A Complete Proof

A.1 A concentration of W (z,u)
Lemma A.l. Define W = E, ,[W (z,u)]. We have:
P(|W (z,u) — W| > N2t) < 2~ (23)

where Cy is an absolute constant that only depends on the scalar € in (2).

Proof. Define a martingale M,, n = 0,1,.... N + R. We let My = 0. When n < N, it has
independent increment

M, sz —Elw;(z)], n=1,...N (24)

For n > N, it is defined as

Myir = Myyr—1 — wy, (z) + Elw,, ()| M1, ..., MN4+r-1] (25)
D icur, W)
Zi&ulzr_l wl(x>

where ¢ ¢ uy..—; means ¢ # u; for j = 1,...,7 — 1. Since p; are controlled by € in , we can find a
uniform bound

= My4ro1 — wy, (z) + (26)

1 1—p
—)

— =9 su 27
4611 e<p<Iife g( P
For1 <n < N, we have
1
|M,, — M| = |w;(z) — Elw;(2)]] < 2max |w;(z)| < —- (28)
z,u 4C4

For 1 <r < R, we have

> it w () 1
M r M r—1| = |7 Wy u Gl < — 29
| My N+r—1] Wy, (Zu,) + S e W) | 4G (29)

Hence, we can apply the Azuma-Hoeffding inequality:
—t2N

P(|W(z,u) — W| > tN7) = P(|M, — Mo| > tN?) < 2e*T1 V0 — 96=C1t* (30

Thus we prove the lemma. O
The lemma indicates with high probability, for arbitrary § > 0

Wz, u) — W = o(Nz1%) 31)

One observation of the proof is that, the concentration holds for arbitrary 0 < R < N. For example,
when R = N, W(z,u) = W = 0, the concentration is still valid.

A.2 Lemma[3.3

Proof. Using Taylor’s series, we have

a Wy, \ T R Wy, \ T 3
log(1 +Zwu Y/ W(z,u)) = Z;/Vr(xuzl)() - ;(W)Q +O(R7) (32)

W, Wy, 3
log(1 + Zwm Y/ W(x,u)) = W — ;(WV +O(R7) (33)
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Using LemmalA.T|and the property W (z,u) = W (y, u), with high probability, the first order term
becomes to:

izir%m) zzlwu@ _ s (Rt D (@) —ruw () )

) W(JW)

r=1

(R—71+ Dwy, (z) — 1wy, (y) R?
o +0(35) 69

Il
M=

Il
-

r

Similarly, with high probability, the second order term becomes to:

R R r

W(z,u)? Z ( Z Wy ()0, (@ Z wa, (y)ws, (4)) (37)

r=r i,j=r 3,j=1

W 2 Z me{z,j}wm T)wy, (z) — (R — max{i, j} + 1wy, (y)w., (y) (38)

lel

1 i RB
—7 > Z min{i. Y, (@), (2) = (B = maxe{i, )+ D, (), () + o 35) (39

i=1 j=1
Since R = IN3, denote i A j = min{i, j},4V j = max{4, j }, with high probability, we have

R R
S log 1+ 370w, () /W (2, ) (40)

R
WZ — 1+ Dwy, (2) — rwy, (y) + o(N279)

r=1

1 R R
QWQZZ A 0, (@), () = (R =iV j + 1w, (y)w,, (y) @1)

Select 0 < § < 12, and the corresponding ¢ = N°, we have, for large enough N, the above equation

does not hold with probability exponentially small, and the term o(N 13 ~9) can be ignored. Hence
we prove the weak convergence. O

A.3 Proof for Lemma 3.4

Proof. The distribution p(u,|u1..—1) can be approximated using the following tricks. First, using
lemma[A.T] with high probability, we have:

P(x; = 1)w;(1) n P(z; = 0)w;(0)
gL W(z_j,x; =1 uip—1) W(r_j,z; =0,u10-1)

_ piwi(1) + (1 — p;)wi(0) _2
= W +O(N™2) 43)

P(UT = Z"Ul:rfl) =E (42)

Derive the similar result for P(u, = j|u1..—1). Since we have R = [N 2, for arbitrary 1 <r < R,
we have W has the same order as N. Using the property of locally balanced function, where
piw;(1) = (1 — p;)w;(0), we have

Pluy =) _ piwi(1)

O(N~3 44
P(uy = j) pjwj(1)+ (N7=) @
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Then, we use the identity:

N

1= Plu; =) (45)
=1
N

:z@;‘zziié+O<N-3>>P<w=f>

hence, we have for the first step uy:

pjw;(1) Lo(N-Y)

P(u; = j) = -~ (48)
> iz Piwi(1)
Recursively use this trick, for 1 <r < R =[N 3 we have:
Wi (D 1giga,.
]P)(UT. :j|u1:7'—1) = pj ]( ) {]$ l'ril} + O(Nig) (49)

N
Zi:l piwi(l)l{lguhrfl}

Next, we calculate the conditional probability for «. To simplify the notation, we denote P(z; =
Hu, up = j, Tu,,;_, ) to represented index j is selected at step u,., and not been selected in all previous
steps uy, ..., up—1. Also, we denote

W(z,u,s,t)=W(z,u)+ Z Wy, () (50)
In this way, the conditional probability for « can be written as
P(x; = 1|u,ur = j, Tuy, ;) (51
r—1 (1) w; (1)
() L= (1 - W(m,jzjj:l,w,R))W(a;,j;]j:l,u,nR)

= =7 v 52)
1 r—1 w; (1) w; (1) ‘u’ur ]7171“:]_1] (
Zv:O Ty (U) =1 (1 B W(w,j@gj:v,u,l,R) ) W(:v,j,m]j:mu,nR)

7"—1(1 _ ’LUj(l) ) 1
=1 W(x_j,xzj=1u,l,R)/ W(xz_;,x;=1,u,r,R)

‘U,UT. :j7IU1;J‘_J (53)

=El = 1
T w; (1) 1
Zv:O =1 (1 W(x_j,xj=v,u,l,R) ) W(x_j,xj=v,u,r,R)
Since R = IN3, according to lemma with high probability we have:

w;(1) w;(1) w;(1) 4
- = +O(N™3 (54)
W(z_j,z; =v,u,l,R) W-}-O(N%)—&-O(R) w ( )
Using this approximation, we have:

]P(:Ej = 1|U’7u7“ =7, mul:j—l) (59)

L5052+ OV ) (g + OV _g)) [y = o, ] o
Theo [T (1~ 57+ O )Gy + O(F :
r—1 1— w; (1) N—% 2
:1( W +O( ))4 (1+O(N_§))|u7ur:ja‘rul:jfl] 57

) [Z’tl}=0 ;;11(1 - MJT(U) +O(N™3))
L— (r= 1" + (r — 1)O(N~5)
(1= 0= D) + (1= (= D) + (7 = DOV~

:E[ |U’7 u’l' :j7 xul;jfl] (58)

1—(r—1) 4
—E| o = DO D = oy, ] (59)
I-(-D=5")+ 0= -1)=") '
1 Ly wi(0) —w;(1) 3 s
=3 +(r—1) s +(r—1)O(N753) (60)
Thus we prove the lemma. O
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A.4 A Property for the conditional distribution of v

The following result shows that marginal distribution for u is a good approximation of the conditional
distribution.

Proposition A.2. For N large enough, the conditional distribution for u, = j given uy..—1 can be
approximated by the marginal distribution of uq

p(ur = j|u1:r717j ¢ ul:'r’fl) (61)
pjw;(1) s
:Eul:r—l + O N 2 62
s ) O (©2
—E, { pjw;(1) pjw;(1) Zz]\;l piwi(1)(1 — 1{i§£u1;r71})] n O(N‘g) 63)
TS pwi() (Sigan,, pewi(D)) (0L pawi(1))

=p(ur = ) + O(55) (64)

A.5 Proof for Lemma

Proof. We first calculate its expectation using the conditional distribution derived in lemma[3.4] To
simplify the notation, we denote d,,(7) = w,, (0) — w,, (1) fori = 1,..., R and

S0, 4, k1) = i A, (B)wa, (1) — (R — iV § + D, (1 — k)w,, (1 — 1) 65)
PGiK) = 5~ (04~ 02D o) (66)

fori,j=1,...,R,and k,l = 0, 1. Then we have

2W2 [i A jwe, (mui)wu]‘ (xu]) —(R—=1iVj+ 1w, (yui)wu]' (yu])|u} (67)

H
= ‘:'M:U
M:o

=1
- S(i, 4, k,1)P(i, k)P(j,1) (68)
2W2 1]:1;)2 ! !
= 2W2 Z l +J + 1)(wuz (0) + wui(l))(wuj (0) + wuj( )) + O(l?v ) (69)
= it O (R (i) D, (0) 4w, (1)), (0) + w1, (1) + O3) — (70)
1,j= 1

The remaining expectation is with respect to u. From proposition[A.2] we know that the conditional

expectation of u; can be estimated via the marginal distribution of u;. In fact, when R = I[N 3 , we
have:

E[wur(o) + wur(l)wl:r—l] (71)
N
_ . oy Piwi) R
—E[;(wj(l) HusO)NGR e * O] (72)
=E[wy, (0) + wy, (1)] + O(N~5) (73)
and similarly, we have:
E[(wy, (0) + wy, (1))?[ur—1] = El(wy, (0) + wy, (1))%] + O(N75) (74)
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Using these properties, we have

R

E[Y (R = (i+4) + 1)(wy, (0) + wu, (1)) (wa, (0) + wy, (1))] (75)
i,j=1
R R
E[ZZZ — (i + 5) + 1) (wu,; (0) + wy, (1)) (wa, (0) + wy, (1))
R
+ Z(R — 27 + 1) (wy, (0) + wy, (1)) |ur.r—1] - - - |ui]] (76)

ZE[QZ Z(R — (i 4 5) + 1) (wa, (0) + wy, (1)) (Wi, (0) + wey (1)) + O(N )

i=1 j>1

R
+ED (R =25 + 1) (wy, (0) + wy, (1)2] + O(1) (77)

r=1

N
=(wa, (0) +wu, (1)) D (R— (i + ) +1) + O(N?) (78)
i,j=1

=O(N¥%) (79)

Hence, we prove that

1 K& .y
E[_W Z Z[l /\jwui (mul)qu (SL’uJ) - (R —iVj+ 1)wui (yui)wuj (yuj)] = O(N_E) (80)
i=1 j=1

The expectation of the B (12) is small. To show it is save to ignore, we will prove the concentration
property. Consider a function of = and u:

F(z,u) = ~3 W2 ;jzl i A JWy, (Tu, )Wy, (To;) = (R =1V j + Dwy, (Yu, )Wu; (Yu,;) (81
where y is obtained by flipping indices u of x. For changing x, we have:
|F (21, 00y Ty ooy TN UL, oy UR) — F(T1, 0oy @5 oy TN, U, s ur)| < 65 (82)
where ¢; =0if j ¢ uorc; = O(ﬁ—i) if there exists r and u, = j. For chaning u, we have

|F (21, oy TNy ULy oy Uiy o UR) — F (21, o N U, eyl oy ur)] < ds (83)

where d; = O(ﬁ—i) fori = 1,..., R. By McDiarmid’s inequality, we have:

R3 202R5 /N3
P(|F (2, u) — B[F(z,u)] > t——) < 2exp(— /N =) % exp(—20°N#)  (84)
N4 Z] 1 _] + Zz 1 z
Hence, F(x,u) will concentrate to its expectation at scale O(R? /N%). Since R = IN3, with
probability larger than 1 — O(exp(—Nz)), B = O(N~12). O

A.6 Lemmal[3.6

Proof. To show that A weakly converges to a normal distribution, we use martingale central limit
theorem. Define a martingale M,,, forn = 0,1, ...,2R. When n < R, we let the process M,, = 0
and the filter F;, as the o-algebra determined by u1, ..., u,. For R4+ 1 < R+ n < 2R, define

1
Mpin = Mpyn—1+ W ((R —r+ Dw,, (z,) — rw,, (1 — zy,)
B[R -+ Dwe, (2n) — rwa, (1 — o:un)}) (85)
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We first estimate the mean of the increment using the conditional probability derived in lemma[3.4] If
n < R, the mean is obviously 0, else

(R —r+ 1)wu7» (xur) — Twurp(yur)

E| @ fur = 5] (80)
_(R-r+ 1)13/(1) — rw; (0) Ly ij(o)v—ij(l) . O(AI;% N %22)) (87)
B D) ) | O ) o R T (58)
:%$(wj(l) + w;(0)) — %(wﬂo) —w; (1) + 0(1}523 * JI\%) ®

Then we estimate the variance of M, — M, _;. We start with estimating the 2nd moment,
E[ (R—r+ 1)qu§:fw) — W, (Yu,) Vlu, = 5] (90)
:((R—r+1)1;{/(1)—7"wj(0))2(;+TW)+O(XZ,+§;Z)) D
N ((R—r+1)tvvé(0)*T’wﬁ(l)f(%_rwﬁr()(;% +]I\%722)) 92)

w?(0) + w?(1)
W2

. . 3 4
—2r(R—r+ 1)) (OV)V?(D + O(]}\;z L1 93

1
:5((R—r+1)2+7“2) e

Then, we are able to calculate the variance:

(R—7+ Dwy, (24,) — 1wy, (Yu,)

var| W lu, = j] (94)
_ [( (R —r+ 1)wur i:/ur) B rwur<yur))2‘ur —_ ]]
_ EQ[(R —-r + l)wur i/lx/ur) B rwur (yur) |U7~ — j} (95)
2 w2(0 2(1 2 s . 2 3
UERY w)( )V—V:wﬂ ) (R 1) Oy (1) +O<£»g LB 06
R+1)? R?> R?
e w0y 0) = wy () + O + 45) ©7)
We calculate the value of its mean £ and variance 2.
R
r=1
“1R-2r+1 r(R+1)
=D 5 W (1) +we, (0)) = = (W, (0) —wu, (1)* - (99)
r=1
R
0_2 — Z Var[ (R —r+ 1)wu7 i;:/uw“) — rwur (yur) ‘/U/] (100)
r=1
R
R+1)?
-3 (4%(%,(0) ~ g, (1))? (101)
r=1
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Define 111 = E[wy, (1) + wy, (0)]. For the first part in /2, using proposition[A.2] we have
R

R—-2r+1
B~ (wa, (1) + w,, (0)) (102)
r=1
" R-2r+1 ;
[y o) (103)
r=1
=O(N~3) (104)

Define 0? = E[(wy, (0) — wy, (1))?], From lemma we have

E[(wy, (0) — wy, (1))?] =02+ O(N™3), Vr=1,...R (105)
for the second term in p, we have
R
r(R+1) 2 R(R+1)* , —4
> o (w, (0) —wy, (1) = —— 07 + O(N"5) (106)
— 4W2 W2
for the variance o2, we have:
R
(R + 1)2 2 _ R(R+ 1)2 2 -4
> (w, (0) —wy, (1) = =07 + O(N"3) (107)
— 4W2 4W?2

Finally, we will decouple R with W. Specifically:
1 1 1

— = - +O(N™3) (108)

W2 B g we(on)] B2 wi ()]

Combine everything together, we have
1)? 2
pe - PEADT o oin-3) (109)
2NV 1
8E2[> =1 wi ()]

1)? 4

o? R(R+1) 0? + O(N~3) (110)

T B[S wy ()]

Since R = IN#, we have the sum of the conditional variance is O(1) and the reminder is o(1).
For a martingale, we need to check one more step. We know |M,, — M,,_1| = 0 for n < R. For
n+ R > R, we have:

[Mpen = Mrsnoa| = 5 (R =+ D, (&) = v, () — EUR = 7+ D, (&) = oy, ()

(111)
R 1
=0(=)=0O(N"3 112
() = ONH) (12)
is uniformly bounded by a constant independent of N and R. We denote
N
s Sy (1) (0) — wy (1)) W)
1= N N
2[R Yoy wi(zw)] 2050, piwi(1)
Then we can rewrite:
1
= 7&13 (114)
o? = \3 (115)
By martingale central limit theorem, we have that:
A—
— B i N(0,1) (116)
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Furthermore, we use the convergence rate in Haeusler| (1988)), we have:

2R 0ios R3+26
L3725 EZE<|MT—MT71| ) :O(W)
r=1

R4+46

2R
Mpas = E[| Y E[(M, = My—1)*|Fra] = 1)) = O(wyaas)
r=1

Then we have the probability

A—
[B(=—F <) - ®(t)| < Dr
o
where
Dr < Cs(Lr,2s + Mp,2s) ™5 = O(R/NT5), V6 >0
where Cj is an absolute constant that only depends on §. We select 6 = %, we have:

<t)—&(t)] < O(R/N)
Since we consider R = [N %, we prove the lemma.

A.7 Proof of Lemma[3.7]

Proof. Assume Z ~ N(u,c?), then we have:

(z w)?
52

(z—p
E min{1, eZ}—/ 5 e~ S z+/ 5 202 dz
To 7ra

0 1 22 2pz4p? 2022 22
e 202 dz + e 202dz
oo V2TO —u V2mo

2 0 9 .
1 (z—(nto?))? 1 22
=exp(u+ 0—)/ e e dr e 2:2dz

2 ~ V2mo —u V2mo
o? —n—o” B 1 22
= ex + — —e 2a2 dz + e 2:2dz
p(p+ <) - o oo

= exp(u + %)‘P(—g —0o)+ <I>(;)

Specially, when p = —fa , we have:

Emin{l,e?} = 2@(730)

A.8 Proof for Theorem 3.8

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

Proof. In RWM-R, the proposal distribution is uniform, hence we only need to consider the probabil-
ity ratio in the acceptance rate. Given current state x and the picked indices u, the proposed state ¥ is
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obtained by flipping indices u of z. The acceptance rate is:

s
Az, y,u) = 1A ﬂ_gg (128)
R
S]] Tu, (y) (129)
T, ()
r=1 4
R Yup 1—
Du,.” (1 — Du ) Yur
=1A H o . (130)
r=1 PUr (1 _p’ll«r)l “r
R
= 1A [ pu 2 (1 = pu, )25 (131)
r=1
R
=1A eXp(Z(l — 2z, ) log 1 fu]; ) (132)
r=1 ur

Define the martingale M,,,n = 1,...,2R. Forr = 1, ..., R, we have M, = 0 and the filtration F. is
determined by the o-algebra of uq,...,ur. For R+ 1 < R+ n < 2R, we have:

Pu, Un,

Mpin = Mrinot + (1= 22,,) log 7 Pun  _E[(1 - 22,,)log - Pun ) (133)

Hence, for n < R, the increment is 0. For n + R > R, denote the mean of the increment is :

Pu,, Pu,,

E[(1 - 22y, )log pu"] = (1= 2py,)log 7= - (134)
the variance of the increment is:
E[(Mp1j — Mpyj—1)*|u, 21:51] (135)
=E[((1 - 2z,, ) log #;u" ~E[(1 - 2¢,,)log ; fu;un 2 (136)
=E[((1 — 2z,,,) log %)Q] — E?[(1 — 2z, ) log ﬁﬁ] (137)
DPu, 2 2 Pu, 2
=(1 — (1 —2py, log ——2— 138
(o 22 — (1= 2p,, 2 (log 222 (138)
=4p;(1 = pu, )(log —>— Dun_y2 (139)
— Pu,
When N is large, we have p,, — 2 = O(N~7), hence
pun 2

4pUn(1 _pun)(log 1— p ) (140)
1, (1= pu,)log(1 + 222 =L jog(Lun ) (141)

=4Pu,, — Pu,, ) 108 0og

Pu,, 1 — Pu,
1 B 2D, — 1 _ Pu

=4(= NN = py (= N~28)) log(——4n— 142
(5 + OV )1 =, ) (P2t + O3 o222 (142)
=2(2p,,, — Dlog(122—)(1+ O(N 7)) (143)

is negative twice of the corresponding mean. Since the indices u are uniformly picked, the conditional
distribution of w,. is:

1yj UL —
P(ur :j|’Uz1:r71) _ {j¢ur.r—1} _

1 R
— 4+ 0(=) (144)
N
Yoim Liguy IV

N2
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Hence, we have the mean is

= E[ZR:(l — 2z, )log %} (145)
r=1 Un
= E[R(1 — 22,,) log f“;ul +O(£—Z)] (146)
_ ]\;Ji]éNw(l—Zpi)loglfipi +O(£—Z) (147)
Similarly, we have the variance is:
o2 — E[TXR; 2(2z,, —1)log . f“;un] = %% :1 N%2(2p; — 1) log - ﬁipi + O(%Z) (148)

When R = O(N 28 ), the variance is at a constant order. For a martingale, we also need to check
the increments are uniformly bounded. When n < R, the increment is always 0. When R + 1 <
R+ n < 2R, we have:

(Mpin = Mpan-1] = (1 - 22,,) log —2*— —E[(1 - 22,,)log —“*—]| < C(e) (149)
1-p 1-—

where C/(€) is a constant only determined by €. Hence, by martingale central limit theorem, we have
the distribution of My converges to a normal distribution. Denote

N
2 i
A=) N¥(2p, —1)1 - 150
5 N; (2p; = 1)log 1= (150)
Then we can rewrite:
1., R
p= 5z (151)
R
2 _ 2
Denote Z = Zil (1 —2z,,)log %. By martingale central limit theorem, we have
7 _
s N (O, 1) (153)
Furthermore, using the convergence rate in [Haeusler|(1988)), we have:
2R R
2426
Lpzs=Y E <|MT M, 2t ) = Olxram75) (154)
r=1
2R ) s R2+26
Mp2s = E[| > E[(M, — My_1)?|F,_q] — 1]"F] = O(3735) (155)
r=1
Then we have the probability
A—
P(E—E£ <t) - ®(t)| < Dg (156)
g
where
1 1 4446
Dr < Cs(Lras + Mpas)3%% = O(R3%% /N3+25), V6 >0 157)
where Cjs is an absolute constant that only depends on §. We select 6 = %, we have:
A—p 1,5
P(EE <) - o) < O(RY/NT) (158)
Hence, the expectation w.r.t. 27}1 (1 —2z,,)log lf o — converges to the expectation w.r.t.
1R 5 R
N(‘i 2 N28° 2N26) (159)
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Using lemma|[3.7] we have the acceptance rate converges to:
R 2
27

In RWM-R, the distance between the current state = and the proposed state y is always d(z,y) = R,
hence we have:

a(R) =2®(— (160)

R’

() = Ra(R) = 2R2(~ Do 3)

(161)

When R = w(N?#), we can give a concentration property. Since the selection of u,. is a martingale,

we can apply Azuma-Hoeffding inequality:

212R3 /N3P
RN—28 )

Hence, When N is sufficiently large, with probability larger than 1 — O(exp(—2t2R2 /N#)), we
have:

P(|Mag — p| > tAaRT /N2P) < 2exp(— = 2exp(—2t2R? /NP) (162)

R

B Pu, _ 1o R tR1 O, R
;(1 21, ) log v —5 M v +O( ﬁ) = -5\ (163)
For C' > 0 independent with N, R. O
A.9 Proof for Corollary[3.9]
Proof. When R = O(N?P), denote z = RA3/N?#
1y R=

p(R) = 2R®(~ 3 2 5) (164)

(Nw/m(mz/w) (5 (RA3/N)1) (165)

:2(N25/R)zq>(—§z%) (166)

which means the optimal value of z is independent of the target distribution. As ® is known, we
can numerically solve z = 5.673. Hence the corresponding expected acceptance rate a = 0.234,
independent with the target distribution, and the efficiency is ©(N??). When R = w(N??), with
probability 1 — O(exp(—2R/N?)), the acceptance rate decrease exponentially fast, rendering o(1)
jump distance. For the remaining probability O (exp(—2R/N?)), assuming all proposals are accepted,
the efficiency is still bounded by:

Rexp(—2R/N?) = 0(1) (167)
Hence, optimal efficiency is achieved when R = O(N?#). O
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B Discussion

B.1 Expected Jump Distance as the Metric to Tune the Scale

In this section, we want to convince the reader that the expected jump distance (EJD) is the correct
metric to evaluate the efficiency for samplers in discrete space. To simplify the derivation, we consider

the distribution
N

N
N i 1—x;
7MW (z) = [[mi(@:) = [[pQ —p)* " (168)
i=1 i=1
We can notice that, compared to the target distributions considered in the main text , we assume
the target distribution is identical in each dimension.

Let the LBP chain, with R = [N 3, being denoted as {2(1),z(2),...}. Since all dimensions are

77”('“:0)) and wy =

identical, we only need to focus on the first dimension. Denote w; = g(m(m:l)

g(m(“’l:l) ). From Lemma. A.l& we can see that:

T (3’,‘1 =0)

. Plu,3u; =121 =0) wo
1 = = — 169
NS P(u, Ju; = lar = 1) wy (169)

That’s to say, the probability ratio of 1 = 0 and x; = 1 being flipped equals to their weight ratio.
Then we compare the acceptance rate in M-H test. From the proof of the main theorem 3.1, we know
the acceptance rate is determined by the term A defined in
1B
A =W Z(R—T—!— Dwey, (y,;) — 7w, (Yu;) (170)

r=1

We can see that, when the first dimension is flipped in proposal, the difference of A is O(N _%) for
x1 = 0 and 7, = 1. As a result, we have:

P(accept |u, Ju; = 1,21 = 0)
m
N—oo P(accept |u, Ju; = 1,21 =1)

=1 (171)

Now, we consider the one-dimensional process Z¥ = x1(|tN 3 |). The identical assumption implies

that, the frequency for a site, for example the first dimension, being selected is [NV ~3. We can easily
see that when N is large enough, Z}¥ converges to a jump process Z;, whose generator we denote.

_ | —Qo1 Qo1
Q_{ Q1o —Qw} (172)

From the derivation above, we know that

@ ~ lim Y u Eaon [P(u, Ju; = 1]z = 0)P(accept |u, Ju; = 1,21 = 0)] _ wo (173)
Qo Nooo > By o [P(u, Ju; = 1o = 1)P(accept |u, Ju; = 1,21 =1)]  w;

Since the sketch of proof above shows that the ratio is independent with the parameter [, we have the
following important decomposition

Q= AD)Q(p) (174)

where ((p) is a matrix only depends on p and the locally balanced function g selected, and A({) is a
scalar only depends on the parameter [.

Since Q(p) only depends on the target distribution, for any test functions f(-), the inverse auto-
correlation of the jump process is proportional to A\({). When we tune I, the coefficient A(l) =
l- 2(1)(,/\11%) is the multiplication of the proposal frequency and the acceptance rate. The value
A1 is defined in (7). As a jump process, we don’t have to analytically compute the value of A({), as
A(1) is proportional to the expected jump distance (EJD). So, we can tune [ by maximizing the EJD,
without having to know the formulation of the target distribution.

Remark 1: The jump process in discrete space is different from the diffusion process in continuous
space. For diffusion process, its velocity is characterized by the ESJD. But for jump process, its
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N |10 40 160 640 N | 50 100 200 400
Table 3: Whenp = 0.5 — ¢ Table 4: When p = ¢

velocity is characterized by the EJD. That’s why Langevin algorithms tunes the step size via ESID
(Roberts & Rosenthal, [1998), but our LBP tunes the path length via EJD.

Remark 2: To simplify the derivation, we assume that the target distributions have identical marginals.
For target distributions with non-identical marginal distribution, different dimensions ¢ = 1, ..., N
can have different velocity A; (). But the sampling process will still converge to jump process, and
we shall still use EJD to measure the efficiency.

B.2 The Choice of € and the Optimal Acceptance Rate

The convergence of (6)) does not depend on the value of € in (2). Based on the proof above, we

can know (6) converges at the rate O(N —12 ). But the convergence of the optimal acceptance rate
depends on the e. We can first consider two extreme cases for intuition. When all p; are close to %,
A1 in (7) will be close to 0 and the optimal acceptance rate will be close to 1; when all p; are close to
0 or 1, Ay in (7) will be close to co and the optimal acceptance rate will be close to 0. Hence, the
main purpose to use fixed € is to give upper and lower bounds for \; in (7), such that the optimal
acceptance rate can converge to 0.574 as in Corollary

Next, we discuss how does the model dimension N in (1) needed in terms of € to make sure the
optimal convergence to 0.574. When all p; have the extreme value determined by e, using locally
balanced function g(t) = /t, we can consider the following two situations:

* All |[p; — 0.5] = € — 0. Then we have:

N € —€
e dim Vel = 6)(\/ -\ 16 ) ZNl 0.5 - 4¢2 )
= ~ = =€
' de(1—e) SN e(T—o) 4-3N 05

When the expected acceptance is 0.574, we need \;! 3= O(el% ) equals to a constant, which
means [ has the same order as ¢~ 3. Since we have R = IN3 < N, weneed ¢~ 3 = O(N%).
As a result, we requires et = O(N 3 ), which basically means we need N > ¢~ 2 to have
the optimal acceptance rate converges to 0.574.

* All0.5 — |p; — 0.5] = ¢ — 0. We have:

N loe( [lze [ e )2 N 1 _
)\2: z:j:l6 € ( € 1—6) - ijleée 1 _1 9

~ = —¢ (176)
' A e@M=a)2 N, Ve —o 462;-\[:1 ez 4

When the expected acceptance is 0.574, we need /\11% = O(e’ll%) equals to a constant,
which means [ has the same order as ¢5. Since we have R = [N'3 > 1, wehave 7! =

O(N3). As a result, we requires e+ = O(N 1), which basically means we need N > ¢~
to have the optimal acceptance rate converges to 0.574.

(175)

So, both situations show that we need /V increase with e to make sure the optimal acceptance rate
converges. In the main text, we assume € is a constant and it guarantees Corollary [3.2holds.

We conduct extra numerical simulations to verify our results. To simplify the experiments, we assume
all dimensions have the same configurations: p; = p. We report the size of N needed to guarantee
that the optimal acceptance rate is 0.574 in Table [3|and Table 4]

B.3 Optimal Scale of RWM
When we assume the target distribution belongs to (2), the derivation of the optimal acceptance

rate 0.234 is no longer valid. But we can still show the optimal scale is R = O(1) by proving the
acceptance rate decreasing exponentially fast.
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In particular, assume we use R = [N” in RWM. Then the acceptance rate can be written as:

Hf:1 Tu, (y) }

A=min{l,A' = ) _ ik (177)
() Hj:l T, (2)
Consider the martingale M;, 7 = 0,1, ..., R, such that My = 0 and
M; — M;_; = log mu; (y) E[log L(y)ml;j,l] = (1 - 2a,,)log Pu; (178)
T, () T, () 1 — py,
By assumption in (2)), we know that
ﬂ'u(y) Pu; Pu;
Eflo z u1.;—1] = E[(1 —2x,.) 1o I —luy.-1] = (1 —2p,.) 1o z (179)
[ gﬂuj(x)| 1j-1] = E[( ;) gl—pu,-| 1j-1] = (1 = 2py;) BT
— 4ZE€
< 2el 180
< 2elog g5 < 0 (180)
And we have
[M; = M;a] < 2|(1 - 2€)log - S (181)
— €
By Azuma-Hoeffding lemma, we have
R
T, (y) T (y) 3 —Rfraci2¢?
P 1 =2 —E[l 2 > Rit) <2 2 182
(12 lou 22y ~ Elloe 2 ol = RH) <27 (152

For 8 > 0, R increases to infinity when N — oco. In this case, log A’ concentrates to a value
T < R-2elog 1=2¢ and A’ decreases exponentially fast. Hence, the optimal scaling of RWM is

1+2¢
o(1).
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C Adaptive Algorithm

We give the algorithm box for ALBP:

Algorithm 2: Adaptive Locally Balanced Proposal

1: Initialize current state (1),

2: Initialize scale Ry = 1.

3: fort=1, ..., T do

4:  Initialize candidate set C = {1, .., N}.

5. R < probabilistic rounding of R;

6: forr=l,...,Rdo

7: Sample u, with P(u, = j) o< w;(z®) 1 ecy.
8: C «+ C\{u,}.

9:  end for
10:  Obtain y by flipping indices uy, ..., ug of z(*).
11:  Compute acceptance rate A = A(z®,y, u).
12:  ifrand(0,1) < A then

13: D =y

14:  else

15: D) = o)

16:  end if

17: ift < Tyarmup then

18: Rt+1 — Ry + (A — 0574)
19:  endif

20: end for

We give the algorithm box for ARWM:

Algorithm 3: Adaptive Random Walk Metropolis

1: Initialize current state z(1).

2: Initialize scale Ry = 1.

3: fort=1, ..., T do

4:  Initialize candidate set C = {1, .., N'}.

5: R < probabilistic rounding of R;

6:  Uniformly sample uq, ..., ug.

7:  Obtain y by flipping indices u, ..., up of z*).
8:  Compute acceptance rate A = A(z), y, u).
9: ifrand(0,1) < A then

10: D =y

11:  else

12: 2+ = z(®)

13:  end if

14:  if t < Tyarmup then

15: Rt+1 — Rt + (A - 0234)
16:  end if

17: end for
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D Experiment Details

We consider five samplers:

* RWM: random walk Metropolis

» GWG(v/1): LBP with replacement, same as algorithmll]except for skipping line 5, weight
function g(t) = v/t

« LBP(v/1): LBP given in algorithm weight function g(t) = v/t

. GWG(H%): LBP with replacement, same as algorithmexcept for skipping line 5, weight

function g(t) = 5

. LBP(H_%): LBP given in algorithm weight function g(t) = t_%l

For each sampler, we first start simulating with R = 1 to get an initial acceptance rate aax.
Then we adopt amax — 0.02, apax — 0.04, ..., amax — 0.02k as the target acceptance rate, until
amax — 0.02k < 0.03. For each target acceptance rate dger, We use our adaptive sampler to get
an estimated scaling Riuee. Then we simulate 100 chains with scaling Ryt to get the expected
acceptance rate, expected jump distance, effective sample size (a, d, ).

To measure the performance of the adaptive sampler, we compare three versions for each sampler
above. In particular, for sampler X we have
* X-1, represents fixed scaling R = 1 version of the sampler.

* AX, represents the adaptive version of the sampler, whose target acceptance rate is selected
as 0.234 for RWM, and 0.574 for else.

* GX, represents the grid search version of the sampler, where we always use the best results
among all simulations for different target acceptance rates we mentioned above.

D.1 Simulation on Bernoulli Model

The density function for Bernoulli distribution is:

N N
M (@) = [[mi@:) = [[ o (1 —pi)' = (183)
i=1 i=1
We consider three configurations

¢ Cl: p; is independently, uniformly sampled from [0.25, 0.75].
* C2: p; is independently, uniformly sampled from [0.15, 0.85].
* C3: p; is independently, uniformly sampled from [0.05, 0.95].

For each configuration, we simulate on three sizes:
* N = 100, sample Markov chain x1.10000, Use 215000 for burn in, use x5001:10000 to estimate

expected acceptance rate, expected jump distance, effective sample size.

* N = 800, sample Markov chain x1.40000, US€ Z1.20000 for burn in, use x20001:40000 t0
estimate expected acceptance rate, expected jump distance, effective sample size.

e N = 6400, sample Markov chain 21:100000, US€ T'1:50000 for burn in, use 50001:100000 tO
estimate expected acceptance rate, expected jump distance, effective sample size.

We give the scatter plot of (a,d) and (a,r) in figure[7. And we examine the performance of our
adaptive algorithm in table[5]and table [6]

D.2 Simulation on Ising Model

Ising model is a classic model in physics defined on a p x p square lattice graph (V},, E},). That’s to
say, the nodes are indexed by {1, ..., p}? and an edge ((7,7), (k,1)) exists if and only if one of the
following condition holds:
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Figure 7: Simulation Results on Bernoulli Model

ci=k j=1+1 ci=k+1,j=1
ci=k j=1-1 ciz=k-1,j=1

The state space is X = {—1,1}"» and the target distribution is defined as:
m(x) o exp ( Z T — A Z :z:ixj) (184)
eVy (i,j)€Ep

2020), we consider three configurations

Following
. C21: o, is independently and uniformly sampled from (—0.2,0.4) if (v; — §)? + (v, — §)? <
-, else a, is independently and uniformly sampled from (—0.4,0.2); A = 0.1.
. C22: o, is independently and uniformly sampled from (—0.3,0.6) if (v; — §)?+ (vo— §)?
-, else a, is independently and uniformly sampled from (—0.6,0.3); A = 0.15.

IA

* C3: a, is independently and uniformly sampled from (—0.4, 0.8) if (v; — §)%+ (va— £)? <
%2, else «, is independently and uniformly sampled from (—0.8,0.4); A = 0.2.

For each configuration, we simulate on three sizes:
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Size N =100 N = 800 N = 6400
Sampler C1 C2 C3 Cl1 C2 C3 Cl1 C2 C3
RWM-1 075 066 056 075 065 055 075 065 055
ARWM 3.85 1.81 0.96 3.63 1.70 0.89 3.69 1.74 0.92
GRWM 3.84 1.83 0.96 3.61 1.70 0.90 3.69 1.75 0.93
GWG(H%)—l 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AGWG(H%) 13.60 10.14 8.26 4145 30.23 2439 123.08 89.48 72.56
GGWG(H%) 13.84 10.30 8.31 42.50 30.88 24.74 127.55 91.68 73.33
LBP(H_%)—l 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALBP(H%) 24.05 19.16 1596 100.25 78.63 64.47 416.55 324.59 266.73
GLBP(H%) 2426 19.26 1598 10049 78.83 64.69 416.67 324.67 266.21
GWG(V1)-1 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00 1.00
AGWG(H1) 13.14 9.41 6.92 39.88 27.81 2046 118.44 82.52 61.27
GGWG(V1) 13.31 9.52 7.04 4092 2834 20.60 122.74 84.08 61.52
LBP(V1)-1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALBP(/t) 2340 17.88 13.59 96.96 7239 5328 40194 29795 218.09
GLBP(/) 23.53 1795 13.61 9693 7241 5336 401.89 297.72 218.11
Table 5: Expected Jump Distance on Bernoulli Model
Size N =100 N =800 N = 6400
Sampler Cl1 C2 C3 Cl Cc2 C3 Cl Cc2 C3
RWM-1 18.85 20.09 20.27 10.44 10.02 9.06 8.11 8.04 7.46
ARWM 80.86  47.95 3049 2854 1844  12.97 17.97 11.25 8.66
GRWM 81.82 49.00 31.11 30.13 18.67 13.22 17.99 12.53 9.86
GWG(H%)—l 28.11 27.89 31.56 10.80 12.75 13.61 7.93 9.17 9.00
AGWG(H%) 343,74  270.00 253.53 302.65 23494 215.58 423.86 334.06 307.75
GGWG(H%) 353.97 27847 255.11 309.04 24738 227.08 446.20 343.49 320.93
LBP(t_tTl)-l 27.37 30.62 33.31 12.11 13.39 14.19 8.81 9.06 9.57
ALBP(H_%) 604.07 528.66 51127 754.69 62235 59459 1472.86 1247.31 1185.65
GLBP(H%) 658.24 564.55 529.03 75122 64443 604.47 148493 1259.07 1179.93
GWG(\/{S)-I 26.19 30.17 30.92 12.35 12.41 14.29 8.97 8.97 9.00
AGWG(\/i) 335.66 25436 205.81 284.31 206.75 175.17 406.81 303.40 261.13
GGWG(\/E) 336.70 25430 209.78 296.11 22429 187.23 422.89 318.11 267.72
LBP(\/E)-I 28.36 27.88 30.93 12.11 12.50 14.12 8.48 10.07 9.36
ALBP(\/E) 598.66 48824 41274 70291 57050 48258 1411.88 1135.84 935.89
GLBP(\/E) 636.34 510.63 42840 73446 588.45 482.09 1417.15 1147.37 946.22

Table 6: Effective Sample Size on Bernoulli Model

* p = 20, sample Markov chain z1.10000, US€ Z1.5000 for burn in, use x5001.10000 to estimate
expected acceptance rate, expected jump distance, effective sample size.

* p = 50, sample Markov chain 21.40000, Us€ Z1.20000 for burn in, use x20001:40000 to estimate
expected acceptance rate, expected jump distance, effective sample size.

¢ p = 100, sample Markov chain z1.100000, US€ Z1:50000 for burn in, use 50001:100000 to
estimate expected acceptance rate, expected jump distance, effective sample size.

We give the scatter plot of (a,d) and (a,r) in figure[8. And we examine the performance of our
adaptive algorithm in table[8]and table [9]
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Size N =100 N =800 N = 6400

Sampler Cl1 Cc2 C3 Cl C2 C3 Cl Cc2 C3
RWM-1 6.26 8.85 515 1445 1544 1248 39.10 42.70 41.07
ARWM 7.10 6.32 527 15.84 1490 14.74 42.18 43.27 44.44
GRWM 7.33 6.41 590 13.66 18.01 14.56 43.64 44.58 42.24

GWG(H%)—I 7.63 9.17 745 13.61 13.13 12.73 60.10 66.24  54.25
AGWG( 7.49 9.61 748 1418 1795 15.59 57.39  72.89 69.93
GGWG(H%) 9.07 9.04 815 16.89 20.09 10.99 70.31 68.87 63.86
LBP(H_%)—I 10.60 12.68 1035 23.58 2436 19.74  70.11 94.35 86.53
ALBP(H%) 11.30  10.83 11.83 24.81 28.07 21.57 12927 108.42 108.88
GLBP(H%) 10.76  11.57 1097 30.71 2542 19.33 9247 100.16  100.06
GWG(V/tH)-1 1080 11.22 7.19 1770 26.87 19.60  58.95 59.23 61.19
AGWG(/1) 9.57 13.00 723 1822 1946 20.27 78.60 67.59 65.13
GGWG(V/t) 9.44 7.36 8.64 18.83 20.72 20.11 65.64 50.45 65.91
LBP(v1)-1 13.18 13.82 11.71 25.62 2837 2894 86.08 81.86  90.00
ALBP(/t) 1251 1221 1059 23.16 2251 21.02 102.78 107.33 103.70
GLBP(v/t) 1438 13.48 1034 2397 3038 2148 120.14 100.18 117.96

Table 7: Running Time on Bernoulli Model

t
1)

Size p=20 p =250 p =100
Sampler Cl1 C2 C3 Cl1 C2 C3 Cl1 C2 C3
RWM-1 0.77 0.65 0.54 0.77 0.64 0.52 0.76 0.63 0.51
ARWM 4.02 1.70 0.89 3.83 1.58 0.82 3.64 1.47 0.76
GRWM 4.12 1.69 0.90 3.84 1.59 0.83 3.64 1.47 0.76

GWG(H_%)—l 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AGWG(H%) 2793 1935 1473 74.33 50.27 37.68 15031 100.21 74.15
GGWG(H%) 2839 19.64 14.96 76.33 51.44 3831 15529 102.49 75.47
LBP(H%I)-I 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALBP(H%I) 4342 3099 2350 141.01 96.23 69.54 338.14 219.73  152.05
GLBP(H%) 4345 31.10 23.62 141.20 96.68 70.16 339.11 221.49 154.52
GWG(/b)-1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AGWG(Vt) 2696 18.09 13.29 72.04 4725 3430 14543 94.41 68.09
GGWG(vt) 2749 1832 13.39 73.94 48.03 3454 149.84 95.79 68.30
LBP(v/1)-1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALBP(/t) 43.85 31.83 2432 146.02 10543 79.82 364.76 261.05 195.65
GLBP(/t) 43.73 3176 2433 14621 10538 79.78 364.84 260.81 195.67

Table 8: Expected Jump Distance on Ising Model

D.3 Simulation on FHMM

FHMM uses latent variables z € X = {0, 1}2*X to characterize time series data y € RX. Denote
p(x) as the prior for hidden variables x, and p(y|z) for the likelihood:

L K
p(x) = Hp(ml,l) H p(xl,k|33l,k71) (185)
=1 k=2
L
pyle) = [[N s w" 2+ b,07) (186)
=1

Specifically, we have p(x; 1) = 0.1, p(z,x = ®1 k—1|%1,k—1) = 0.8 independently VI = 1, ..., L and
Vk =2, ..., K. And we have all entries in W and b are independent Gaussian random variables. We
sample latent variables  and sample y ~ p(y|x). Then we simulate our samplers to sample the latent
variables x from the posterior 7(z) = p(z|y).

We consider three configurations
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Simulation on Ising Model p = 20
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Figure 8: Simulation Results on Ising Model

* Cl:0%2=2
e 202 =1
* C3:02=05
For each configuration, we simulate on three sizes:

e [ =200, K = 5, sample Markov chain x1.19000, Us€ Z1:5000 for burn in, use z5001:10000 to
estimate expected acceptance rate, expected jump distance, effective sample size.

e L =1000, K = 5, sample Markov chain x1.40000, Us€ Z1.20000 for burn in, use x20001:40000
to estimate expected acceptance rate, expected jump distance, effective sample size.

e L 4000, K = b5, sample Markov chain x1.100000, US€ Z1.50000 for burn in, use
Z50001:100000 tO estimate expected acceptance rate, expected jump distance, effective sample

size.

We give the scatter plot of (a,d) and (a,r) in figure[9. And we examine the performance of our
adaptive algorithm in table [IT]and table[12]
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Size p=20 p =50 p =100

Sampler Cl1 C2 Cc3 C1 Cc2 C3 Cl1 Cc2 Cc3
RWM-1 13.85 13.70 13.25 11.39 12.14 9.73 9.27 8.58 8.36
ARWM 51.66 27.50 17.39 35.34 19.60 12.89 22.99 13.31 9.47
GRWM 54.48 27.36 19.41 35.85 20.16 13.96 24.28 13.99 10.32

GWG(H%)—I 19.55 18.06 20.73 13.53 13.30 14.54 10.26 11.44 11.38
AGWG( 362.96 250.15 205.55 611.15 429.22  340.15 755.44 533.07 419.56
GGWG(H%) 377.87 264.00 211.38 641.09 434.17 349.96 795.99 543.68 441.19
LBP(H_%)—I 17.78 18.76 20.24 13.69 14.11 14.88 10.04 10.32 12.30
ALBP(H%) 551.81 394.65 33029 1135.03 821.06 620.26 1733.51 1164.64 868.62
GLBP(H%) 57540 41656 32842 1161.62 809.12 629.38 1742.19 1184.58 880.69
GWG(/b)-1 19.95 17.66 17.87 13.22 13.57 14.22 9.54 10.17 11.50
AGWG(/t) 35657 23655 176.42 569.23  399.21 306.83 727.25 501.14 379.41
GGWG(Vt) 359.85 244.00 186.74 611.60 407.16 312.81 774.36 508.04 384.21
LBP(v/1)-1 18.24 19.32 20.65 14.01 14.09 16.07 10.24 11.53 11.08
ALBP(v/t) 562.14 41321 32944 1197.76 867.77 680.61 1866.85 1359.86 1078.16
GLBP(v/t) 576.18 41454 328.02 122324 877.04 69596 1861.60 1374.12 1079.32

t
1)

Table 9: Effective Sample Size on Ising Model

Size p=20 p =50 p = 100
Sampler C1 Cc2 C3 C1 Cc2 C3 Cl1 C2 Cc3

RWM-1 18.78 19.73 19.64  71.79 74.28 7545 173.58 142.63 143.42
ARWM 18.84 19.94 19.37 76.05 77.45 78.17 13424 14944 150.26
GRWM 19.20 20.08 19.99 76.09 76.89 76.90 13470 14948 150.13
GWG(H%)-I 29.54 31.07 31.78 89.62 92.75 97.31 22838 22422 22892
AGWG(H%) 31.07 3254 40.28 97.31 99.73  104.38 27145 30441 273.28
GGWG(H%) 31.10 32.38 32.26 96.96 99.61 104.46 271.39 26724 273.17
LBP(H%)-I 3640 37.61 46.76 108.31 111.19 116.87 260.65 291.16 269.27
ALBP( 37.42 3836 38.82 12634 12437 116.80 308.16 320.08 317.61
GLBP(H_%) 3791 3926 39.12 12474 12928 125.60 309.07 310.78 316.89
GWG(Vt)-1 2993 3059 31.06 11542 120.13 12143 21642 237.03 240.41
AGWG(vt) 30.17 31.68 31.53 95.37 98.34 103.86 261.55 273.21 280.95
GGWG(/t) 3057 3146 3144 121.69 12599 127.66 259.48 30454 280.64
LBP(v/1)-1 36.99 3742 3698 106.82 110.86 117.53 258.04 275.03 283.44
ALBP(v/) 37.62 38.84 3758 12548 128.87 121.34 303.28 306.60 312.44
GLBP(\/1) 36.87 3896 37.87 12595 130.17 17429 403.14 305.27 339.78

Table 10: Running Time on Ising Model

t
1)

D.4 Simulation on RBM

RBM is a bipartite latent-variable model, defining a distribution over binary data = € {0, 1}
and latent data z € {0,1}". Given parameters W € R"*¥N p ¢ RN ¢ € R", the distribution of
observable variables x is obtained by marginalizing the latent variables z:

h
7(z) o exp(b z) H(l + exp(W;z + ¢;)) (187)

i=1

We train the RBM on MNIST dataset using contrastive divergence (Hinton, 2002) in three configura-
tions

* Cl: h =100
* C2: h =400
* C3: h = 1000
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Figure 9: Simulation Results on FHMM

For each configuration, we sample Markov chain x1.40000, US€ Z1.20000 for burn in, use x20001:40000
to estimate expected acceptance rate, expected jump distance, effective sample size.

We give the scatter plot of (a,d) and (a, ) in figure [10. And we examine the performance of our

adaptive algorithm in table [T4]and table [I5]
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Size L =200 L = 1000 L = 4000
Sampler C1 Cc2 C3 Cl1 Cc2 C3 C1 C2 C3
RWM-1 0.83 079  0.74 0.83 0.79 0.73 0.83 0.80 0.74
ARWM 6.85 4.41 2.55 6.79 432 2.50 6.94 4.40 2.54
GRWM 6.91 4.45 2.56 6.83 4.35 251 6.97 4.39 2.54
GWG(H%)—I 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AGWG(H%) 59.96 50.53 40.05 142.24 118.18 9344 29485 24323 191.70
GGWG(tJ%l) 61.24 51.63 40.74 146.40 12191 95.88 305.78 251.09 197.28
LBP(H_%)—I 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALBP(H_%) 97.11 8570 65.77 27820 242.01 17951 687.29 585.02 416.32
GLBP(H%) 9747 8578 6597 27859 24252 180.60 687.74 586.70 420.53
GWG(/H-1 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AGWG(/t) 57.52 4755 3653 137.11 111.40 85.78 286.03 230.52 177.22
GGWG(vt) 58.83 4853 3721 141.15 114.24 87.45 296.62 23735 180.79
LBP(v/1)-1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ALBP(v/%) 96.64 8577 6691 283.12 24895 19399 71520 627.85 488.14
GLBP(\/1) 97.14 8558 67.14 28351 248.84 19434 716.13 628.80 488.50
Table 11: Expected Jump Distance on FHMM
Size L =200 L = 1000 L = 4000
Sampler Cl1 C2 C3 Cl1 C2 C3 Cl1 C2 C3
RWM-1 9.83 8.98 8.78 6.33 7.26 7.01 6.82 6.14 6.09
ARWM 35.88 28.73 18.09 18.45 13.32 10.68 10.99 10.04 8.37
GRWM 39.65 29.04 19.09 19.15 15.22 11.00 12.79 10.49 8.52
GWG( til )-1 10.78 10.43 9.96 7.13 6.91 722 6.50 5.82 6.69
AGWG(H%) 306.97 26230 213.37 28852 24550 196.80 295.08 241.20 195.35
GGWG(H%I) 320.12 27395 217.62 303.42 257.10 20559 31235 257.75 21094
LBP(H_%)—I 10.70 10.26 10.58 7.25 7.25 7.05 597 6.34 6.76
ALBP(H%) 499.13 45594 35252 57335 487.63 38397 679.06 594.70 436.70
GLBP(H%) 508.67 456.24 356.10 572.88 508.27 393.32 70234 600.21 451.36
GWG(v/1)-1 10.30 10.22 11.06 6.69 7.90 7.09 6.53 6.72 6.80
AGWG(vt) 29438 251.57 190.81 278.17 227.18 186.24 289.14 23277 184.94
GGWG(Vt) 309.79 26426 20246 29143 238.06 186.76 30298 251.14 194.88
LBP(v/?)-1 9.86 10.52 10.82 6.98 7.24 7.68 6.05 6.59 6.52
ALBP(\/1) 50223  443.64 348.77 57549 524.64 406.15 727.50 645.50 504.30
GLBP(\/1) 508.85 44436 362.72 57829 52092 40898 724.64 651.81 515.16
Table 12: Effective Sample Size on FHMM
Simulation on RBM for MNIST
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Figure 10: Simulation Results on RBM
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Size L = 200 L = 1000 L = 4000
Sampler C1 2 3 Cl 2 C3 Cl1 2 c3
RWM-1 13630 129.16 3023 5829 5803 6132 11292 11273 110.94
ARWM 139.53 13836 29.94  60.08 60.02 5861  120.83 119.95 120.38
GRWM 137.61 12372 30.14 6684 61.19 5843 12042 120.39 118.40

GWG(;Ly)-1 4954 4886 5684 11386 11289  82.67 28279 28229 281.53

AGWG(;L;) 4880 6440 68.73 11927 12407 8857 31522 31552 313.65

GGWG(;Ly) 4976  48.60 5724 11877 11859 8857 31545 31477 31527

LBP(;4;)-1  53.94  69.11 7598 129.92 13442 9159 29547 29456 29291

ALBP(;Y;) 4373 5783 6459 9214 12928 9324 31510 327.57 308.84

GLBP(;1;) 5784 5721 6394 13668 14043 10002 31552 31408 309.44

GWG(H8)-1 23112 19652 5626 112.63 11048 109.11 27985 279.51 277.10

AGWG(H/?) 20990 218.15 5581 11370 11934 11459  964.08 31470 314.63

GGWG(VD) 21894 21849 5559 11699 117.65 112.57 314.86 31445 311.70

LBP(VD)-1 25623 24833 6295 14723 128.65 121.14 1069.63 94532 292.23
ALBP(vI)  57.65 5708 6378 13330 13070 9833  313.61 311.16 308.09
GLBP(v?) 23246 23029 6457 12931 15327 13077 31530 313.04 309.27

Table 13: Running Time on FHMM

Size h =100 h =400 h = 1000
RWM-1 0.20 0.17 0.14
ARWM 0.19 0.17 0.14
GRWM 0.20 0.17 0.14

GWG(5)-1 0.99 0.98 0.96

AGWG(:£) 12.75 11.31 9.62

GGWG(7) 12.91 11.36 9.58

LBP()-1 0.99 0.98 0.96

ALBP(:£) 29.03 26.07 22.47

GLBP(:15) 29.19 25.85 22.55

GWG(V1)-1 0.99 0.99 0.99

AGWG(V1) 5.74 5.50 5.04

GGWG(V/1) 5.76 5.58 5.10

LBP(v/t)-1 1.00 1.00 1.00
ALBP(/%) 11.41 10.65 9.93
GLBP(v/1) 11.53 11.09 10.10

Table 14: Expected Jump Distance on RBM

38



Size h =100 h =400 h = 1000
RWM-1 15.46 10.76 8.04
ARWM 15.08 11.13 8.82
GRWM 15.46 10.76 8.24

GWG()-1 19.42 14.45 12.70
AGWG(:5) 31.71 16.42 16.21
GGWG(:=) 33.77 18.51 17.36
LBP(:)-1 17.99 13.38 11.16
ALBP(:17) 48.20 25.59 23.61
GLBP(:17) 51.82 25.83 25.78
GWG(V1)-1 21.03 13.59 12.20
AGWG(/1) 21.92 13.51 15.52
GGWG(V/1) 24.97 16.58 15.81
LBP(/1)-1 19.72 12.02 10.77
ALBP(/t) 33.43 16.95 17.28
GLBP(\/1) 32.90 19.51 18.74

Table 15: Effective Sample Size on RBM

Size h=100 h =400 A= 1000
RWM-1 67.37 59.54 43.48
ARWM 69.71 61.24 4228
GRWM 67.37 59.54 44.52

GWG(9)-1 92.75 93.28 69.18
AGWG(L) 99.34 95.26 74.14
GGWG(:5) 94.70 96.48 73.09
LBP(£5)-1 118.60  116.04 87.54
ALBP(£) 84.03  144.03 90.43
GLBP(H%) 121.71 119.38 91.12
GWG(V1)-1 109.86 94.40 69.86
AGWG(/1) 94.97 94.63 72.30
GGWG(V/1) 96.42 94.23 72.93
LBP(/1)-1 116.63  116.15 86.23
ALBP(\/1) 12047  118.61 88.35
GLBP(/t) 11845  118.86 89.34

Table 16: Running Time on RBM
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