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A PRELIMINARIES AND PREVIOUS RESULTS USED IN THE PROOFS

Variables are denoted by capital letters. In particular, A is used for the sensitive variable (e.g., gender,
race, age) and Y is used for the outcome of the automated decision system (e.g., hiring, admission,
releasing on parole). Small letters denote specific values of variables (e.g., A = o', W = w). Bold
capital and small letters denote a set of variables and a set of values, respectively.

Consider a pair of variables X and Y. The variance of a variable X, 0,2, is a measure of dispersion
which quantifies how far a set of values deviate from their mean and is defined as: 0,2 = E[X —
E[X]]?. Covariance of X and Y, 0, is a measure of the joint variability of two random variables
and is defined as: 0, = E[[X — E[X][Y — E[Y]]]. Assuming a linear relationship between X and
Y (X is the predictor variable, while Y is the response variable), the regression coefficient of Y given
X, By, represents the slope of the regression line in the prediction of Y given X (ZE[Y'|X = z])
and is equal to B, = % Correlation coefficient p,,, however, represents the slope of the least
square error line in the prediction of Y given X. The relationships between o, By, and p,, are as
follows:
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T T - x
Y Ug Y O
- o Oyx - Oy o Oy
020y Oy O

Partial regression coefficient, 3, ., represents the slope of the regression line of Y on X when we
hold variable Z constant (O%IE[Y|X = x,Z = z]). A well known result by Cramer Cramér|(1999)
allows to express ... in terms of covariance between pairs of variables Pearl (2013):
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For standardized variables (all variables are normalized to have a zero mean and a unit variance), the
partial regression coefficient has a simpler expression since 8, = oy.:
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Figure 16: Causal graph with linearly related variables. Arrow labels represent linear regression
coefficients.

Another known result by Wright|Wright| (1921); |Pearl| (2013) allows to represent the covariance of
two variables in terms of the regression coefficients of the different paths (causal and non-causal,
but not passing through any collider variable) between those two variables. More precisely, oy,
is equal to the sum of the regression coefficients of every path between x and y, weighted by the
variance of the root variable of each path. For instance, in Figure , Oya = 0ala + 0287 + 0420
Notice that the coefficients 7 and € are not included as the path A — W « Y is not d—connected
(W is a collider variable). For standardized variables, the expression is simpler as all variables are
normalized to have a unit variance. For the same example (Figure , Oya = 0+ By + 0. For linear
models, regression coefficients can be interpreted causally. For instance, using the same example of
Figure[16, o repesents the direct causal effect of A on Y. In more general models, the causal effect
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between two variables is typically expressed in terms of intervention probabilities. Intervention, noted
do(V = v)|Pearl (2009), is a manipulation of the model that consists in fixing the value of a variable
(or a set of variables) to a specific value regardless of the causes of that variable. The intervention
do(V = v) induces a different distribution on the other variables. Intuitively, while P(Y|A = a
reflects the population distribution of Y among individuals whose A value is a, P(Y|do(A = a
reflects the population distribution of Y if everyone in the population had their A value fixed at a.
The obtained distribution P(Y |do(A = a) can be considered as a counterfactual distribution since
the intervention forces a to take a value different from the one it would take in the actual world.
P(Y|do(A = a) is not always computable from the data, a problem known as identifiability. For
instance, if all counfounder variables are observable, the intervention probability, P(Y|do(A = a)),
can be computed by adjusting on the counfounder(s). For instance, assuming Z is the only confounder
of Aand Y,

P(Y|do(A = a) = 2 P(Y|A=a,Z = 2).P(Z = z) (22)

2€Z

Equation [22]is called the backdoor formula.

A.1 STATISTICAL DISPARITY

Statistical disparity Rawls|(2020) between groups A = 0 and A = 1, denoted as statDisp(Y, A), is
the difference between the conditional probabilities: P(y;|a1) — P(y1|ag):

Definition A.1.
StatDisp(Y, A) = P(y1|a1) — P(y1/ao). (23)
In presence of a confounder variable, Z, between A and Y, statistical disparity is a biased estimation

of the discrimination as it does not filter out the spurious effect due to the confounding. For the sake
of the proofs, we define the following variant of statistical disparity:

Definition A.2.
StatDisp(V, A)z = 3 (P(yilas, 2) — Py lag, 2))-P(2). (24)
z2€Z

Notice that if Z d-separates A and Y, StatDisp(Y, A) z coincides with the average causal effect ACE
which defined using the do-operator (Equation [22)):

Definition A.3.
ACE(Y,A) = P(yi1|do(a1)) — P(y1|do(ao)). (25)

B PROOFS

B.1 PROOF OF THEOREM[3.1]

Definition B.1. Confounding bias is defined a'
ConfBias(Y,A) = StatDisp(Y,A) — ACE(Y, A) (26)

Proof. LetP(z1) = € (e €]0, 1) and hence P(2) = 1—e. And let P(y1 |ag, 20) = @, P(y1|ag,21) =
B, P(yi|a1,z0) = 7, and P(y1|a1,21) = J. Finally, let P(z9|ag) = 7. The remaining conditional
probabilities of Z given A are equal to the following:

P(z1|ap) =1 —P(zplag) =1—17 (27)
. P(Zl) — IP(2’1|CLO)]P(CLO)

P(z1]a1) = Plar)
=2+7-—1 (28)

P(zgla1) =1 —P(z1]|a1) (29)
=2—2¢—71

""The notations Y4, and Y () are used in the literature as well. P(Y = y|do(A = a)) = P(Yaze = 9) =
P(Y, = y) = P(ya) is used to define the causal effect of AonY'.

"In this paper, bias is defined by substracting the correct value of discrimination from the biased estimation.
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Equations (27) and (29) follow from the fact that, given u, events are exhaustive and mutually
exclusive, Y, P(a;|X) = 1. Equation (28) follows from the fact that, given u; events are exhaustive
(

and mutually exclusive, . P(X|u;)P(u;) = P(X). StatDisp(Y, A) can then be expressed in terms
of the above parameters:

P(yila1) — P(y1]ao) = Z (P(y1]ar, 2)P(zlar) — P(y1ao, 2)P(z[ao)
2€Z
= P(y1]as, 20)P(z0la1) — P(y1]ao, 20)P(z0|ao)

+ P(y1lar, 21)P(21]ar) — P(y1lao, 21)P(21]ao)
=v2—-2e—7)—ar+d2e+717—-1)—-p(1—171)
=7(—a+B—-—7+0)+2(6—)+2vy—0—-p

ACE(Y, A), on the other hand can be expressed as follows:
P(y1]do(a1)) — B(y1ldo(ao)) = Y (B(y1la1, 2) — P(yilao, 2))P(2)

2€Z
= P(y1]a1, z0) — P(y1]ao, 20))P(20)
+ P(y1lar, 21) — P(y1lao, 21))P(21)
=(Y—a)(l—€) +(6—-P)e
Confounding bias is then equal to:
StatDisp(Y, A) — ACE(Y, A) = P(y|ar) — P(yilas) — (P(y1]do(ar)) — P(ys|do(ap))
=7(—a+B—7+0)+2(6—7)+2y—06—-0
—(y—a)(1 =€) + (6 - B)e)
=7(—a+p—7+9)+2e0 —2ey+2y—06—p
— 7+ ve+ a — ae — de + e
=7(—a+pf—-v+d)+e(20—-2v+y—a—-5+0)
+2y-6—-FB—7+a
=7(—a+pf—v+d)+e(—a+B8—-v+d)+a—-F+v—90
=(l-7-¢(a=B+v-9)
O

Theorem B.2. Assuming A, Y, and Z binary variables, the difference in discrimination due to
confounding is equal to:

ConfBias(Y, A) = (1 — P(zp|ag) — P(21))
v 1

x(a—ﬂ—'y—i—(S—&-P(al) _P(al))' (30)

where, a = P(y1|ao, 20), = P(yilao, z1), v = P(y1]a1, 20), and § = P(y1]a1, z1).
B.2 PROOF OF THEOREM[3.2|

Proof. For Equation (2)),
ConfBias(Y,A) = Bya — Bya.»

2
Oya 0.0ya — Oyz0za

2 252 _ 52
Oq 0407 — 0%a
Oya 2 2 2 2
a2 (aaaz - Uza) - (Uzaya - O'yzO'za)

242 _ 52
0a0% O%a

Oya _ Oya 2 _ 2
00z o2 0za %+ O0yz0za

252 _ 452
0,0% O%a

Oya 2
O0za0yz — o2 O0%a
a

252 _ 52
0q0% 0%a
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For Equation (3)),
ConfBias(Y, A)

ﬁya - ﬂya.z

2
aya _ Uzaya - Uyzaza

o; 0z0% — 02,
_gaat+aify  ol(oia+olBy) — (02y + 02Ba)(0lB)
o; o0 — (02B)?
g 92y glodat o - g7 — ot
9{ o2 o202 — o432
_ 28y gl —0}
=+ 2 2 2
UQ g z z
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o;
O
B.3 PROOF OF THEOREM[B.3]
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Figure 17: Confounding structure with two confounders

Theorem B.3. Let A, Y, Z, W variables as in Figure[I7| Assuming that all variables are standardized
and that W and Z are independent, the regression coefficent of Y on A conditioning on Z and W,
the confounding bias is equal:

2 2
02a0yz T OwaOyw — Uya(aza + O-wa)

ConfBias(Y,A) = (31)
1- O—ga - Jv%)a
And in terms of the regression coefficients:
ConfBias(Y, A) = v + 6\ (32)

It is important to mention that although Theorem [B.3]assumes that the variables are standardized, the
equations can be easily generalized to the non-standardized variables case. Moreover, the proof is
general and can be extended to the case where the two confounders are not independent.

Proof. The proof is based on proving that:

Oya — 02a0yz — OwyOwa (33)
g2 _ 52
1 O0za Owa

Bya.zw =

From Cramér (Cramér (1999) (Page 307), we know that the partial regression coefficient can be
expressed as:

oy,
ﬂya.zw = Pya.zw O_y - (34)
a.zw

Where pyq. .., denotes the partial correlation and o 4, 0y .2 denote the residual variances.
Based on the correlation matrix:

T pya pyz Pyw
Pay 1 Paz  Paw
Pzy Pza 1 prw
Pwy Pwa Pwz 1
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the partial correlation pyq_ .., can be expressed in terms of cofactors as follow

Cya
Pya.zw = - (35)

\/CyyCaa

where C;; denotes the cofactor of the element p;; in the determinant of the correlation matrix and are
equal to the following:

Cya = _<pya - pyapr = PzaPyz — PwaPyw

+ PzaPywPuwz + PwaPyzPzw) (36)
ny =1- pgw - pia - p'?va + 2020 PawPw= (37)
Coa =1- Pfu, - pgy - p121)y + 20y PywPw= (38)

Residual variances in Equation[34]can be expressed in terms of total and partial correlation coefficients
as follows |Cramér| (1999)(Equation 23.4.5 in page 307):

U;.zw = 03(1 - pzz)(l - piwz)(l - pia.zw) (39)
O-Z,‘zw = 0521(1 - Piz)(l - piw.z)<1 - p?zy.zw) (40)

As the last term is the same, we have:

g 1-— p2z 1- pzw‘z
on/( =) - p) ah
Oq.zw O'a\/(l - pgz)(l - pr.z)

Oy.zw

The partial correlation coefficients in Equation T can be expressed in terms of total correlation
coefficients as follows Cramér (1999) (Equation 23.4.3 in page 306):

Pyw — PyzPwz

Pyw.z = (42)
NCET BTN
After simple algebraic steps, we obtain:
1 — P2y — Py — P, 2 z wfFPwz
Uy.zw _ O'y \/ pzw Pyz wa + 14 ypy P (43)

Oa.zw Oa \/1 — Py — P — P2y + 2PzaPaw Pz

Finally, Byq..« in Equation [34]can be expressed in terms of total correlation coefficients as follows:

oy Q

Bya.zw = (44)
ya-sw Oa 1 —Pgw _pza _p%ua +2pzapawpwz
where
Q= Pya — Pyaﬂzw — PzaPyz — PwyPwa
+ PzaPywPzw + PwaPyzPzw
Recall that p,, = % The formula becomes:
Q
ﬁya.zw = E (45)
Where

Q= O'ya(Ugff,?U - Ugw) + gyz(awaaqu - UzaU?U)
(

2
+ Uwy 0200z — Uwaaz)

3The proof is sketched in https://en.wikipedia.org/wiki/Partial_correlation.
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And

— o252 — O’a0'202 o2

_ 2 2 2
R_Jaazaw a” zw wvY za

2 _2
— 0,000 120000420400 20

For standardized variables, Vv, o, = 1, and hence Yu, v0y4, = pus- Equationbecomes:

Q

—02,— 02,4 20.400w0w:

Bya.zw = 1 _ o2 (46)

zw

Where

Q= Uya(l - Ugw) + Uyz(awaa'zw - Uza)

+ Uyw (azaazw - Uwa)

If we further assume that confounders are uncorrelated, that is, o,, = 0, then we have the simpler
expression:
Oya — O2a0yz — OwyO
ya za 2yz 2wy wa (47)
1- 0%a — Owa

Bya.zw =

For Equation (31)):
C’OTLJ”B’I:(ZS(}/7 A) == ﬂya - /Bya.zw

Uya - Uzaayz - Uwaayw
1- O'ga - 0'1211(1

_ Uya(l - Jga B U?ua) — Oya + 02a0yz + OwaOyw

- 1- aga - 0-121“1

2 2
_ %7 OyaO%za — TyaTuyq 7%4» 0za0yz T OwaOyw

- _ 2 _ 2
1 Uza Uwa

= Oyq —

2 2
02a0yz + OwaOyw — aya(GZ(L + Uwa)

—_ g2 _ g2
1 O0%a Owa

(48)
For Equation (32):
ConfBias(Y,A) = Bya — Bya.2w
a+ By + A — By + Ba) — (A + da)
=a+ By + A — T
a+ B+ X6 — B — fPa— X — 5%«
=a+ By + A — s
1]
=+ Py + AN ———Mm——
o+ By e
=0y+ A
(49)
O
B.4 PROOF OF THEOREM [4.]]
Definition B.4. Given the basic collider structure (Figure[6)), selection bias is defined as:
SelBias(Y, A, W) = StatDisp(Y, A)w — StatDisp(Y, A) (50)

Proof. The proof is based on the proof of Theorem [3.1} Notice that, conditioning on variable Z in
ACE(Y, A) has the same formulation as conditioning on W in StatDisp(Y, A)w . The difference
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is that the conditioning is on W instead of Z. The other important difference is that in Theorem|3.1]
the unconditional expression StatDisp(A,Y) is the biased estimation of the discrimination and the
conditional expression ACE(Y, A) is the unbiased estimation. Whereas in Theorem 4.1} it is the
opposite: the unconditional expression StatDisp(A,Y) is the unbiased estimation of discrimination
and the conditional expression StatDisp(Y, A)w is the biased estimation. Hence, selection bias is
just the opposite of Equation (I)) while replacing the variable Z by the variable W. O

B.5 PROOF OF THEOREM [4.2]

Proof. For Equation (7)),
SelBias(Y, A) = Bya.w — Bya

2
OwOya — OywOwa o Oya
252 _ 52 2
0a%w ~ Owa 0q
9 Tya (2 2 2
(Uwgya - Uy1z)gqua) = (Uaaw - Uwa)

2542 _ 52
0404 Owa

2 Tya Oya 2
OwOya — OywOwa —}2//%—% 2 Owa
_ Z @

252 _ 42
040 Owa,

Oya 2
o2 Owa — Owalyw

252 _ 42
040w Owa

For Equation (8),
SelBias(Y,A) = Bya.w — Bya

2
Uwaya - Uywawa Uya

020121) - J?Da 0—121
onoaa — (ooe+ ozan)(oan + ozae) }yaza
- oG, — (oan + ogae)? 2
OnOa0 — 0L02€N — 000€” — opan® — oaa’e

050y — (04N + ogae)?
a(ogoy, — (ogn + ogac)®)

0202 — (021 + 02ae)?
olota — 0‘;0‘367’] — 0‘;0‘20&62 — atem® — glePne

- o0y — (04N + ogae)?

N —cZola + atan? + Jota®ne + otade?
0202 — (021 + o2ae)?

a
4.3 2 2 2
Q'€ — 0 05 — 0,0

4.2 2
g+ o o
252 2 2 2
0a0w — (%77 + O'aOéé)

e

B.6 PROOF OF THEOREM [3.1]

Definition B.5. Given variables A, Y, Z, and T with causal relations as in Figure@ measurement
bias can be defined as:

MeasBias(Y, A) = StatDisp(Y, A)r — StatDisp (Y, A) (51)

Proof. LetP(t1) = € (e €]0, 1) and hence P(¢9) = 1 —e. And let P(y1|ao, to) = o, P(y1]ag,t1) =
B, P(yi]ai,to) = 7, and P(y;|a1,t1) = 0. Finally, let P(¢g|ag) = 7. The remaining conditional
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probabilities of T given A are equal to the following:
IP’(t1|a0) =1- P(t0|a0) =1-7

B(t|ar) = ) = Pltrlao)P(ao)

P(al)
=2+7—-1 (52)
P(z0|a1) =1- ]P’(zl\al) (53)
=2—-2¢—T1

According to Definition [B.5:
MeasBias(Y,A) = ACE(Y,A)r — ACE(Y, A)
By the proof of Theorem [3.1] the first term:
ACE(Y,A)r = €(0 — ) + (1 = €)(v — a)
The rest of the proof consists in expressing ACE(Y, A) in terms of the error term P(T'| 7).

ACE(Y,A) = P(y1|do(a1))z — P(y1|do(ag)) z (54)
where:
P(yi|do(a))z =
( P(t1]z0) ) (1 B ]P(tl\z[)))
P(y1,a,t1) P(t1]a,y1) P(t1)
P(alt) 1= P(t1]20) 5%
_ _P(tolz1) _ P(tolz1)
P(y1,a,to) (1 P(to[\)‘l’;l)) (1 (0250)1 ) (55)
P
P(alto) 1—Plto21) 5}
The proof can be found in |Pearl|(2010) (Section 3). Using Bayes rule, we can easily show that
0 1)
P(yl,a1,t1) =€) + ?T — 5
0
P(y1,a1,t0) = v — ey + ?T - %
-
]P)(ylaa()atl) = g - %
-
]P)(yla ap, to) = %

Using Bayes rule and the marginal conditional probability rule: P(A|B) = >.._, P(A|B, 2)P(z|B),
we can easily show that:

1 Bg—-pr
P(ti]ao, y1) = lar+B_pr
1 YT
P(tolao, y1) = 17+ B—5r
e+ -2
P(t = 22
(hlansvn) = o 4 1907 — 20
Y—ey— 5
P(tola1,y1) = :

dy — dey — 27y + 4ed + 26T — 26
Finally, using Bayes rule, we can show that:

P(t1]ag)P(ag) (1 —7)

P(aolt1) = =

P(t) 2¢
P(aolto) = IED(tOIPC’L(Ot)o]I)D(ao) T2 - %
e+ T 1
Plar|t) = P(h;&)f;b(al) _et pa—
P(aslto) = P(tOIPC’l(lt)oH)D(al) _ 2 2__2626_ T
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After some algebra, we have:
ACE(Y,A) = 6(5 — B+ 4P(t1]20) (B — 6 + vP + 'y\Il)) Q
+(1—e)(y—a+4P(tolz1)(a —y+ 5+ 6T '+ B2 1)) R (56)

where
1 — Holz1) e+ —1
a=P(yilao,to) v ="Pyrlar,t0) Q= m ¢ = HI% e =P(t1)
- = 272
_ P(t?fzo) 1—7
B = ]P’(y1|a0,t1) 0= P(y1|a1, tl) R = ﬁ v = T = lP’(t0|a0)
1= 21260 T
O
B.7 PROOF OF THEOREM ??
Proof.
MeasBias(Y,A) = Bya.t — Bya.»
. O'tQUya — OytOta Ugo'ya — O0y202q
o0f —of, oi02 — 02,
ool + 02fy) — (029X + o2aBN)(02AB) W 57)
o202 — oi)\2/32

_ofoia+0iolfBy — oA B — 0N fPa

B o207 — o422

_ w (afoq—oXF7)  ofoify —aNp

STl e T 20 _olxepr

_ 0_2257((%2 _ 022/\2)

0a20.2 — 0,40232

In step (57), Bya.- is replaced by « (see proof of Theorem 3.2). O

B.7.1 BINARY MODEL, INTERSECTIONAL SENSITIVE VARIABLE

Interaction bias takes place in the presence of two sensitive attributes when the value of one sensitive
attribute influences the effect of the other sensitive attribute on the outcome. Interaction bias is
graphically illustrated in Figure[8. Note that regular DAGs are not able to express interaction. For
this reason, we are employing the graphical representation proposed by [Weinberg| (2007). The arrows
pointing to arrows, instead of nodes account for the interaction term. In a binary model interaction
bias coincides with interaction term (Interaction) in the case of an intersectional sensitive attribute.
Interaction bias also affects the individual measurement of the effect of sensitive attribute A or B.

Given binary sensitive variables A, B and a binary outcome Y, the joint discriminatio of A = 0 and
B = 0 with respect to Y can be expressed as follows:

StatDisp(Y, A, B) = P(Yi|a1,b1) — P(Yi]ao, bo) (58)
Here Y = 1 is a positive outcome, A = 1 and B = 1 represent the disadvantaged group.

Theorem B.6. Under the assumption of no common parent for A andY and B and Y we can
express StatDisp(Y, A, B) in terms of causal effects of A and B and interaction between A and B
on the additive scale:

StatDisp(Y, A, B) = [P(Yi]a1,bo) — P(Yilao, bo)]
+ [P(Yilao, b1) — P(Y1]ao, bo)]
+ Interaction(A, B)

“This assumption is relatively easy to satisfy in case of immutable sensitive attributes such as gender or
race because they are unlikely to have external causes. It is important to control for possible confounders when
sensitive attributes can have external causes, for example, political beliefs can be influenced by education.
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where Interaction(A, B) = P(Y1|a1,b1) — P(Y1]ao,b1) — P(Yila1,bo) + P(Y1]ag, bo)

Notice that: P(Y7]a1,bo) — P(Y1|ag, bo) is the effect of A on Y in case there is no interaction, and
similarly for B: P(Y1|ag,b1) — P(Y1]ao, bo) is the effect of B on Y in case there is no interaction.
To avoid confusion, we denote such expressions as SDp, (Y, A) and SDy, (Y, B) respectively.

B.8 PROOF OF THEOREM[6.1]

Given binary sensitive variables A, B and a binary outcome Y, the discrimination with respect to
only A (and similarly for B) wrt to Y can be expressed as follows:

StatDisp(Y, A) = P(Y1|a1) — P(Y1|ao) (59)

Theorem B.7. Under previously introduced assumption of no confounding, the discrimination with

respect to A can be decomposed into an interaction free discrimination and the interaction between
A and B:

StatDzsp(Y, A) = I:.P(Y—1|(ll7 bo) — P(Y1|a0, bo)]
+ P(by)Interaction(A, B)

(60)
StatDisp(Y, B) can be decomposed in a similar way.
The interaction bias IntBias(Y, A) is then defined as:
IntBias(Y, A) = StatDisp(Y, A) — SD (Y, A)
= P(by)Interaction(A, B)
(61)
IntBias(Y, B) is defined similarly:
IntBias(Y, B) = StatDisp(Y, B) — SDp, Y, B)
= P(ay)Interaction(A, B)
(62)

Proof.
StatDisp(Y, A) = P(Y1]a1) — P(Yi[ao)
= Z]P’(Yﬂah b|a1 Z]P) Yv1|(lo7 (b|a0)
b

'ﬁ
/—\
3
—
(=
[y
~
—~
(=
=
Q
—
+
~
—~
=
=)
—
S
(=]
~
—~
S
o
=
—
~

(
= (b |a1)(IP’(Y1|a1,b1) P(Y1|a1,bo)) + Y1|a1,b0)
bi|ao) (P(Yi]ao, bo) — P(Y1|ag, b1)) — P(Yi]ao, bo)
) =

+P(
Since A and B are independent P(b;|a;) = P(b1]ag) = P(by). It follows that:

StatDisp(Y, A) = P(bl)Int(A, B) + ]P(Yl |a1, bo) — ]P(Yl |a0, bo)
= P(by)Int(A, B) + CDEy(Y, A)

And the interaction bias is:
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IntBias(Y, A) = StatDisp(Y,A) — CDEy(Y, A)

C CAUSAL GRAPHS
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Figure 18: Bias Magnitude while changing one variable and holding the other variables at 0.5.
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Figure 19: Bias Magnitude while changing one variable and holding the other variables at —1.0.

age poverty

e W
NPy

unemployment ——— divorce

Figure 20: The graph for the communities and crime dataset. ’divorce’, *age’, ’poverty’ and ’un-
employement’ are the colliders between ’race’ and ’violence’ (vio.). The graph is produced using

LiNGAM algorithm.
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crime industry

value

distance

teachers

Figure 21: The graph for the Boston housing data set. ’Crime’ is a possible confounder between ‘race’
and ’value’.The graph is produced using GES algorithm.

age — > emp.

AR\

education marital

Figure 22: The graph for the Dutch data set. ’Marital Status’ is a collider between ’sex” and ’occupa-
tion’ (occ.). The graph is produced using GES algorithm.

age sex
race recidivism
priors

Figure 23: The graph for the Compas dataset. *’Age’ and ’sex’ are possible confounders between ‘race’
and ’recidivism’. The graph is produced using PC algorithm.

D GENERATION OF SYNTHETIC DATA

D.1 MEASUREMENT BIAS CATA

The variables Z, A, T, and Y are binary Bernoulli variables controlled by the parameter p;. Condi-
tional dependencies of the measurement bias structure define how the parameter p; depends on the
value of the parent variables.

D1, l'fZ:],
po=1—p
D1, Aw(Zp): ’ .
7 ~ = 63 ) =
(p) {p0=1—p1 (63) Py ifz=o.
Po=1-—p;
(64)
P1, iszIa
p0=1—p1 p1=0.5*z+0.5*a,
T~ (Z;p)=<1"" . Y ~(p; Z,A) =
-4 N iz = {200
Po=1—p (66)
(65)

The parameters p1, po, p,1 and pé) are generated randomly and take value between 0 and 1.
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D.2 LINEAR DATA

To analyze the different types of bias in the linear case, we generate synthetic data according to
the following models. Without loss of generality, the range of possible values of all coefficients
(o, B,7,m, €, and §) is [—1.0, 1.0]

M t Structure: U, ~ N(0,1),

Confounding Structure: Colliding Structure: easurement Structure N(0,1)

Z-u A=U Z =Us, U, ~ N(0,1),
= zy - as A _ Z i N 0 1

A:BZ+Z/{aa 5/201144-[/[:,’/7 B +u’ Z/{y N(7 )7

Y —aA 4z U WenAdtey ru, LOATIZHU, Ue~NOD),

= _ . »

T K T=6Z+U, Uy ~ N(0,1)

E CONCURRENT BIASES

Confounding and selection biases. In presence of one or several confounder and collider vari-
ables, the estimation of discrimination can suffer from both confounding and selection biases
simultaneously. Figure 24] shows the simplest case. According to Definitions and con-
founding bias can be isolated by adjusting on the confounder variable ConfBias(Y,A) =
StatDisp(Y, A)— StatDispz (Y, A)|(Bya — Bya.- in the linear case), whereas selection bias can be
isolated by cancelling the adjustment on the collider variable Sel Bias(Y, A) = StatDisp(Y, A)w —
StatDisp(Y, A) (Bya.w — Bya i the linear case). The total bias in presence of both types of bias can
then be estimated as StatDisp(Y, A)w — StatDisp(Y, A)z in the binary case and SByq.. — Bya.»
in the linear case.

Confounding and measurement biases. Measurement bias (Figure [7) is defined as the differ-
ence in estimating StatDisp when adjusting on the proxy variable (1) instead of the unobserv-
able/unmeasurable confounder variable (7). For the binary case, it corresponds to the difference
StatDispr (Y, A) — StatDispz(Y, A). For the linear case, it corresponds to the difference between
the partial regression coefficients 3y4.¢ — Bya... The difference between the adjustment free estimation
of StatDisp(Y, A) (the regression coefficient 3y, in the linear case) and StatDispr(Y, A) (Bya.t)
corresponds to the total of both confounder and measurement biases.

Selection and measurement biases. Figure 25 shows the simplest case where measurement and
selection biases occur simultaneously. Adjusting on both the proxy (7") and the collider (W) variables
(StatDisprw (Y, A) and By, 1) leads to both types of biases occurring simultaneously. Substracting
StatDispz(Y, A) (respectively §,,) from Stat Disprw (Y, A) (respectively Byq 1) coincides with
the sum of selection and measurement biases in the binary and linear cases respectively.

Confounding, selection, and measurement biases. In the same simple case of Figure [25, the
difference between adjusting on variables 7" and W on one hand and adjusting on Z on the other
hand (StatDisprw (Y, A) — StatDispz(Y, A) in the binary case and By4.11y — Bya.» in the linear
case) encompasses the three types of bias.

Confounding and interaction biases. In presence of interaction between two sensitive variables,
confounding bias can be decomposed into interaction free portion and an interaction term. Figure [26]
shows a simple confounding structure between A and Y and a second sensitive variable B which
is interacting with the effect of A on Y. In the binary case, the confounding bias Con f Bias(Y, A)
(Definition [B.T) can be decomposed as follows:

Proposition E.1.

ConfBias(Y, A) = StatDisp(Y, A) — StatDispz (Y, A)
— SDye(Y, A) — SDyer, (¥, A)
+ P(b1)(Interaction(A, B) — Interactionz(A, B)) (67)
(68)

>Notice that, by the backdoor formula, Stat Dispz (Y, A) coincides with ACE(Y, A).
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where

SDp, (Y, A) = Z(P(y1|a1,b0,z) — P(y1lag, bo, 2)) P(z)
Z

Interactionz(A, B) = Z (P(y1lar, b1, 2) — P(yilag, br, 2)
Z

— P(y1la1,bo, 2) + P(y1]ao, bo, 2)) P(2)

In the same example of Figure 26] the confounding bias in case of intersectionality (two interacting
sensitive variables) can be decomposed as follows:

Proposition E.2.

ConfBias(Y, A, B) = StatDisp(Y, A, B) — StatDispz(Y, A, B)
+ Interaction(A, B) — Interactionz(A, B) (69)
(70)

In the slightly different structure where Z is also a confounder between B and Y (Figure[27)), the term
SD (Y, B) — SDp, (Y, B) needs to be added to the Con f Bias(Y, A, B) expression above.

AN

Ao—»oY

W

Figure 24: Confounding and colliding bias
O —_— e
A ./—>\. Y

W

Figure 25: Confounding, colliding, and measurement bias

Z
/ k
e \\‘
o Y
B . /
Figure 26: Interaction and confounding bias
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Figure 27: Interaction and confounding bias
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