with(VectorCalculus) :
with(LinearAlgebra) :

with(PolynomialTools) :
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ALFstep z := (z0,v0, h,t) = z0 + h-f(zO + o 0, t + B3 )

ALFstep z == (z0,v0, h, t) = 20+ h-f(z0+ h-27"v0,t + h-27")
h h
> ALFstep v:= (z0,v0, h,t)—2 -f(zO + B v0, t + EJ —v0
ALFstep v = (z0,v0, h, t) = 2f(z0+ h-27"v0, e+ h-27") + (= v0)
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h h
> ALF2step z := (z0,v0, h, t)— ALFstep z| ALFstep z| z0, v0, o t, ALFstep_v(ZO, v0, oo t
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ALF2step z == (20,0, h, t) ~ ALFstep_z( ALFstep z(z0,v0, h-2~", t), ALFstep v(z0,v0, h-2 @

1), h-27 4+ n27h)

h h
> ALF2step v:= (z0,v0, h, t)— ALFstep_v(ALFstep_z(zO, v0, ER Z) , ALFstep_v(ZO, v0, —,
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ALF2step v = (z0,v0, h, t) — ALFstep v(ALFstep z(z0,v0, h-2~ | t), ALFstep v(z0,v0, h-2 )

O, h2" e+ h27h
(> 20 :=Vector(3, symbol=1z)
z0 :=Vector(3, symbol=1z)

;> #HitHiH#E (21, v1) obtained by one step of ALF2
> z[l = subs(vO=f(z0, t), collect(simplify(ALF2step z(z0,v0, h, t)), h))
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> vl = collect(simplify(ALF2step v(z0,v0, h,t)), h)

hv0 kY hv0 . 3k hvo | h
v1:=2f(20+hf(20+ . t+)—:,t+4)—2f(z()+ :,t+4)—|—v0 ®)
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[ > HHHHHHHH R T ayloer series when initialized at (z0,f(z0,t0)) coincide with the series for
the exact from given in the Appendix A of the paper up to O( h3)

> Taylorvl := h —collect(simplify(subs(vO=f(z0,t),vl)), h)
Taylorvl := h v collect(simplify(subs(vO=f(z0,t),vl)), h) )]

> simplify(taylor(TaylorvI(h), h=0,3))

[ f(z0,6)*D, | (f) (20, 1)

£(20,8) + (D, (f) (20, ) £(z0.1) + D, (f) (0.0)) b + ; (10)
(D, (f) (0.0 + 2D, ,(f) (0.0)) f(0,8)  D,(f) (20, 1) D,(f) (0. 1)
+ -
2 2
D, ,(f) (z0,t
i 1 ;( ) j W+ O(h*)
> approx = h— simplify(collect(subs(v0 —f(ZO, t),zI),h)):
> approx = simplify( taylor(approx(h), h=0,3))
D,(f) (0.1 f(z0.t)  Dy(f) (0,1
approx == z0 + (20, t) h + ( 1 5 ! ) 2 : W+ 0o(h) (11)
>
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>
>
=>
| > ###HHH# Computation of the the error between vi and f(z1,t2) when initialized by v0 = f{z0,t0)
| >
| > ErrVI = collect( simplify(vl — f(zI,t + h)), h) :
| > approxErrV1 == h —collect(simplify(subs(v0=f (20, t) , ErrVI)), h) :
> simplify(taylor(approxErrVI(h), h=0,3))
o(r) 12)
>
>
>
#HtHHHHH# Computation of the the error between vi and f(z1,t2) when initialized by v0 = f
i (20,0) +const-O(h’)
>

> zI == subs(v0=f(z0,1) + alpha~h3, collect(simplify(Q(z0,v0, h, t)), h)) :
> vl = subs(v0=f(z0,t) + alpha~h3, collect(simplify(P(z0,v0, h, t)), h)) :

| > ErrVI == collect( simplify(vl — f(zI,t+ h)), h) :



| > approxErrV1:=h —collect( simplify(subs(v0=f(z0,t) + alpha-h3, ErrV1)), h) :

>

| >
| >
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simplify(taylor(approxErrVI(h), h=0,3))
o(r’)

(13)

(14)



