorem, the minimum
Frobenius error among rank-r approximations of 74| is achieved by truncating its SVD, and equals || 745 — (TaiB)- | F-
This yields (43). O
C.8. Exact Shapley via polynomial interpolation (Theorem 3.8)

Theorem C.3 (Exact Shapley computation via polynomial interpolation). Let © : [0, 1] — R be a multilinear surrogate.

Fl)’ a’lelaye’ u e ;E > deﬁne
gu t . t? st 7t .

Then g, is a univariate polynomial of degree at most n — 1, and the Shapley value

B(u) = / gu(t) dt

is exactly recoverable from evaluations of g,, at n distinct points t1, . . ., t, € (0,1) via polynomial interpolation (equiva-
lently, by solving a Vandermonde linear system).

Proof. Because v is multilinear, it admits the unique multilinear expansion

v(z) = Z as H Zis z €R", (44)

SCP €S

for some coefficients {as}scp (with ay the constant term). In particular, each variable appears in each monomial with
exponent either 0 or 1.

Fix v € P. Differentiating (44) with respect to z,, gives

(%(z): > oas [ = (45)

SCP:uesS i€S\{u}
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This is a multilinear polynomial in the remaining n — 1 variables {z; };-,, and every monomial in (45) has total degree
S| —1<n-1.

Now restrict to the diagonal z = t1, i.e., set z; = ¢ for all ¢ € P. Plugging into (45) yields

)= a1 = Y astso (46)

Oz SCP:ucs
Equation (46) is a univariate polynomial in ¢ whose highest possible power is ", hence deg(g,) < n — 1.

Write g, (t) = Zz;é cit® for coefficients co, ..., c,_1. Choose n distinct points ¢1,...,t, € (0,1) and evaluate g, at

them:
n—1

gult)) = axth,  j=1,....n
k=0

Let V€ R™*™ be the Vandermonde matrix Vj 41 = t;? (forj=1,...,nandk=0,...,n —1),letc = (co,...,Cn1) ",
and let y = (gu(t1),...,9u(tn))". Then the above relations are exactly the linear system
Ve=y. 47)

Since the ¢; are distinct, the Vandermonde determinant satisfies det(V') = [],.;_;<,,(t; — t;) # 0, so V' is invertible and
(6) has a unique solution. Therefore the coefficient vector ¢ (and thus g,,) is uniquely and exactly determined by the n
evaluations {g.(t;)}7_;.

Finally, integrate the recovered polynomial:

R 1
o) = [ aute) it =

Because c is recovered exactly from y via the invertible Vandermonde system, the value of gg(u) computed by the above
expression is exact. O

D. Coalition sampling and dataset construction

Mixture sampling distribution. We sample coalitions from a mixture distribution

T ~D = AsizeDsize + AconnDeonn + )\O2DO27 Asize T Aconn + Aoz = 1, (48)
where each component targets a complementary regime of the coalition space.
Size-stratified component. In Dy;,., we first sample a coalition size k € {0,...,n} from a distribution p(k) and then
sample 7" uniformly among coalitions of size k:

k~p(-), T||T| =k~ Unif{T CV :|T| = k}.

We use p(k) = Unif{0,...,n} by default to ensure balanced coverage across hypercube layers.
Connected-coalition component. In D.,,,,, we sample connected coalitions of a target size k to emphasize graph-local
perturbations. We first sample k ~ p(k), then: (i) draw a seed u ~ Unif(V); (ii) iteratively grow a set T' < {u} by adding

a node from its boundary 9T until |T| = k. We implement the growth step by choosing the next node uniformly at random
from 0T (random BFS-style expansion), which produces connected induced subgraphs.

Second-order-aware component. In Dga, we oversample coalitions that directly constrain first- and second-order effects.
Specifically, with probability 1/2 we draw a singleton and with probability 1/2 we draw a pair:

T {{u}, u ~ Unif(V),
{u, v}, (u,v) ~q(),

where ¢ may be uniform over all unordered pairs or biased toward edges (e.g., ¢(u,v) x 1[(u,v) € E]) to target local
interactions.
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Train/validation/test protocol. We construct a labeled dataset {(T7, I/(Tj))}JM:I by independently sampling coalitions
from (48). We then split coalitions into disjoint subsets Tiyain, Tval, and Tiest. Validation is used for early stopping and
selecting hyperparameters (including bond dimension y and mixture weights A), while Tiqg is held out for final reporting.

TN-SHAP-G computes Shapley values (and interaction indices) exactly from the learned surrogate . Thus, the dominant
source of error is the surrogate generalization error on the masked game. We therefore report held-out R? on coalitions as a
direct measure of surrogate fidelity, and use it as a principled proxy for attribution accuracy.
D.1. Connection to Harsanyi dividends (Mdbius coefficients)
Recall the Harsanyi dividend (Mgbius) expansion of a multilinear game  : [0,1]" — R:
() =>_ w(S) ] 2 (49)
scv veS
where {w(S)}scy are the Mobius coefficients.
Fix a player v € V and define the diagonal partial derivative

o
gult) = (b 0)

Differentiating (49) yields
ov
g(z) = Zw(S) H Zv,

S3u veS\{u}
and evaluating on the diagonal z = (¢, ..., t) gives the univariate polynomial
gu(t) =D w(S) 171 (50)
S3u

Writing g, (t) = E;:& a,t", we obtain the coefficient identity

a, = Z w(S), r=0,...,n—1. (51)
Sou
|S|=r+1
Thus, the diagonal-derivative interpolation coefficients {a, } computed in Section 3.3 provide a size-wise aggregation of
interaction terms involving u: ag captures singleton contributions, while larger 7 collect higher-order cooperative structure.

D.2. Statistical limits of sampling-based Shapley in low-dispersion games

We formalize why Monte Carlo estimation of Shapley values becomes ill-conditioned when the game exhibits low dispersion
under coalition sampling.

Let u be a fixed player and define the marginal contribution random variable
AL (S) =v(SU{u}) —v(9), S~ Ty,

where T, is the coalition distribution induced by random permutations or KernelSHAP weighting. The Shapley value is

Assume observations of v(+) are corrupted by additive zero-mean noise:
U(8) =v(8) +&s.  E[ts] =0, Var(€s) = opgies
with independent noise across coalitions. Then each sampled marginal contribution is observed as
Au(8) =5(S U{u}) = 5(S) = Au(S) + (suquy — &s),

. . . 2
with noise variance 207 ;.-
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Proposition D.1 (Relative sample complexity lower bound). Let gg(u) =+ Zle A (Sk) be the standard Monte Carlo
estimator from K ii.d. samples Sy, ~ m,. Then

~ ar|A, o2 .
Var[¢(u)] — V [A (AS;I + 2 noise

To achieve relative accuracy |p(u) — ¢(u)| < £|¢(u)| with constant probability, it is necessary that

2
K > Vaf[Au(S)] + 20—noise . (52)

~ e2¢(u)?

In particular, if |p(u)| < Onoise, the required number of samples diverges as K = Q(o2,,.,/d(u)?).
Proof. Since the samples are i.i.d.,

_ Var[A,(S)] + 202

noise

Varlg(u)] = 5 Var[A,(5)]

By Chebyshev’s inequality (or a Gaussian approximation), achieving |p(u) — ¢(u)| < |¢(u)| with constant probability
requires

~

Var[p(u)] < *¢(u)?,
which yields (52). ]

In low-dispersion regimes, A, (.S) has small variance, but the Shapley values ¢(u) typically shrink at a comparable or
faster rate due to redundancy in the game. As a result, the ratio Var[A,(S)]/#(u)? remains large, and any nonzero noise
floor oise makes relative estimation statistically ill-conditioned. This explains why permutation-based and KerneISHAP
estimators fail to recover meaningful attributions even when v(S) appears smooth.

D.3. Interaction indices
We define the higher-order interaction indices used throughout this work.

D.3.1. SECOND-ORDER SHAPLEY INTERACTION INDEX

For a cooperative game v : 2V — R, the Shapley interaction index between players i,j € V quantifies their joint

contribution beyond their individual effects. Following Grabisch & Roubens (1999), the second-order interaction index is

dii() = > |S“(n7|s‘72)!A¢jV(5)v (53)

_ |
SCV\{i.j} (n=1)!

where A;;v(5) is the discrete second-order difference
Aip(8) =v(SU i, j}) —v(SU{i}) —v(SU{j}) +v(9).
A positive interaction index ¢;; > 0 indicates complementarity (synergy), while a negative value indicates redundancy.
D.3.2. MULTILINEAR EXTENSION CHARACTERIZATION
Interaction indices admit a multilinear-extension representation. In particular,

Loy

¢2](V) = o aZlaz] (ﬁ, e

1) dt.

Since v is multilinear, the mixed partial derivative is multilinear in the remaining n — 2 variables. Restricting to z = ¢1 yields
a univariate polynomial of degree at most n — 2, which can be exactly integrated via the same Vandermonde interpolation
procedure used for first-order values.
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D.3.3. HIGHER-ORDER INTERACTIONS

For a subset ' C V with |T'| = k, the k-th order interaction index generalizes naturally:

S|t (n — |S] — k)!
or)= 3 e Arv) 54
SCV\T

where Apv(S) is the k-th order discrete difference. The multilinear-extension characterization extends to

1 ak’v
or(v) = cn 0 é(ﬂ) w (1) dt,

where ¢, and wy, depend only on the interaction definition.

E. Experimental set up

Reproducibility. All experiments use only public benchmark datasets and standard GNN architectures. When reporting
runtimes, we report wallclock measured on a single commodity GPU and include the full timing breakdown (sampling /
training / attribution) for transparency.

Unless stated otherwise, we explain a fixed test instance (G, X) using the node-masking game in (2). Players are nodes
V(G) = {1,...,n}. Given a coalition S C V(G), we construct a masked feature matrix X (%) by replacing features of
excluded nodes with a baseline vector. Our default baseline is the mean-feature baseline:

(9) T; xS S,
) = 55
! {x =T i ¢S 43

The game value is the black-box model score on the masked graph:
v(S) = f(G, X)), (56)

where f : G — R is a trained graph-level predictor. Unless otherwise stated, f outputs the logit of the predicted class (where
the predicted class is determined on the unmasked instance (G, X)).

For each explained graph, we train a surrogate © to approximate v from M teacher queries {(S,,,(Sm))}M_; by
minimizing MSE:

(9(Sm) — v(Sm)) . (57)

We report surrogate fidelity using held-out coalition R? (train/val/test splits) computed on the coalition-value regression
problem.

Given a trained surrogate, we compute (i) O1 Shapley values and (ii) O2 interaction indices via the multilinear extension
and deterministic quadrature / interpolation, as described in Section 4. For small graphs (n < 20), we compute ground-truth
attributions via exhaustive enumeration over all 2" coalitions and report attribution fidelity using cosine similarity (and,
where applicable, MAE and rank correlation).

We use two main budget regimes: (i) low-data training with M = 10n coalitions per graph (used for structure ablations and
stress tests), and (ii) accuracy-focused training with M scaling between 20n and 40n depending on 7 (used for large-graph
scalability experiments). Each sample set includes S = @ and S = V.

Tensor contractions and implementation. All tensor network contractions are performed with cotengra (Gray &
Kourtis, 2021). Unless otherwise stated, we fix the random seed for coalition sampling and surrogate initialization and
report mean=std over graphs (and, when relevant, across repeated runs).

F. Extended experimental details

This section provides additional experimental details, implementation specifics, and extended analyses supporting the results
presented in Section 4. We describe dataset preprocessing, model configurations, surrogate training procedures, evaluation
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Figure 9. Accuracy at budget 500. TN-SHAP-G has higher median and 3—5X lower variance than sampling methods.

Table 2. Query budget for > 0.95 cosine.

Method 01 02  Myerson
Exact 2" 2" 2"
Permutation 500 — —
SHAP-1IQ 5000 5000 —
TN-SHAP-G 50  +0' +0f

fSame surrogate; no additional queries.

protocols, and scalability settings that were omitted from the main text due to space constraints, and include supplementary
figures and tables referenced therein.

F.1. Correctness on Small Graphs (extended)

We validate TN-SHAP-G against exact enumeration on graphs where exhaustive computation of all 2" coalitions is feasible
(n < 20). This provides ground-truth O1 Shapley values and O2 interactions.

Data and protocol. We draw small graphs from Mutagenicity (Debnath et al., 1991) by filtering to instances with n < 20.
For each explained graph: (i) we compute v(S) for all S C V by enumerating 2™ coalitions; (ii) we train a TN surrogate
from M teacher queries (budget as specified in the experiment); (iii) we recover O1 and O2 from the trained surrogate
without additional teacher queries.

We report cosine similarity between surrogate-derived and exact attributions, averaged over nodes (O1) and over pairs (02),
along with mean4-std over graphs. We also report surrogate fidelity (test 22) and relate it to attribution accuracy.

For each graph, the TN surrogate is trained once using O(nm) teacher queries to cover all players and interaction probes
(up to order 2). After training, Shapley values and interactions are computed without additional teacher queries. Table 1
compares all methods. We omit O2 results for GraphSVX since the method is designed for first-order Shapley attributions
and does not support higher-order interaction indices.

F.2. Query Efficiency and Baseline Comparison

We compare TN-SHAP-G against permutation sampling and SHAP-IQ (Fumagalli et al., 2024), evaluating on small graphs
(n < 20) from Mutagenicity where exact enumeration provides ground truth.

Figure 9 shows accuracy distributions at budget 500. TN-SHAP-G exhibits 3—5x smaller interquartile range than sampling
methods, as Shapley extraction is deterministic once the surrogate is trained.
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Figure 10. Scalability on PROTEINS. T(a) Surrogate test R remains above 0.8 across graph sizes up to 600 nodes. (b) Shapley
efficiency gap | 3=, ¢ — (v(V)) — v(0))] stays small (10~7~10~°), confirming numerical stability of the deterministic recovery.

We compare against two representative model-agnostic estimators:

* Permutation sampling (Castro et al., 2009) for O1 (and, when applicable, for O2 via the standard inclusion—exclusion
marginal on sampled permutations).
* SHAP-IQ (Fumagalli et al., 2024) as a recent interaction-focused estimator.

All methods are evaluated on small graphs (n < 20) from Mutagenicity where exact enumeration provides ground truth. We
report cosine similarity versus teacher-query budget. Budgets are matched as closely as possible across methods (counting a
single v(S) evaluation as one teacher query).

Table 2 summarizes query requirements across methods and orders.

F.3. Qualitative Explanations on a Graph Transformer

We present a qualitative case study demonstrating that TN-SHAP-G applies beyond message-passing GNNs by explaining
predictions of a graph transformer (Graphormer-style) model on Mutagenicity. The goal is to illustrate the method’s
generality and the qualitative structure of the resulting node- and interaction-level attributions, rather than to optimize
predictive performance.

F.3.1. BLACK-BOX MODEL

We use a simplified Graphormer-style architecture (Ying et al., 2021) with linear node embeddings (d=128), a learnable
[CLS] token for graph-level readout, and shortest-path distance (SPD) embeddings added as an attention bias. The
model consists of 4 transformer layers with 8 attention heads, feedforward width 512, and dropout 0.1. Classification
is performed by an MLP applied to the [CLS] representation. The model is trained on Mutagenicity using an 80/10/10
train/validation/test split with AdamW (Ir 10~*, weight decay 10~2) and cosine learning-rate decay over 200 epochs.

F.3.2. GAME DEFINITION AND SURROGATE TRAINING

We define a soft node-masking game compatible with the multilinear extension by applying continuous masks m; € [0, 1] at
the input embedding level:

h,Em) = m,; - Embed(x;).

The game value is the logit of the predicted class on the masked graph. For each selected molecule, we train a TN surrogate
from 500 stratified coalition samples, using bond dimension x = 8 and early stopping. Only surrogates with validation
R? > 0.90 are retained for attribution.
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Figure 11. TN-SHAP-G explanations on Mutagenicity. Top: Organophosphorus compound (prediction 0.96). Bottom: Fluoroaniline
(prediction 0.86). Left: node-level Shapley values. Center: pairwise Shapley interaction matrix. Right: molecular graph colored by node
attribution.

F.3.3. ATTRIBUTION COMPUTATION AND VISUALIZATION

From the trained surrogate, we compute O1 Shapley values via one-dimensional quadrature and O2 interaction indices via
two-dimensional quadrature, as described in Appendix D.3. Attributions are visualized using three complementary views:
(1) bar plots of node Shapley values, (ii) heatmaps of pairwise interactions among the most influential nodes, and (iii) 2D
molecular renderings colored by node attribution (generated with RDKit (Landrum et al., 2021)).

F.3.4. QUALITATIVE OBSERVATIONS

Across representative Mutagenicity molecules, high-magnitude node attributions and strong interactions concentrate on
chemically meaningful functional groups (e.g., nitro and aromatic motifs), consistent with known mutagenicity mechanisms.
Compared to GIN-based explanations (Appendix F.3), Graphormer explanations tend to be more spatially distributed and
exhibit more long-range interactions, reflecting the model’s global self-attention and structural bias. This suggests that
TN-SHAP-G captures model-specific reasoning encoded in the induced game, rather than producing architecture-agnostic
saliency patterns. Figure 11 shows representative TN-SHAP-G explanations on two Mutagenicity molecules. The left panels
report node-level Shapley values, the center panels show pairwise interaction strengths, and the right panels visualize node
attributions on the molecular graph.

F.4. Structure ablation details

We compare: (i) graph-aligned TN surrogates (GA-TN) whose factorization follows the input graph topology, and (ii)
tensor-train (TT/MPS) surrogates which impose a chain topology over an ordering of nodes.

To control for capacity, we match surrogates by total parameter count. For TT, we evaluate multiple node order-
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Figure 12. Structure ablation with parameter-matched surrogates. GA-TN (TN-SHAP-G) consistently achieves higher surrogate
fidelity (Train/Test R?) and higher attribution recovery (O1/02 cosine similarity) than TT surrogates across different orderings at
comparable parameter budgets.

ings: default, bfs, and random. Where default ordering refers to Simplified Molecular Input Line Entry System
(SMILES) (Weininger, 1988) and BFS stands for Breadth First Search We observe that SMILE ordering outperform random
and BFS in all mutagenicity experiments using tensor trains. All surrogates are trained under the same low-data budget of
10n coalition queries per graph.

GA-TN consistently yields higher test R? and higher attribution recovery (O1 and O2). TT surrogates additionally exhibit
sensitivity to node ordering, reflected in broader variance bands in Fig. 12.

F.5. Experimental setup (full hyperparameters)

Datasets and splits. We evaluate on four graph classification benchmarks spanning molecular and protein domains.
Table 5 summarizes dataset statistics. When training black-box predictors, we use standard train/val/test splits and select the
best checkpoint by validation performance.

For Mutagenicity and PROTEINS, we use a 3-layer Graph Isomorphism Network (GIN) (Xu et al., 2019) with 64 hidden
channels, BatchNorm, dropout p=0.5, and global add pooling. Each GIN layer uses a 2-layer MLP: Linear—ReLU— Linear.
For Benzene, we follow common practice in GraphXAl-style settings and use a standard GCN (Kipf, 2016) (with pretrained
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Figure 13. Ablation studies. (a) O2-aware sampling achieves highest accuracy for both O1 and O2 indices by preferentially sampling
intermediate-size coalitions. (b) O1 Shapley values saturate at ~100 epochs while O2 interactions require ~500 epochs (budget: 500
samples, N=10 graphs).

Table 3. GA-TN advantage over the best TT variant (O2 correlation with ground truth).

#params  GA-TN O2 Best TT 02 Gap

~4100  0.852+0.110 0.806 £0.102 +4.6%
~6900  0.931+0.061 0.778 £0.149 +15.3%
~8900  0.954+0.046 0.878 £0.081 +7.6%

checkpoints when available).

For graphs in the enumeration and moderate regimes (typically n < 50 unless stated otherwise), the TN surrogate mirrors
the graph topology: each node 4 corresponds to a tensor 7; with one physical dimension and bond dimension x € {2,4, 6,8}
connecting to neighbors. We train by sampling M coalitions stratified by size (details below), minimizing MSE with
AdamW (Ir 10~3, weight decay 105, 500-2000 epochs). For larger graphs (n > 30) in this regime, we cap the number of
coalitions to 512-2048 to limit compute.

We use stratified sampling over coalition sizes to cover both sparse and dense coalitions. Concretely, we sample coalition
sizes |.S| uniformly from {0, 1,...,n} (or from a truncated range when evaluating graph-restricted games), then sample S
uniformly among subsets of that size. We always include S = () and S = V and de-duplicate coalitions.

Deterministic Shapley / interaction recovery. Given a trained surrogate, we compute:

* O1 Shapley via 1D quadrature on the multilinear extension, using m = 16 quadrature nodes (Chebyshev or Gauss—
Legendre; both give stable results in our setting).

* 02 interactions analogously via mixed partials of the multilinear extension, with the same quadrature resolution and
edge-restriction when evaluating interaction maps over graphs.

These procedures incur no additional teacher queries: they only call the surrogate.

Across experiments, we report: (i) train/val/test R? for surrogate fidelity, (ii) cosine similarity to ground truth (enumeration)
for O1/02 correctness when tractable, (iii) Shapley efficiency gap | > .. ; ¢; — (v(V) — v(0))|, and (iv) wallclock time
decomposed into sampling, training, and attribution phases.

F.6. PROTEINS Dataset Experiments

We evaluate on the PROTEINS dataset from the TU Dortmund graph benchmark collection (Borgwardt et al., 2005; Debnath
et al., 1991). The dataset contains 1,113 protein structure graphs where nodes represent secondary structure elements (SSEs)
and edges connect neighboring SSEs in 3D space or along the amino-acid sequence. Each node has 3 features encoding SSE
attributes. The task is binary graph classification, with graph sizes ranging from 4 to 620 nodes.
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Table 4. TN surrogate hyperparameters by graph size for PROTEINS scalability experiments.

Parameter n <150 150 <n <250 250 <n <400 n > 400
Supernodes K 18 16 14 12
Channels d 8 6 4 4
Bond dimension y 6 4 4 3
Epochs 200 250 300 400
Batch size 256 128 64 32

Table 5. Dataset statistics. Treewidth is computed via the min-degree heuristic.

Dataset #Graphs Node Range Avg. Nodes Node Feat. Classes Treewidth
Mutagenicity 4,337 4-417 ~30 14 2 1-6
Benzene 12,000 9-36 ~17 14 2 2-4
PROTEINS 1,113 4-620 ~39 3 2 2-8
MUTAG 188 10-28 ~18 7 2 1-3

Black-box model. We use a GIN (Xu et al., 2019) classifier with 3 GIN layers, 64 hidden channels, BatchNorm, ReLU
activations, dropout p = 0.5, and global add pooling. Each GIN layer uses a 2-layer MLP: Linear(d;,, 64) — ReLU —
Linear(64, 64).

F.7. Scaling

To evaluate scalability across graph sizes, we stratify graphs into 5 size bins: [100-149], [150-199], [200-299], [300-399],
and [400-620] nodes. We select 2 graphs per bin (10 total), chosen to be evenly spaced within each bin. Figure 10 shows
that surrogate fidelity (R? > 0.8) and Shapley efficiency (gap < 10~°) are maintained as graph size increases to 600 nodes.

For large graphs, we use the coarsening-based surrogate described in Section F.11. We partition nodes into K supernodes,
compute d region channels, and train a TN over the coarsened graph. Hyperparameters are adapted by graph size to manage
computational cost:

All configurations use AdamW with learning rate 10~ and weight decay 10—, a OneCycleLR schedule (20% warmup,
cosine annealing), early stopping with patience 150, and gradient clipping (max norm 1.0).

We use stratified coalition sampling with budgets scaling with graph size: 20n samples for n < 150, 30n for 150 < n < 300,
and 40n for n > 300. We split sampled coalitions into 70%/15%/15% train/val/test. Each split contains both () and V.

We apply node masking using the mean-feature baseline in (55). The value v(S) is the black-box logit for the predicted
class (argmax on (G, X)).

We compute O1 Shapley values from the surrogate using 16-point Gauss—Legendre quadrature:

1 16
¢; = / [ﬁ(mizl, m_;=t) — v(m;=0, m,izt)] dt ~ Z Wy [ﬁ(mizl, m_;=tx) — v(m;=0, mﬂ-:tk)] (58)
0 k=1

For each graph we report: (i) train/val/test R?, (ii) Shapley efficiency gap | >, ¢; — (v(V) — v(0))], and (iii) wallclock
time decomposed into sampling / training / Shapley computation. Results are summarized in the scaling plots in the main
text (Fig. 7) and the extended scaling section below.

F.8. Datasets summury

We evaluate on four graph classification datasets spanning molecular chemistry and protein structure. Table 5 summarizes
dataset statistics (node ranges and feature dimensions are dataset-intrinsic). Treewidth is computed via a standard min-degree
heuristic on the unweighted graph.
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F.8.1. MUTAGENICITY DATASET

Mutagenicity (Debnath et al., 1991) contains 4,337 molecular graphs (atoms as nodes, bonds as edges) labeled by muta-
genicity.

Mutagenicity contains both small graphs (enabling exact enumeration) and mid-sized graphs (enabling scaling tests), making
it suitable for correctness and efficiency evaluation.

F.8.2. BENZENE DATASET

Benzene from GraphXAI (Sanchez-Lengeling et al., 2020) contains 12,000 synthetic molecular graphs. The task is to detect
whether a benzene ring substructure is present.

F.8.3. PROTEINS DATASET

PROTEINS (Dobson & Doig, 2003) contains 1,113 protein graphs with node features encoding SSE attributes and binary
labels.

The wide node range up to 620 allows stress-testing the scalability of the surrogate and the deterministic Shapley recovery
pipeline.

F.9. Black-Box Models

GIN for Mutagenicity/PROTEINS. We use a 3-layer GIN (Xu et al., 2019) with 64 hidden channels, BatchNorm, dropout
p=0.5, and global add pooling. Each layer uses a 2-layer MLP: Linear—ReLLU— Linear.

GCN for Benzene. Following common practice (Agarwal et al., 2023), we use a 3-layer GCN (Kipf, 2016) with 128
hidden channels and a standard graph-level readout.
F.10. Experimental Protocol

We use mean-feature node masking (55) and define the game value by the predicted-class logit.

Reported metrics. We report:

* Surrogate quality: Train/val/test R?
* Correctness: Cosine similarity (and optional MAE / rank correlation) vs. ground truth when tractable

* Efficiency gap: |>; ¢; — (v(V) — v(0))]
* Runtime: Wallclock time for sampling, training, and inference (separately)
F.11. Scalability Experiments

We evaluate computational scalability on graphs of increasing size, measuring surrogate fit quality and wallclock time.

F.11.1. COARSENING-BASED SCALING FOR LARGE GRAPHS

For large graphs (n 2 100), direct training of a full graph-aligned TN can become expensive. We therefore introduce a
coarsening-based approach that replaces n nodes by K < n regions (supernodes), trains a surrogate over the coarsened
graph, and then maps region-level attributions back to nodes.

Method overview.

1. Graph coarsening: partition nodes into K regions via spectral clustering on the adjacency matrix.
2. Region channels: compute region-channel features from node masks:

Zn=_ Anixmi, 7v€[K] keld] (59)

i€region,.

3. Coarsened TN: train a TN surrogate on the coarsened graph G. mapping {z,.}X | to R.
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Table 6. PROTEINS scalability experiment configuration (coarsening-based surrogate).

Bin Node Range Supernodes X Channels d Bond xy Budget
Small 100-149 18 8 6 20n
Medium 150-199 16 6 4 30n
Large 200-299 14 4 4 30n
Very Large ~ 300-399 14 4 4 40n
Huge 400-620 12 4 3 40n

After computing Shapley values for region-channel features, we map them back to nodes:

d

bi = Arayin G:[r(i), K], (60)

k=1

where r(7) denotes the region containing node i.

F.11.2. PROTEINS SCALABILITY EXPERIMENT

We apply the above scalable surrogate to PROTEINS (Section F.6). The experiment configuration is summarized in Table 6,
and the resulting training / attribution times appear in Fig. 7.

F.11.3. SECOND-ORDER (0O2) SCALING EXPERIMENT

To keep O2 tractable on larger graphs, we restrict O2 computations to adjacent node pairs (edges), reducing the number of
interaction terms from (3) to |E|.

F.11.4. TIMING ANALYSIS AND COMPARISON

We report timing in three parts: (i) coalition sampling / teacher querying, (ii) surrogate training, and (iii) surrogate-based
attribution. This ensures fair comparison to baselines whose costs scale mainly with teacher queries.

F.12. Comparison with GraphSHAP-IQ

We compare TN-SHAP-G with GraphSHAP-IQ (Muschalik et al., 2025), a recent method for computing exact Shapley
interaction indices on graph neural networks. GraphSHAP-IQ leverages the locality of GNN computations by restricting
interaction computations to coalitions within each node’s L-hop receptive field, where L is the depth of the GNN.

Under this formulation, GraphSHAP-IQ computes exact Shapley values by enumerating all coalitions within each node’s
local neighborhood. For a node whose L-hop neighborhood contains k nodes, this requires O(2*) model evaluations.
Aggregated across all nodes, the total computational budget scales as O(n - 2Fmax), where k. denotes the maximum
neighborhood size over all nodes. While this is substantially more efficient than naive O(2™) enumeration, the exponential
dependence on k. remains a fundamental bottleneck, particularly for graphs with dense local structure.

Table 7 reports the empirical relationship between maximum neighborhood size and computational budget on Mutagenicity
graphs. The observed budget closely follows the expected O(n - 2Fmax) scaling. As kpay increases beyond 1517 nodes,
runtime and memory usage grow rapidly, leading to practical infeasibility.

In practice, GraphSHAP-IQ becomes infeasible when graphs exhibit dense L-hop neighborhoods. Graphs with k. > 16
require hundreds of thousands of model evaluations, often exceeding 15 minutes per instance, and the associated Mobius
representations demand O (2%=2x) memory per node. As a result, graphs with more than ~60 nodes are skipped entirely in
our experiments.

TN-SHAP-G avoids this exponential dependence by learning a global tensor-network surrogate of the coalition value
function. The training cost scales as O(M - n), where M is the number of sampled coalitions (typically 500-2000), and
is independent of neighborhood density. Once trained, the same surrogate supports deterministic recovery of all Shapley
values and interaction indices without additional model queries.

On the PROTEINS dataset, which contains graphs with up to 620 nodes, GraphSHAP-IQ is applicable to fewer than 30% of
graphs due to neighborhood-size constraints, whereas TN-SHAP-G successfully produces explanations for all graphs using a
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Table 7. GraphSHAP-IQ budget versus maximum neighborhood size on Mutagenicity. The budget grows exponentially with kmax.,
consistent with O (n - 2max) scaling.

Nodes Fkn.x Budget 2kmax  Runtime (s)

8 8 256 256 1.4
12 12 4,096 4,096 3.6
16 10 2,607 1,024 1.7
36 13 17,037 8,192 12.7
41 16 86,319 65,536 171.1
47 17 286,782 131,072 928.2

coarsening-based surrogate. This highlights the complementary regimes of the two methods: GraphSHAP-IQ provides exact
attributions on small, sparse graphs, while TN-SHAP-G leverages a compositional multilinear surrogate to enable scalable
attribution. By operating through the multilinear extension, TN-SHAP-G admits provable guarantees that relate Shapley and
interaction accuracy to the quality of the learned surrogate, providing a principled accuracy—scalability trade-off.

G. Additional related work and discussion (extended)

Shapley interactions and efficient estimators. Higher-order interactions have been formalized through the Shapley—
Taylor index (Sundararajan & Najmi, 2020), faith-Shapley (Tsai et al., 2023), and efficient estimators such as SHAP-
I1Q (Fumagalli et al., 2024). Surveys such as Yuan et al. (2022) provide comprehensive overviews of graph explanation
methods.

Sample complexity of tensor network hypothesis classes. Recent results bound the pseudo-dimension of tensor network
hypothesis classes in terms of parameter count, implying sample complexity scaling of the form O(Ng/e?) for e-accurate
learning (Khavari & Rabusseau, 2021). These bounds motivate learning surrogates with small parameter counts via topology
alignment.

Limitations and future directions. Our current implementation assumes a fixed baseline masking scheme and focuses on
node-based players, though the framework extends to edge- and motif-level players. Higher-order interaction accuracy can
be sensitive to surrogate misspecification even when test R? is high; improving O2 and above may benefit from tailored
coalition sampling, explicit regularization of mixed partials, or adaptive rank allocation. Future work includes adaptive
decomposition choices (tree decompositions or learned TN topologies), richer coalition distributions (connected subgraphs
or domain-specific masks), and extensions to other structured modalities beyond graphs.
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