s26 A Proofs for Section[3|

s27  In this section, we analyze the regret of Algorithm [3]in the policy class setting and prove Theorem [3.1.

Algorithm 3 EXP4 with Delay-Adapted Loss Estimators (EXP4-DALE)
1: inputs:
* Finite policy class IT C X — A with |II| = N,
» Upper bound on the sum of delays, D.
* Step size n > 0.
2: Initialize p; € A as the uniform distribution over II.
3: forroundt =1,...,7 do

4: Receive context x; € X.
5 Sample 7 ~ p; and play a; = 7(x;).
6: Observe feedback (s, L(xs, as)) for all s < ¢ with s + ds; = ¢ and construct loss estimators
L sy s I i\Ls) = Ug .
ys = LZn 0 MTr) = 0a] - ¢ )

HlaX{Qs,aS ) Qi,as }

where we define Qs , = Zf\il ps,il[mi(zs) = a] and Qia = Zf\il peillmi(zs) = al.

7 Update
Pit1,i X P eXP(—n > c) 3)

s:s+ds=t

s2s  Throughout this section, we use the notation E,[-] to denote an expectation conditioned on the entire
829 history up to round ¢. We define the standard (unbiased) importance-weighted loss estimators by

L L(zy, an)l[mi(zy) = a4
. Qtat

ss0 Theorem A.1. Algorithm[3]attains the following expected regret bound:

Vi € [N], “

T N T
logN 17 .
E[Rr] < o + §]E Zzpt+dt;ict2,i +2E Z||pt+dt —pt||1]-
t=1 i=1 t=1
831 Proof. The regret may be decomposed as follows:
T
Rr =Y c(pi—p*)
t=1
T T T T
=Y (=) + > 0 (=) + Y (o —piva) b+ Y (Pera, —PY) b (5)
t=1 t=1 t=1 t=1
Biasy Biaso Drift OMD

82 where ¢, ; = L(x¢, m;(x¢)) fori € [N]. The OM D term can be bounded by referring to Lemma 9 of
833 [35]] which asserts that

T log N 7 T |1
Z(Pwrdt —p) & < + 2 Z Zp“rdmié?,i' (©)

t=1 n t=1 =1

834 while noting that this lemma does not require a specific form of loss estimators, only that they
835 are nonnegative, as is the case for our delay-adapted estimators defined in Equation (2). We also
836 note that the Biass term is non-positive in expectation, since the delay-adapted estimators satisfy
837 Ey4[és] < ¢y fori € [N]. Thus, to conclude the proof we are left with bounding the Dri ft and
838 Bias; terms, whose bounds are given in Lemma[A.2]and Lemma[A.3]that follow. O
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839 Proof of Theorem First, we show that

E Zzpwmé@] < KT.

t %

s40 Indeed, using the definition of the delay-adapted loss estimators ¢, it holds that

) L(ay, ag)l[mi () = ai
Z Zpt-‘rdf, max{Qt s Qitcﬁlt}

I Pty il[mi (T4) = aq]
<E Z Qt+dt Qt.a, ]

{ra s

g4t Thus, using Theorem [A.T|together with Lemmal[A.4]gives the bound claimed in Theorem O

E lz > prvaiéi
t [

ss2 Lemma A.2 (Bounding the Drift term). The Drift term given in Equation (5) is bounded in
843 expectation as follows:

T T
Z — Ptd,) * € ] < Elzpt pt+dt1] .

t=1 t=1

844 Proof. First, we note that the delay-adapted loss estimators ¢; are upper-bounded by the standard,
g5 conditionally unbiased importance-weighted estimators ¢; defined in Equation (). Therefore, we can
s46  bound the Drift term as follows:

T T N
Z — Pt+d,) ] <E|Y Y Ipri— pt+dt,i|5t,i]
=1 Lt=1 i=1
T N
<E Z Z|pt,i - pt+dt,i|6t,i]
Li=1 i=1
T N
=E Z Z|pt,i = Pty il - Ct,i‘|
Lt=1 i=1
T
<E ZHpt —pt+dt||1],
Li=1
847 where the last step follows from Hélder’s inequality and the fact that ||c; || < 1. O

sss  Lemma A.3. The Biasi term given in Equation (5) is bounded in expectation as follows:

T
E|> pe- (e —ér) > e - pt+dt||1] :
t

t=1

<E

849 Proof. We note losses and loss estimators can be indexed by actions rather than policies and use the
sso the notation ¢, = L(w,a) and &, = %ﬁ’:“] where M; , = maX{Qt @ de}. Therefore,

851 using the fact that E,[é, ] = ¢ ]?4 , the Bias; term can be bounded as follows:
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T
Elzpt (et — 6t)] =E ZZQt a(L(zt,a ét,a)]

Lt=1 a=1
Qta
=E Q oL ) ( >]
;azl b xt Mta
gL Qta
SE-;;MtG(Mta_Qt,a)]
<E Z Z(max{@t as t+dt} - Qt,a)‘|
Lt=1 k=1

[T K
§ E ZZ ‘Qitdt - Qt,a ] .
Lt=1 a=1

Now, by the definition of Q) 4, t+d’ and the triangle inequality, we have

T K
|33 [0 0| <2[S°3 3 usas | -
t=1a=

t=1 a=1 1 (z)=a

T
ZHpt = Dt+d, ||1] J
t=1

concluding the proof. O

Lemma A.4 (Distribution drift). The following holds for the iterates {pt}z;1 of Algorithm '

T

E Z||Pt+df, pt“l] <n(D+T).
t=1

Proof. Define

Fp)=p 3 és+%R<p>,

s:s+ds<t

where R(p) = vazl pi log p;, so that p; = argmin,c», F(p). Note that R(-) is 1-strongly convex
with respect to ||-||;, and therefore F3(-) are 1/n-strongly convex. Thus, using first-order optimality
conditions for p; and p;1, we have:

1 1
Fy(pe+1) = Fi(pe) + VFi(pe) - (Pe41 — pe) + %”pﬂrl —PtHi > Fi(pt) + %”ptﬂ —PtH?v

1 2 1 2
Fip1(pt) > Fip1(pes1) + VE1(ev1) - (e — peyr) + %Hptﬂ —pell] = Fepa(pesr) + %Hptﬂ —pelly-

Summing the two inequalities, we obtain

1
;HP:&H —pt”? < Ft+1(pt) - Ft(Pt) + Ft(pt+1) - Ft+1(pt+1)

( Z és) (Pt — Pey1)

s:s+ds=t

< Z( > és,i) Pt — Pes1,il
[ s:s+ds=t

< z( 5 ) A
7 s:s+ds=t
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where ¢, ; are the standard (unbiased) importance-weighted loss estimators. Taking expectations
while using E[(-)2] > (E[-])* and Hlder’s inequality, we obtain

1
Elpes = pll)* < CE[lpes il

< E[Z( > c) [Py —me]

7 s:s+ds=t

1
n

< meE|pes1 — pelly,

where m; = [{s : s + ds = t}| is the number of observations that arrive on round ¢. Dividing through
by the right-hand side of the inequality above, we obtain

Ellpe+1 — pelly < mm,
and using the triangle inequality we have

dy dy
Elpisa, —pilly <D Blpers —pivs—illy <0y mips 1 =nMig,,

s=1 s=1

where M, 4, is the number of observations that arrive between rounds ¢ and ¢ 4+ d; — 1. Using Lemma
C.7 in [20], we conclude the proof via

T T
E [ZHPHdt - pt||1] < WZMt,dt <n(D+T).
t=1 t=1
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B Proofs for Section

B.1 Proof of Theorem 4.6

In this subsection, we provide the proofs of the lemmas required to derive regret guarantees for
algorithm DA-FA (Algorithm|[I)), proving Theorem 4.6

Consider the following regret decomposition,

dmax T
Rr=> (=il x) Lo, )+ D (o=l | 20) - frelmr,)
t=1 t=dmax+1
T ) " T R
+ Y we(ten) = fiw)+ X el lan - (filen) — )
t—dmax+1 t=dmax+1
FY Pl 20) - (i) = frelae)).
tdn)ax+1

We bound each term individually in the following lemmas and claims, and then we combine all the
bounds to derive Theorem 4.6

Claim B.1. With probability 1, it holds that

dlnax

> (0= el | 20) @t ) < dinase

t=1
Proof. This follows immediately by the fact that £(-) is bounded in [0, 1]. O
Lemma B.2 (Restatement of Lemmad.7). With probability 1, it holds that

T T
A KT psla \xt
Z (pt(')_p*("xt))'f‘r‘(xtv') < — = Z Z
t=dmax+1 T dmaraca P

Proof. Fort € {dmax + 1,dmax + 2, ..., T}, let R¢(p) denote the objective of the convex minimiza-
tion problem in Equation (II]), i.e,
=2 p(@) fr(ana Z log(p

acA aEA
Hence,

(VRp)), = Fre (a1, 0) — —

vp(a)
Since p, (-|x+) is a feasible solution and p; is the optimal solution, by first-order optimality conditions
we have
; 1
petalen) (Ftena) = ) = 3 o) (o) - L) 20
; pe(a Z vpi(a)
Thus,
pi(alz K
S (ulaler) = pil@) fre () > 30 ' t K
acA aEA 'th Y
Which implies that
2 pi(alz
S (1) = puala) fro(orea) < 7 ¥ ' 2
acA cA ’th
We conclude that
a KT d P \CL‘
R * t
Yo emplla) frelwn )< == Y Y T
t=dmax+1 v t=dmax+1a€A "ypt
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ss7 Lemma B.3 (Restatement of Lemmad.8). It holds true that

T
]El > (5(%&7') - ft(%ﬁ)] < g + R (O™

t=dmax+1

sss Proof. For this term, we apply the oracle expected regret bound for the non-delayed function
sso approximation. By Assumption[.2]the following holds.

E _ zT: j (é(mt, ) = felwe, ))]
Lt=dmax+1
T

<E Z pr ( T, a ff(%ﬂ))]

tfd,mx+1 acA

=E 1/ pt $t7 ft(ft»a)>‘|
Lt= dmaxﬂ acA

T
<E Z Zpt Z Zpt (xt, ft($t>a))2] (AM-GM)
t=dmax+1acA

Lt=dmax+1aEA v
T — ) K - ; ’
:gﬁ_y Z E{(ft(xuat)—f(xt)at)) }

+~E

v t=dmax+1
(T — dia) K~ . 2
§% + ’YZE[<ft(xt7at) — (s, at)) }
t=1

KT
ST + ’YRT(O;ZJ])W

o0 where in the final transition we used Assumption 4.5 which implies that the observations are given to
891 the oracle in the same order that they arrive to the CMAB algorithm, which allows us to invoke the
g2 regret guarantee of the non-delayed oracle. O

893 Lemma B.4 (Restatement of Lemmad.9). It holds true that

T T
]E[ S pellz)- (ft(xt,-) _g(xh.)) DS Ps aéx;)

t=dpm +1 t=dpt1acA 1P

7,
<E +’7RT(Osq n)'

894 Proof. For this term, we would like to use a change-of-measure technique using AM-GM to be able
895 to apply the oracle’s expected regret bound for the non-delayed function approximation. Again,
sos by Assumption [d.2]the following holds.

E — i JAQEE (ft(wt, ) —f(xtf))}

t_dmax +1

<E Z ZP* alzs) - (tmty — L(zy, ))]

Lt=dmax+1acA
r T

= ¥ ek ;g;gg.<ft<xt,a>-e<xt,a>)]

Lt=dmax+1acA

r T
* a|xr 2
€| 3 ZP ‘t +7E| Y Yl (fi@r )~ )| amGw)
PR Py B T —dmaxt+1 aEA
S P \w - 2
x t
x| Y oy rs)) s E[( xt,a»—e(xt,at))}
i1 aea 1P t= i +1
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T T A 2
15> ZWW]HZE{(M%W)e(xt,ag”
t=dmax+1 aEA Tpe(a) —
S p.(alay)
<k BT 4 AR (OF ™),
t:dmZ;xﬂ(gct Tpe(a) 7(O04")

where in the final transition we used Assumption as in Lemma{4.8

We now proceed to prove our final lemma.
Lemma B.5 (Restatement of Lemma[d.10). Under Assumptiond.4)it holds true that

El Z (pt _p*(' | xt)) : (ft(l‘t;') - th<xt,'))] <2 dmaxDB-

t=dmax+1

Proof. Using Holder’s inequality and the triangle inequality, we have

T

> be-pilla)- (filen) = frolan )
t=dmax+1

T

< D el el I elwe, ) = ool )l

t=dmax+1

T d._+
<2 Z ZHft—i(l’t,')*ft-(i—l)(%f)“oo (r

t=dmax+1i=1

T d, ¢ . A
<2 Y D = fonlle

t=dmax+1 i=1
T

<2 Y aillfi = fenlles

t=dmax+1

where oy is the number of pending observations (that is, which have not yet arrived) as of round ¢.

—t—d)

Now, using the Cauchy-Schwarz inequality, the fact that E[\/:] < 4/E[-] and Assumption we

finally obtain

E zT: (pr = pu(- [ @) - (ft(mtv') - fAT"(xta'))‘| <2 ( XT: ‘7t2> ' ( ZT: E{Hft - ft+1||io]

t=dmax+1

t=dmax+1 t=dmax+1

§2 dmaxDﬁa

where we used the fact that oy < dy,ax for all ¢ (since at every round o; can increase at most by one
and an observation can remain pending for at most dy,ax rounds), and the fact that ) , o, = D, which
follows since when summing the delays, each delay d; contributes once to exactly d; rounds with

pending observations, and all pending observations are covered in this manner.

We can now prove Theorem 4.6/

O

Theorem B.6 (Restatement of Theorem . Let v =, /%. Then the following expected
T (Usq

regret bound holds for Algorithm

E[R] < 0<\/KT(RT(O{;")) dmafo;).
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Proof of Theorem Putting the results of Claim [B.T|(taking expectation on both sides) and Lem-

mas [4.7]to . 10]all together, the expected regret is bounded as follows.

KT
E[RT] S dmax + 27 —+ 2’YRT (9]:77 + 2\/ max

Choosing v =, / m yields the desired bound.

B.2 Regret and Stability analysis of Vovk’s aggregating forecaster for the square-loss

We consider a hedge-based version of Vovk’s aggregating forecaster [39], presented in Algorithm 2]
for the square loss under the realizability assumption (Assumption and a finite function class F.

We denote by z; = (z4,a¢) € X x A the input of each function f € F C X x A — [0,1] at
xr € X is a sequence of contexts generated throughout, and

time step t € [T], where zq,...,

Aty ...
Also, let yq,. ..

,yr € [0, 1] are such that E[y| 2]

,ar € A is the sequence of actions, where a; was chosen for the context z;, for all ¢ € [T].
= fu(2t), and f(z¢) € [0,1] forall f € F. We

consider the square loss, and prove the following guarantee for the iterates of Algorithm

Theorem B.7 (Restatement of Theorem@.11). For t € [T denote by q; € A(F) the probability
measure over funcnons in F computed by Algorithm[2]at time step t, for the t — 1-length prefix of the
sequence {(z,,y-) }1_;.

Then, the sequence of measures {q; }1_, satisfies the followings for any n < 1/18:

1. Expected regret:

2. Stability:

T

ZE[KL(thqu)] < 9n?-

t=1

ZE[(ft(zt) — fe(2))?] <

2log|F]|
—

2]
Oim = 189 log| 7.

Proof. WLOG, since Hedge is invariant under adding a constant loss in each round we can subtract

(fi(zt)

W, =

log

Wi

|F| and W1 > 1 (since wy(fx) = w1(fx) = 1 for all ¢), that

Wr1 > —log|F|.

On the other hand, for small enough 7 (smaller than a constant),

log

Wria
Wi

T
Wit
= 1
2 los 3

T

t=1

S

t=

T
<Y B g, (£ (2
t=1

)

—yt)Q _

< logEpeg, [(1 = n((f(2e) — ) —

27

(fi(ze) = 4

=Y logEfny, [e—n«f(zt)—yt)?—(f*<zt>—yt>2>]

(falze) = y0)*) + 07 (£ (20)

— yt)2 from the loss of all functions. In particular, after the subtraction, f, has a cumulative
loss of 0. Therefore ¢ (f) oc wy(f), and wyy1(f) = wy(f)e 1z =ve)*~
> Wt (f)

We have, as W; =

(f+(2)=v1)*) | Denote

- yt)2 - (f*(zt)

e <l4+z+a2forz<1)

)2+ 0 Epeg [(f(22)

—4)® = (fu(2)

(log(1 + ) < x)

—1)*)*)]

- yt)g)Q]



M=

B g [(F(20) = fu(20)* +2(f (20) = Ful2)) (Ful2e) = 90)]

t

1

F 0B poq, [(f (20) = fol(20))? + 2(f (20) = fol20)) (fo(ze) — we))?]
B g, [(f (26) = fo(20))® + 20 (20) — fu(20)) (fo(2e) — )]
INE g, (f(2) — fu(20))?.

934 Rearranging, we obtain that

M=

il
+>—t

ZEM — Fez))? + 2(F (20) — Fo(20)) (ful2) — )]

T
< 10g77|]:| + 97ZZEf~qf, [(f(z0) = fulz0))?]-

t=1

935 Taking expectation over y1, ..., yr:

log|F
Y1, YT lZEfNQt — fu(z)) ]1 = 7! | Ey,,....yr

936 If, suppose n < 1/18 then we 1mmediately obtain

ZEth — fulze)) ]].

< 2log|F| 7
Ui
937 and the expected regret of Algor1thm|2| can now be bounded by

T T 2
S E[(fiz) = f(2))?] =D E (th ﬂ(z»)) ]

fer

| feF

< Z S @ (F (=) — fulz) ]

yl ----- yr

ZEfNQt (fe(ze) — f*(zt))z]]
t=1

< 2log|F]| ’
n
938 where we have used Jensen’s inequality. This concludes the proof of part 1. of the theorem.

939 For the second part, we observe that

a(f) ]
qi+1(f)

= NBfmg, [(f(20) — yt)Q] + 10gEf~qt€7n(f(z")fyt)

2 2
— DB, [F(20) — 90)? = (ful(21) — 01)?] + l0g Efmg, [efn«f(zmyt) —(fulz)=ur) )}
<nEjq, [(f(zt) - yt)2 - (f*(zt) )2]

+10gEfg, [1 = n((f(20) = y0)? = (Fiulze) = 90)*) + 17 ((f(20) = y)? = (fulze) = 9)*)?]
(e*<l4+z+z’forz<1)

< PEfng, [(f(2) = y1)® = (fulze) — yt)2)2] (log(1+ ) <)
= 772]Ef~qt [((f(zt) - f*(zt))z +2(f(2t) = fulz)) (fulzt) — yt))Z]

KL(qtl|gi+1) = Efng, {log
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< 9772Ef~qt [(f(zt) - f*(zt))ﬂ'

Therefore, taking expectation over yi, . . ., yr and using part 1. we obtain
T
2log|F
SRR L)) < 972 - 22 1510007,
t=1 n
yields the second part of the theorem. O

C Lower Bounds

C.1 Proof of Theorem[4.3]

In this subsection, we present a lower bound indicating that an additional assumption on the oracle
is necessary in order to obtain sub-linear regret in the general function approximation setting. The
lower bound shows that with no additional assumption on the least squares oracle, any algorithm
incurs linear regret in the presence of delayed feedback, even for a constant delay of d = 1.
Theorem C.1 (Restatement of Theorem[.3). For any CMAB algorithm ALG in the function approxi-
mation setting (that is, ALG can only access F via the oracle) there exists a CMAB instance with
constant delay d = 1 over a realizable loss function class F with | F| = T + 1 with an online oracle
(’);Z satisfying RT(OS};) = 0, on which ALG attains regret Rt = Q(T).

Proof. Consider a CMAB instance over X = {xy,29,...,27}, A = {aj,a2} and F =
{f1, f2y- -, fr, f}, where f, is the true loss function. The functions in F are sampled randomly as
follows:

felxiyar) = Ber(é), felxiyaz) =1 — felag,a1), i€ {T},

fi(:ma) _ {f*(:ma), T = Ty, i c [T}

Ber ( %) , otherwise,

The online sequence of contexts is defined by x1, s, 3, ...,z in order. We consider an oracle
which at round ¢ outputs the function ft = f;. It is easy to see that the least-squares regret of this
oracle is zero because fi(x+, ) = fi(t, ). Now, at round ¢, due to the delay, ALG only has relevant
information on z; given by {fi(¢,"),..., fi—1(x¢,-)}, all of which are random i.i.d. Ber(3)
random variables, with the true loss f, (2, -) being either (1, 0) or (0, 1) with equal probability and
independently of the previous observations of ALG. Therefore, however ALG chooses the next action
a®, with probability % it will incur a loss of 1 while simultaneously the other action will have a loss
of zero. This means that in expectation over the random construction of F, the algorithm will incur
Q(%) regret. By the probabilistic method, we know that there exists a fixture of F depending on
ALG on which ALG suffers linear regret, as claimed.

C.2 Lower Bounds for Contextual MAB with Delayed Feedback

In this subsection, we establish lower bounds on the expected regret for CMAB with delayed feedback.
Our construction is based on the approach of [[10] via a reduction from the full information variant
with non-delayed feedback using a blocking argument.

We begin with a lower bound for the policy class setting with a finite policy class II, which relies on
a reduction from the problem of (agnostic) prediction with expert advice, for which known lower
bounds exist in the literature (see e.g. [9]).

We then present a lower bound for the realizable function approximation setting with a finite loss
function class F, and for that we construct an explicit hard instance for the full-information non-

delayed variant, with a regret lower bound of €2 (w /T log | F |) .

We remark that while a regret lower bound of (2 (\/ KT + \/5) can be immediately inferred from
the results of [9] who consider the special case of multi-armed bandits, our goal is to show that the
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dependence on log | F| where F appears jointly with the delay dependence. While the dependence of
v/ KT log | F| is known to be tight for CMAB with general function approximation, it is nontrivial that
the delay dependent term also contains a dependence on log | |, which we prove in the construction
that follows.

In our construction we consider the full feedback setting, where for each round ¢ and observed context
x4 € X, the learner observes the entire loss vector (¢(x¢,a))qc.4 after choosing an action a; € A.

Theorem C.2. There exists a finite policy class I C AY mapping contexts to actions, a delay
sequence (dy, . .., dr) with maximal delay d and sum of delays D = ©(dT) such that for any CMAB
algorithm there is instance of the CMAB problem for which the algorithm incurs expected regret

E[Rr] = Q(v/ Dlog II]).

Proof. We observe that CMAB with a policy class can be viewed as a special case of the prediction
with expert advice framework [9]], where each policy corresponds to an expert, provides a prediction
for each context. Hence, the classical lower bound of (/T log |II|) for the full-information expert
setting (see Cesa-Bianchi and Lugosi [9], chapter 2) applies in the absence of delays.

Returning to the delayed CMAB problem, construct a delay sequence (dy, . .., dr) in which d is the
maximal delay and D = 3] d; = ©(dT) as follows:

Divide the time horizon into 7'/ (d + 1) blocks, each containing d + 1 consecutive rounds. For each
blockb € {0,1,...,T/(d+1)—1} and eachround 7 € {b(d+1),b(d+1)+1,...,(b+1)(d+1)—1},
define the delay as d, = d — (7 — b(d + 1)). That is, within each block, the delays decrease from d
to 0, in this corresponding order. This also implies that D = WTl Z::lzo 1= % . w = %d.
This construction ensures that feedback from all rounds within a block is revealed simultaneously at
the end of the block.

The loss sequence is constructed as follows: Consider the loss sequence ({1, ..., 7/(4+1)) given by
a lower bound construction for prediction with expert advice over T'/(d + 1) rounds. The loss of the
first round of each block b is defined to be £}, and remains the same throughout the block. Now, note
that given this construction, the algorithm essentially faces a prediction with expert advice problem
over T'/(d 4 1) rounds (the rounds on which information is obtained), with loss values in the range
[0,d + 1]. We remark that we can assume without loss of generality that the algorithm fixes a policy
mp, at the start of block b and uses it to play actions throughout the entire block, as it does not learn
new information within the block.

Thus, we can aggregate each block into a single “super-round” of a reduced expert problem. Specifi-
cally, for block b, define the aggregate loss of each expert 7 as £ (7) = Zil:rbl(zi(ﬁr)l)_l Uz, m(2,)).
Even if we allow the algorithm to observe full feedback, it essentially observes the full aggregated
loss vector over actions in each block, so this construction corresponds to a well-defined instance of

prediction with expert advice over the T'/(d + 1) rounds which are the initial rounds of the blocks.

The resulting reduced problem has T'/(d + 1) rounds with losses in [0, d 4 1]. Applying the lower
bound from Cesa-Bianchi and Lugosi [9] to this reduced problem yields:

E[Rr] > Q <(d+ 1)y log|H> = (V@+1)Tlog ) = 2 (v/DlogM) .

d+1

which completes the proof. O

We now combine this result with the classical lower bound of Q(+/ KT log |II|) for CMAB with
bandit feedback and a finite policy class, which is based on reductions from prediction with expert
advice (see, e.g., [29} 16, [7, 9]). This yields the following lower bound for CMAB with delayed
feedback in the policy class setting:

Corollary C.3. For CMAB with delayed bandit feedback and a finite policy class 11, the expected
regret satisfies

E[R7] > Q (\/TKlog T + /Dlog |m) .
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To prove a corresponding regret lower bound for the realizable function approximation setting, we
similarly require a regret lower bound of 2 (« /T log | F |) for the full-information non-delayed variant

of the problem. Such a lower bound, however, does not exist in the literature as far as we are aware,
so we exhibit an explicit construction in the following lemma.

Lemma C4. Let A = {a1, a2} be action set, and let X = {x1,...,x,} be a set of n contexts where
n < T. Then for any CMAB algorithm there exists a finite loss function class F C {X x A — [0,1]}
of size | F| = 2™ and a CMAB instance which is realizable with respect to F, on which the expected
regret of the CMAB algorithm is lower bounded by

E[Ry] > Q(VaT) = 0(v/Tlog|F]).

Proof. Across all of the instances which we construct, the context is chosen uniformly at random
from X. We define the function class F as the set of 2" functions f which, for each z € X, are
defined via f(z,a;) = 3 — e and f(z,a;) = 1 for the other action a; # a; (that is, each function in

F has a distinct choice of optimal actions across all n contexts), and we choose € = 1/n/1007T.

Prior to the interaction, a function f, € F is selected uniformly at random and the losses are defined
to be Bernoulli random variables according to f,, ensuring realizability holds. More specifically,
{(x, a) will be a Bernoulli random variable with parameter f,(x,a) forall z € X,a € A.

Now, by standard arguments of statistical estimation, since the true loss function f, was sampled at
random, as long as a given context € X has not appeared more than Q(1/¢2) times, the CMAB
algorithm must incur instantaneous regret of € conditioned on this context. Since the contexts are
sampled uniformly at random and the loss values for one context reveal no information about the
loss for different contexts, the algorithm must incur expected regret of at least {2(¢t) on the first ¢
rounds as long as each context has been sampled o(1/c%) times. With high probability, all contexts
are sampled sufficiently many times only after ¢ = Q(n / 52) rounds, implying that the expected
regret of the algorithm over 7" rounds is lower bounded by

sk (e ) - 0(2) = 0().

€
which concludes the proof. O

We remark that the construction in the above proof is similar to the lower bound given by [3] for the
bandit case, but here the proof is considerably simpler as the algorithm is not required to perform
exploration in order to obtain sufficient feedback.

Thus, by combining the lower bound for contextual bandits with function approximation under bandit
feedback [3] with the delayed feedback result above using the same reduction as we described in the
proof of Theorem|[C.2, we obtain:

Corollary C.5. For any CMAB algorithm in the realizable function approximation setting over finite
loss function classes, there exists a finite function class F and a distribution over losses which is
realizable by F, for which the expected regret satisfies

E[R7] > Q (\/TK log | 7| + /Dlog |]-"\> .
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