Under review as a conference paper at ICLR 2024

A THEORY OF NON-LINEAR FEATURE LEARNING WITH
ONE GRADIENT STEP IN TWO-LAYER NEURAL NET-
WORKS

Anonymous authors
Paper under double-blind review

ABSTRACT

Feature learning is thought to be one of the fundamental reasons for the success
of deep neural networks. It is rigorously known that in two-layer fully-connected
neural networks under certain conditions, one step of gradient descent on the first
layer followed by ridge regression on the second layer can lead to feature learning;
characterized by the appearance of a separated rank-one component—spike—in
the spectrum of the feature matrix. However, with a constant gradient descent step
size, this spike only carries information from the linear component of the target
function and therefore learning non-linear components is impossible. We show that
with a learning rate that grows with the sample size, such training in fact introduces
multiple rank-one components, each corresponding to a specific polynomial feature.
We further prove that the limiting large-dimensional and large sample training and
test errors of the updated neural networks are fully characterized by these spikes.
By precisely analyzing the improvement in the loss, we demonstrate that these
non-linear features can enhance learning.

1 INTRODUCTION

Learning non-linear features—or representations—from data is thought to be one of the fundamental
reasons for the success of deep neural networks (e.g., Bengio et al., 2013} Donahue et al.,|2016; Yang
& Hul [2021;[Shi et al.| [2022; |Radhakrishnan et al., 2022, etc.). This has been observed in a wide range
of domains, including computer vision and natural language processing. At the same time, the current
theoretical understanding of feature learning is incomplete. In particular, among many theoretical
approaches to study neural nets, much work has focused on two-layer fully-connected neural networks
with a randomly generated, untrained first layer and a trained second layer—or random features
models (Rahimi & Recht, 2007). Despite their simplicity, random features models can capture
various empirical properties of deep neural networks, and have been used to study generalization,
overparametrization and “double descent”, adversarial robustness, transfer learning, estimation of
out-of-distribution performance, and uncertainty quantification (see e.g.,|Mei & Montanari| (2022);
Hassani & Javanmard| (2022); Tripuraneni et al.| (2021); [Lee et al.| (2023)); [Bombari & Mondelli
(2023); [Clarté et al.|(2023);|Lin & Dobriban| (2021); |Adlam et al.| (2022)), etc.).

Nevertheless, feature learning is absent in random features models, because the first layer weights
are assumed to be randomly generated, and then fixed. Although these models can represent non-
linear functions of the data, in the commonly studied setting where the sample size, dimension, and
hidden layer size are proportional, under certain reasonable conditions they can only learn the linear
component of the true model—or, teacher function—and other components of the teacher function
effectively behave as Gaussian noise. Thus, in this setting, learning in a random features model
is equivalent to learning in a noisy linear model with Gaussian features and Gaussian noise. This
property is known as the Gaussian equivalence property (see e.g.,|Adlam et al.[(2022); /Adlam &
Pennington| (2020a); Hu & Lu|(2023)); Me1 & Montanari| (2022); [Montanari & Saeed| (2022)). While
other models such as the neural tangent kernel (Jacot et al., 2018} |Du et al.l 2019) can be more
expressive, they also lack feature learning.

To bridge the gap between random features models and feature learning, several recent approaches
have shown provable feature learning for neural nets under certain conditions; see Section |1.1| for



Under review as a conference paper at ICLR 2024

1 1 1

=0 =n% 0<a<-= =n% —<a<-<

n n ’ 1 n L 3
>
ES
7
g

5 Linear Quadratic Linear
Untrained Features Untrained Features T Untrained Features T T
Singular Values Singular Values Singular Values

Figure 1: Spectrum of the updated feature matrix for different regimes of the gradient step size 7.
Spikes corresponding to monomial features are added to the spectrum of the initial matrix. The
number of spikes depends on the range «. See Theorems [3.3]and [3.4] for more details.

details. In particular, the recent pioneering work of |Ba et al.| (2022)) analyzed two-layer neural
networks, trained with one gradient step on the first layer. They showed that when the step size
is small, after one gradient step, the resulting two-layer neural network can learn linear features.
However, it still behaves as a noisy linear model and does not capture non-linear components of
a teacher function. Moreover, they showed that for a sufficiently large step size, under certain
conditions, the one-step updated random features model can outperform linear and kernel predictors.
However, the effects of a large gradient step size on the features is unknown. What happens in the
intermediate step size regime also remains unexplored. In this paper, we focus on the following key
questions in this area:

What nonlinear features are learned by a two-layer neural network after one
gradient update? How are these features reflected in the singular values and
vectors of the feature matrix, and how does this depend on the scaling of the step
size? What exactly is the improvement in the loss due to the nonlinear features
learned?

Main Contributions. Toward answering the above questions, we make the following contributions:

* We study feature learning in two-layer fully-connected neural networks. Specifically, we
follow the training procedure introduced in Ba et al.| (2022)) where one step of gradient
descent with step size 7 is applied to the first layer weights, and the second layer weights
are found by solving ridge regression on the updated features. We consider a step size
n=n*ac€ (0, %) that grows with the sample size n and examine how the learned features
change with « (Section [2.1).

* In Section[3] we present a spectral analysis of the updated feature matrix. We first show that
the spectrum of the feature matrix undergoes phase transitions depending on the range of
. In particular, we find that if « € (%, ﬁ) for some ¢ € {1,2,...}, then ¢ separated
singular values—spikes—will be added to the spectrum of the initial feature matrix (Theorem

[3.3). Figure I]illustrates this finding.

* Building on perturbation theory for singular vectors, we argue that the left singular vectors
(principal components) associated with the ¢ spikes are asymptotically aligned with polyno-
mial features of different degrees (Theorem [3.4). In other words, the updated feature matrix
will contain information about the degree-¢ polynomial component of the target function.

* In Section[d.1] we establish equivalence theorems (Theorem [.1]and [4.2)) which state that
the training and test errors of the updated neural networks are fully characterized by the
initial feature matrix and the ¢ spikes.

* We use the equivalence theorems from Section 4. I|to fully characterize asymptotics of the
training loss for different ¢ (Theorem [4.4). Notably, we show that in the simple case where
¢ =1, the neural network does not learn non-linear functions. However, in the £ = 2 regime,
the neural network in fact learns quadratic components of the target function (Corollary |.5).
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1.1 RELATED WORKS

Theory of shallow neural networks. Random features models (Rahimi & Recht, [2007) have
been used to study various aspects of deep learning, such as generalization (Mei & Montanari,
2022 |Adlam et al., 2022 |Lin & Dobriban, 20215 Mel & Pennington, [2021)), adversarial robustness
(Hassani & Javanmard, 2022; [Bombari et al., |2023), transfer learning (Tripuraneni et al., [2021)),
out-of-distribution performance estimation (Lee et al., 2023), uncertainty quantification (Clarté et al.|
2023)), stability, and privacy (Bombari & Mondelli, 2023). This line of work builds upon nonlinear
random matrix theory (see e.g., Pennington & Worah| (2017); |[Louart et al.| (2018)); Fan & Wang
(2020); Benigni & Péché (2021)), etc.) studying the spectrum of the feature matrix of two-layer neural
networks at initialization. See Section[A]for more discussion on related work in deep learning theory.

Feature learning. The problem of feature learning has been gaining a lot of attention recently (see
e.g.,[Damian et al.| (2022); [Nichani et al.|(2023)); [Zhenmei et al.|(2022), etc.). Please refer to Section
for a more detailed discussion of the prior work.

Wang et al.| (2022)) empirically show that if learning rate is sufficiently large, an outlier in the
spectrum of the weight and feature matrix emerges with the corresponding singular vector aligned to
the structure of the training data. Recently, Ba et al.|(2022) show that in two-layer neural networks,
when the dimension, sample size and hidden layer size are proportional, one gradient step with
a constant step size on the first layer weights can lead to feature learning. However, non-linear
components of a single-index target function are still not learned. They further show that with a
sufficiently large step size, for teacher functions with information exponent (leap index) x = 1, and
under certain conditions, the updated neural networks can outperform linear and kernel methods.
However, the precise effects of large gradient step sizes on learning nonlinear features, and their
precise effects on the loss remain unexplored. [Dandi et al.|(2023)) show that for single index models
with information exponent , there are hard directions whose learning requires a sample size of order
©(d"). They also show that with one gradient step, and a sample size ©(d), only a single direction
of a multi-index target function can be learned. In the present work, we study the problem of learning
nonlinear components of a single-index target function with k = 1.

High-dimensional asymptotics. We use tools developed in work on high-dimensional asymptotics,
which dates back at least to the 1960s (Raudys, |1967; Deev, |1970; Raudys| [1972). Recently, these
tools have been used in a wide range of areas such as wireless communications (e.g., Tulino & Verdu
(2004); |Couillet & Debbah|(2011), etc.), high-dimensional statistics (e.g., Raudys & Young| (2004);
Serdobolskii| (2007)); [Paul & Aue| (2014); [Yao et al.|(2015); [Dobriban & Wager| (2018)), etc.), and
machine learning (e.g., Gyorgyi & Tishby|(1990); Opper| (1995);|Opper & Kinzel| (1996)); Couillet:
& Liao| (2022); [Engel & Van den Broeck! (2001)), etc.). In particular, the spectrum of so-called
information plus noise random matrices that arise in Gaussian equivalence results has been studied in
Dozier & Silverstein| (2007); Péché|(2019) and its spikes in|Capitaine| (2014).

2 PRELIMINARIES

Notation. We let N = {1,2,...} be the set of positive integers. For a positive integer d > 1, we
denote [d] = {1,...,d}. We use O(-) and o(-) for the standard big-O and little-o notation. For a
matrix A and a non-negative integer k, A°* = A o A o...o A is the matrix of the k-th powers of
the elements of A. For positive sequences (A, )n>1, (Bn)n>1, We write A,, = O(B,,) or A, < B,
or A, = B, if there is C,C’ > 0 such that CB,, > A,, > C'B,, for all n. We use Op(+), op(-),
and Op(+) for the same notions holding in probability. The symbol —p denotes convergence in
probability.

2.1 PROBLEM SETTING
In this paper, we study a supervised learning problem with training data (x;,v;) € R? x R, for

i € [2n], where d is the feature dimension and n > 2 is the sample size. We assume that the data is
generated according to

z; "% N(0,1,), and y; = fo () + &5, (1)
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in which f, is the ground truth or teacher function, and €; "= N(0, 02) is additive noise.

We fit a model to the data in order to predict outcomes for unlabeled examples at test time; using
a two-layer neural network. We let the width of the internal layer be N € N. For a weight matrix
W € RV >4 an activation function o : R — R applied element-wise, and the weights @ € R of a
linear layer, we define the two-layer neural network as fw o () = a'o (Wz).

Following Ba et al.| (2022), for the convenience of the theoretical analysis, we split the t~rain—
ing data into two parts: X = [z1,...,%,]" € Ry = (y1,...,9,)" € R*" and X =

[Tty Ton] €R™ G = (y,i1,...,92n) € R™ We train the two layer neural network as
follows. First, we initialize @ = (a1, ...,ay)" with a; ESN (0,1/N) and initialize W with
T Bid 1o erad—
Wy = [wo1,...,won] €RN* apy,; " Unif(S1),

where S?~! is the unit sphere in R? and Unif(S?~!) is the uniform measure over it. Although we
choose this initialization for a simpler analysis, many arguments can be shown to hold if we switch
from the uniform distribution over the sphere to a Gaussian. For example, see Section[N.5] Fixing
a at initialization, we perform one step of gradient descent on W with respect to the squared loss
computed on (X, y). Recalling that o denotes element-wise multiplication, the negative gradient can
be Written as

G = g |3 v~ oW Dal] = CleyT —aa o (WoX ) o (WoXT)] X,

=W,
and the one-step update is W= [wq, ..., w N]T = Wy + 1 G for a learning rate or step size 7.

After the update on W/, we perform ridge regression on a using (X, §). Let F = o(XW ) € R"*N
be the feature matrix after the one-step update. For a regularization parameter \ > 0, we set

a=a(F) = arg min — Hy Fal5+ Alal? = (FTF + Anly)~ "FTy. )
acRN

Then, for a test datapoint with features @, we predict the outcome § = fw a(z) = a0 (Wz).

2.2 CONDITIONS

Our theoretical analysis applies under the following conditions:
Condition 2.1 (Asymptotic setting). We assume that the sample size n, dimension d, and width of
hidden layer N all tend to infinity with

d/n—¢>0, and d/N — ¢ >0.

We require the following conditions on the teacher function f,.

Condition 2.2. We let f, : R? — R be a single-neuron model f,(xz) = o, (x ' B,), where 3, € R?
is an unknown parameter with (3, ~ N(0, éId) and o, : R — R is a teacher activation function. We
further assume that o, : R — R is ©(1)-Lipschitz.

We let Hy, k > 1 be the (probabilist’s) Hermite polynomials on R defined by
k

Hi(e) = (~1)* exp(a?/2) 10 exp(~a?/2),

for any x € R. These polynomials form an orthogonal basis in the Hilbert space L? of measur-
able functlons f + R — R such that [ f?(z)exp(—2?/2)dz < oo with inner product (f,g) =
| f(x)g(x) exp(—2?/2)dx. The first few Hermite polynomials are Ho(z) = 1, Hi(z) = x, and
f&( )—-x — 1.

Condition 2.3. The activation function o : R — R has the following Hermite expansion in L?:
= 1
2) = oHy(z), cp= iBzen.[0(2) Hi(Z)].

The coefficients satisfy c1 # 0 and c3k! < Ckz_%_wfor some C,w > 0 and for all k > 1. Moreover,
the first three derivatives of o almost surely exist and are bounded.
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Figure 2: Histogram of the scaled singular values (divided by y/n) of the feature matrix after the
update with step size = n%-2? (¢ = 2). In this regime, two isolated spikes appear in the spectrum as
stated in Theorem The top two left singular vectors «; and us are aligned with X3 and (XB)OQ,
respectively. See Section [5for the simulation details.

We remark that the above condition requires ¢y = 0, i.e., that Eo(Z) = 0 for Z ~ N(0,1). This
condition is in line with prior work in the area (e.g.,/Adlam & Pennington! (2020a)); Ba et al.| (2022),
etc.), and could be removed at the expense of more complicated formulas and theoretical analysis.
The smoothness assumption on ¢ is also in line with prior work in the area (see e.g.,[Hu & Lu| (2023);
Ba et al.[(2022), etc.). Note that the above condition is satisfied by many popular activation functions

ef—e” "
et+e—*?

— % We also make similar assumptions on the teacher activation:

(after shifting) such as the ReLU o (z) = max{z,0} — \/% hyperbolic tangent o(z) =
and sigmoid o (z) = H%

Condition 2.4. The teacher activation o, : R — R has the following Hermite expansion in L*:

1

o.(2) = ZC*,ka(Z% Cak = HEZNN(OJ)[O'*(Z)HIC(Z)]-
k=1 ’

Also, we define ¢, = (3 1o, k!cik)%.

3 ANALYSIS OF THE FEATURE MATRIX

The first step in analyzing the spectrum of the feature matrix F is to study the negative gradient
G. It is shown in (Ba et al., 2022} Proposition 2) that in operator norm, the matrix G can be
approximated by the rank-one matrix c¢;a3 " with high probability, where the Hermite coefficient ¢,
of the activation o is defined in Condition , and 8 = %XTy € R?. As the following proposition
suggests, 3 can be understood as a noisy estimate of 3, (see also Lemma K. ).

Proposition 3.1. If Conditions hold, then
T
‘ﬁ* ﬁ‘ p |C*71 )
(R PR ey

In particular, if the number of samples used for the gradient update is very large; i.e., ¢ — 0, 8 will
converge to being completely aligned to 3,.

Building on this result, we can prove the following rank-one approximation lemma. Note that the

updated feature matrix can be written as F = ¢(X(Wy +7G)T) and terms of the form (XG T )°¥,
k € N, will appear in polynomial and Taylor expansions of F around F. In the following lemma,
we show that for any fixed power k, these terms can be approximated by rank one terms.

Lemma 3.2 (Rank-one approximation). If Conditions hold, then there exists C' > 0 such that
for ¢1 from Condition2.3] for any fixed k € N,

I(XGT)%* — b (XB)F(a™) T [lop < C*n % log? n
with probability 1 — o(1).

Next, we will show that after the gradient step, the spectrum of the feature matrix F will consist
of a bulk of singular values that stick close together—given by the spectrum of the initial feature
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matrix Fy = U(XWOT )—and ¢ separated spikesﬂ where ¢ is an integer that depends on the step size
used in the gradient update. Specifically, when the step size is 77 < n® with Z;—; <a< ﬁ for
some ¢ € N, the feature matrix F can be approximated in operator norm by the untrained features
Fo = J(XWOT ) plus £ rank-one terms, where the left singular vectors of the rank-one terms are

aligned with the non-linear features X — (X3)°F, for k € [(]. See Figure
Theorem 3.3 (Spectrum of feature matrix). Let n < n® with 62_7} <a< ﬁ for some ¢ € N. If

Conditions hold, then for cy, from Conditionand Fo = o(XW]),
¢
F=F,+A, with Fo:=Fo+» cfan"(Xp)*a™)T, 3)
k=1
where || Allop = o(y/n) with probability 1 — o(1).

To understand (X/3)°%(a°*) T, notice that for a datapoint with features &;, the activation of each
neuron is proportional to the polynomial feature (&, 3)*, with coefficients given by a°* for the
neurons. The spectrum of the initial feature matrix F is fully characterized in|Pennington & Worah
(2017); Benigni & Péché|(2021};2022); [Louart et al.|(2018)); |[Fan & Wang| (2020), and its operator
norm is known to be Op(+/n). Moreover, it follows from the proof that the operator norm of each
of the terms ¥ e, (XB8)°%(a*) T, k € [I] is with high probability of order larger than \/n. Thus,
Theorem [3.3identifies the spikes in the spectrum of the feature matrix.

Proof Idea. We approximate the feature matrix F = o(X(Wj + 7G)T) by a polynomial using
its Hermite expansion. Next, we use the binomial expansion and apply Lemma 3.2]to approximate

(XG )k by k(X 3)°%(a)T, for all k. Then, spike terms with k > ¢ + 1 are negligible since we
-1

) = on(V/).

. . k
can show that their norm is Op(nF+2~

The special case where o = 0 is discussed in (Ba et al., 2022, Section 3), which focuses on the
spectrum of the updated weight matrix W = W, 4+ nG. However, here we study the updated feature
matrix F = o(X(Wj +1G) ) because that is more directly related to the learning problem—as we
will discuss in the consequences for the training and test risk below.

In the following theorem, we argue that the subspace spanned by the non-linear features
{o(Xw;)}ien) can be approximated by the subspace spanned by the monomials {(X3)°%} ¢

For two /-dimensional subspaces U, Us C R"™, with orthonormal bases Uy, Us € R™*¢ recall the
principal angle distance between U , U defined by d(U:,Us) = ming ||[U; — U2Q)||op, Where the
minimum is over £ x ¢ orthogonal matrices (Stewart & Sun [1990). This definition is invariant to the
choice of the orthonormal bases Uy, Us.

Theorem 3.4. Let F; be the (-dimensional subspace of R" spanned by top-{ left singular vectors
(principal components) of F. Under the conditions of Theorem we have

d(Fg, span{(XB)** }reig) —p 0.

This result shows that after one step of gradient descent with step size n < n® with 42_—; <a<
ﬁ, the subspace of the top-¢ left singular vectors carries information from the polynomials

{(XB)°F} kele- Also, recall that by Proposition , the vector 3 is aligned with 3,. Hence, it is
shown that F; carries information from the first £ polynomial components of the teacher function.

Proof Idea. We use Wedin’s theorem (Wedin, |1972)) to characterize the distance between the left
singular vector space of 31 _, c¥exn¥(XB8)°% (a°%) T and that of F. Here, we consider the matrix
Fo + A as the perturbation term.

4 LEARNING HIGHER-DEGREE POLYNOMIALS

In the previous section, we studied the feature matrix F and showed that when n < n® with

% <a< #;2, it can be approximated by Fy = U(XWOT ) plus ¢ rank-one or spike terms. We

'Using terminology from random matrix theory (Bai & Silverstein, [2010; Yao et al., [2015).
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also saw that the left singular vectors of the spike terms are aligned with the non-linear functions
X — (X,@)Ok. Intuitively, this result suggests that after the gradient update, the trained weights
are becoming aligned with the teacher model and we should expect the ridge regression estimator
on the learned features to achieve better performance. In particular, when o« > 0, we expect the
ridge regression estimator to—partially—capture the non-linear part of the teacher function. This is
impossible for n = O(1) (Ba et al., 2022) or n = 0 (Hu & Lu, [2023; |Mei & Montanari, 2022]).

In this section, we aim to make this intuition rigorous and show that the spikes in the feature matrix
lead to a decrease in the loss achieved by the estimator. Moreover, for large enough step sizes,
the model can fit non-linear components of the teacher function. For this, we first need to prove
equivalence theorems showing that instead of the true feature matrix F, the approximations from
Theorem [3.3|can be used to compute error terms (i.e., the effect of A on the error is negligible).

4.1 EQUIVALENCE THEOREMS

Given a regularization parameter A > 0, recalling the ridge estimator a(F) from equation

we define the training loss

1, )
Lu(F) = ~[[§ — Fa(F)||3 + A a(F)|3.

4

In the next theorem, we show that when 7 < n® with 42;; <a< g,

be approximated with negligible error by L (Fy).

the training loss L (F) can

In other words, the approximation of the feature matrix in Theorem [3.3]can be used to derive the
asymptotics of the training loss.

Theorem 4.1 (Training loss equivalence). Let n =< n® with p;—; <a< %’ﬁ for some { € N

and recall Fy from equation 3| If Conditions hold, then for any fixed A\ > 0, we have
Li(F) — Ly(Fy) = o(1), with probability 1 — o(1).

Similar equivalence results can also be proved for the test risk, i.e., the average test loss. For any
a € RY, we define the test risk of a as Li.(a) = E ,,(y — f " a)?, in which the expectation is taken
over (x,y) where f = o(Wz) with z ~ N(0,1,) andy = f,(x) + & with e ~ N(0, 02). The next
theorem shows that one can also use the approximation of the feature matrix from Theorem [3.3]to
derive the asymptotics of the test risk.

Theorem 4.2 (Test risk equivalence). Let 1 < n® with g;—l} <a< ﬁ for some { € N and Fy be
defined as in equation[3| If Conditions hold, then for any X\ > 0, if Li.(a(F)) —p L¥ and
Le(a(Fy)) =p LF,, we have Ly = LF,.

Proof Idea. For theorem[4.T) we argue that the error introduced by swapping the feature matrix F
with F is small, using a free-energy trick (Abbasi et al.,[2019; |Hu & Lul|2023; |Hassani & Javanmard,
2022). We first extend Theorem {.1]and show that for any A, { > 0, the minima over a of

_ 1. . _
Re(a,F) = ~|[g - Fal3 + Aa| + (Lic(a),

for F = F and F = F, are close. Then, we use this to argue that the limiting test loss are also close.

With Theorem [.1] and 4.2] in hand, for n =< n®, we can use the approximation F,—with the
appropriate /—of the feature matrix F' to analyze the train loss and the test risk.

4.2 ANALYSIS OF TRAINING LOSS

In this section, we quantify the discrepancy between the training loss of the ridge estimator trained
on the new—Ilearned—feature map F and the same ridge estimator trained on the unlearned feature

map Fy. We will do this for the step size n < n® with E;—; <a< %lﬁ for various ¢ € N.

Our results depend on the limits of traces of the matrices (FoF + AnL,)~! and XT(FOFJ +
)\nIn)_lx. These limits have been determined in|Adlam et al.[(2022);|Adlam & Pennington| (2020al),
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see also [Pennington & Worah| (2017); Péché| (2019), and depend on the values my, mo > 0, which
are the unique solutions of the following system of coupled equations, for A > 0:

¢ (m1 — ma) (02>1m1 + C%mQ) + Amyma (A%ml — 1) =0,

¢ (2 2 Y “)
3 (clmlmz + ¢ (mae — ml)) + cfmime ()\gml — 1) =0,

where c~1 = (352, k!c?)Y/2. For instance, we leverage that limg , v tr(X T (FoFg +
Anl,)71X)/d = pma/¢ > 0 and limg,, N—soo tr((FoFg + AnL,)™1) = ¢my /¢ > 0.

See Lemma@and its proof for more details. For instance, as argued in[Pennington & Worah|(2017);
Adlam et al.|(2022) these can be reduced to a quartic equation for m; and are convenient to solve
numerically. However, the existence of these limits does not imply our results; on the contrary, the
proofs of our results require extensive additional calculations and several novel ideas. Moreover, our
results also rely on the following Gaussian equivalence conjecture for the untrained feature matrix,
which is commonly used in the theory of random features models. See Section [J] for related work and
further discussion; in particular Gaussian Equivalence has been broadly supported by prior theoretical
and empirical results.

Conjecture 4.3 (Gaussian Equivalence). The limiting behavior of the training error is unchanged
if we replace the untrained feature matrix Fo = U(XWJ ) with Fy = C1XW0T + ¢>1Z, where
Z € R" 4 js an independent random matrix with i.i.d. N(0,1) entries. Specifically, the limiting
behavior of the quantities listed in Section[J]is unchanged.

Theorem 4.4. If Conditions21\2.4]are vatzsﬁed and the Gaussian eqmvalence conjecture 3| hold,
while we also have ¢y, -+ ,cy # 0, and n < n® with 51 < a < 21,+2, then for the learned feature

map F and the untrained feature map ¥, we have Ly, (FO) Li(F) —p Ay > 0, where the explicit
expression for Ay can be found in Section|[}

The expression for Ay is complex and given in Section [[] due to space limitations. For a better
understanding of Theorem 4.4 we consider two specific cases of / = 1 and ¢ = 2.

Corollary 4.5. Under the assumptions of Theorem[d4) for { = 1, we have

Li(Fo) — Loy (F Ay e PG 0 5
R P ) ©

Similarly, for £ = 2, we have

dpret (2 omy
Fo) — F Ay = A 7 .
Eullo) = LalF) 2p be =Mt goa o+ 2, ©

The above result confirms our intuition that training the first-layer parameters improves the perfor-
mance of the trained model. For example, when ¢ = 1, the improvement in the loss is increasing
in the strength of the linear component c4,1 keeping the signal strength c, fixed; and not so for the
strength of the non-linear component c2 >1 = 2 — * 1- When we further increase the step size to
the ¢ = 2 regime, the loss of the trained model w111 drop by an additional positive value, depending
on the strength ¢, o of the quadratic signal, which supports our claim that the quadratic component of
the target function is also being learned.

Given ¢ € N, the loss of the trained model is asymptotically constant for all = cn® with Z;—; <

a < 2€i2 and ¢ € R. There are sharp jumps at the edges between regimes of «, whose size is

precisely characterized above. See Figure [3] (Right).

Proof Idea. We first show that L, (F) = Ag' (FF' + Anl,)"'g. Then using Theorem Y
and by application of the Woodbury formula, we decompose the matrix R = (FFT + Anl )

as Ry = (FOFT + AnI,,)~! plus rank-one terms involving Ry and the non-linear spikes from
Theorem [3.3] Then, we show that the interactions between the first £ components of g and the terms
involving the non-linear spikes in the expansion of R will result in non-vanishing terms corresponding
to learning different components of the target function f,.
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5 NUMERICAL SIMULATIONS

To support and illustrate our theoretical results, we present some numerical simulations. We use
the shifted ReLU activation o(z) = max(z,0) — 1/v/2m, n = 1000, N = 500, d = 300, and the
regularization parameter A = 0.01.

Singular Value Spectrum of F. We let the the teacher function f, () = H, (3, =) + H2(3,] x)
be, set the noise variance o2 = 0.5, and the step size to 7 = n%29, so £ = 2. We plot the histogram
of singular values of the updated feature matrix F. In Figure 2] we see two spikes corresponding
to X33, (5(,8)02 as suggested by Theorem and Since f, has a linear component H; and a
quadratic component Ho, these spikes will lead to feature learning.

Quadratic Feature Learning. To support the findings of Corollary 4.5|for ¢ = 2, we consider the
following two settings: )
Setting1:y = H,(3, ) +¢, &~ N(0,1), Setting2:y=H,(8]z)+ EHQ(,@Ix)

Note that ¢, ; and ¢, + o2 are same in these two settings. This ensures that the improvement due
to learning the linear component is the same. We plot the training and test errors of the two-layer
neural networks trained with the procedure described in Section [2.1|as functions of log(n)/ log(n).
In Figure (Left), we see that the errors decrease in the range log(n7)/log(n) € (0, 1) as the model
learns the linear component H1 (8, ). In the range log(n)/log(n) € (%, %), the model starts to
learn the quadratic feature. However since the quadratic feature is not present in Setting 1, the errors
under the two settings diverge. These results are consistent with Corollary &3]
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Figure 3: (Left, Middle) Training and test errors after one gradient as functions of log(n)/log(n).
(Right) Theoretical training error curve as a function of log(n)/ log(n).

6 CONCLUSION

In this work, we study feature learning in two-layer neural networks under one-step gradient descent
with the step size n < n®, « € (0, %) We show that the singular value spectrum of the updated
feature matrix exhibits different behaviors for different ranges of a. Specifically, if o € (‘}Q_—;, %;2),
then the gradient update will add ¢ separated singular values to the initial feature matrix spectrum.
We then derive the improvement in the loss in the proportional limit and show that non-linear features

can be learned in certain examples.

Limitations and Future Work. First, our analysis requires that the teacher activation function o,
has information exponent x = 1. This assumption is necessary to learn 3, with one step of gradient
and with the sample size n < d. We believe that learning 3, from a teacher activation with higher
information exponent will require either multiple steps of gradient or a larger sample size. Second,
we only derived the limiting training loss in our result. This is mainly because the test error does
not allow a simple expression such as Lemma[K:2] and deriving its asymptotics would require much
more laborious calculation. We hope to address this issue in future work. Third, we only study the

problem when 1 < n® with a € (42, £

£—1 . .
TR m) The case where 17 < n™27 is an interesting problem
and is left as future work. Finally, our results in Section[f.2]rely on a Gaussian equivalence conjecture
for the untrained features Fy. The Gaussian equivalence conjecture we use, despite being related to

the results discussed in Section[J] does not directly follow from prior work.
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A ADDITIONAL RELATED WORK

Theory of Shallow Neural Networks. Two-layer neural networks have been studied extensively in

the mean-field regime (see e.g., 2019); [Sirignano & Spiliopoulos| (2020), etc.), and
the neural tangent kernel (NTK) regime (see e.g., Jacot et al.| (2018); |Lee et al.|(2019); Huang & Yau

(2020), etc.). However, these results often require the neural net to have an extremely large width.

In particular, in the NTK regime, this large width will result in features not evolving over the course
of training. |(Ghorbani et al.[(2021) show that for NTKs, with a sample size linear in size of the input,
non-linear functions cannot be learned. See also (Misiakiewicz, [2022}; [Xiao et al.}[2022; [Cu & Yau,
2022). |Goel & Klivans| (2019) provide a polynomial time algorithm that learns neural networks
with two non-linear layers. Our setting is different because we do not apply a non-linear activation
after the second layer. show that learning two-hidden-layer neural networks from
noise-free Gaussian data requires superpolynomially many statistical queries.

Feature Learning. |Damian et al.(2022) study the problem of learning polynomials with only a
few relevant directions and show a sample complexity improvement over kernel methods.
provide theoretical evidence that three-layer neural networks have provably richer
feature learning capabilities than their two-layer counterparts. Zhenmesi et al.| (2022)) show that neural
networks trained by gradient descent can succeed on problems where the labels are determined by
a set of class-relevant patterns and if these patterns are removed, no polynomial algorithm in the
Statistical Query model can learn even weakly.

B ADDITIONAL NOTATION AND TERMINOLOGY

In the appendix, we use the following additional notations. We let Ny = {0, 1,2, ...} be the set of
non-negative integers. For a set X and x1,z2 € X, 04, 4, is the Kronecker delta, which equals unity
if x1 = w2, and is zero otherwise. We use O(-) for the standard big-O notation up to logarithmic
factors in n. For a positive integer k, k!! is the product of all the positive integers up to n with
the same parity as n. For two random quantities X,Y, X 1 Y denotes that X is independent of
Y. By orderwise analysis, we mean bounding a term by the triangle inequality and the inequality
[lAb]l2 < ||Allopl|b]l2 for a conformable matrix-vector pair A, b, to reduce it to operator norms of
matrices and Euclidean norms of vectors, and then use simple bounds for those quantities. Constants
such as C, ¢, etc., can change from line to line unless specified otherwise. For two random quantities
A, B, A =; B denotes that A and B have the same distribution. Limits of random variables are
understood in probability. For two matrices A, B with equal shape, we write A o B to denote their
entry-wise (Hadamard) product.

We denote X3 = 0, X8 = 0, X8, = 0,,and X3, = 6,. We also define Ry = (FoF] +Anl,) !
and Ry = (Fa—Fo + )\TLIN)il.

C BASIC LEMMAS

Lemma C.1 (Orthogonality of Hermite polynomials). Let (Z1, Z3) be jointly Gaussian with B[ Z;] =
E[Z;] = 0, E[Z}] = E[Z2] = 1, and E[Z1 Z5] = p. Then for any ki, ko € Ny,

E[Hkl (Zl)sz (ZQ)] = kl!pklékhb'
In particular, if for some positive integer d, Z ~ N(0,14), and if a,b € S, then

E[Hy, (@' Z)Hy,, (b"Z)] = k1!(a ") 6k, 1,

Proof. See (O’Donnell, 2014, Chapter 11.2). O

Lemma C.2 (Taylor expansion of Hermite polynomials). For any k € Ny and z,y € R,

Hy(z+y) = Zk: <I;)1’ij—j(y)-

J=0
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Proof Note that - Hy,(z) = kHy_1(x) (Abramowitz & Stegun, [1968| Equation 22.8.8) and thus
£ " Hy(z) = e J),Hk ;j(x). By Taylor expanding Hy(x + y) at y, we find

k

ki i ,
Hy(z+y)=)Y_ %%Hk(y) =Y (?)xij—g(y)

=0 =0

The following Lemma, proved in Section [N.I] provides several bounds used in the proofs.

Lemma C.3. Under Conditions 2.1{2.4} there exists C > 0 such that the following holds with
probability 1 — o(1).

(a) Mg :=maxj<i<n |a;| < Cn~3 log% n,
(b) Mg := maxi<i<y [(Zs, B)] < Clog% n,
(¢) My, = supy>1 [(WoWq )°¥[|op < C,

(d) | X|lop < C/n.

D PROOF OF PROPOSITION [3.1]

Proof. By Lemma[K.I|with v = 3, and D = I;, we have
BB —p catllBell3 = can,
1813 =BT B —p ¢(ci +02) + ¢ 18] B = ¢l 1 + o(c? + 02).
By the continuous mapping theorem, we conclude
18/ 8] ,
AR \/03,1 T o(c2 + 02)

E PROOF OF LEMMA

Proof. For k = 1, we have by (Ba et al., 2022| Proposition 2)—substituting our ¢ for their p; and
using that 8 = fXTy, as well as noting that by the discussion below (Ba et al., [2022, Proposition
D, IGllop = O[p( )—and by Lemma [C.3](d), that with probability 1 — o(T),

IXGT — ¢;XBa’ [|lop = O(n~ % log? n). )

For k > 2, expanding (XGT)°* = (XGT — ¢;XBa’ + ¢;XBa")°" using the binomial formula,
we have

k
(XGT)ok _ C?(Xﬁ)ok(aok)"r — Z <k> (XGT _ (215(6(1 )OJ o (c1X6a ) (k—3)

=1 M

I
.
(1~
I

(’?) &I diag(XB)F I (XGT - ¢;XBa")% diag(a) .
— \J

Recalling Mg, M from Lemma|C.3} and using that

I(XGT —a1XBa’) o < [[XGT — e1XBa’ |17,
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(see e.g., (Bai & Silverstein, 2010, Corollary A.21)), we have
| diag(XB8)* 7 (XG " — c;XBa") diag(a)* ||
< || diag(XB)* [|op|(XG T — c1XBa ") ||op| diag(@)* 7 lop
< (Mg Mp)" 7| XGT — s XBa T [[3,

Hence, by the triangle inequality,
k
Y o C (W o o k —J W Ve j
IXGT)* X0 @) Ty < 3 (1) (0Ma1p) I IXGT - X0
j=1
By Lemma|[C.3|(a), (b) and equation 7] there exists C' > 0 such that for any k € N,

k k
> (k) (1 MaMp)* 7 |XGT — erXBa” ||}, < (C/2)" > (’;) (™2 logn)* 7 (n" % log? n)’
- J -
j=1 Jj=1
< Chp=2 log®* n

with probability 1 — o(1). O

F PROOF OF THEOREM

Proof. We consider any fixed Wy such that the event Q = {sup;,~, [|[(WoW )°*||sy < C} from
Lemma (c) holds. By Lemma , each row of H; (XWOT ) has second moment matrix

Earn(o.1,)[Hj(Wox) H;(Wox) '] = jIWWg )%,

whose operator norm is O(j!) on . Thus by (Vershyninl 2012, Theorem 5.48) and Markov’s
inequality, for any j € [L], for t > (Cnj!)'/?, and with M = Emax?_, |H;(Woz;)||% 0 =
C'\/M logmin(n, N),

P(||H;(XWg ) lop > t) < P(||H;(XWq ) H;(XWg )T /n — j{WoWq )|lop > t* /0 — Cj)

_ EH(XW)H, (XW) T /n— 1 (Wo W) oy _ Smax((Ci1)/2,0)

- t2/n — Cj! - t?/n — Cj!
Next, we observe that since H; is a j-th degree polynomial and the normal absolute moments
increase with j, M = Emax?_, ||H;(Woz;)|?> < C;Emax?_, [|[(WoZ;)%|*>. Now, note that for
any vectors 1, Ta, we have ||z o x| < ||z1]|?||z2||? by simply expanding the norms. Thus, on
the event £, one can verify that for all z, [[(Wox)||* < Cfl|lz|* for some C} > 0. Also, we
have that A; = ||#;||*’ /N for i € [n] are sub-Weibull random variables with tail parameter 1/(2;),
see e.g., |Vladimirova et al.| (2020); Zhang & Chen| (2021). Thus, by the maximal inequality for
sub-Weibull random variables (Kuchibhotla & Chakraborttyl [2022], Proposition A.6 and Remark
A.1), it follows that for all j > 1, there is C; > 0 such that Emax? ; 4; < C;(logn)?. Hence,
M < CJ/N(logn)*.

Thus, choosing t = C’+v/nj!(logn)? for sufficiently large C’ leads to
| H;(XWE)llop = O (V/njt(10g ) ) ®)
with probability 1 — o(1).

Define, for all 2 € R, o7,(2) = Y_p_ cx Hy(2), where L = max{, M%}. Each row of

(0 — o1)(XW{ ) has second moment matrix

Eono.1n) (0 = o) (Woz) (0 — o) (Woz) | = Y Kl (WoW, ),
k=L+1

17
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whose operator norm is O(L_%_“) by Lemma (c) and Conditionm Therefore,
(o = o2)(XWq )llop = O(v/nlognL™27) = o(v/n) ©)

with probability 1 — o(1). Since n = o(y/n), the rows of have W norm of Op(1). Thus, we can
repeat the same argument to show that with probability 1 — o(1), we have

(o = oL)(XWT)|lop = O(v/nlognL™>~*) = o(y/n). (10)
Let F(E) := o (XW ) and F((]L) = o, (XW, ). We can write
L
FO = FY + 3" cu(H (XWT) — Hy(XW])).
k=1

By Lemma using W = W +7 G sothat XW ' = XW, +7XG ", and using that Hy(z) = 1
forall z € R,
) ) ) AN } ) ‘
Hy(XWT) = Hy(XWJ) = 7 (XGT)* + 3 (j)nfﬂk._xxwg Jo (XGT)™.
j=1
Therefore,

14 L
FO =FF + 3 cfen* (X8)™ (@) + Y e’ [(XGT)F - cf(XB)™*(@™)]

k=1 k=1
Aq

L 5 Lokl N . _ S
b3 et (e a4 Y (4 ) i (KW o [(RGT) - X6y e ]

k=f+1 k=1 j=1 J

Ao As

N AN ) ) o
+ Y S den() Hiy (RW) o [(RB) (0 7).

k=1 j=1

Ay

We will show that each of || A1 ||op, [|Az]op; | As|lops [|Adllop is 0(y/n) with probability 1 — o(1).
By Lemma|3.2

L
Aoy < >~ exCF =% log® n = O(y/v/n) = o(v/n)
k=1

with probability 1 — o(1).
By Lemma (a) and (b), using that o < #;2,

L L
1Azflop < D cienn®(XB)*llza*|lz < Y cfewn*nMgMf = O(n(n/v/n)™*1) = o(v/n)
k=(+1 k=(+1

with probability 1 — o(1).

By (Bai & Silverstein, 2010, Corollary A.21), equation [8] and Lemma [3.2]
L k-1

PN ) B Ter (’j) V=i loghH = O(n) = o(vi).

k=1 j=1

Finally, since
| Hy—;(XW () 0 (XB)*(a%7) T |lop < (MaMg)?\/(k — 5)n? log" 7/ n

<CI/(k - j)!n_%Jr% log® n,

18
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we also have
L k-1

||A4||op§ZchCJ< >\/ — inT T2 logk n = O(n) = o(v/n).

k=1 j=1

This proves that with probability 1—o(1), we have F&) = F{™ 4+ 3¢ chernk(X8)°k (a°F) T + A,
with || Allop = o(1). This, alongside equation[9)and equatlonm concludes the proof. O

G PROOF OF THEOREM [3.4]

By Theorem letting E = Fy + A, we have ||E|,, = Op(y/n). Note that
Zi:l c’fcknk(Xﬁ)Ok(aOk)T has rank ¢ almost surely and its left singular vector space is
span{ (X8)°* }refy- Also, the subspace spanned by the top-/ left singular Vectors of F is Fy.
By Wedin’s theorem (Wedin, |1972)), (Chen et al., 2021, Theorem 2.9), and as o > 2@ L we have

Y Elo Sl
d(F,span{(XB)°*}req) = Op < ; H ” P ) = O]}P(ne2 ) = op(1).
n nz ||E||0p

2

H PROOF OF THEOREM [4_1]

Proof. By the definition of a(F'), we have
1, . . . 1, . . R
maox { 215 - Fa(®)g Ala(F)3} < +113 - Fa(e)l + Ala(e)[3

1, . 1, .
g~ 0[3+ AJ0l}3 = 3] = Oe(1).

N

IA

Thus,
[a(F)ll2 = Op(1), [|g — Fa(F)|2 = Op(vn). (1
A similar argument gives
|a(Fe)l2 = Op(1), [|g —Fra(Fe)ll2 = Op(vn). (12)
Also, by the triangle inequality, and using equationand Theorem which states |F; — F||op =

op(1/n), we have
19 —Fa(Fo)ll2 < ||y — Fea(Fo)|2 + [|(Fr — F)a(F)ll2

< |g = Fea(Fo)ll2 + [Fe — Fllop[|a(Fe)[l2 = Op(v/n). (13)

Similarly, we can prove that

19 — Fea(F)|2 = Op(v/n). (14)
For a = a(F) or a = a(F,),

1. i . i
~(Ily — Fal3 - ||g — Feall3) = ~ (Fr — F)a,§ - Fa+§ — F.a)

=

< —IFe —Fliopllallz (1§ — Fallz + [|g — Feall2) = 0r(1)

by equation equation equation equation and Theorem Therefore, using the
definition of d(Fg)

*Hy Foa(Fo)ll3 + M|a(Fo)|3 < ~[|g — Fea(F)|* + Aa(F)]3

19 — Fa(F)[3 + A|a(F)]3 + o=(1)

and using the definition of a(F),

1, . . 1 . .
~llg = Fa(®)[3 + Ma(®)|3 < ~|1§ - Fa(F:)|* + Aa(F)|l3
1, . R .
= |19 = Fea(Fo)|3 + M|a(Fe)|3 + op(1).
These together prove the theorem. O
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I PROOF OF THEOREM 4.7]

First, we will prove a general lemma regarding the equivalence of an augmented training loss. We
will later use this result to prove the equivalence of the test loss.

Lemma I.1. Ler n < n® with ZQ_—; <a< #fﬂfor some ¢ € N and ¥y be defined as in equation

For the test risk Lo from Section define
Re(a,F) = g~ Falf + Alald + CLeo(a)
Then, for any A > 0, ¢ > 0, we have
‘mainRC(a, F,) — m;nRC(a,F)’ =o(1), (15)
with probability 1 — o(1).

Proof of Lemmal(l1} Letting a¢(F) = argmin, R¢(a, F), we can write

maX{illﬂ - Fd<<F>||%,A||a<<F>|acﬁtC(aC(F))}

IN

Lo . )
Sy - Fac(F)|3 + Mac(F)|I3 + ¢Lic(ac(F))

IN

5~ - 0l3 + AJOJ3 + CLie(0) = O2(1)
Thus,
Lic(ac(F)) = Op(1), lac(F)l2 = Op(1), [l —Fac(F)ll2 = Op(Vn). (16)
A similar argument gives
Lic(ac(Fe)) = Op(1), ac(Fe)ll2=0p(1), g —Frac(Fe)l2=O0p(vn). (A7)
Also by the triangle inequality, equationand Theorem (3.3 which states ||Fy — F||o, = op(y/1),
19 —Fac(Fo)ll2 < [|g — Feac(Fo)ll2 + [[(Fr = F)ac(Fo)ll2
<19 = Feac(Fo)ll2 + [Fe = Fllopllac(Fe)ll2 = Op(v/n). (18)
Similarly, we can show that

|9 — Frac(F)|l2 = Op(v/n). (19)

Fora = a;(F) ora = a¢(Fy),

(g — Fal3 - g - Fal3) = — (F, — Fla,j — Fa+ y — Fya)

1 1
n n
1 - -
—IIFe —Fliopllallz (1§ — Fall2 + [|g — Feall2) = 0r(1)
by equation [T6] equation [I7} equation [T8] equation [T9] and Theorem [3.3] Therefore, using the
definition of a.(Fy),

1, . N . N
g - Foac(Fo)|3 + Mac(Fo)|13 + (Lee(ac(Fe))

IN

< %”ﬂ = Feac(F)|* + Allac(F)|3 + CLio(ac (F))
= %IIQ —Fac(F)[5 + Mlac(F)[5 + (Lee(ac (F)) + op(1),
and using the definition of a(F),
%IIQ — Fa(F)|5 + Alac(F)]5 + (Lre(ac (F))
=< %IIQ = Fac(Fo)||* + Mlac(Fo)ll3 + (Lre(ac (Fe))

= %IIQ — Fac(Fo)|3 + Mlac(Fo)l[3 + (Lic(ac(Fe)) + op(1).

20
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Putting these together, we have
| ngn Re(a,Fy) — main Re(a,F)| = op(1), (20)

which concludes the proof. O
Now, we use this lemma to prove the equivalence of the test loss.

Proof of Theorem We will argue by contradiction. Assume that Lg # Lr, and let £ = (Lp +
Lx,). Now, consider the following two optimization problems:

1 1
L= min —|g—Fal?+ \|a|? Ly= min  —|g—Feal3+ Aa|3.
1 Etc(al)r;ll n”y all lallz, 2 Cm(al?gﬁ n”y callz llallz

Without loss of generality, assume that Ly < Ly,. The solution of the first optimization problem will
still converge to L, (F) because Lg < L. However, the solution of the second optimization problem
will converge to a value greater than Ly, (F;), because L, > L and the objective is A-strongly
convex. Note that by Theorem we asymptotically have L, (Fy) = L, (F). Thus £; and £,
converge to different quantities as n — oo. However, using the minimax theorem and since the
objectives are A-strongly convex, we can write

1., .
£1 = max —CL + min [ny ~ Fal + Alal? +<cte<a>} ,
¢>0 a n

N
£, = max —CL + min [ny — Fiall} + Mall3 + ccte<a>} .
¢>0 a n

According to Lemma|[[.1] the two minima above converge to the same value for any fixed . Note
that, as functions of (, both maxima are concave as they are minima of linear functions of (. Hence,
by using the concave version of (Abbasi et al.,[2019, Lemma 1), we have that £, and L5 converge to
the same value, which is a contradiction. O

J GAUSSIAN EQUIVALENCE CONJECTURE

Results similar in spirit to Gaussian equivalence (Conjecture {.3)) for non-linear random matrices
were introduced in |El Karoui (2010); Cheng & Singer| (2013); [Fan & Montanari (2019). They have
been repeatedly used in recent studies of random feature models[Mei & Montanari| (2022)); Montanari
et al.| (2019); |/Adlam & Pennington| (2020a3b)); [Tripuraneni et al.| (2021); |Goldt et al.| (2022); Mel
& Pennington| (2021)); |d’ Ascoli et al.[(2021); [Loureiro et al.| (2021); |Lee et al.| (2023)); [Hassan1 &
Javanmard| (2022); |[Hu & Lu|(2023); Montanari & Saeed|(2022). Also, there has been progress on
proving the Gaussian equivalence property for a multi-layer network with only the final layer trained
Bosch et al.| (2023); |Cui et al.| (2023).

In more distantly related work in random matrix theory literature, the phenomenon that eigenvalue
statistics in the bulk spectrum of a random matrix do not depend on the specific law of the matrix
entries is referred to as “bulk universality” |[Wigner (19535)); |Gaudin| (1961)); [Mehtal (2004); Dyson
(1962); Erdos et al.|(2010; [2012); [E1 Karoui (2010); Tao & Vu| (2011).

Erdos| (2019) shows that local spectral laws of correlated random Hermitian matrices can be fully
determined by their first and second moments, through the matrix Dyson equation. Also, |Banna
et al.| (2015;/2020) show that spectral distributions of correlated symmetric random matrices can be
characterized by Gaussian matrices with matching correlation structures.

In our case, we apply the Gaussian equivalence conjecture to the following quantities for p, ¢ € Ny
and B1, B2 € {B, B.}: Hy(XB1) "RoHy(XBz), and = H,(XB1) ' RoFoH,(N'/?a).

K PROOFS OF RESULTS FROM SECTION [4.2]

Here, we will prove the results in Section @ First, we will provide several lemmas, which will be
used in our proofs. The first lemma allows us to approximate linear and quadratic forms of 3 in terms
of 3,; the quadratic form result is from Ba et al.|(2022)). Its proof is in Section

21



Under review as a conference paper at ICLR 2024

Lemma K.1. For any d € N, let v € R% and D € R¥*™*4 pe vectors and matrices, fixed or
independent of X, By, €1, . ..,epn, and satisfy ||V 2, [|Dllop < C almost surely, uniformly for some
constant C > 0. Under Condition[2.1) we have

1
|VT6 — c*,lvTﬁ*| -0, |B'TDB- ;(cf + O’?) trD — cilﬁjD,@* =0

in probability as d — oc.

We will use the expression derived for the training loss in the following lemma; see Section for
the proof.

Lemma K.2. The training loss L. (F) can be written as

L:(F) =\g" (FF" 4+ \nl,) 9.

The following lemma will be used in proving concentration of certain quadratic forms appearing in
the proofs; see Section [N.4] for the proof.

Lemma K.3. Let g : R — R be a polynomial, D € R™*"™ be a matrix with |D||op, = Op(1/n), and
Z € R" be a vector of i.i.d. Gaussian random variables with bounded variance independent of D.
We have

9(2)"D ¢(Z) - Elg(2) "D g(Z)]| > 0,
in which g is applied elementwise.

The limiting values of two key quadratic forms appearing in the proof are derived in the following
lemma, whose proof is deferred to Section

Lemma K.4. Let mq and my be the solutions to the system of fixed point equations from equationd]
Then, the following holds:

(a) BTXTRoXB = 9(c2 + o2)my + %cilmg +op(1) = 6p(1).
(b) a"FJRoFoa — |ja|? = ij;—ﬁml + % —1+o0p(1) = Op(1).

In particular; 1(c2 + o2)ma + %cilmg # 0 and ALy + % —1#0.

The following lemmas will be used in the computations. We defer the proofs of these lemmas to
Sections N8| and [N.9|respectively.

Lemma K.5. For any p,q € Ny, p # q and any vector u € R", with ||u||s = 1 independent of Ry,
we have H,(Xu) " RoH,(Xu) = op(1).
Lemma K.6. Forany p € N, we have

(a) me(Xﬁ*)RoFoao2 = O]p(l),

(b) VNH,(XB)RoFoa? = op(1).
Lemma K.7. Fors € {1,2}, p € N, and p # s, we have H,(XB,) Ro(XB)°* = op(1). Further,

lim  Hy(XB,) Ro(XB)°? = 2¢2 lwml.
n,N,d— 00 o

Lemma K.8. We have

lim  (XB)2 Re(XB)> = 24

2, 2 2 12
n,N,d—s o0 P [p(cy +02) +ciql™

22
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Now, we will first provide a proof of Theorem .4]in the case of ¢ = 1 and ¢ = 2 for a better insight
into the proof techniques. We will then prove the general form in Section

K.1 PROOFFOR/ =1

Proof. In the ¢ = 1 regime, due to Theorem [4.1] we can replace F by F; (defined in equation [3)
to compute the training loss. Hence, from now on we let F = F;. We can write FF'T = FOFOT +

UKU" where U = [Fya | X3 ] and

_ { 0 iy ]
cin cin?llal3)”
Based on Lemma the training loss depends on R = (FFT 4+ AnI,)~!. Using the Woodbury
formula, this matrix can be written in terms of Ry = (FOFJ + )\nIn)_1 as

R=R;-RUK '+ U'RU)'UR,. 1)

Defining T = (K~! + UTR(U)~! € R?*2 and substituting R = Ry — RyUTU "Ry in the
formula for training loss in Lemma [K.2] we find

Li(Fo) — Li:(F) = A RoUTU Rog. (22)
Using equation[22|and U = [Foa | X3 ], the loss difference can be written as

L (Fo) — Loo(F) = X[ T11 (9 RoFpa)?

+ (Th2 + To1)§ ' RoXB - a Fg Rog + Ta (’QTROXﬁ)Q} ) (23)
in which Tj; are the elements of the matrix T. Using
BTXTRoXs 702%] —a'FJRoXg

_C%n — BTXTRyFoa a'FjRoFoa — a3
T =

(BTXTRoXB) (aTFJ RoFoa — [af3) — (& + aTFOTROX[s)Q’
we will compute the limit of each term appearing in equation [23]separately:
Term 1. The first term can be written as
61 = M1, (9 RoFoa)?
_ A (BTX RoXP) (§ RoFoa)?
(87XTRoXB) (aTFJ RoFoa - lal) - (& + angRoxﬁ)g.

Based on Lemma [K.4] we know that 3T X TRoX8 and @ FJ RoFoa — ||al|3 are Op(1). Also, it
can easily be seen that

IEg RoXBll2 < [[Follop|Rollop I XBll2 = Or(1).
Hence,
1 N2
— +a'FgRoXB) =op(l) (24)
an
because a L FJROXﬁ Also, using that RgFoFJ = (FoF] + Anl,) 'FoFJ =1 - AnRy,
(7 RoFoa)? = §' RoFoEqlaa’ |F] Rog + op(1)

1 _+- _ 1 —= _ An_t=o._
= "RoFoFg Rog +op(1) = —§ Rog — 9 ' RZG + op(1) = op(1),

N N

where in the last inequality, we used the fact that § "Rog < +[|g[3 = Op(1) and g "R3g <
ﬁ 9|13 = op(1). Putting everything together, it follows that §; = op(1) in probability.
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Term 2 and Term 3. The second and third terms can be written as
5y = 63 = A\T129 ' RoXBa FJ Roy
A (= - aTFIRoXB) (5 RoXBa F{ Rog)

= ~ — ~ B B ~ 2 .
(BTXTRoXB) (aTFJ RoFoa — [lal}3) — (3 + aTFgROXﬁ)
Recall from the above argument that the denominator is ©p(1) and that —-— rias a ' FJRoX3 = op(1).

Also, QTROXﬁaTFJRO'g < ﬁ||@||§||X,6||2Ha|\2||F0||(,p = O[p( ) Therefore, we find J =
53 = 019(1).

Term 4. This term can be written as
81 = ATz (9 RoXB)?

A (a"F§ RoFoa — |a]3) (" RoXB) L (3TRoXB)? (L)
N < S~ — . 2 TVTD W )
BTXTRoXS (a"FJRoFoa — all3) — (%] + aTFOTRoxﬂ) BTXTR,X3

since 7 + a " FJRoXB = op(1) and a  FJ RoFoa — ||al|3 = Op(1) # 0 by Lemma By
equatlonﬂ]and Condition [2.4] we can write

Y= Z CupH. Xﬁ* g,

where € € R" is additive Gaussian noise. Note that

7' RoXB = Z e pHp(XB,) " RoXB + e RoXB = c,18] X TRoXB + 0p(1)

p=1
by LemmalK.7]and since [|[RoX3|j» = Op(1/y/n) and e 1 RoXg.
Further by Lemma
C*JﬁIXTRoX,@ = CilﬁIXTR()X,@* + O[P(l).
By summing up the fours terms computed above and using Lemma[K.4] we get
w)\cjf,lmg

et 1 + o(ck + 02)]
which concludes the proof for ¢ = 1. O

L:(Fo) = Lor(F) —p Ay = >0, (25)

K.2 PROOFFOR/{ =2

In the ¢ = 2 regime, based on Theorem |4.1} we can replace F with F, (defined in equation to
compute the training loss. Hence, from now on we let F = F. We can write FF' = FoF| +

UKUT where U = [Foa | Foa®2VN | X3 | (X3)°% ] and

0 0 cn 0
0 0 0 ctean? /NN
K =
cin 0 cin’llal3 ciean®(a, a®?)

0 cen?/VN cien®(a?,a) cicdy*(a®, a?)

Recalling R = (FF ' +AnI,)~!and Ry = (FoF + AnL,) "', we still have equation 21} Defining
= (K '+ U"RoU)"! € R**4, we have the following analogue to equat1on

Li:(Fo) — Li:(F) = A\g RyUTU "Ryy. (26)
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Denoting in what follows Q = F ] RoFy, the inverse T~! can be written as follows:

a"Qa — ||a||? NzaT(Q —I)a®? a FJ RO + C%ﬁ a Fj RO
N%aT(Q _ I)a02 NaozTan2 _ N\|a°2||§ N%GDQTF(‘)FROé NanQTFTR 0°2 4 N2 ¥ Czn
0 " RoFoa + 4, N320TR(Fa®? 6 "Ry0 6" R(6°?
62 TRFoa N30T R Foa? + (2(:1] 62 TR0 62T R0

K.2.1 ANALYSIS OF TERMS INT~! AND T

In the following section, we will first analyze the elements of T !:
(1,1): The term @' Qa — ||a||3 has already been analyzed in Lemmaand is ©p(1).

(1,2) and (2,1): Recalling Q = F] RoF¢ and Ry = (F] Fy + AnIy) ™!, we can write

[T 12 = [T 21 = VNa'Qa** — vVN(a,a?)
= -V Na"Rpa®? = -V Na Ry (a°> — 1/N1y + 1/N1y).

Introducing @ = v Na ~ N(0,1Iy), and as Hy(z) = x> — 1 for all x, we find

_ _ An N An
[T 1]172 = [T 1]271 = _W TR0H2(CL) — ﬁaTRolN.
The second term converges to zero as n — oo because a ~ N(0, %I ~) is independent of R, and
|| RO 1 NH2 = Op(1). Moreover, the first term also converges to zero; indeed,

6T Ro (@) = (W)TRO (zﬁ +2HQ(a>> B (aT —;fg(a))TRO (tf—;w) _

Lemma[K.3|can be used with D Rto prove the concentration of both term around their expectation.
Note that the expectation of @ ' R Ho(a) is zero because of the orthogonality property of Hermite
polynomials and the independence of a and Ry. Putting everything together, we conclude that
[T712 = [T 2,0 = op(1).

(1,3) and (3,1): Recalling that 0= Xﬁ, it follows from equation that this term is op(1).

(1,4) and (4,1): To bound a' F] R¢6°2, note that

1P Ro6°2lop < [[Follop|Rollop||0°%]l2 = Op(1).

Hence, because a ~ N(0, 4 1) is independent of F{ R6°2, we have

[T 14 = [T a1 =a FjReO% = op(1).

(2,2): This term is Op(1), because a ~ N(0, -

, 7 IN), s0

[T~ 22 = Na®®"Qa®® — N|a®?||2 = ~ANna®*" (Fj Fo + Anly) 'a®?
< ANn|[a®|3 - |(Fg Fo + Andy)|op = Op(1).
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(2,3)and (3,2): To bound vNa°?" F] Ry, note that
IVNa**TF{ RoX |2 < [|VNa®®||2 ]| Follop | Rollop 1 Xlop
go-ﬁ-%\/ﬁzopm.
Also, by Lemma[K.1] we have
[T o5 = [T 302 = VNa? FRoXB = c,.1VNa*?TF RoX B, + op(1),

which converges to zero, because 8, ~ N(0, 31,) and is independent of v/ Na°?"F{ RoX, which
has bounded norm in probability.

(2,4) and (4,2): First note that in the regime where ¢ = 2, we have n—@ — 0. Hence, we can write

[T 24 = VN(XB)°2TRoFa°? + op(1)
= VNHy(X8) "RoFpa®? + VN1 RoFoa? + op(1). 27)

By Lemma the first term converges in probability to zero. Moreover, a ~ N(0, %I ~ ) is indepen-

dent of RgFp, and ||1,) RoFg||2 = Op(1). Thus, we have that v N1, RoFy (a®? =1/N1y) —p 0.
Hence, we find

[T_1]2,4 = \/N].IR()F()].N/N + 0]}»(1).

Based on Conjecture we can replace F with Fy = 01XWJ + ¢s1Z, where Z € R™*¢ is an
independent random matrix with N(0, 1) entries, without changing the limit. Now, the linearized
F is left-orthogonally invariant, hence Fy has the same distribution as OF, where O is uniformly
distributed over the Haar measure of d-dimensional orthogonal matrices, independently of all other
randomness. Hence,

N7Y21"RyFoly =4 N"Y21T ORyFo1y.

Now, O"1,, =4 \/ﬁZ4||ZH2, where z ~ N(0,I,,). Moreover |z|]2 = v/n(1 + op(1)), hence
replacing O " 1,, with 2 T introduces negligible error. Hence,

[T_1]2,4 =d N_1/2ZTR0F01N + Op(l).

NOW, ZTR()F()]_N ~ N(O, HROFO]'NH%)? and ||R0F01NH2 = O[p(l), thus [T71]274 —p O

(3,3): We have |02 = Op(V/N) and ||Ro||op = Op(1/n). Thus, [T~1]53 = Op(1).

(3,4) and (4,3): First, note that defining ﬁ = Hglz ,and as Ho(z) = x? — 1 for all z, we can write

[T 1s0 = [T a5 = 6 Ref% = |83 ((XB) "Ro(XB)*?)
= 1813 (X3 RoH2(XB) ) + 83 (6" Rol)
Now, by Lemma[K.T| we have
0" Roly = .10 Roly + op(1).

Now, note that [ XRo1x||2 = Op(1) and B, ~ N(0, 11,) is independent of XRg1, which implies

that the second term converges to zero. By using Lemma for u = (3, the first term also converges
to zero. Putting these together, we have [T~!]3 4 = [T~ 1], 5 = op(1).

(4,4): ‘We have ||é02||2 = OP(\/N) and ||R0||Op = Oﬂ»(l/n) Thus, [T_1]4)4 = O]p(l).

Now, putting everything together, the matrix T~ can be written as
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_[T_l]l’l 0 0 0 7
0 [T71]2 2 0 0
T_l = + Ala
0 0 [T_l]g)g 0
L 0 0 0 [T~]4,4

K 11]11 0 0 0
1
0 =153 0 0
T = + Ao, (28)
1
0 0 [T-1]3,3 0
1
L 0 0 0 [T—1]4,4 ]

where the all elements of Ay are op(1).

K.2.2 COMPUTING THE TRAINING LOSS

Having computed the limit of the matrix T~! and T, we are now ready to put everything together
and compute the limiting train loss. One can write the outcome vector § as § = 0, (X3, ) + &, where
e € R™ is the noise term. Thus, using equation[26] we find

Li:(Fo) — Li(F) = Ao, (X8,) "RyUTU " Ryo, (XB,)
+ 200, (XB,) "RYUTU 'Rye + A\e "RyUTU "Rge.  (29)
We will first argue the second and third term will go to zero in probability. To do this, we note that
IT]|op = Op(1) and also HUTROHQ < |1U]loplIRollop = Or(1/+/n). We have € ~ N(0, 021,,) and

it is independent of RO, U, T, X, and B,. Also note that ||o,(X8,) TRoU]||2 = Op(1). Thus, the
second and third term in equation 29| go to zero and we have

Li:(Fo) — Li(F) = Moo (XB8,) "RoUTU "Ry, (X3,) + op(1).
If we expand o, (X/3,) in the Hermite basis as o, (X3,) = Z;ozl ¢ pH,p(6,), we can write

Li(Fo) — Lir(F) = A Z CopCrgaHp(0:) TROUTU RoH,(6,) + op(1).

p,q=1

We define A, , = H,(0,) TROUTU RoH,(8,) = 679 + 65 + 627 4 6% in which, with T} ;
being the (7, j)-th elements of the matrix T,

571 =Ty 1 Hy(6,) "Ro(Foa)(Foa) ' RoH,(6.)
+ Ty 2H,(60,)" O(Foa)(\FFoa ) TRoH,(6,)
+T13H,(0,) "Ro(Foa)d 'RoH,(6,)
+T1.4H,(0,) ' Ro(Foa)8°? " RoH,(6,), (30)
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o9 = Ty 1 H,y(0,) "Ro(VNFga®?)(Foa) "RoH,(6,)
+Ty0H,y(0,) "Ro(VNFoa®?)(VNFoa®?) "RoH,(
+Ta3H,(0,) ' Ro(VNFoa®®)0 RoH,(6,)

+ To.4H,(8,) " Ro(VNFa°?)0°2 Ry H,(6,), 31)

D

+)

00(Foa) 'RoH,(6.)
R (\/NF()LLOQ)TR()Hq(é*)

o =1Ts, 1Hp (9
+ 13,2
+T33
+T154H,

H
H,(0,)"Ro66 RoH, (0

R
»(0
»(0 +)

(6,) TR0OO>TRoH,(6,), (32)

<)
+)
+)
and
oyt =Ty 1 Hy(0,) 'R0 (Foa) 'RoH,(6,)
+ T4,2Hp(9~*)TR09~02(\/NFOGOQ)TROH’I(é*)
+ Ta3Hy(6.) 'Ro670 RoH, (6

+)
+ Ty4H,(0,) "Ro0°20°* " RoH,(6,). (33)
We will now look at each 67 fori € {1,2,3,4}.

Term 67°?: To prove that the term in equation are asymptotically negligible, note that
a ~ N(0, +Iy) is independent of H,(8,)RoFo and we have ||H,(6.)RoFo|l> = Op(1). Thus,

H,(8,)RoFoa = op(1) and all other terms multiplying this are Op(1). This implies that for any
p,q € N, we have 677 = op(1).

Term 65°%:  All four terms in equationm converge to zero. To prove this, we will use the Lemma

In equatlon | all terms multiplied by N H,,(0,)RoFa°? are Op(1). Thus, 557 = op(1) for
any p,q €N,

Term 65°7:  The first term in equationconverges to zero in probability due to an argument similar
to the arguments used for §7°?; and the same holds for the second term in equation 32} by arguing
similarly as for 55 Y. We have shown that T34 = op(1), and by a norm argument, we can see that

H,(6,) TR0 and 6°2T Ry H,(8,) are Op(1). Hence,
059 = T3 3(H,(6.) "Ro0) (6 "RoHy(6.)) + op(1).
Term 65'?:  The first two terms in equation [33|converge to zero by the same reasoning used for

877 and 057, respectively. The third term can also be shown to converge to zero by recalling that
T45 = op(1). Hence, we can write

609 = Tya(Hy(0,) "Ro6°%) (6° " RoH,(6,)) + op(1).
Putting everything together, we find
Lix(Fo) — Lie(F) = M35 Y | ¢y peuq(Hp(6,) "Ro6) (0 "RoH,(6,))
p,q=1

FATua Y Coplug(Hp(0,) "R00°%) (6°2 RoHy(6.)) + 0p(1).
p,q=1

Using Lemma|K.7] we know that in the sums above, the terms corresponding to (p, ¢) = (1,1) and
(p,q) = (2, 2) are the only non-negligible terms in the first and second sum respectively.
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Hence, as T3 = 1/(6 Ro8) + op(1) and Ty 4 = 1/(6°2TR(6°?) + op(1), from Lemmas
--and- we can write,

Lio(F) — Lio(Fo) = ATs 362, (0] Ro8)” + ATy uc? 5 (Ha(6,) TR0°%)° + op(1)

S o
2, (6] Ryb) e (Hy(6,)TR6°2)”
éTROé *,2 éoQTR00~02
1/})\cjfvlm2 N 4¢Acﬁ7103)2m1

ol + (3 +02)] - 30[d(ct +02) +cf 4]

+ 0[@(1)

*)pAQZ

proving the theorem for £ = 2.

L ASYMPTOTICS OF THE TRAINING LOSS FOR GENERAL ¢

We define the values ¢, ; for all 4,5 € {0,1,...} such that for any p € N and x € R, we have
aP =370 &pii().

Theorem L.1. Let ¢ € N. If Conditions 2. 1}2.4 and the Gausstan equivalence conjecture #.3| hold,
while we also have ¢y, - - - , ¢ # 0, and = n® with & Te <a< %3_2, then for the learned feature

map F and the untrained feature map Fo, we have L, (Fo) — L (F) —p Ay > 0, where

14 14 14 14
= )‘Z Z CrpCriqTpl'q Z Z Qij (o ( o ) + ¢ 1) (e &i.p€j.q T or(1),

p=1g=1 i=1j=1

in which 2 is an invertible matrix with

min(i,j)
- +9)/2 ¥ o
97 i = (e + o+ o) D magiaia by D0 K€ | Vig €1l
k=0, k#1
and forp € N,
Id) P
plyYymy Cx,1
r={ ° <\/¢<cz+ag>+cz,1) p#1
Pmo Cx,1 =1
¢ VoleItoD)+el, P
Proof of Theorem|L] In the regime where n < n® with 2—21 < a< %f_Q, according to the

equivalence theorem [d.1} we can replace F with F, when computing the limiting training loss.
To compute the limiting training loss difference according to lemma [K2] we study the matrix
R = (FF' + \nl,)~!. Due to equatlon we can write

k=1
4 ~ [ o o
+ Z Cllccknk(Fank)eokT + Z Z CllJrJCicjanrg (aOZ)T(aOJ)GO’LeO]T.
k=1 j=11i=1

Defining the matrix U as

U= | Foa | e ’ NED2E a0t |6 | | 6°!| e Rn¥2,

£ columns £ columns

we can write

K
FF' = FoF; + UKU', in which K = [Of{” K} € R??,
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o (e cieen’ £xe ” X0 wih R _
where K, = diag (7. vz e R and K € R with [K];; =
&M eieimi™i (@, ad), forall i, j € ().

Using the Woodbury formula, the matrix R can be written in terms of Rg = (FoF] + AnI,)~! and
T=(K !1+UR)U) ! e R2* a5 R = Ry — RyUTU " Ry. Now

7 —1 N N7
K'!= Iil K, , where Kgl = diag ey g : ,
K, (\7NY) cic1m 0102776

and [K]; ; = —NG-D/2NU-1/2(q% a°), for all i,j € [¢]. We define M, My, M, € R as
the following blocks of T~
T—l —_ |:M1 M0:| .

M, M,
Hence, we have
[My];; = NU-D/2NG-D/2q° T (F[RoFy — D)a,
[Mo]i,j — N(ifl)/aniTFa'ROéoj +OIP’(]-)7

[Ma];; = 0° TR0,

We can expand the monomials in terms of the Hermite polynomials, for scalars &; ., k € [i], as
follows:

(N'2a)” =3 & kHe(N?a), and  (XB)” = [IBI5 > & »Hr(XB/||Bl|2).
k=0 k=0
Using these, we will analyze each matrix My, My, M, separately.

Analysis of M;. It is easily seen that the elements of this matrix are Op(1).

Analysis of M,. To analyze these terms, we need the following lemma, whose proof is deferred to
Section

Lemma L.2. Foranyi,j € Ny, we have

min(i,j)

Z [ARINESH

k=0, k#1

(RO TRXB p (2 61 +8) " (26,0002 4 P

Defining the matrix My € R*** with entries

min(4,5)

> K ikl

k=0, k#1

vme  Pmy
s o

for all i, j € [¢], we have [M2]; j —p [Ma]; ;. Note that we can write

M, = %BZMZTB + %eeT

Ma)ij = (¢, + o(c2 + O’?))(i+j)/2 &1

)

where we define b = (cil +é(c2 +02))1/2, B = diag(b', -+ ,b") e R e = B[&10, -, &0l TS

mg 0 -+ 0
0 20my 0 a0 &
M= | . S | eR*and Z=| @ . | eRYE
0 0 - Oy Se1 o Cee

Recalling that for all 4,5 € {0,1,...}, & ; are such that such that for any p € N and z € R, we
have 2P = >°F &, H;(x), it follows that the matrix Z is lower-triangular with unit diagonal; hence
invertible. Thus, since B, M are diagonal with positive entries, the matrix BZMZ B is positive
definite. This implies that M is invertible. We will denote © = M *.
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Analysis of M,. We analyze [MO]z ; by writing N~1)/2@°7 in the Hermite basis, finding
Z gzk N1/2 )TF(')I'ROéoj +O]P’(1)
The terms with & > 0 are all op(1) because %j\[/za)

independent from the vector FJ Ro#°/ with norm Og(1). Thus, [M,]; ; = op(1). The term with
k = 0 can also be shown to be op(1) by using the fact that the linearized Fy is left-orthogonally
invariant, via an argument identical to the one used to analyze equation[27]

is a norm Op(1) vector with mean zero,

Hence, putting these together, the matrix T can be written as

-1
i S

Using lemma we can write the training loss difference as L (Fo) — Ly (F) =
Ay 'RyUTU "Ryy. Plugging in the teacher function f,, we find

Lix(Fo) — L (F ZAc*pc*q (6,)"RoUTU "Ry H,(8,)

+2) Z (v Hp(6.) TROUTU R ) + e T RoUTU Roe.

Note that the second term can be shown to be op(1) because € ~ N(0, 021,,) and it is independent
from H,(0,) RoUTU' Ry, and || H,(0,) ' RoUTU Rg||op = Op(1/+v/N) with a simple order-
wise analysis. The third can also be shown to be op(1) by noting that ¢ is independent from R U,
IRoU||op = Op(1/y/n) and the fact that the elements of T are Op(1).

To analyze the first term, we define §,,, = H,(6,) T RoUTU RoH,(H,) for all non-negative
integers p, ¢. To analyze such terms, we first expand UTU " as

14 14 14 14
UTUT _ ZZN(iJrj)/Q*l[Ml—l}i’j(Foa Foa ZZ eonOJT

i=1j=1
Thus, for any p, ¢ € Ny, the terms 6, , can be written as

Opg =YY NUEDETNTY, Hy(0,) "Ro(Foa®) (Foa®) " RoHy(6,)
i=1 j=1

1 J4
#3230 R 0 Rty 8,

By an argument identical to the argument for the terms in M, the first sum goes to zero in probability.

Denoting 3/ 8> := B, we can expand (X8)°" = [|BII3 Y=o &1k Hi(XB/||B]|2). To analyze 6,4,
we need the following result, whose proof is deferred to Section [N.11}

Lemma L.3. For any p,q € Ny, we have

p
plymy Cy .1 _ 1
o B <¢¢<cz+a§>+cz,1) p=a7
HP(Xﬁ*) Ry Hq(X/@) —p §¥m2_ G p=q=1
¢ \fo(c2+o2)+c2 |
0 p#q.

We can now use Lemmaand the fact that || B[] —p (¢(c? + 02) + ¢? 1)1/2 to write

=ZZ IV 81576 p6.0 Hp (02) TR H,(XB) - Hy(XB) TR H, (6.) + op(1)

i=1 j=1

~
~

= Z Z [€2];,5 (¢(C +o2) + 1)(i+j)/2 &i.p&j,aTprq + or(1),

i=1j=1
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for p, ¢ € [¢], which concludes the proof. O

M INFINITE SAMPLE LIMIT

In the infinite sample limit, where n > N, d, we have ¢ — 0. In this extreme case, the expressions for
my, mg will further simplify as my,ma — ¢/M). Note that in this limit, we have L, (Fo) — 02 +c2
(see e.g., (Mei & Montanari, 2022 Section 6). Using Corollary f.3] we see that for example when
¢ = 2, we have L(F) — o2 2 >2- In particular, the term corresponding to the linear
component of the teacher functlon in E(Fo) cancels out with the corresponding term in As.

N PROOFS OF SUPPLEMENTARY LEMMAS

N.1 PROOF OF LEMMA[CJ]

Recalling a; b N(0,1/N) and (&;, B8)|3 "~ i N(0, || 3]|3), claims (a) and (b) follow from standard
Gaussian maximal inequalities (van der Vaart & Wellner, [2013, Section 2. 2) and fro 7H,BH2 = Op(1

the latter follows by writing 3 = n~ X " (0, (X3,) + ¢), where € = (&1, .. and using our
distributional assumptions on X, ¢, as well as Condition

By (Vershynin, 2012, Theorem 5.39) and (Bai & Silverstein, 2010, Corollary A.21), we
have [WoW{ |lop, [(WoW{ )°?|lop = Op(1). Also, by (Vershynin, 2018, Theorem 3.4.6)
and Gaussian maximal inequalities (van der Vaart & Wellner, 2013, Section 2.2), we have

max1§i¢§j§N<wo7i,wo7j> = O]p(n_% log% Tl) For k > 3,

I(WoW5)*lop < [(WoWg )™ —TInllop +1 < [[(WoWg )" — Lyllr +1

< Z (wo;,wo ) | +1=o0p(1)+1.
1<i#j<N

Therefore,

My < 0 {[WoW g | (WoWT ) o510 [ (W W) Lo f = O (1),

Claim (d) is standard, see e.g. (Vershynin, 2018, Theorem 4.4.5).

N.2 PROOF oF LEMMA [KT]

‘We can write

VT(IB - c*,lﬁ*) = nilvT(XT(U*(Xﬁ*) + E)) - C*,lﬁ*

=n"" Z(VT“"W*@;Fﬁ*) - C*,IVTﬁ*) +n e

Now n~tvTe ~ N(0,02|v||3)/n —p 0. Moreover, by Condition we can write o, (z; 3,) =
Ce 0+ Con] By + (P>1J*)(:c;ﬁ*), where conditional on 3,, (Ps10,)(x; 3,) is orthogonal in L2
to the constant function and to mZT B.. Hence the first sum above equals

n n n
rflc*pvT Z x; + nilC*JVT <Z mifciT - I) By +nt Zvchi(P>1cr*)(a:iT,8*).
i=1

i=1 i=1

For the first term, n~"'c, v’ Y1 @; ~ n7 e, o - N(0,n||v]|3) —p 0. The second term is ¢, 1
times a sample mean of i.i.d. random variables of the form v’ (:clas — 1), which have zero mean
by the Gaussianity of x;, and for which all moments are finite. Hence, by the weak law of large
numbers, this term converges to zero in probability.

32



Under review as a conference paper at ICLR 2024

Similarly, the third term is a sample mean of i.i.d. random variables of the form v " z; (P>104) (ac;r By)s
which have zero mean by the Gaussianity of &; and Lemma|C.1] and whose second moments are
finite since o, is Lipschitz. Hence, by the weak law of large numbers, this term also converges to
zero in probability. This finishes the proof of the first claim.

Next, the second statement follows from (Ba et al., 2022, Lemma 18). While that work has slightly
different assumptions on the teacher function f,, it is straightforward to check that their proof goes
through unchanged under our assumptions. Specifically, their proof requires that x — f,(x) =
o.(x ' B,) is O(1)-Lipschitz, which holds in our case because o, is O(1)-Lipschitz, and ||B, |2 =
Op(1)

N.3 PROOF OF LEMMA [K2]

By plugging in a into the training loss, we find

1, . . . 1, . 2 _ . 1, N
L0(F) = =g~ Fal + Mal3 = 53 - 5 Fa+ - aT (FTF + Anly)a

1 0 1 1. 1. e
=—|gl3 - =9"Fa=—|g|5— —g FE F+ly) 'F'g
n n n n
1 1
=—|gll3 - g "FF (FF' + Anl,) 'y
n n
1 . 1. U L
= EH@/II% - ﬁyT(FFT + AnL,)(FF" + AnL,) 'g+ Ag' (FF' + Anl,) 'y

=g (FF' + \nl,) "'y,
which proves the lemma.

N.4 PROOF oF LEMMA [K3]

To prove the concentration of this term around its mean, we will use the generalized Hanson-Wright
inequality (Sambale} 2023, Theorem 2.1) for a-subexponential random variables. Note that, by
definition, if Z is a Gaussian random variable, H,(Z) is 2/p-subexponential (see the definition in
equation (1.1) of|Sambale| (2023)) and for these variables the Orlicz norm of order 2/p is bounded
(see equation (1.3) of Sambale; (2023)). Also note that |D||g, < /n||Dllop = Op(1/+/n). Thus,

log(n)

P (‘g(Z)TD 9(2) - Elg(Z)"D ¢(2)]| = l(j/g;) < 2exp (~Cmin {log?(n), (vnlogn)'/7 } ),

where C' > 0 is some constant. This concludes the proof.

using (Sambale, 2023} Theorem 2.1) and setting ¢t = , we find

N.5 PROOF oF LEMMA [K4]

First, we show that switching from wy ; “E Unif (S?71) to wo ; “r N(0, 21,) will not change the

limit of the terms 1 Etr(X " RoX) and Etr(Ro) which will appear later in the proof. First, we define
Wy = [o1, o],
1

£ (nwo,luz’ Tdbo.n

andﬁg = (Foﬁ‘(—)r + )\nIn)fl.

) L Wo =1 DWo, By = o(XW]).

Then,

tr [RO — fio]

tr [(FOFJ +Anl,) "t — (FoF] + /\nIn)_l]

tr [(FOFJ + L) L(FF] — FoF])(FoF] + )\nIn)_l}

< tr(FoFg + AnL,) " H[(FoFg + AnL,) " op|[FoFo — FoFollop

<

s1Q

||FOF0 - ];-‘()F(] ||op~
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Now, using Conjecture we can replace F and Fo with Fy = c1XWJ + ¢>1Z and Fo =
c1XW{ + c-1Z, respectively, without changing the limit. With this, we have

FoF] — FoF]

= cfX(WOWJ — W()WJ)XT + clc>1X(W0 — Wo)TZT + Clc>1Z(Wo — Wo)XT.
Now,

IWoW{ — WoW{ [lop < [Tn — Dllop[WoW{ [lop (ID]lop + 1).

I\IoteAthat ||W0W(—)|—H0p = O[p)(l), HDHOP = Qp(l), and ||IN — D”Op = O[p)(l). Th~us HW()W(—)F —
WoW{ |lop = op(1). Also, similarly, |[Wo—Wj||op, = op(1). Hence, noting that || X||op and ||Z]|op

are both Op(v/N), we have 1 |[FoF] — FoF{ |lop —p 0. This implies that | tr[Ro — Ro]| = op(1).
Also,

XX,
IXK oy

‘:ltr [XTRoX} — %tr {XTﬁOX} ‘ < |tr[R0 - ﬁo] d

Finally, we can prove the required claims as follows:

(a) Since 3, ~ N(0, éId), we have
N 1 L
B! XTRoXg3, = - Etr(X "RoX) + op(1),

by the Hanson-Wright inequality. Note that by the argument above, we can assume that
Wo i S N(O, éld) without changing the limiting trace. Further, from (Adlam & Penning-
ton, 20204, Proposition 1), see also /Adlam et al.[(2022), we have % Etr(X TRoX) — %mg;

see the discussion at the end of this proof for the detailed explanation. Now, we arrive at the
conclusion by applying Lemma

(b) Since a ~ N(0, 1), we have
a'FJRoFoa — ||lalj3 = %tr (FgRoFo) — 1+ op(1)
by the Hanson-Wright inequality. Moreover,
FJRoFo = F]Fo(F]Fo + Anly)™?
= (FgFo + AnIy — AnIy)(FgFo + A\nIy) ™' = Iy — Mn(Fg Fo + AnIy) L.
Hence, + tr (FJ RoFo) — 1 = —32 tr(F] Fo + Anly)~!. From the argument above, we

can assume that wy ; 5 N(0, éId) without changing the limiting trace. It follows from
(Adlam & Pennington, |2020a, Proposition 1) that E tr Ry — %ml; again see the discussion
at the end of this proof for the detailed explanation. Note that lim E tr Ry is the limiting

Stieltjes transform of FoF]. Hence, m; = limEtr(Fj Fo + AnIy)~! is the limiting
companion Stieltjes transform of m; which is given by

mi = %ml — (1 — Z) % (34)

This concludes the proof.

For the reader’s convenience, we provide the following diagram that shows how the notations of
Adlam & Pennington| (2020a)) (left) match (<) ours (right):

n()<:>d7 ’I'L1<:>N, m<:>n7 ¢a7/f<:>¢»1/1»

XT e R™*™0 o X e R4, F' e R™*™ o Fy e R™*V, ow, =0,

1 1 _

—KOm/n) ' = —F'F+ L, © Ry =FF) +\nl,, (&c, ned+d,
ni ni

1
mno

1 N_ N o
n=—EtrK!em =—EtrRy, 7= Etr X XK' < my = —dEtrXXTRO.
m n T
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N.6 PROOF OF LEMMA [K.3]

Define X = X — Xuu', which implies X I Xu due to the Gaussianity of X. Based on

Conjecture we can replace F with cl)NCWOT + ¢>1Z, where Z € R™*? is an independent
random matrix with N(0, 1) entries, without changing the conclusion. Hence, from now on, we write

Fo = ¢;XW{ + ¢-1Z. Further, we define
Fo = XW{ +co1Z. (35)

Thus, by the definition of X, f‘g =Fy— 01Xu(W0u)T. As a consequence, we also have FOFOT =
FoFJ + VDV where V = [ﬁ‘OWOu Xu} € R™ 2 and

0 C1
D= .
Ll C?HWOUH%]
Noting that D is invertible, and using the Woodbury formula, with Ry = (ﬁ‘oﬁ‘oT + Anl,)" 1, we
find
Ro=Ro—RoVID'+V'RyV) 'VTR,. (36)
Now, we can write
H,(Xu) "RoH,(Xu)
= H,(Xu) " RoH,(Xu) — H,(Xu) ' RoV(D™! + VIR, V)" 'V R H,(Xu).
Next, we can analyze each term in the above sum separately.

The first term on the right hand side converges to zero by using Lemma[K.3|to prove the concentration
of this term around its mean and noting that the mean is zero using the orthogonality property of
Hermite polynomials (Lemma [C.I)).

To analyze the second term, we first study the matrix K = (D1 + VTROV)_l, writing
K'=D'+VR)V)= “TngQTf‘PFPWOU - ”YVO'“”% “TWJTI’TOTTROX“ ~u
u' X' RogFoWou — o u' X' 'RoXu
It can readily verified that all elements in this matrix are Op(1) by checking the order of the operator
and Euclidean norms. Next, we analyze the terms in the expression
H,(Xu) ' RoVKV "Ry H,(Xu) = [K]1.1H,(Xu) " Ro(FoWou)(FoWou) RoH,(Xu)
+ [K]12H,(Xu) "TRo(FoWou)(Xu) 'R H, (Xu)
+ (K21 Hy (Xu) "Ro(Xu) (FoWou) " Ro H, (Xu)
+ Koo Hy(Xu) "Ro(Xu)(Xu) "RoH, (Xu).

,1

Without loss of generality, we can assume that p # 1.

« First Term. Note that H,(Xu)T and H,(Xwu) are orthogonal in L? by the prop-
erties of the Hermite polynomials, and conditional on wu, they are independent of

R, (f‘OWOu) (FOWOu)TRO. Moreover,
HRO (]?‘QWQ’U,) (ﬁoWou)TRQ HOP = Op(l/n)
Thus, by using Lemma [K.3] this term converges to zero.

« Second Term. Similar to the argument above, we can show that (Xu) T RoH,,(Xu) con-
verges to zero. Also, by analyzing the operator norms, we have Hq(Xu)TRO (FoWou) =
O(1). This implies that the second term converges to zero.

« Third Term. First, note that by a simple order-wise analysis, H,(Xu)  Ro(Xu) =
Ogp(1). Now, we have H,(Xw) is independent of (FoWou) "R and ||(FoWou) " Rl|2 =
Op(1/+/n). The term (FoWou) " RoH,,(Xu) converges to zero in probability by noting

that Hp(f(u) is mean zero for p # 0. For the p = 0 case, we can use an orthogonality
invariance argument identical to the one used to analyze equation
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* Fourth Term. This term also converges to zero because (Xu)TROHp(Xu) converges to
zero, as argued above.

Putting everything together, the proof is completed.

N.7 PROOF oF LEMMA [K(6]

We will prove part (a) first. To do this, we will first handle the cases where p = 0 and p = 1.
For p = 0, we have

VNH(6,)RoFa® = VN1 RoFoa®.
This is identical to the second term in equation [27|and it is shown to be op(1)

For p = 1, we need to analyze
VNH,(6,)RoFoa®® = VNB] X TRoFya?.
Note that 8, ~ N(0, 1I) is independent of VNXTR(Fya°? and
IVNX RoFoa?s < VNIX]lop - [Rollop - [Follop - a2l> = Os (1),
Thus, we can conclude that v N H; (é*)ROF0a°2 — 0 in probability.

To analyze the case where p > 1, we first define X=X- é* ,B*T. By construction, we have X 1 é*.
As in the proof of Lemma Based on Conjecture we can replace F with 61XWOT + cs1Z
in our computations without changing the limiting result, where Z € R"*? is an independent
random matrix with N(0, 1) entries. Thus, from now on, we denote Fy = clfcon + cs1Z. We
define l:"o as in equation Thus, FO =Fy— clé*(Wo,B*)T. As a consequence, we can write
FoFg = FoF] + VDV where V = [FgW 8, 6,] € R"*2and

D=l iwhal
Using the Woodbury formula, we find that equation [36] still holds. Now, we can write
VNH,(6,) " RoFya°? (37)
= VNH,(6,) RoFpa® — VNH,(0,)'RoV(D™' + VIR, V) 'V R(Fpa?
= VNH,(60,) Ro(Fo + ¢10,(WoB8,) " )a°?
—VNH,(0,)"RoV(D™' + VIRGV) 'V R (Fo + ¢16,(Wo8,) a2

Now, we can analyze each term in the above sum separately.
Term 1. Note that by a simple orderwise analysis,
IVN RoFoa? oy < VN|Rollop[Follop la?[lz = O(1/V/N).

We have ”Hp(é*)‘b = Ox(V'N), E[Hp(é*)] = 0, and Hp(é*) has independent entries. Also
H,(0,) L RoF¢a®. Thus, VNH,(6,) RoFoa? —p 0.

We now need to analyze VN H,(8,)T Ro6,3] W] a°2. Note that H,(6,) TR¢8, = Op(1) by a
simple order analysis of the norms. We also have VN3] W] a°? — p 0, because 3, ~ N(0, éId)
is independent of the norm bounded vector VN Wg a®?.

Term 2. To analyze the second term, we first study the matrix K = (D! + VTROV)*l:

BIWIBIRoFoWoB, — [WoBL[3 8] WJFI R0, — 2
B X TRoFoWof, — - BIXTR6,

C1

K'=D '4+VRy)=
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By orderwise analysis, all elements in this matrix converge to deterministic Op(1) values in probabil-
ity. We write the second term in equation [37]as follows:

VNH,(0,)"ReVKV TR(Fya°?
= [K1,1 Hp(8,) "Ro(FoWo3,) (FoWoB,) "RoFo(VNa?)

+ [K]12Hy(0,) "Ro(FoWo3,)0] RoFo(VNa?)

+ (K21 Hy(0,) "Ro(6,)(FoWoB,) ' RoFo(VNa?)

+ [K]2.2H,(0,) "Ro(6,)8] RoFo(VNa?).

In the sum above, we will show that each term converges to zero.

« First term: By orderwise analysis, we have ||Ro(FoWo8,)|lop = Or(1/v/N). Further,
H,,(O ) is independent of it (only considering the randomness in X) with mean zero and
| H,(0,)|l2 = Op(V/'N). This implies that

H,(0,) "Ro(FoWo3,) —p 0. (38)
We can use a simple order argument to show that \/N(FOWOB*)Tf{OFOa°2 = Op(1).
Thus, the first term converges to zero.

e Second term: For this term, we use the fact that Hp(é*)Tlf{o(FOWOﬁ*) —p 0. We can

also use an orderwise analysis to prove that v/ N (6, )T RoFoa®® = Op(1). This proves that
the second term also converges to zero.

* Third term: By a simple orderwise analysis, we have v N (FOWOﬂ*)TROFOa = Op(1).

To show that the third term converges to zero, it is enough to show that H,(0,) " Ro(6,) —p
0, which is true for p # 1 by using Lemma[K.3]and the orthogonality property of Hermite
polynomials (Lemma [C.T).

» Fourth term: By a simple orderwise analysis, we have v/ N é:f{OFOaOQ = Op(1). Again, to
show that the fourth term converges to zero, it is enough to show that HP(H*)TRO(O*) —p
0, which is true for p # 1 as argued above.

Putting everything together, part (a) follows. The proof for part (b) is identical and omitted.

N.8 PROOF OF LEMMA [K7]

We will study the cases where s = 1 and s = 2 separately. For s = 1, we can use Lemma-to show
that H,(0,)Ro0 = ¢, 1 H,(0,)Ro0,+0p(1). Also, by Lernman we have H,(8,)Ro(6,) = o(1)
in probability if p # 1, which proves the lemma.

For the case s = 2, we define 3 = 3/|3|)> and write

Hy(6.)Ro(8)° = |1BII3 Hy(0.)Ro(XB)** = |18]13 Hy(8.)RoH2(XB) + 0z(1).

B.~(B:.0)B
18— (B..B)AI>"

X=X X337 - Xp.6L.
By construction, we have X 1L XB, 9.. Based on Conjecture we can again replace
Fy with Fy = 01XW0 + ¢s1Z, where Z € R™*? is an 1ndependent random matrix with
N(0,1) entries. Again, we define Fy as in equation Thus, Fo =Fy — chﬂ(Wo,B)
01XBL(W0ﬂL)T. As a consequence, we also have FoF] = FoF] + VDV, where V =
(X3 XB. FoWo8 FyWy3,] € R"**an
A (WoB, WoB) & <W0B,Wom> a0
AWoB, WoBL) Z(WoBL, WoBL) 0 o

c1 0 0 0

0 c1 0 0

Now, we define 3, = and set

D:
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Using the Woodbury formula, we find that equation 36| still holds. We can write

H,(0,) "RoH2(XB) =H,(6.) 'RoHs(XP) 39)

— Hy(0,)"ReyV(D™' + VTR\V) VTR Hy (X ).
The first term converges to zero for any p # 2, analogously to the argument in Section for the
term (1,2).
To prove that the second term will also converge to zero, we first observe that the elements of
K = (D' + VTRV) ! are all Op(1). The second term will involve quantities of the form
(K] Hy(6,) "Roviv] RoHa(XB),

where wv;, for ¢« € {1,2,3,4}, is the i-th column of the matrix V =

[XB Xﬁ n FOWOB f‘OWOﬁ L]. We can argue that all these terms converge to zero,
as follows:

* The terms where j = 1 converge to zero because (X3) T RoH»(X/3) converges to zero
analogously to the argument in Section [K.2.T|for the term (1,2). The same argument applies
to the terms where j = 2, via the convergence of (X3, ) "Ry H2(X23) to zero.

» For j = 3,4, since Hs (X,@) is independent of R, [FOWOB ]?‘OWO,BL], and has zero-
mean i.i.d. entries, it also follows that these entries converge to zero in probability.

Finally we study Hs (6 9 )TR00°2 by analyzing the terms in equatlonnfor p=2

For H,(0,)T RoHy(X), since Hy(0,), Hy(X3) are independent of Ry, it follows from Lemma
as in the analysis of term (1,2) in Section that Ho(0,) T RoHy(XB) — ERy -
EH,(0,)" H. Q(Xﬁ) —p 0. Now notice that F is left—orthogonally invariant in distribution, and
thus RO =4 OROO , where O is uniformly distributed over the Haar measure of n-dimensional

orthogonal matrices, independently of all other randomness. Hence, Elflo =Etr f{oIn /m. Moreover,
from the Woodbury formula in equation [21]

| tr RO —tr Ro‘ < | tr ﬁoV(D_l + VT]?{0V)_1VTR0|
<|te(D'+ VT RoV)'VIV|- R,
From our previous analysis and as the entries of V'V are Op(n), it follows that the first term is

Op(n); whereas HROng = O(1/n?). Hence, |trRg — trRo| —p 0, and thus by the bounded

convergence theorem |E tr Ry — Etr RO\ —p 0. Moreover, we have already argued in the proof of
Lemma that Etr Ro — ¢¥mq/¢.

Further, by Lemmas|C.1T]and [K.1]
EH,(6,)" Hy(XB) = n-EHy(%] B,) Ha(%] B)

5 (BT,@)Q Ci 1
=2nE(8/] B)? = 2nE~—= =2n ’ + op(1).
1812 ¢(c2 +02) + iy
This shows that 5
"/J C* 1

Hz(0,) "RoH2(XB) —p 2 é ¢(02+02)+C*1

Next, we consider H(8,) RoV with V = [X3 X3, FW,3 F;W,8,]. For the
first two entries of the vector Hg(é ) TRV, an analysis very similar to the one above for
H,(0, )TRng(Xﬂ) shows that they converge to zero in probability. For the last two entries,

since HQ(O*) is independent of Ry [FOWOB FoW,3 1], and has zero-mean i.i.d. entries, it
also follows that these entries converge to zero in probability. Moreover, the limiting entries of

(D! + VTR(V)~! have been shown to be bounded in our above analysis. Hence, the second term
converges to zero in probability.
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Now, note that 3 = 3/||8||2- FromLemman 181> —=p ¢(c2 + 02) + 2 ;. Hence,

5 L Yma <813 2¢2 yihmy
HQ(O ) RoHQ(Xﬁ) 2 (b ¢(62+02)+C*1 +O]p>(1) —p T,

which concludes the proof.

N.9 PROOF OF LEMMA [K.8]

As in the proof of Lemma we define X = X — éﬂT By construction, we have X 1 6. As

in the proof of Lemma based on Conjecture 4.3 we can replace Fy with (31XWO +cs1Z

in our computations w1th0ut changing the 11m1t1ng result where Z € R"*? is an independent

random matrix with N(0, ientrles Thus, from now on, we denote Fy = 01XW0 + cs1Z. We
35

define ﬁo as in equation |35} thus, f‘o =F, — Clé(Woﬁ)T. As a consequence, we can write
FoF] =FF] + VDV, where V = [FgW,3 6] € R"*%and

b= [col c%nvcvloﬁﬂ |
Using the Woodbury formula, we find that equation [36] still holds. Now, we can write
6°2T R0 = 6°2TRy6°% — 6T RyV(D ! + VTf{OV) VTR0 (40)
We can analyze each term in the above sum separately.

By Lemma 0~°2TR0(§°2 — EéOQTROéoz — p 0. Further, conditional on 3, EéC’ZTROéOZ =
3||8||4E tr Ro; and as in the proof of Lemma EtrRo — EtrRy — 0. Moreover, we have
already argued in the proof of Lemma|K.4|that Etr Ry — 1m; /¢. In addition, from Lemma [K.1}
181> —=p ¢(c? + 02) + c2 ;. Hence,

éO2TR00~02 —P 3'1/1m1[¢(c +0 ) + C* 1] /¢

To analyze the second term in equatlon@ we first study GOQTROFOWO B. By an argument similar to
the ones above, we can show that it concentrates around 1 ROFOWO,B = 1 FOROWO 3. Since Fo

is left-orthogonally invariant, 1,/ FOROWO,B =4 lTOFOROWOﬁ where O is uniformly distributed
over the Haar measure of n- dlmensmnal orthogonal matrices, independently of all other randomness.

Then, it follows as in the analysis of term (1,2) from Sectionthat 12 OFOf{OWOB —p 0; and
hence 0°2TRoF W8 —p 0.

Moreover, the limiting entries of (D~1 + VTIA{OV)_]L can be shown to be bounded by a simple
orderwise analysis. Hence, the second term in equation[40|is op(1).

N.10 PROOF OF LEMMA [L.2]
Denoting 3 = 3/||8||2, we have
(XB)° TR (XB)™ = |85 (XB)" " Ro(XB)*!

i

J
= 18157 > Y &kibin Hi, (XB) T RoHy, (XB)

k1=0 ka=0
min(4,5)
= 1815" Z & n&inHe(XB) ' RoHi(X3) + 0p(1)
k=0
min(z,5)
= 18157 |&.151(XB) T Ro(XB) + Y &u&inHe(XB) RoH(XB) | + 0p(1).
k=0, k#1

The third line follows from Lemma [K.5] Now, we claim that for any p € {0,2,3,...}, we have
H,(X3/|182) "RoH,(X3/||Bl2) —p p' ¥m1/d. Using this claim, the facts that ||8]|3 —p
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2+ ¢(c2+02),and tr(X T (FoF§ + Anl,)"'X)/d —p 1ym2/¢, we can conclude

min(z,5)
(XB)* TR (XB) —p (1 +¢(c2+02) " &1854 7’”’;:2 W’“ ST K &b
k=0, k#1

Now, it remains to prove the claim that for any p € {0,2,3, ...}, we have

Hy(XB/|1B2) " RoHy(XB/||Bl2) —p p! v /6.

As in the proof of Lemma | we define X = X — X/@BT By construction, we have X 1L XB

As in the proof of Lemma | based on Con]ecture. we can replace F( with ¢; XWO +cs1Z
in our computations W1th0ut changlng the limiting result, where Z € R"*? is an independent

random matrix with N(0, 1) entries. Thus, from now on, we denote F = 01XW0 + cs1Z. We
define F as in equation thus, Fo = Foy — chﬁ(Wo,B)T. As a consequence, we can write
FoF] = FoF] + VDV, where V = [F;W,3 Xg] € R"*? and

0 C1
D= =ial -
[01 C%”Woﬁg}
Using the Woodbury formula, we find that equation [36|still holds. Now, we can write
Hy(XB) RoH,(XP)
= Hp(fm) RoH,(X3) — H,(X3) ROV(D_l +VTR(V)'VTRoH,(XB). (41)
We can analyze each term in the above sum separately.

By Lemma H,(X3) ROHP(XB) - EHP(XB)TI%H,,(X,@) — p 0. Further, conditional on
g

3, and usin 1 we have
EH,(XB) RoH,(XB) = Etr {ROH (XB)H,(XB) }:p!Etr [RO}’

and as in the proof of Lemma EtrRo — Etr Ry — 0. Moreover, we have already argued in the
proof of Lemma that E tr Rg — ¢¥m1/¢. Hence,

H,(XB) RoH,(XB) = p pl thm:1 /6.
To analyze the second term in equationn we first study H, (XB)Tf{Ofowoﬁ Conditional on 3,
(XB) is a vector with independent mean-zero, bounded variance entries, independent of the vector
ROFOWO ﬁ that has norm O(1/4/n). Hence, we conclude that this term goes to zero. Next, note

that H,(X3) TR (X8) —p 0 using Lemma and Lemma Moreover, the limiting entries

of (D™ + VTROV)*1 can be shown to be bounded by a simple orderwise analysis. Hence, the
second term in equation{1]is op(1). This concludes the proof.

N.11 PROOF OF LEMMA[L.3]

. —(B..8)B
We define 3, = Hﬁ — 5. BBl and set
X=X-XB3" -XB.8].
By construction, we have X 1 XgB,6,. Based on Conjecture we can again replace
Fy with Fy = 01XWO + ¢s1Z, where Z € R™*? is an 1ndependent random matrix with

N(0,1) entries. Again, we define Fy as in equation Thus, FO = Fy— o XB(WB8)T
01XﬁL(W0,8L)T. As a consequence, we also have FoF] = FOF0 + VDV, where V. =
(X3 XBL FoWoB FoWoB.] € R"**and
H(WoB. WoB)  H(WoB,WoBL) a 0
G WoB, WoBL) G(WoBL, WoBL) 0 a

c1 0 0 0

0 c1 0 0

D:
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Using the Woodbury formula, we find that equation 36| still holds. We can write
Hy(0,) " RoHy(XB) =H,(6.) ' RoH,(XP) (42)
— H,(0,) "RyV(D™' + VTR\V) 'V R H,(XS).

p # q case: The first term converges to zero for any p # ¢, analogously to the argument in Section
@]for the terms (1,2) and (2,4). In particular, for p = 0, we can use orthogonal invariance as in
the analysis of the term (2,4). To prove that the second term will also converge to zero when p # ¢,
we first observe that the elements of K = (D~! + VT RV)~! are all O(1). The second term will
involve quantities of the form

[K]i’ij(é*)Tf{UUiU;f{qu(XB)a

where wv;, for 1 € {1,2,3,4}, is the i-th column of the matrix V =

[XB X8, f‘OWOB FOWO,B J_]. We can argue that all these terms converge to zero,
as follows. Because p # ¢, without loss of generality, assume that g # 1.

* The terms where j = 1 converge to zero because (XB)TROHq(XB) converges to zero
using the concentration argument from Lemma and the orthogonality of Hermite
polynomials from Lemma|C.1] The same argument applies to the terms where j = 2, via

the convergence of (X3, )T RoH,(XB) to zero.

* For j = 3,4, and for ¢ > 0, since H, (X,@) is independent of R, [FOWOB ]?‘OWOﬁL],
and has zero-mean i.i.d. entries, it also follows that these entries converge to zero in
probability. For ¢ = 0, we can again use orthogonal invariance as in the analysis of the term
(2,4).

The case when p = ¢ # 1: Finally we study Hp(é*)TROHp(XB), by analyzing the terms in
equation 39

For H,(0,) " RoH,(X0), since H,(8,), H,(X@) are independent of Ry, it follows from Lemma
as in the analysis of term (1,2) in the Section that H,(6,)TRoH,(X8) — ERy -
EH,(0,)" H,(XB) —p 0. Now notice that F is left-orthogonally invariant in distribution, and
thus f{O =4 Of{OOT, where O is uniformly distributed over the Haar measure of n-dimensional
orthogonal matrices, independently of all other randomness. Hence, ER, = EtrRol, /n. Also,

similar to the proof of Lemma|K.7, we have | tr Ry — tr Rg| = op(1). Moreover, we have already
argued in the proof of Lemma that E tr Rg — 1mq /¢. Further, by Lemmas and

p
¥my Cx,1

H,(0,) " RoH,(X3) —p p! /
0 Rolly(XP) 2e b =g Vo2 + o)+,

Next, we consider H5(0,)TRoV with V = [Xﬁ X3, FoW,3 FOWOEJ_]. For the
first two entries of the vector Hp(é*)TROV, an analysis very similar to the one above for
H,(0,)"RoH,(X[3) shows that they converge to zero in probability. For the last two entries,

since H,(0,) is independent of Ry [FOWOB FoW, 3 1], and has zero-mean i.i.d. entries, it
also follows that these entries converge to zero in probability. Moreover, the limiting entries of

(D! + VTROV) ~! have been shown to be bounded in our above analysis. Hence, the second term
converges to zero in probability.

The case when p = ¢ = 1: In this case, we have

. | Uma
(Xﬁ*)TRO(X,@) — (Xﬁ*) RO(Xﬂ) — Cx1 ¢ + OP(1)7
18ll2 \/gb(cf +o2) e,

using Lemma[K.T]and by arguments similar to the ones in the proof of Lemma

Putting everything together concludes the proof.
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O ADDITIONAL EXPERIMENTS

Training Error Test Error

0.45
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-05 -04 -03 -02 -0.1 0 0.1 02 03 04 05 " 05 -04 -03 -02 -01 0 0.1 02 03 04 05

Figure 4: We repeat the experiments in Figure(Left, Middle) with y = H, (3, x) + %H 3(8] )

as setting 3. Here we use the activation o (z) = z;;z:i so that ¢3 # 0.

Spectrum of the Singular Values
T

2 J

I I
0 200 400 600 800 1000 1200

Figure 5: We repeat the experiment in Figure[2] with the MNIST dataset. Although the MNIST dataset
does not satisfy our theoretical conditions (Gaussian input, single-index model, etc.), we empirically
observe similar phenomena such as emergence of spikes after one-step gradient update.

Training Frror
Test Error

16

05 04 03 02 o1 0 o1 02 03 04 o5 05 04 03 02 01 0 o1 02 03 o4 o5
log(n) log(n)
log(n) log(n)

Figure 6: We plot the training and test error of a two-layer neural network (N = 1000) trained on
the MNIST dataset with one step of gradient descent of varying step size. In order to make the
experiments compatible with our theoretical setup, the model is trained using the MSE loss. We
demonstrate that huge step size can still be beneficial in this more realistic problem.

dient Updates with i = 0.4n°2

Figure 7: Singular value spectrum of the feature matrix after 5 gradient updates. We use the same
experimental setting as Figure 2]
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