Supplementary Material for “Improved Learning
Rates of a Functional Lasso-type SVM with Sparse
Multi-Kernel Representation”

Shaogao Lv', Junhui Wang?, Jiankun Liu®, Yong Liu?3*

!Nanjing Audit University
2Gaoling School of Artificial Intelligence, Renmin University of China, Beijing, China
3Beijing Key Laboratory of Big Data Management and Analysis Methods, Beijing, China
4City University of Hong Kong
SInstitute of Information Engineering, Chinese Academy of Sciences
lvsg7160@nau.edu.cn, liuyonggsai@ruc.edu.cn

Appendix

The organization of the proofs is as follows. Frist, we show that the ¢, -type penalty has as special
feature, allowing one to avoid estimating explicitly the estimation error. Second, a new element in the
proof is proved in empirical process theory, in which we use the strong convexity of the expected
functional objective under the Bernstein condition to enter directly into local conditions. Third, we
use the intrinsic correlation between different RKHSs to derive a key inequality, which is related to
the left side one of our basic inequality. Based on the above three steps, we can establish a basic
polynomial-type inequality, which immediately yields our general learning rates for SVM.

Proofs

Given a function space G, recall that the empirical Rademacher average on G is defined by

R(G) = sup| - 3 uglz)

n
9€G 1 i
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where {c;} are i.i.d. Rademacher variables. The population-level Rademacher complexity of G is

~

given by R(G) = E, ,[R(G)]. The contractive property of R(G) is very useful in our theoretical
analysis. That s, if ¢ : R — R is Lipschitz with constant L, and satisfies ©(0) = 0, then

R(poG) < QLWR(Q).

In addition, we state the close relationship between || - ||, and || - ||z for functions in H.,,’s. The
following Lemma I| follows immediately from Theorem 4 and Proposition 5 in [2]].

Lemma 1. Suppose that A > 1 and log M > 2loglogn. Then there exists a universal constant
Cy > 0 such that with probability at least 1 — JV[_A,for all frn, € Hum,

[ fmll2 < Co(lfmlln + eEm)ll fmllxc,.)  and || fmlln < Co(llfmll2 + e(Em) £ k.. )-

Lemma 2. (Concentration Theorem [lI|]) Let Z1, ..., Z,, be independent random variables with values
in some space Z and let H be a class of real-valued functions on Z, satisfying for some positive
constants n,, and T,
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Define Z = supyc g

LS, (W(Z:) ~ BR(Z))|. Then for t > 0

2

2npt
P(Z > E(Z) + t/2(] + 20,E(2)) + —2— ) < exp[-nt?].
For any given A_, A, > 0, we define the subset of HM
M M
Fa:=A{f¢€ HMY Z (K|l fm — frull2 < A, (B fn = Frllic, < A4}
m=1 m=1

The following Proposition |1| on concentration inequalities holds for general lipschitz-type losses,
including the hinge loss. Let £, (f) = 2 >°7 ; ¢(Y; f(X;)) be the empirical risk of f with respect to
the population-level quantity ( f).

Proposition 1. Let Fa be a measurable function subset defined as above. Suppose that condition C
holds for each univariate H,,. For some A > 1, with probability at least 1 — 2M ~4, the following
bound holds uniformly on A_ < eM and Ay < eM,

[En(f) = Ea(f*) = (E(f) —E(f )| S CLlA- + Ay + ™M), VfeFa.
The proof of Proposition [I]is similar to that in [3]] for high dimensional quantile regression, and it is
given in Appendix B for completeness.

Proof of Theorem 1.

Given a subset S C [M], we write Is(f;\,7) = > .cq /\m\/||fm||% + Ymll fmll%, - Clearly

Is(f; A, ) is a mixed norm of f for any A, > 0 and 7,, > 0. By the definition of f in (??) and the
sparsity assumption on f*, we have

EnlP) + I (Fi 0 7) < En(F) + Is(f*3 M 7). (1)

Recall that Iy (f; A7) = Is(f3 A, y) + Ise(f; A, ) forany f, and Ise(f; A, y) = Lse(f — f*3 A7)
by the sparsity assumption on f*. Then it follows from (I}) and the triangle inequality that

Enlf) + Ise(f = f550,7) < Ealf7) + Is(f = 557, 7).
Adding Is(f — f*; \,~) to both sides of the last inequality, we obtain

Enlf) + Tn(f =[50 7) S Ealf) +20s(f = 55 0,7)-
Simple algebra yields that

EN+Iu(f = 507 < EU) +]Ef) = Ealf) = () = E(f)]

+2Is(f — f*5 A7) )

We now bound the quantities In;(f — f*; X, ) and Is(fn — f*; A, ) by their population-level terms,
respectively. Note that with probability at least 1 — M ~4, we have

M
Lu(f - f5507) = % > Al — 5 112/Co + (Vm — eEa) i — Filx,)
m=1

1 < . A
> S (U = Ll + Co/2 Al — Fallie
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> iy 2w\l = B4 Gl il O)

where the first inequality follows from Lemma and the subadditivity of /-, and the second inequity
is based on assumption /7, > 2¢(K,,)/Cy for any m € [M], and the third inequality follows

from the subadditivity of 1/ as well. By the similar arguments as above, with probability at least
1 — M~4, we also have that

Is(F = 507 < V2Co 3 X/ — £ 13 +2/Covnll o — Sl 0

meS




Therefore, substituting (3) and (@) into (2)) yields that with probability at least 1 — 20/ ~4,

M
EF) + = 3 M\ — S2l13 + C3 /Al o — S, < E(F) + 21200 x

1
\/500 m=1
> Ammfm — 23+ 2/C3vmll fn — Fill %+ |Ea(f) = Ea(f*) = (ECH) = E(FD))| B

mesS

It remains to bound the empirical process |E,, (f) — £ (f*) = (E(f) = E(f*))].
[T]is employed.

Since || fmlloo < [[fmllx, < 1forany f = (fi,..., far) € BM, and 2Me(K,,) < M for any
m € [M], the following bounds are satisfied

M

e(K)| fn — Fiull2 < €™, Z )l o = Fill i < M,

m=1 m=1

and thus Proposition[I|can be apphed directly. Precisely, we obtain from Proposition[T]and (3] that,
with probability at least 1 — 41 ~4

M
A 1 ~ ~
+\/§C0m2_:1/\m\/”fm_ an%"’Cg/Zl%anm_ ;;LH%(W

< E(f)+2V20 Y Am\/\\fm — Fl3 4 2/Coyml fm — FrlI%,
meS
M ) - -
V20 Y Kl — Fl3 + (Kol fn — F2

=1

% —I—Cle . (6)

m

With the choice of \,, > 4CoCre(K,,) and 7y, > 4€2(K,,)/C3 for any m € [M], the above
inequality immediately implies that

A 1
€ -0+ pm 2 mmfm P2l + C3 /4yl fn — £l
< McoZAmmfm—mn%w/cgwmufm—f*|K,,L+cle . ™
meS

We first consider the case when

(i) 2V2C0 3 A\ IFn — £ 3 + 2/ Crvml o — Fl3,, = Cre™

meS
It follows from (7) that
£~ £ + 5750 ZAmmfm LB+ C3/4ml fm = S,
< 4200 3 A/ — 1213 + 2/C3vmll o — Fia - (8)
meS

Since £(f) — £(f*) > 0 by definition, (8) implies that

M
S M/ W = F2013 + C3 /47l o — S,
m=1 (9)

<1663 3 M/ IFon — £33 + 2/ Crmll fn — F1 1%,

mesS



with probability at least 1 — 40 ~—4, provided that \,,, > 4CyC1e(K,,) and v,,, > 4€2(K,,)/C? for

any m € [M]. That is, fn belongs to F. éGCg with high probability under the case (i). Meanwhile,
from (8) we also conclude that, with probability at least 1 — 4M ~4

g(fn) - g(f*) < 4\/500 Z )‘mem - f’;’;L”Q + 16 Z )\m TYm

meS meS
< V20 (S N2) 23 1 — 10132 416 Y M/ (10)
meS mesS meS

~ 2
forany f € F éw", where the second inequality follows from the Cauchy-Schwartz inequality. Under
the identifiable assumption (Condition A) and the correlation assumption (Condition D), it follows
from that

E(f) — E(f) < 4200 /T (S, px) (D A2) 2 S (f +16 3 Ay

meS m=1 meS

< 4v2e0Co/T(S,px) (Y A2 2 (EFn) — €)Y 416 37 Mv/Am, (11)

meS mesS

where the first inequality follows from Condition D, and the second inequity follows immediately
from Condition A. Direct calculation of (TT) yields that

E(f)E(f*)gmax{(m)%(%)\fn>%,32mz€s)\m %}. (12)

Thus we complete the proof of Theorem 1 under case (i).

It remains to consider the case when (i) does not hold. That is,

2200 3" M/l — Fial3 +2/Comll o — Fiall%,, < Cre™

m
mesS

It immediately follows from (7)) that

&) -0+ 55 memfm Fill3 + C8 /4l fn = Fi i, < 2C1e™. (13)

It is clear that our desired result still holds, since log M > 2loglogn by assumption. Therefore, by
combining with (T3]), we complete the proof of Theorem 1.

Appendix B: Proof of Proposition 1}

To apply Theorem 2} denote H = {h(z2)| h(z) = ¢(yf(x)) — ¢(yf*(x)), f € Fa}, where ¢(u)
is the hinge loss defined as above. We can write [E(f) — E(f*)] — [En(f) — E.(f*)] = E[h(2)] —
%2?21 h(z;),h € H. Then, by Bousquet’s concentration inequality, with probability at least
1—et,

2t(12 + 2n,EZ) N 20t

Z <E(Z .
<E(Z)+ n 3n

(14)

The remaining proof is to give tight upper bounds of 7,,, 7, and E(Z) respectively. First, the
sub-additivity of /- implies that

2t(12 + 2n,EZ / /
\/ t(T + 2ny, ) 2 77n +Ez+ n
n

where we used the basic inequality \/uv < (u + v) / 2 for any u,v > 0. Meanwhile, since |Y| < 1,
the contraction property of ¢ implies E(h%(Z)) < ||f — f*||2 for any f € Fa. Thatis, T? <
supse 7, |If — f*||5. This together with (14) leads to

A+ t)n,
e,

2t
Z <2B(Z)+ | — sup [|f = f2+ (15)
N feFa



Moreover, by the contraction property of ¢ and Condition C, we have

M M
rllo I = F*lloe € D0 Im = Frlloo < e2 > (1fm = Frlla + 1 = Frallie, ) VS € Fa,

m=1 m=1
where we used the Young inequality u”v'~" < u + v for any u, v > 0 and 0 < 7 < 1. Note that

€(Km) > 1/ 2125 for all m, this follows that

M
n
= [l < () ——A_, 1
mZ::le' fllz <\ Jos37 (16)

for any f € Fa. A similar argument leads to Z%Zl [fm = frllk,, < a10557 A+ So we combine
these derived inequalities to obtain

c3n can

L U N 17
Alog M T Alog M=t a7

Nn <
Thus, plugging the upper bounds of 7, and sup e 7, ||f — f* |2 (T6) into (I3), with probability
at least 1 — e~t, we have

2c3t 4G (1+1¢)
AlogM —  AlogM n

N (18)

~ ~

To bound E(Z), we use a symmetrization technique, and thus E(Z) < 2E[R(H)] < 2E[R(Fa —
1*)], where the second inequality follows from the contraction property of Redemacher process.

Moreover, applying Talagrand’s concentration inequality [1] again for f{(}" A — [*), we get that

~ ~ 2c3t can (1+1)
ok < ok 2
ER(Fa = f*)] <2R(Fa - f )+\/AlogMA’+AlogM " Ay,

with probability at least 1 — e~t. According to the existing result on weight empirical process in [2]
(see Equation (8) below), on some event E of probability at least 1 — A/ ~4, for all m € [M] we have

) SEATAREAIEn

< Cle(Km)lfm — [l + EEa) fn — Fillie, ] (19)

Hence, with probability at least 1 — 2¢~t — M~4, we have

~ 2c3t 9con (1 +1)
Z <8R - f* 9 2 4+ ——A
<8R(Fa—f)+ Alog M AlogM n +
M
~ 2c3t 9can (1 +1)
<8) RM; — )+ 9/ —2—A_ A
- ; (g = fi) + Alog M AlogM n +
2c3t 9con  (1+1)

<8C(A-+A4)+9

_ A
Alog M +A10gM n +

which holds on the event E N F(A_, A, t), where P(F(A_, A4, t)) > 1 — 2e~*. With the choice
of t = Alog M/c% + 4log M, we obtain a bound that uniformly over

e M <A <eM ande ™M < Ay < eM. (20)

For this purpose, we consider M 2-different discrete pairs A™ = AT :=2""_ m € [M]. Then on
the event (), ,,, F'(AZ, Ak 1), we have Z < ¢(A™ + AF) for all m, k € [M]. Moreover,

P( m F(AT,Aﬁ_7t)) >1-— OM2e—c2 log M—4log M >1— 2M72762,
k,m



which tends to 1 as M goes to infinity. Besides, using monotonicity of the functions A™ and Ai
involved in the inequalities, the result can be extended to the whole range of A_ and A satisfying

20).

IfA_ <e ™M or Ay < e~ M it is trivial to derive the desired result with the same probability. This
completes the proof of Proposition|[T} O
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