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Abstract

Recent theoretical work studies sample-efficient reinforcement learning (RL) ex-
tensively in two settings: learning interactively in the environment (online RL),
or learning from an offline dataset (offline RL). However, existing algorithms and
theories for learning near-optimal policies in these two settings are rather different
and disconnected. Towards bridging this gap, this paper initiates the theoretical
study of policy finetuning, that is, online RL where the learner has additional access
to a “reference policy” u close to the optimal policy 7, in a certain sense. We con-
sider the policy finetuning problem in episodic Markov Decision Processes (MDPs)
with S states, A actions, and horizon length H. We first design a sharp offline
reduction algorithm—which simply executes p and runs offline policy optimization

on the collected dataset—that finds an € near-optimal policy within O(H3SC* /£?)
episodes, where C* is the single-policy concentrability coefficient between . and
7. This offline result is the first that matches the sample complexity lower bound
in this setting, and resolves a recent open question in offline RL. We then establish
an Q(H3S min{C*, A}/e?) sample complexity lower bound for any policy fine-
tuning algorithm, including those that can adaptively explore the environment. This
implies that—perhaps surprisingly—the optimal policy finetuning algorithm is
either offline reduction or a purely online RL algorithm that does not use p. Finally,
we design a new hybrid offline/online algorithm for policy finetuning that achieves
better sample complexity than both vanilla offline reduction and purely online RL
algorithms, in a relaxed setting where 1 only satisfies concentrability partially up
to a certain time step. Overall, our results offer a quantitative understanding on the
benefit of a good reference policy, and make a step towards bridging offline and
online RL.

1 Introduction

Reinforcement learning (RL)—where agents learn to play sequentially in an environment to maximize
a cumulative reward function—has achieved great recent success in many artificial intelligence
challenges such as video games playing [38, 52], large-scale strategy games (e.g. GO) [44, 45],
robotic manipulation [3, 32], behavior learning in social scenarios [8], and more. In many such
challenging domains, achieving human-like or superhuman performance requires training the RL
agent with millions of samples (steps of acting or game playing) or more. Understanding and
improving the sample efficiency of RL algorithms has been a central topic of research.
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Sample-efficient RL has been studied in a rich body of theoretical work in two main settings: online
RL, in which the learner has interactive access to the environment and can execute any policy;
and offline RL, in which the learner only has access to an “offline” dataset collected by executing
some (one or many) policies within the environment, and is not allowed to further access the
environment. These two settings share some common learning goals such as the sample complexity
(number of episodes of playing) for finding the optimal policy. However, existing algorithms and
theories in the online and offline setting seem rather different and disconnected—In online RL,
state-of-the-art sample-efficient algorithms typically explore the entire environment, e.g. by using
optimism to encourage visitation to unseen states and actions [9, 27, 19, 41, 21, 5, 22, 12, 23, 53]. In
contrast, offline RL does not allow interactive exploration, and sample-efficient policy optimization
algorithms typically focus on optimizing an unbiased (or downward biased) estimator of the value
function [39, 48, 4, 40, 10, 56, 35, 58, 25, 42]. It is therefore of interest to ask whether these two
types of algorithms and theories can be connected in any way.

Further, on the empirical end, insights and patterns from offline RL often help as well in designing
online RL algorithms and improving the sample efficiency in the real world. For example, there are
online RL algorithms that alternate between data collection steps using a fixed policy, and policy
improvement steps by learning on the collected dataset [20]. The replay buffer in value-based
algorithms can also be seen as a local form of offline (off-policy) policy optimization and are often
be used in conjunction with optimistic exploration techniques [38, 18, 49]. The prevalence of these
algorithms also offers practical motivations for us to look for a more unified understanding of online
and offline RL in theory. These reasonings motivate us to ask the following question:

Can we bridge sample-efficient offline and online RL from a theoretical perspective?

This paper proposes policy finetuning, a new RL setting that investigates the benefit of a good initial
policy in reinforcement learning, and encapsulates challenges of both online and offline RL. In the
policy finetuning problem, the learner is given interactive access to the environment and asked to
learn a near-optimal policy, but in addition has access to a reference policy  that is good in certain
aspects. This setting offers great flexibility for the algorithm design: For example, the algorithm is
allowed to either simply collect data from y and run any offline policy optimization algorithm on
the collected dataset. It is also allowed to play any other policy interactively, including those that
adaptively explores the environment. The policy finetuning problem offers a common playground for
both offline and online types of algorithms, and has a unified performance metric (sample complexity
for finding the near-optimal policy) for comparing their performance.

We study the policy finetuning problem theoretically in finite-horizon Markov Decision Processes
(MDPs) with H time steps, S states, and A actions. We summarize our contributions as follows.

* We begin by considering offline reduction algorithms which simply collect data using the
reference policy p and run an offline policy optimization algorithm on the collected dataset. This
setting equivalent to offline RL with behavior policy p, and thus our result translates to a same
result for offline RL as well.

We design an algorithm PEVI-ADV that is able to find an e-optimal policy (for small £) within

O(H3SC* /%) episodes of play, where C* is the single-policy concentrability coefficient
between . and some optimal policy 7, (Section 3). This improves over the best existing offline
result by an H? factor in the same setting and matches the lower bound (up to log factors), thereby
resolving the recent open question of [42] on tight offline RL under single-policy concentrability.

* Under the same assumption on i, we establish an Q(H?S min {C*, A} /e?) sample complexity
lower bound for any policy finetuning algorithm, including those that adaptively explores the
environment (Section 4). This implies that the optimal policy finetuning algorithm is either offline
reduction via PEVI-ADV, or a “purely” online RL algorithm from scratch (such as UCBVI),
depending on whether C* < A. This comes rather surprising, as it rules out possibilities of
combining online exploration and knowledge of y to further improve the sample complexity
over the aforementioned two baselines.

* Finally, we consider policy finetuning in a more challenging setting where y only satisfies con-
centrability up to a certain time step. We design a “hybrid offline/online” algorithm HOOVT that
combines online exploration and offline data collection, and show that it achieves better sample
complexity than both vanilla offline reduction and purely online algorithms in certain cases
(Section 5). This gives a positive example on when such hybrid algorithm designs are beneficial.



1.1 Related work

Sample-efficient online RL.  There is a long line of work on establishing provably sample-efficient
online RL algorithms. A major portion of these works is concerned with the tabular setting with
finitely many states and actions [9, 27, 19, 5, 11, 2, 22, 63]. For episodic MDPs with inhomogeneous
transition functions with .S states, and A actions, and horizon length H, the optimal sample complexity

for finding the ¢ near-optimal policy is O( H3SA/<?), achieved by various algorithms such as UCBVI
of Azar et al. [5] and UCB-Advantage of Zhang et al. [63]. Our paper adapts the reference-advantage
decomposition technique of Zhang et al. [63] to designing sharp offline algorithms. Online RL with
with large state/action spaces are also studied by using function approximation in conjunction with
structural assumptions on the MDP [23, 61, 62, 1, 41, 21, 47, 53, 57, 14, 24].

Offline RL.  Offline/batch RL studies the case where the agent only has access to an offline dataset
obtained by executing a behavior policy in the environment. Sample-efficient learning results in
offline RL typically work by assuming either sup-concentrability assumptions [39, 48, 4, 40, 15,
51, 10, 56]) or lower bounded exploration constants [58, 59] to ensure the sufficient coverage of
offline data over all (relevant) states and actions. However, such strong coverage assumptions
can often fail to hold in practice [16]. More recent works address this by using either policy
constraint/regularization [16, 35, 29, 55], or the pessimism principle to optimize conservatively
on the offline data [30, 60, 28, 25, 59, 42]. The policy-constraint/regularization-based approaches
prevent the policy to visit states and actions that has no or low coverage from the offline data. Our
proposed offline RL algorithm PEVI-ADV (Algorithm 1) is inspired by the pessimistic value iteration
algorithms of [25, 42] and achieves an improved sample complexity over these work under the same
single-policy concentrability assumption on the behavior policy.

Bridging online and offline RL.  Kalashnikov et al. [26] observed empirically that the performance
of policies trained purely from offline data can be improved considerably by a small amount of
additional online fine-tuning. A recent line of work studied low switching cost RL [6, 63, 17, 54]—
which forbits online RL algorithms from switching its policy too often—as an interpolation between
the online and offline settings. The same problem is also studied empirically as deployment-efficient
RL [36, 46]. While we also attempt to bridge online and offline RL, our work differs from this line in
that our policy finetuning setting allows a direct comparison between “fully offline” and “fully online”
algorithms, whereas the low switching cost setting prohibits fully online algorithms.

2 Preliminaries

Markov Decision Processes In this paper, we consider episodic Markov decision processes (MDPs)
with time-inhomogeneous transitions, specified by M = (S, A, H, P, r), where S is the state space,
A is the action space, H is the horizon length, P = {P }; , where P;(-|s,a) € Ag is the transition
probabilities at step h, and r = {r), : S x A — [0, 1]}, are the deterministic' reward functions at
time step h € [H]. Without loss of generality, we assume that the initial state s1 is deterministic.

Policies, value functions, visitation distributions A policy 7 = {m,,(:|$)},¢ (s ses consists of
distributions 73, (-|s) € A 4. We use E,[-] to denote the expectation with respect to the random
trajectory induced by 7 in the MDP M, that is, (s1, a1,71, S2,a2,72,...,SH,ay, Ty ), Where ap, =
wh(sn), Th = Th(Sh,an), Sh+1 ~ Pr(:|sn,an). For each policy 7, let V;™ : S — R and Q7 :
S x A — R denote its value functions and Q functions at each time step h € [H], that is,

H H

Vir(s) = IEW{ Z Th(Shr,ap) sy = s}, Qh(s,a) = ]EW[ Z Th (Sh,ans)|sn = s, ap = a].
h=h h=h
The operators Py, and V), are defined as [P, Vj,11](s,a) = E[Vhy1(s')|sn = s,an = a] and

[ViVihi1](s,a) == Var[V41(8")|sn = s,an = a] for any value function V},1; at time step h + 1.

"'While we assume deterministic rewards for simplicity, our results can be straightforwardly generalized to
stochastic rewards, as the major difficulty is in learning the transitions rather than learning the rewards.

2 Any MDP with stochastic s; is equivalent to an MDP with deterministic by creating a dummy initial state
so and increasing the horizon by 1.



We also use ]IA”h and I7h to denote empirical versions of these operators building on estimated models
(which will be clear in the context).

We use 7, = argmax, V" (s) to denote any optimal policy, and V};* := V,"* and Q} = Q}* to
denote the value function and Q function of 7* at all h € [H|. Throughout this paper, our learning
goal is to find an near-optimal policy 7 such that Vi*(s1) — V{"(s1) < e.

Finally, we let d denote the state(-action) visitation distributions of 7 at time step h € [H]:

dr(s) ==P(sp = s|m), and dj(s,a) =P(sp = s,ap = a|r).

Miscellaneous We use standard O(-) and Q(-) notation: A = O(B) is defined as A < CB for

some absolute constant C' > 0 (and similarly for ). The tilded notation A = O(B) denotes
A < CL - B where L is a poly-logarithmic factor of problem parameters.

2.1 Policy Finetuning

We now introduce the setting of policy finetuning. A policy finetuning problem consists of an MDP
M and a reference policy . During the learning stage, the learner can perform the following two
types of moves:

(a) Play an episode in the MDP M using any policy (i.e. learner has online interactive access to M).

(b) Access the values of the reference policy iy (als) for all (h, s, a). For example, the learner can
use it to sample actions a ~ p,(+|s) for any h, s for arbitrarily many times during learning.

The goal of the learner is to output € near-optimal policy 7 within as few episodes of play (within the
MDP) as possible.

A unique feature about the policy finetuning setting is that it allows both online interactive plays via
any online RL algorithm (not necessarily using p), as well as offline reduction which simply collects
data by executing the reference policy i and do anything with the collected dataset. In particular,
this means that any algorithm for offline policy optimization (based on offline datasets) also gives
an algorithm for policy finetuning via this offline reduction. Therefore, policy finetuning offers a
common playground for both online and offline type algorithms with a unified learning goal.

Assumption on reference policy Throughout most of this paper (except for Section 5), we consider
the following assumption on the reference policy .

Assumption A (Single-policy concentrability). The reference policy p satisfies that

max dh* (870’) S C*
he[H] (s,a)esx A d) (s, a)

(with the convention 0/0 = 0) for some deterministic optimal policy 7, and constant C* > 1.

The single-policy concentrability characterizes the distance between the visitation distributions of the
reference policy i and some optimal policy 7*. This assumption is considered in the recent work
of Rashidinejad et al. [42] on offline RL and is more relaxed than previously assumed concentrability
assumptions which typically requires the supremum concentrability against all possible 7’s to be
bounded [10]. We consider this assumption as it both allows efficient offline RL algorithms [42], and
is perhaps also a sensible measure of quality for the reference policy in policy finetuning.

3 Sharp offline learning via reference-advantage decomposition

We begin by investigating the sharpest sample complexity for policy finetuning via the offline
reduction approach. This requires us to design sharp offline RL algorithms that run on the dataset D
collected by executing 1. We emphasize that this is both an interesting offline RL question on its own
right, and also important for our later discussions on lower bounds and other algorithms for policy
finetuning, as the sharpest sample complexity via offline reduction provides a solid baseline.



Warm-up: VI-LCB As a warm-up, we first show that a finite-horizon variant of the VI-

LCB (Value Iteration with Lower Confidence Bounds) algorithm of Rashidinejad et al. [42] achieves
sample complexity O(H®SC* /£?) for finding an & near-optimal policy. This result is similar to the

O(SC* /(1 — ~)5¢?) guarantee® for the original VI-LCB in infinite-horizon discounted MDPs [42,
Theorem 6]. The main ingredients of our VI-LCB algorithm is a pessimistic value iteration procedure
in which we perform value iteration on the empirical model estimated from the dataset D, along
with a negative Hoeffding bonus term to impose pessimism. Due to space constraints, the algorithm
description (Algorithm 3) and the proof of Theorem 1 are deferred to Appendix B.

Theorem 1 (VI-LCB for finite-horizon MDPs). Suppose the reference policy p satisfies the single-
policy concentrability (Assumption A). Then with probability at least 1 — §, VI-LCB (Algorithm 3)
outputs a policy 7 and value estimate V' such that

(a) maxpem) Y ses dp (8)(Vir(s) — Vi(s)) <&
(b) Vi (s1) = Vi (s1) <,

within n = O (H?SC* [€?) episodes.

Theorem 1 serves two main purposes. First, the 5(H 5SC* /e?) sample complexity asserted in
Theorem 1(b) provides a first result for offline RL (and offline reduction for policy finetuning)
under single-policy concentrability in finite-horizon MDPs. Second, the value estimation bound in

Theorem 1(a) shows that the estimated value function V},(s) provided by VI-LCB is close to the
optimal value V;*(s) at every step h € [H], in terms of the weighted average with d}* (s). Our next
algorithm PEVI-ADV builds on this property so that VI-LCB can be used as a “warm-up” learning
procedure that provides a high-quality value estimate.

Sharp offline learning via reference-advantage decomposition We now design a new sharp
algorithm PEVI-ADV which achieves an improved O(H?3SC* /2) sample complexity (for small

enough ¢). This improves over VI-LCB by O(H?) and is the first algorithm that matches the sample
complexity lower bound. PEVI-ADV adds two new ingredients over VI-LCB in order to achieve the

O(H?) improvement:

1. We replace the Hoeffding-style bonus in VI-LCB with a Bernstein-style bonus. This shaves off
one H factor in the sample complexity via the total variance property (Lemma C.4).

2. Both VI-LCB and our PEVI-ADV use data splitting to make sure that the estimated value ‘7h+1

and empirical transitions @h are estimated using different subsets of D, this yields conditional

independence that is required in bounding concentration terms of the form (@h - ]P)h)‘/}h_‘_l.
However, applied naively, this data splitting induces one undesired H factor in the sample
complexity as we need to split D into H folds and thus each [P, is estimated using only n/H
episodes of data.

As a technical crux of this algorithm, we overcome this issue by adapting the reference-advantage
decomposition technique of Zhang et al. [63]. This technique proposes to learn an initial reference

value function V™*f of good quality in a certain sense, and then performing the following type of
approximate value iteration (using the right-hand side as the algorithm update):

IO N SN -
PpVigr = ProVasy + Pra (Vh+1 - Vhril)-

Above, YA/hH, ]IADh’O, and Iﬁ’h,l are estimated on three disjoint subsets of the data. The advantage

of this approach is that, due to this new independence structure, @h,o for different h € [H] can
be estimated on the same set of trajectories without H-fold splitting, which shaves off the H

factor within this part. On the other hand, estimating @h,l still requires H -fold splitting, yet this
would not hurt the sample complexity if the magnitude of (V41 — V,ffl) is much smaller than
its naive upper bound O(H )—we show this can be achieved by using VI-LCB to learn yref,

3[42] can achieve a faster rate in case C* < 1+ O(1/N). However, we focus on the case C* = 1 4 ©(1)
where the guarantee of Rashidinejad et al. [42] is O(SC* /(1 — 7)°¢?).



Algorithm 1 Pessimistic Value Iteration with Reference-Advantage Decomposition (PEVI-ADV)

Require: Dataset D = {(sgi), agi), rgi)7 el sg), a%), rg))}. ) collected by executing p in M.
1: Split the dataset D into D,¢f, Dy and {Dh,l}le uniformly at random:
:=n/(3H) (n1 =n/3).

2: Learn a reference value function V*°f VI-LCB(D,¢t) via VI-LCB (Algorithm 3).

3: Let Nio(s,a) and Ny o(s,a,s’) denote the visitation count of (s,a) and (s,a,s’) at step h
within dataset Dy. Construct empirical model estimates:

Npo(s,a,s")

Nh70(s, CL) vV 17

Nret = |Dret| = /3, no :=|Do| =n/3, ni = |Dua

@h,o(sﬂs,a) — and 7ho(s,a) < ru(s,a)L {Npo(s,a) > 1}.

Similarly define Ny, 1(s,a), Ny 1(s,a,s"), (Th1, I@;L71) for all h € [H] based on dataset D, ;.

Y, oVret 1(s.a)e
4: Set by, (s, a) « c- ( [V?\}:Zh(:,%vH) + Nh,,ggfa)\/l) forall (h, s,a), where . := log(HSA/J).

5: Set ‘7H+1(S) + Oforalls € S.
6: forh=H,...,1do

V 1 \7 1—‘7r°f s,a)t .
7. Setby(s,a) < c- (\/[ nrlien Dikllne) +Nh,1ﬁ,a>v1>~

8:  Perform pessimistic value update for all (s, a):
@h(s, a) — ?h’o(s, (l) + {@mo?ﬁf& (S7 a) — bh70(8, a) —+ {@hﬁl(f/\vhﬁi,l — ‘7;?:1)} (S, a) — bhyl(s, a);
Vi(s) « [max @h(s,a)} V0.

9:  Set Th(s) « argmax, Qn(s,a)forall s € S.

10: end for
11: return Policy 7 = {@n} ¢ -

We instantiate this plan by carefully using VI-LCB to learn the reference value function 1*¢f,
combined with tight Bernstein bonuses, to shave off another H factor in the sample complexity. The
full PEVI-ADV algorithm is provided in Algorithm 1. We now present its guarantee in the following
theorem. The proof can be found in Appendix C.

Theorem 2 (Sharp offline learning via PEVI-ADV). Suppose the reference policy i satisfies the
single-policy concentrability (Assumption A). Then with probability at least 1 — §, PEVI-ADV (Algo-
rithm 1) outputs a policy T and value estimate V' such that

(@) maxpen X es Ay (5) (Vi (5) = Vi(s)) < &

(b) Vi'(s1) = Vi(s1) <&,

withinn = O(H3SC* /e + H5®SC* /) episodes.

Near-optimal offline RL under single-policy concentrability For small enough ¢ < H~25,
Theorem 2 achieves O(H?SC* /e?) sample complexity for finding the & near-optimal policy from
the offlien dataset D. This is the first cubic horizon dependence for offline RL under single-policy
concentrability, which improves over recent works [25, 42] in this setting and resolves the open
question of [42]. For C* > 2, our sample complexity further matches the information-theoretical
lower bound Q(H3SC* /?) up to log factors*. We remark that tight hoziron dependence has also
been achieved in several recent works offline RL [58, 59, 43] which are however quite different from
(and do not imply) ours in both the assumptions (on the behavior policy) and the analyses.

*This lower bound can be adapted directly from a Q(SC* /(1 — ~)3¢?) lower bound of [42, Theorem 7].



4 Lower bound for policy finetuning

We now switch gears to considering the policy finetuning problem with any algorithm, not necessarily
restricted to the offline reduction approach.

Two baselines: offline reduction & purely online RL. A first observation is that naive offline
reduction is already a strong baseline for policy finetuning, by our Theorem 2: Our PEVI-ADV al-
gorithm only collects data with 1 and does not do any online exploration, yet achieves a sharp

O(H3SC* /%) sample complexity for finding a near-optimal policy.

On the other hand, as the policy finetuning setting allows online interaction, purely online RL is
another baseline algorithm: Simply run any sample-efficient online RL algorithm (which typically
uses optimism to encourage exploration) from scratch, and disregard the reference policy p. Using
any sharp online RL algorithm such as UCBVI [5], this approach can find an € near-optimal policy
within O(H3SA/e?) episodes of play. Note that whether this is advantageous over the offline
reduction boils down to the comparison between C* and A, which makes sense intuitively. For
example, C* < o(A) means that 4 is perhaps close enough to 7, so that collecting data from u and
run offline policy optimization is a stronger algorithm than exploring from scratch.

Given these two baselines, it is natural to ask whether there exists an algorithm that improves over both

— Can we design an algorithm that performs some amount of optimistic exploration, yet also utilizes
the knowledge of 1, so as to achieve a better rate than both offline reduction and purely online RL?
In this section, we provide an information-theoretic lower bound showing that, perhaps surprisingly,
the answer is negative: there is an Q(H3S min {C*, A} /e?) sample complexity lower bound for any
policy finetuning algorithm, if we still assume that y satisfies C* single-policy concentrability.

Lower bound To formally state our lower bound, we define the class of problems

dy* (s,
Mex =< (M, p) : Exists deterministic 7, of M such that sup w <C* . (D
h.s,a dh(57 a)

We recall that a policy finetuning algorithm for problem (M, ) is defined as any algorithm that can
play in the MDP M for n episodes, has full knowledge of the reference policy p, and outputs a policy
7 after playing in the MDP.

With these definitions ready, we now state our lower bound for policy finetuning. The proof of
Theorem 3 can be found in Appendix D.

Theorem 3 (Lower bound for policy finetuning). Suppose S, H > 3, A > 2, C* > 2. Then, there
exists an absolute constant ¢y > 0 such that for any ¢ < 1/12 and any online finetuning algorithm
that outputs a policy 7, if the number of episodes

n < co- H*Smin {C*, A} /<2,

then there exists a problem instance (M,p) € M« on which the algorithm suffers from e-
suboptimality:

. -
Ear [Vl,M Wi 2e
where the expectation E ) is w.r.t. the randomness during the algorithm execution within MDP M.

Either offline reduction or purely online is optimal Theroem 3 shows that any policy finetuning
algorithm needs to play at least (H3S min{C*, A}/e?) episodes in order to find an ¢ near-optimal
policy. Crucially, this implies that either a sharp offline reduction (e.g. our PEVI-ADV algorithm)
or purely online RL matches the lower bound (up to log), depending on whether C* < A. In
other words, if we have the knowledge of whether C* < A, choosing the right one of these two
baseline algorithms will yield the optimal sample complexity. Perhaps surprisingly, this rules out the
possibility of designing any algorithm “in between” that combines online exploration and knowledge
of u to improve the sample complexity, at least in the worst-case over all problems in M &«. We argue
that this “no algorithm in between” phenomenon may be due to the single-policy concentrability
assumption being too strong such that offline reduction already achieves a rather competitive sample



Algorithm 2 Hybrid Offline/Online Value Iteration (HOOVI)

Require: MDP M, reference policy pu.
1: # Stage 1: Learn step hy, + 1 : H via optimistic online exploration
for Episode k = 1,...,nycs = n/2 do
Receive initial state s; and play with policy p up to step h,.. Arrive at state sp, 1.
Play step h, + 1 to H using the UCBVI-UPLOW algorithm (Algorithm 4).
end for
Denote the final output of UCBVI-UPLOW as

ANANE

(Vhot1: Vo, 115 T 1)) < UCBVI-UPLOW (nyc).

7. # Stage 2: Learn step 1 : h, via executing p + pessimistic offline policy optimization
Collect D + {n — nycsp episodes of data using policy  up to step h, }.
9: Learn policy 7}, "' via the TRUNCATED-PEVI-ADV (Algorithm 5):

oo

Tn |+ TRUNCATED-PEVI-ADV(D, h,, V), ;).

10: return Policy 7 = (71", 7. 01 5r)-

complexity 6(H 35C* /?). We investigate policy finetuning beyond the single-policy concentrability
assumption in Section 5.

We also remark that Theorem 3 generalizes both the Q(H?3S A/e?) lower bound for online RL [11,
58, 13] into the policy finetuning problem, as well as the Q(H3SC* /&?) lower bound for offline
RL under single-policy concentrability with C* > 2 [42]°. Further, Theorem 3 directly implies an
Q(H3SC* /£?) lower bound for offline RL with 2 < C* < O(A), as any algorithm for offline policy
optimization is also an algorithm for policy finetuning via the offline reduction.

Proof intuition; Construction of hard instance The proof of Theorem 3 constructs a family of
hard MDPs that requires solving H S “independent” bandit problems with A arms, similar as in
existing Q(H?SA/?) lower bounds for online RL [11, 58]. However, our key modification is that
we let the optimal arms to be always within the first X := min {C*, A} actions instead of all A
actions, and we define our reference policy p to play uniformly within [K]. This 4 has the following
properties:

* u satisfies C* single-policy concentrability for any MDP in this family (Lemma D.1).

* 1 provides the knowledge that the optimal actions are within [K], but no other knowledge about
the optimal actions.

Therefore, with p at hand, any policy finetuning algorithm can “gain the knowledge” that the optimal
actions are within [K], but still needs to try all K actions in order to solve each bandit problem—
rigorizing this information-theoretically gives the Q(H3SK /?) = Q(H3S min {C*, A}/e?) lower
bound.

S Hybrid offline/online algorithm for policy finetuning

Towards circumventing the lower bound in Theorem 3, in this section, we study policy finetuning
under more relaxed assumptions on the reference policy . A weaker p will induce a higher sample
complexity for naive offline reduction approaches, and thus yields opportunities for designing new
algorithms that can potentially better utilize .

More concretely, we consider the following relaxation: We assume y satisfies partial concentrability
only up to a certain time-step h, < H, and may not have any bounded concentrability at steps
h > h,. We formalize this in the following

>The lower bound in [42] is Q(SC*/e*(1 — ~)?) for the infinite-horizon v-discounted setting, which
corresponds to an Q(H?3SC* /&%) lower bound for our finite-horizon setting.



Assumption B (h,-partial concentrability). The reference policy p satisfies the single-policy concen-
trability with respect to m, up to step h, only:

max max dZ* (s,a) < Cpartial

h<h, s,a€SxA dj(s,a) —
(with the convention 0/0 = 0), where m, is some deterministic optimal policy of the MDP, and
constant CPartial > 1

Algorithm description We design a hybrid offline/online algorithm HOOVT (presented in Al-
gorithm 2) for policy finetuning under the partial concentrability assumption. At a high-level, the
algorithm consists of two main stages:

* In the first stage, it runs an online algorithm UCBVI-UPLOW which uses optimistic exploration
to find a near-optimal policy 7VCP and an accurate value estimate for steps (h, + 1) : H.

* In the second stage, we run a TRUNCATED-PEVI-ADV algorithm, which collects data from p
and runs offline policy optimization to find a near-optimal policy 7¥ ¥V for steps 1 : h,, building
on the lower value estimate V;, ., from the first stage.

This strategy makes sense intuitively as the reference policy i does not have guarantees for steps
hy + 1 : H and thus the algorithm is required to perform optimistic exploration first to get a good
policy. However, additional technical cares are needed in order to make the above algorithm provably
sample-efficient. The analysis of the second stage requires the online algorithm in the first stage to
not only perform fast exploration (e.g. by using upper confidence bounds), but also output a lower
value estimate for step h, + 1, and in addition output a final output policy that achieves at least the
value of the lower value estimate at every state s € S. Such lower bounds are not directly available
in standard online RL algorithms such as UCBVI [5].

We resolve this by designing the UCB VI-UPLOW algorithm (detailed description in Algorithm 4),
which is a modification of the Nash-VI Algorithm of Liu et al. [34] (for two-player Markov games)
into the single-player case. This algorithm is particularly suitable for our purpose since it maintains
both upper bounds of V* and lower bounds for the value function of the deployed policies. Our
UCBVI-UprLow further integrates the certified policy technique of Bai et al. [7] to make sure that its
output policy achieves value greater or equal than the lower bound at every state (similar guarantees
can also be obtained by the policy certificate technique of Dann et al. [12]).

We now state our main theoretical guarantee for the HOOVT algorithm. The proof can be found in
Appendix E.

Theorem 4 (Hybrid online / offline learning for policy finetuning). Suppose the reference policy
w satisfies the partial concentrability (Assumption B) up to some step h, < H. Then for small
enough € < min {h:2'5, Cpart‘al/S}, HOOVI (Algorithm 2) outputs a policy T such that V" (s1) —
V7 (s1) < e with probability at least 1 — 6, within

6 (H2h*Scpartial + (H _ h*)SSA(Cpartial)Q)
n =

o2
episodes of play.

Comparison against offline reduction and purely online algorithms The sample complexity in
Theorem 4 compares favorably against both naive offline reduction as well as purely online algorithms
in certain situations. First, naive offline reduction with i does not have any guarantee since p is not
assumed to have a finite single-policy concentrability at & > h, + 1. We can modify p into u that
plays uniformly within A at steps h > h, + 1; the single-policy concentrability coefficient of 1 is
guaranteed to be finite but scales exponentially as O(A” ~"+) in the worst case, leading to a sample
complexity much worse than ours (which is polynomial in H, S, A).

On the other hand, a sharp online algorithm can still achieve O(H?3SA/<?) in this setting (by
optimistic exploration from scratch). Our Theorem 4 is in general incomparable with this, but
can be better in cases when both CPatal and H — h, are small, e.g., if Cpartial — o(A) and
(H —h,)/H = o((CP2t21)=2/3) This makes sense intuitively as our hybrid offline/online algorithm
benefits the most if the length requiring exploration (H — h,) is small, and the partial concentrability
Ccrartial i small so that  still has a high-quality for the first h, steps. To best of our knowledge,
this is first result that characterizes when the sample complexity of such hybrid algorithms can be
beneficial over purely online or offline algorithms.



6 Conclusion & discussions

This paper studies policy finetuning, a new reinforcement learning setting that allows us to compare
and connect sample-efficient online and offline reinforcement learning. We establish sharp upper
and lower bounds for policy finetuning under various assumptions on the reference policy. Our
bounds show that the optimal policy finetuning algorithm is either offline reduction or a purely online
algorithm in the specific setting where the reference policy satisfies single-policy concentrability, and
we also show that a hybrid online/offline algorithm can be advantageous over both in more relaxed
settings. Many directions could be of interest for future research, such as alternative assumptions on
the reference policy, or policy finetuning with function approximation.

Also, while our contributions are mainly theoretical, implementing or extending our policy finetuning
algorithms on real-world RL tasks would be a compelling future direction. When the environment is
a tabular MDP, our Algorithm 1 (offline reduction) and Algorithm 2 (hybrid offline / online RL) are
readily implementable. When there is large state/action space and potentially function approximation,
we believe our algorithm can be adapted, for example, by replacing all the optimistic/pessimistic
value iteration steps by DQN-type algorithms [38] with positive/negative bonus functions [50].
Experimental evaluation of such algorithms would be a good direction for future work.
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Algorithm 3 Value Iteration with Lower Confidence Bounds (VI-LCB) for episodic MDPs
Require: Offline dataset D = {(s(li), a(li), rgi), e sg), ag?, rg))}

1: Randomly split the dataset D into {Dh}le with |Dy| =n/H.
2: Let Ny (s,a) and Ny, (s, a,s’) denote the visitation count of (s, a) and (s, a, s’) at step h within
dataset Dj,. Construct empirical model estimates:
Th(s,a) < rp(s,a)L {Np(s,a) > 1},
Nh(57 a, sl)

Ph(s']s,a) ¢ 2"
a(s'ls,a) Np(s,a) V1

: Set ‘7H+1(5> + Oforalls € S.
:forh=H,...,1do

Set by (s,a) < c- 4 /#2;)\/1 (where ¢ := log(HSA/§)).

Perform value update for all (s, a):

Qn(s.0) = Fals,a) + [PV | (5, @) — b (s, 0);

~

Vi(s) [maaX@h(s,a)} V0.

7 Set Th(s) « argmax, Qn(s,a)forall s € S.
end for

return Value estimate V = {Vh}he[H]’ policy 7 = {7, } heH]-

o %

A Technical tools

Lemma A.1 (Binomial concentration). Suppose N ~ Bin(n,p) where n > 1 and p € [0, 1]. Then
with probability at least 1 — 0, we have

p__ 8log(1/9)
Nv1 ™ n

Proof. If p < 8log(1/6)/n, the result clearly holds regardless of the value of N. Suppose p >
8log(1/4)/n, then by the multiplicative Chernoff bound, we have

1 1/2)2
IP’(N < 2np> < exp <(/2)np> = exp(—np/8) < 4.
Therefore, with probability at least 1 — §, we have N > np/2 and thus

_ 2 _ 8log(1/s)
n n

p__D
Nv1l~— N
This shows the desired result. ]

B Proof of Theorem 1

Throughout the proofs we let C' > 0 denote an absolute constant that can vary from line to line. This
C is not to be confused with the single-policy concentrability coefficient C* in Assumption A.

B.1 Algorithm
We first present the VI-LCB algorithm in Algorithm 3. This algorithm is an analogue of the original

VI-LCB algorithm of [42] for finite-horizon MDPs (instead of infinite-horizon discounted MDPs).
Within the algorithm, the constant c in Line 5 is chosen to be the same ¢ > 0 as in Lemma B.1.
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B.2 Some lemmas

Lemma B.1 (Concentration). Under the setting of Theorem 1, there exists an absolute constant ¢ > 0
such that the concentration event € holds with probability at least 1 — §, where

7 P % H2,
5.—{][rhrh](s,a)+ [(Ph—Ph)VhH}(s,a)’ <ec. W—bh(s,a), nd
1 H.
<c-
Na(sa) V1= adi(s0) f‘”“”“vs’“)E[H]xSxA},

and v :=log(HSA/9).

Proof of Lemma B.1. Fix any (h, s, a). The first claim holds trivially if Ny (s,a) = 0, as 7' (s, a)

Py (+|s, @) = 0 by definition, and thus the left-hand side is upper bounded by H +1 < 2H < 2v/ H?..
If Ny (s,a) > 1, conditioned on Ny, (s, a), we have

?h(sv a) = Th(sva)a

‘ [@h — Ph)‘/}h+1:| (s, a)‘ <ec- \/W’

where the last inequality is obtained by the Azuma-Hoeffding inequality with probability at least
1—46/(2HSA), using the fact that the data used in obtaining P, is independent of the data used in
obtaining V},1 (due to the data splitting in Algorithm 3). Therefore

[ — r1)(s,a) + | (Ph — H»,,)f/hﬂ} (s, a)‘ <c- /Nh(g?)w'

Further taking the union bound yields the first claim over all (h, s, a) with probability at least 1 — §/2.
For the second claim, notice that N}, (s, a) ~ Bin(n/H, d} (s, a)). Applying Lemma A.1 yields that

1 < 8log(2HSA/Y) <. H.
Ni(s,a)V1 = n/H-dj(s,a) —  nd)(s,a)

with probability at least 1 — 6/(2H S A). Taking the union bound yields the second claim over all
(h, s, a) with probability at least 1 — 6/2. O

Lemma B.2 (Monotonicity for VI-LCB). Let 7 be the output policy of Algorithm 3. Then, on the
event £ defined in Lemma B.1, we have

Vi(s) < Vil (s) < Vil (s)
forany s € Sand h € [H|.

Proof of Lemma B.2. We first prove Vj,(s) < V7 (s) for any s € S and h € [H] by induction. For
h=H,andany s € S,a € A,

Q%H(Sv CL) - @H(S, Cl)

=ru(s,a) —Tu(s,a) + bu(s,a) =0,
where the last inequality is by Lemma B.1. Then,
Vg(s) - ‘?H(S)
= Q% (s, 7u(s)) — {mgx@H(s,a)} V0
= Qi (s,001) ~ |Qu(5,05,1)| VO (@1 =1 (5))

~

= Q%H(Saas,H) - QH(Saas,H)i| A Q%I:I(57QS,H) Z Oa
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where the last inequality follows from Lemma B.1, and Q7,(s,a) €

ac A

[0,1] for any 7, s € S, and

We now show that, if ‘7h+1(s) < Vhi_l(s) holds for any s, we also have ‘7h(5) < V/7(s) for any s.

Recall that Vj, (s)

= max, Qn(s,a) V0 = Qn(s,Tx(s)) V0. The claim clearly holds in the trivial

case of V,(s) = 0. Otherwise, we have

Vil (s) = Vi(s)
Qn(s.asn)

(57 g, h)

(as,n = Tr(s))

=71p(s,asn) + [PthH} (s,as,n) —Th(s,as,n) — [I@h‘/}h—&-l} (s,as,n) + bin(s,asn)

=7n(s,as,n) — Th(8, as,n) + [Ph (V}?—&-l - ‘7h+1)} (s,a5,n) + [(Ph - ﬁBh) Vh+1] (8,as,n) + bn(s,asp)

> T}L(S7 a)s,h) - ?}L(Sa as,h) + [(Ph - @h> Vh—i—l] (37 as,h) + bh(sa as,h)

=0,

where the first inequality follows from V7, | (s) > V41

~

(s) for any s, and the last inequality is by

Lemma B.1. This completes the proof of V;,(s) < V/7(s), Vs € S, h € [H].

The argument V7 (s) < V;*(s) holds by definition of V}*(s) =
and h € [H]. Thus, we complete the proof.

Vi (s) > Vi7(s), forany m, s € S,
O

Lemma B.3 (Performance decomposition for VI-LCB). On the event £ defined in Lemma B.1, we

have
> di (s)(Vii(s)
sES

forany h € [H].

Proof of Lemma B.3. Throughout this proof we let @h(s, Ty) 1=

have
> dp () (Vi (s) = Vi(s))
seS

< i (5)(Vi (s) — max Qn(s, )
seS

< DA (8)(ViE(s) = Quls.m)
seS

H

= Z Z dpr(s,a)r (s, a)
h'=h (s,a)eSX A
H

= 2

h'=h (s,a)eSxA

dpr(s,a)rp (s, a)

IN

H

Z Z dpr(s,a)rp (s, a)
h'=h (s,a)eSxA
H

=) X

h'=h (s,a)ESXA

dyr(s,a)rp(s,a) —

dpr(s,a)bp (s, a),

SE DS

h(s,a)eSxA

Qn (s, 7,1 (8)) for shorthand. We

(by definition of V}, (s) = max, Qp(s,a) V 0)

Qh (s1,7)

)~ dpG

seS

Z Z (d}ﬂ;/* 5,Q Qh’(s a) dh'*+1<5/7a/)@h’-‘rl(S/?a/))

=h s,a,s’,a’
H o~
Z > (77 (5:0)Qn (5, 0) = i 1 () Vi ()
=h s,a,s’
(by definition of 17h/)
H
3% () (Quleo) = [P (5.0)
=h (s,a)ESxA
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= XH: Z dr: (s, a) (rh/(s,a) + [Ph/‘/}h/—kl] (s,a) — @h/(s,a))

h'=h (s,a)ESx.A

= zH: dyr (s, a) (rh/(s a) + {PhIVhIH](s a) —Trp(s,a) — [Ph/Vh/H} (s,a) + by (s, a))
h/=h (s,a) €S x A

<2 Z Z dyr(s,a)bp (s, a). (by the concentration event &)
h'=h (s,a)eSxA
This completes the proof. O

B.3 Proof of main theorem

We are now ready to prove the Theroem 1. We first prove part (a). By Lemma B.2, we have

g o () )~ Di(s))

gzz > dp(s,a)bu(s,a)

h=1(s,a)eSx A
H
H2,
= dﬂ* .
C; Z w(s0) Np(s,a) V1
=1(s,a)eSxA
1

H
:CVH2LZ Z dy*(s,a)- MiGavi

h=1 (s,a)eSx.A

H
H
<cVH?% Z Z dp(s,a)- 4/ m (by the concentration event &)
h=1(s,a)eSxA
TS Y i [

h=1 (s, a)ESXA

H3(C*,2
<cyf e Z Z dy* (s, a) (Assumption A)

h=1 (s,a)eSx.A

3(*,2
_ CWZ Z \/]l{a =7 (s)} - dj* (s,a) (7, 18 deterministic)

h=1(s,a)ESx.A

*L2 H H
g,/HSC SO tfa=n} Y Y dsa

h=1(s,a)eSx A h=1(s,a)eSxA

(by Cauchy—Schwarz inequality)

3(*,2

H55C*2
=c\/ ——.
n

Therefore, as long as n > O(H?SC*:2/e2), we have maxpe ] Y ses di* (5) (Vi (s) — Vi(s)) < e.
This shows part (a). Further, this bound at h = 1 says

Vi(s1) — Vi(s1) <e

(as we assumed deterministic s1). Part (b) follows directly from this and the fact that V|7 (s1) > i (s1)
which was shown in Lemma B.2. O
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C Proof of Theorem 2

C.1 Some Lemmas

Lemma C.1 (Concentration). Under the setting of Theorem 2, there exists an absolute constant
¢ > 0 such that the concentration event £ holds with probability at least 1 — §, where

£ = {(i): ‘[?h,o —rp)(s,a) + {(]@h,o - Ph)‘A/hrifl} (s7a)’

@ ‘7ref , H
<e. Vo h+1)](5 Q)L+ L = bpols, a),
th(s,a) V1 Nh’o(&a) V1 ’
(ii): ’ [(@h,l —Pp) (Vg1 — Viifl)] (s’a)’
i\, ‘7 _ ‘7rcf , H
. Vi (Vier = Vig)](s, a)e L L — by (s, ),
thl(S,a) \/1 Nh,l(saa) \/1 ’
1 L
T L
(iii) Nro ) V1 = c ndl (5, 0) and
1 H.
v — < e
() Npa(s,a) V1~ ¢ ndy (s, a) Jorall (h,s, a) € [H] x5 A}7

and v :=log(HSA/9).

Proof of Lemma C.1. Claim (i) holds trivially if Nj o(s,a) =0, as 7 0(s,a) = ]IADh’O(-|s, a) =0by
definition, and thus the left-hand side is upper bounded by H + 1 < 2H < Hu. If Np, o(s,a) > 1,
conditioned on Ny, ¢(s, a), we have

Tho(s,a) = (s, a),

R R Vi o(ViE)|(s,a)log(HSA/S)  H log(HSA/S)
_ ref < . [ ’ h+1
‘ [(Ph,o Ph)Vthl} (s a)‘ ¢ \/ Npo(s,a)Vv1 Npo(s,a) V1

where the last inequality is obtained by the empirical Bernstein inequality [37, Theorem 4] with
probability at least 1 — 6/(2H S A). Therefore

_ _ Vio(Vret)](s, a) He
~ . ref < e [ h,0\Vh+1 ’
o = rul(s,a) + {(tho Ph)VhH} (s a)’ = ¢ \/ Nho(s,a) V1 * Nho(s,a) V1

Further taking the union bound yields the first claim over all (h, s,a) with probability at least
1 — §/4. The claim (ii) also follows from the similar argument. Claims (iii) and (iv) can be obtained
directly from Lemma A.1 and a union bound, in a similar fashion as in the proof of Lemma B.1.
(Note that Nj, (s, a) ~ Bin(ng, d) (s,a)) and Ny, 1 ~ Bin(ny p,d}(s,a)) where ng = n/3 and
n1,, = n/(3H) due to our data splitting schedule.) This completes the proof. O

Lemma C.2 (Monotonicity for PEVI-ADV). Let T be the output policy of Algorithm 1. Then, on the
event € defined in Lemma C.1, we have

Vi(s) < ViT () < Vii(s)
forany s € Sand h € [H|.

Proof of Lemma C.2. We provide the proof by induction. For h = H, and any s, a,
Q%I\{(Sv a) - QH(S7 a’)

=ru(s,a) —Tuo(s,a) +buo(s,a). 2
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Eq.(2) is non-negative the concentration event £(i) by Lemma C.1. Thus, we have Qg(s, a) —
Qu(s,a) > 0 for any s, a, and then

Vii(s) = Va(s)
= Q%H(s,%H(s)) - [mgx@H(s,a)} V0

= Q(s,a0m) ~ [Qui(s, asm)] VO (@s.n = Fn(s)
= [Q?I(Sa as,H) - @H(Sa as,H):| A QﬁH(Sa as,H)
>0,

where the last inequality follows from the result of Eq.(2) is positive, and Q% (s, a) € [0, 1] for any
m,s €S,a € A

We now show that, if V41 (s) < Vhil(s) holds for any s, we also have V},(s) < V;7 (s) for any s.

Recall that ‘//\'h(s) = max, Qp(s,a) VO = @h(s, 7r(s)) V 0. The claim clearly holds in the trivial
case of Vj,(s) = 0. Otherwise, we have

Vil (s) = Va(s)
= Q7 (s, a5) — Qn(s,a5,0) (as,n = Tn(s))
=7r(s,as5) + [PhV;ﬁl} (s,as,n) —Tho(s, asn) — {@h,offhrfl} (s,asn)
— [Ba(Vhsr = Vi) | (5, 000) + o5, 06) + b1 (5, 0,)
=1n(8,asn) = Tho(s, asn) + [Ph (V;?H - ‘7h+1)] (s,asn)+ [(Ph - @h,()) ‘Zfifl} (s,asn)
+ {(Ph - fP’h) (‘7h+1 - vﬁifl)} (8,as,n) + bro(s,asn) + bn,1(s,asn)
> (s, as.n) —Tho(s,asn) + K]P’h - IﬁPh,o) ‘Aﬁfifl] (s,as,n) 3)
+ K]P’h, - @h) (‘7}1-&-1 - ‘Zfifl)} (8,a5,1n) +bno(s,asn) +bn1(s, asn)

where the last inequality follows from V7, (s) > IA/hH(s) for any s. Note that Eq.(3) is also
non-negative under £(i & ii) by Lemma C.1. This completes the proof of V},(s) < Vhﬁ(s), Vs €
S,h € [H]. O

Lemma C.3 (Performance decomposition for PEVI-ADV). On the event £ defined in Lemma C. 1,
we have

Do (s)(Vii(s) - ) <2 Z Y di(s,a)(bwo(s,a) + by a(s,a)),
seS h (s,a)eSxA
forany h € [H].

~

Proof of Lemma C.3. Throughout this proof we let Q, (s, ) := Qy (s, 74,1 (8)) for shorthand. On
the event £, we have

S () (Vi (s) — Vals))

SES
< di (s)(Vii (s) — max Qn(s, a)) (by definition of V},(s) = max, Qn(s,a) V 0)
SES
< Y dp () (Vi (s) = Qnls, )
seS
H
=3 Y d(sayu(s,a) = S d () Qnsi, )
h'=h (s,a)eSxA s€S
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H

H
= Z Z dpr(s,a)rp (s, a) Z Z (dg,* s,a Qh/(s a) — dh7+1(5’,a/)@h,+1(5/,a/))

h'=h (s,a)eESx.A =h s,a,s’,a’
H H R
S Z dh’ (S a 7’}, Z Z (d;;:f S,a Qh/(s CL) h’+1(5/)vh/+1(8/))
h'=h (s,a)eSx.A =h s,a,s’
(by definition of V},/)
H
= Z Z dyr(s,a)rp(s,a) Z Z dyr (s, a) (Qh/(s,a) . {]P’h/Vh/H} (s,a))
h'=h (s,a)eSXA h'=h (s,a)eSX A
H

= Z Z dpr (s, a) (rh/(s,a) + {Ph/‘/}h/-i-l] (s,a) — @h/(s,a))
h'=h (s,a)ESx.A
H

-y ¥ d;,*(s,a)<rh/(s,a)—?h,,o(s,a)Jr[Phﬁh,+1](s,a)—[@h,,ox?};?jl}(s,a)

h'=h (s,a)eESx.A

—~ [Bra (V1 = Vi) (5. @) + b o (s, 0) + bh,,l(s,a)>

H
<2 Z Z dpr(s,a)(bpr o(s,a) + by 1(s,a)). (by Lemma C.1)
h'=h (s,a)ESx.A

This completes the proof. O

Lemma C.4 (Total variance lemma). On the event £ defined in Lemma C.1, the reference value
function V™! obtained in Algorithm 1 satisfies

H

% HOSC*12
Z Z d7hr* (57a) {thififl} (5, CL) < H2 —+ c\/7L7
h=1(s,a)eSxA Nref

where c is an absolute constant.

Proof of Lemma C.4. We first decompose our target as follows,

H
SN d s a)[VaVE))(s,a)

h=1(s,a)ESx.A

H H
=3 Y draVaVinlsa)+Y ) > dit(s,a)[VaVish — ViV ](s.a) .
h=

1(s,a)eSxA h=1(s,a)eSx.A

@ (1)
We now bound term (I) and term (II) separately.

Let F},+1 denote the o-algebra that contains all information about the trajectory up to s;,4+; but not
ap+1. We have

H
@D = ZE‘”* [Var [V;:+1($h+1)|5haahﬂ
h=1

= iEd’f* {E [(V;f+1(8h+1) +rn(sh,an) — V;f(sh))QISha ah”
h=1

(by E[Vy' 1 (snt1)lsns an] = Vi (sn) — ra(sh, an))

I
M=

E s [(V;;+1(3h+1) +71(8h, an) — V{(sh))ﬂ

>
I
-
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I
M=

Egr. {(Vh,*+1(5h+1) +rn(sn, an) — Vif(Sh))z}
h

1
+2 > Bare [(Vipa(sngr) + rusnyan) = Vit (sn)) - (Viiga (swrg1) + 7(sh, ah) = Vi (sh,))]
1<h<h'<H

=0, because (Vy'y 1 (sn1) + 7 (snsan) — Vi (sn)) Bams [V Ly (Sprgr) — Vi (857) + 137 (Sprs @ )| Frga] = O forany b < b/

=Eg. (Z (fo+1(8h+1) + rn(Sh,an) — V;f(&z)))

== Edﬂ'*

H H 2
Zrh snoan) + > (Vier (snyr) — Vh*(Sh))>

H
an = Z Z dp* (s, a)[Vth+1 Vi Vil (s, a)
h=1 (s,a)€S x

)>

2 2
- dr (s,a) {Ph (V) = (PaVisty)” =P (Vi) + (PaVi) | (s,0)

H
<> > dp(s.a)[[Pal (Vi + Vi) (Vs = Vi)
h=1 (s,a)eSx A
+ [P

(foiﬁ + Vi:-s-l)Ph(Vhr-e;-fl Vif-s-l)H (s,a)

<y Y e B - v (o
h=1(s,a)eSxA
SAHY Y din () [V — Vi ) (As Vigh < Vi)

h=1(s,a)eSxA

< 4H2 max Z d;lr* (8) (Vh Vref) ( )

helH] (s,a)eSx.A

[HOSC*.?
Sy ———,
Nyef
where the last inequality follows from Lemma C.5. Combining (I) and (II), we complete the proof. [

Lemma C.5 (Guarantees for 17r°f). On the event &£ defined in Lemma C.1, the reference value
function V™! obtained in Algorithm 1 satisfies

H>SC*2
d‘ﬂ'* V* Vref < ,
o o (Vi ) = V() < oy =0

where ¢ > 0 is an absolute constant.
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Proof of Lemma C.5. This is a direct corollary of Theorem 1 (cf. the end of its proof in Section B.3).
O

C.2 Proof of the Main Theorem

We now provide the proof of Theorem 2. We assume we are on the good event £ defined in
Lemma C.1, which happens with probability at least 1 — §. By Lemma C.3, we know

> di(s — Vi(s)) “)

seS

H H
< 22 Z dy*(s,a)bpo(s,a) Z Z dp*(s,a)bp,1(s,a),

h=1 (s,a)eSx.A ,a)ESX.A

(0] I
for any h € [H].
We first study the term (I) of Eq.(4). Observe that for any (s, a),

Vi oVt (s,a) — VAV (s, a)

= @h,o(vififﬁ — (B, Oviffl) - (Ph(VhrifD - (thiifﬂ ) (“(s, a)” is omitted)

< |(Pho — Pp)( ;fifﬂ |+ |(Pro + Ph)foif1 (P, — ]P’h)foifl

< |[(Ph,o — Ph)(V;fifﬂ |+ 2H|(Pp o — Ph)Vthf1 (V| < H)
a4,

< _ . 5

=€ No(s,a) V1 )

where the last inequality follows from the Azuma-Hoeffding inequality and the fact that ‘A/}fj’rfl (s)is
obtained from data independent of ]3h70.

Thus, we obtain the following bound for term (I)

H
O = Z Z dp*(s,a)bn,o(s,a)

h=1 (s,a)eSx.A

S . Va0 (VsE))(s, a)e H.
=cy ., Y, di(sa) \/ th(}:a)\/l +Nh,o(s,a)\/1

h=1 (s,a)eSx.A
_ . Va(ViEDI(s, )+ oo Hi
—CZ Z h (S’G) Nh’o(S,CL)\/l Nmo(&@)\/l

(by Eq.(5))

h=1(s,a)eSx.A

V;L (V<)) (s, a)e H L H
Nho(s,a) \/ 1 (Nho(s,a) V1) Npo(s,a) V1

<CZ > dp(s

h=1 (s,a)eSx.A

h=1 (s,a)eSx A

H
-3 T g

h=1 (s,a)eSx.A

H
V Vre 2,1/2
3y e ([T [
Npo(s,a) V1 Npo(s,a) V1 Npo(s,a) V1

H
1
h+1 dﬂ—*(S a)
E : h ’
NhO S, a \/ 1 T (sa)esx A Nh}o(s,a) V1

(La) (Lb)

(6)
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H
H2'? + Hu
dp* _
+CZ Z ( )Nho(s a)\/l
h=1 (s,a)eSx.A

(L.c)
where the last inequality follows from Cauchy—Schwarz inequality.
We now discuss the three terms in Eq.(6) separately:
[Va(VagD)(s, a)e
L dr +
=3 % oy A
1(s,a)eSx.A ’
< i R TR AT
- h A nod} (s, a)
h=1 (s, a)ESX.A

Z Z \/dﬂ* (s,a)[Vi( Vhrj_fl)}(s a)

h=1 (s,a)eSx.A

C*LQZ Z \/]l{a—ﬁ* (s)}di* (s, a)[Vh(V;fiﬁ]( a)

h=1(s,a)ESx A

O 2 H H
=\ Yoo > Ma=m)}- Y D di(s,a)VaVis)l(s.a)

h=1 (s,a)eSx.A h=1 (s,a)eSx A

.2
®) (by the concentration event £(iii))

(by Cauchy—Schwarz inequality)

/HSC* -
Z Z d *<87a)[Vh(V}{if1)](Saa) (7N
h=1 (s,a)eSx.A
* 9 *x,2
/HSC e /H:C . )
ref

(follows from the total variance lemma (Lemma C.4))

\/ H3SC*.2 \/ HSC*2 \/ HOSC* 12
Nref

H3S5C*2 n H3S5C*12 n HA*SC*,?
_— C
no o vV 1o Mref
H38C*12  H*SC*/?
< +
no /o Mref

(by Vab < (a +b)/2)

o

Term (I.b) is a smaller-order term compared with (I.a):

H
T e 1

h=1 (s,a)ESx.A

< Z Z dy*(s,a) - m (by the concentration event £(iii))
h=1 (s,a)eSxA

SHEED S S

h=1 (s,a)eSx.A
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C*u iy
\/702 Z \/]l{afw* (s)}dp~(s,a)

h=1 (s,a)ESx.A

q/ Z Z 1{a =m(s)} - Z Z dy* (s, a)

h=1 (s,a)eSxA h=1 (s,a)eSx.A

(by Cauchy—Schwarz inequality)

H2 *
< JHC ©)

o

Finally, term (I.c)

< . H2'/” + Hu
W=3 > dreog roT

h=1 (s,a)eSxA

H?2 /2 H .2
< Z Z dy*(s,a) - W;a; (by the concentration event E(iii))
h=1 (s,a)ESx.A
H3 *,3/2 H? *, 2
< SC*”* + H=SC*1 . (10)

no

Substituting Eq.(8), Eq.(9), and Eq.(10) into Eq.(6), we obtain

H
@M = Z Z dy*(s,a)bpo(s,a)

h=1 (s,a)eSxA

H3S5C*,2 N HASC*,2 N H3S8C*/*? + H2SC* 12

<c- an
no /0 ret no

We now study the term (II) of Eq.(4). Let gp41 = ‘A/h+1 — ‘A/,ffl (which by our data splitting only
depends on the datasets D,.f, Dy and is independent of D; ). By a similar argument as Eq.(5), we
have

~ H%Y
[Vhﬁlg]((%a) — [th](87a) S C W
for any (s,a). Thus,
H
Mm=>" > di(s,a)bpi(sa)
h=1 (s,a)eSx.A
XH: S dp(s.a) [¥1Vhis = Vi) s H
=c *(s,a +
W1 (s.0)cEx A h Nh’l(S, a) V1 Nh’O(S, a) V1
_ i Z - {Vh(Vthl —V,ffl)} (s,a)L + 7]\71@1’2)\/1 . H.
<c (s, a
A Npa(s,a) V1 Npo(s,a) V1
[Vh(‘A/hH - ‘Zfefl)} (s;a)L 1 H22 1
<yl Y drsa) - - L
Npa(s,a) V1 Npi(s,a) V1 Npi(s,a)V1

h=1(s,a)eSxA
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(by a similar argument of Eq.(6))

i [Va(Wher = Vst (.00
:CZ Z dh (S’a) Nh_yl(s,a)\/l (12)

h=1(s,a)ESx A

(ILa)

H
H2'? + Hy
dﬂ* d‘ﬂ'*
>, D h<sva>\/Nhlsa +CZ Y A
h=1 (s,a)ESx.A h=1 (s,a)eSx.A

(ILb) (IL.c)

Now, we also bound (Il.a), (I.b) and (Il.c) separately:

] Vi (Vs = 5] (5. )
(ILa) = Z Z dp*(s,a)\| = Noa(sa) V1

=1(s,a)eSxA

H{Vh(‘/}h—i-l — ‘/}}fj_fl)} (S,a)LQ

H
S Z Z dZ* (Sva) : nle(S;CO

h=1(s,a)eSxA

(by the concentration event £(iv))

HC*2 Z Z \/dﬂ-* 5 a Vh V;,+1 Vh+l)} (S (l)

h=1(s,a)eSxA

\/ﬁ Z\/dﬂ* Vh (Vi1 — Vhﬂ)}(s Th(8))
h=1 s

< Mzzdm [Vh(Vthl Vh+1)}(5 0)

h=1 s

(by Cauchy—Schwarz inequality, e.g., similar to Eq.(7))

H25C*2 ZZd”* [IP’h Vg1 — Vist) }(S’W*,h(s))

h=1 s

H4SC* 12 i N .

= \/The{?};:..x.,H} ZS: dy* (s) [Ph(vhﬂ - Vh+f1)2} (8, me,n(5))
H4S5C*?

< E— ref

B \/T}LE{{I}Q?X7H} Zd [Ph Vit — Vh+1) }(Sa T n(8))

(by XA/;H_l < Vh*+1 from Lemma C.2)

H4S5C*.2 - / . L )
B \/The{{g?ffl}z;dhﬂ(s ) (Vh+1( ) Vh+1( ))
H4SC*L2 .
< - 7r* re
- \/The{l 5 ) Z dy (Vh — V(s )) H

H5.5 * 2

V1 Nref ’

where the last inequality follows from the guarantee for Ve in Lemma C.5:

re /H5SC*L2
. § dp( —Vref(s)) < oy | ——,
6{1 2, ,H} Nref
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By similar arguments as Eq.(9) and Eq.(10), we also have the bounds on (IL.b) and (IL.c) as follows:

H
T 1
(ILb) = Z Z 47 (s, a) NG a1

h=1(s,a)eSx.A

H
Z dp*(s,a) - _ (by the concentration event £(iv))
o nidj (s, a)

ESxXA

FZ > e

h=1 (s,a)eSx.A

\/HC*Z S o=@ (sa)

h=1(s,a)ESx.A

\/W Z Yoo tla=m)} Y. Y di(s.a)

h=1(s,a)eSxA h=1 (s,a)eSx.A

(by Cauchy—Schwarz inequality)

H35C*,
ny '

(14)

H
H2'? + H,
II.c) = dr* _
( C) Z Z h (87 a’) N}L 1(57 a) \/ 1
h=1(s,a)eSxA ’
H
H3,*> + H2,2
< Z Z dpr(s,a) - ———p—— (by the concentration event £(iv))
h=1(s,a)eSxA md ( )

< HASC*/”/? + H35C*,2

(15)
ni
Substituting Eq.(13), Eq.(14), and Eq.(15) into Eq.(12), we obtain
H
In = Z Z dy*(s,a)bp,1(s,a)
h=1(s,a)eSxA
H558C*,? H3SC*,  H*SC*/°/* + H3SC*1?
<ec- + + ) (16)

o /M1 Nref ny ni

By definition, we know n..s = ng = ny = n/3. Therefore, combining Eq.(16) and Eq.(11), we
obtain

Vi (s1) = Vi(s1) €2- (D +2- (D)

( [H3SC*.2 H5'5SC’*L2>
<c- + .
n n

The right-hand-side is upper bounded by ¢ as long as

. 5.5 * 2
n> O(H3SC’*L2/52 + m)

€

Finally, by the monotonicity property in Lemma C.2, the above also implies the guarantee on 7:

R H3SC*2  FH55§0* 2
Vi(s1) = Vi"(s1) < c- <\/ SnC —+ ic : > =€

This completes the proof.
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D Proof of Theorem 3

To avoid notational clash, in this proof we use upper-case letters S}, Ap, R, to denote the actual
states and actions seen during the algorithm execution (which are random variables), and reserve the
lower-case letters s;, 4, S, a for indexing the (fixed) states and actions of the MDP.

Define an integer
K :=min{|C*|, A}

By our assumption that C* > 2, we have 2 < K < Aand K € [2/3, 1; -min {C*, A}. Therefore, it
suffices to prove the desired performance lower bound for n < co - H>SK /.

Construction of hard instances We now construct a family of MDPs with S + 2 states, 2H + 1
steps, and A actions for any S > 1 and H > 1. (This rescaling only affects S, H by at most a
multiplicative constant and thus does not affect our result.)

Each MDP M, is indexed by a vector a* = (a}, ;) € [A]"® and is specified as follows:

* State space: There are S “bandit states” {s;} ic[s]> One “good state” s4, and one “bad state” s;.
* The action space is A := [A].
e Transitions:

- Ateach h € {1,..., H}, the bandit state s, can only transition to s; itself, s, or s;. The
transition probabilities are

1
Pr(silsi,a) =1 — I forall a € [4],

1
Pr(sglsi,a) = Pr(spls;,a) = 20 forall a # aj, ;,

1/1 1/1
Pr(sglsi,a}, ;) = i (2 + 7')7 Pr(splsi, a} ;) = T (2 - 7'),
where 7 < 1/3 is a parameter to be determined.
— Ath > H + 1, all bandit states transit to one of s, and s; with probability 1/2 each.
- sg4 and s, are absorbing states: Py, (sg4|sq, a) = Pp(sp|sp,a) forall h € 2H +1] and all a € [A].
* Initial state distribution is uniform on all bandit states: S1 ~ Unif{s;} g

* Reward: The bandit states do not receive any reward. The good state and bad state also do not
receive any reward at h < H + 1. Finally, for h > H + 2, the good state receives reward 1 and the
bad state receives reward O regardless of the action taken:

rh(sg,a) =1 and 74(sp,a) =0 for H+2<h <2H +1.

We also let Mg denote the “null” MDP which has the same construction as the above except that
there is no “special” actions a7 ,, that is,

1
Pr(sglsi,a) = Pr(spls;,a) = oY forall a € [A].

Policies 7, and ;© In MDP M, ., at any bandit state s; and time step h < H, the optimal action
to take is a}, ; since it induces a slightly higher probability of transiting to the “good state” s, than
all other actions. At all other states or time steps, the action does not affect anything (the transition
and reward do not depend on the action), so for example we could take a = 1. To summarize, the
following deterministic policy 7, is an optimal policy for Mg«:

* men(si) = aj ; foralli € [S]and h € [H].

o Men(si)=1forallh > H +1;

* Ten(Sg) = men(sy) =1forall h € [2H + 1].

We define our reference policy u as follows
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* unlals;) = £1{1 <a < K} foralli € [S],and h € [H].
* up(1l|s) =1 wheneverh > H +1ors € {sg, s}

The following lemma shows that y satisfies C*-concentrability with respect to 7, as long as all
optimal actions aj, ; € {1,..., K'}. The proof of this lemma is deferred to Section D.1.

Lemma D.1 (u satisfies single-policy concentrability). For any a* € {1,..., K }HS, in the MDP
M+, we have

where T, (the optimal policy for My~ ) and | are defined as above.

Lemma D.1 shows that the following family of problems is indeed a subset of the class (1):
{(Ma*“u) ca* € [K]HS} C Mc-.

We further let v denote the uniform (prior) distribution on [K]7°, that is, v(a* = ag) = 1/KH* for
all ag € [K]H5.

1 is uninformative Note that in the above family of problems, the reference policy p is the same
for all MDPs. Therefore p is uninformative in the sense that the set of all online finetuning algorithms
that utilize p in its execution is equivalent to the set of all usual online RL algorithms for this particular
class of MDPs (which by definition may utilize the additional knowledge that this class of MDPs has
a policy p with good concentrability). In the following, we assume 7 is any online RL algorithm for
this class of MDPs.

Without loss of generality, we further restrict attention to algorithms that output a deterministic policy
(i.e. Th(s) € [A])®. For any deterministic policy 7 and any index a, define the bandit best-arm
identification loss for any (h,4) € [H| x [S] as
0 (T, ay) =P, (%h(sz) #+ a;‘m-),
and the total bandit loss as
L a):= Y (a7 a) =Eq, [#{(hi): Fnls:) # a}, }].
(h,i)e[H]x[S]

The loss L measures the expected number of (h,¢) pairs on which the algorithm failed to identify the
best arm aj, ;. A large loss will translate to a high suboptimality bound, as we make precise in the
following lemma. The proof can be found in Section D.2.

Lemma D.2. For any a* € [A)*1S and any algorithm outputing a deterministic policy 7, we have

H S h—1
. 1/, 1 N T e
Ear [Vitrge = Vi, | = 209 :S<1 - H) ™ lh(F,a") > 2= L(7,a’).

h=11i=1

With Lemma D.2 at hand, establishing lower bound on the expected suboptimality reduces to
establishing a lower bound on the total bandit loss L(7, a*).

Lower bounding the total bandit loss Fix any (h, ), and consider the individual bandit loss
Eqs~v[ln.i(T, a*)] averaged over the prior a* ~ v. For any algorithm 7, we decompose the algorithm
into (1) the data collection algorithm A from which we collect the observed data X ~ (Pg4+,.A), and
(2) the estimator 7 (s;) = f(X) for some measurable function f : X — [A]. We have

any[ﬁh,i(%, a*)] Z H)}f Ea*~uEX~(]Pa* ,.A) [az’i 75 f(X)] .

Fixing A, the inf; is taken at the Bayes estimator of a}, ;, which is a function of the posterior a;; ;[ X
(see, e.g. [33, Theorem 1.1 of Section 4]).

%This is because we can replace Pa, (7n(s) # aj,;) in our proof for deterministic policies with
Ea, [1 — ®n(aj, ;|s)] for stochastic policies, and the proof will follow analogously.
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By construction of our MDP M-, the prior distribution of a} , is uniform in [K7], and the only data
that reveal information about a7 , (i.e. data whose likelihood is affected by aj ;) is the observed
transitions from state s; at step h (i.e. {(Ah, Shi1):Sh = si}). Therefore, the posterior distribution
aj, ;| X depends only on {(Ap, S}, ) : Sp = s;} as well. Further, a set of sufficient statistics for
this posterior is the visitation counts { Ny (s;,a,s’) : a € [A],s' € S}, where Np,(s;,a,s’) denote
the visitation count of (s;, a, s’) at step h within the data X. Therefore, we can restrict the inf ¢ to
the inf over functions of the vistation counts only (denoted as g), and obtain that

Easmu[lh,i(T, a*)] > inf Eqs v Px (e, 4) [C‘Z,i # g({Nn(si,a,8') :a € [A], s € §})]
g
> H;f ]Ea*quXN(]P’O,A) [a/;l,i 7& g({N}L(S’ia a, 5/) HAS [A]7 S/ € S})]

— Eae i TV({Ny(si,a, 8") }Heo, 4, {NK (55, a,5" ) }p,. .A)
(@) 1 &
> inga*_(h:i)Nu,(h,i) E Z ]P)XN(IPO,A) [a;;,i 7é g({Nh(S“ a, S/) fa € [A]ﬂ s’ e S})}

* —
ap ;=1

 Ear o SR (0.5 g Al (Vi550,)} 0)

) K —1 13
> S~ Bary| 3 3 Erg AN (51, @) - KL(Bo(fs:, @) [Pa (153, )

a=1

>3- E~¢ 5Ero. [Na(si,07,)| - KL(PoaClsi, af ) [Pa i (lsi 07,))

(iv) 1
> 5 - Ea*NV\/E]pO,A {Nh(si,a;’i)} 272/

V=
N | =

K
_ Z Po,A[Nn(si,a)] - 272 /H

1
> = = \[Brq alNi(s:)] - 272/ HEK.
Above, (i) used Pinsker’s inequality; (ii) used the KL divergence decomposition [31, Lemma 15.1],
and the fact that Z‘I‘(Z =1 Px(po, ) [a;‘m # g({Nn(si,a,8") :a € [A],s € S})} is at least (K —

1)/K for any g (it equals either (K — 1)/K or 1 depending on whether g € [K]); (iii) used our
construction that Py and P+ at step h and state s; only differ in the arm a,*% ;3 (iv) used the bound that

1 1 1 1 1/1 1 /1 1 1
_ - - S e i R _ S g
KL((l H’2H’2H)‘(1 H’H(2+T>’H<2 T>)> om 8Tz SAT/H

for 7 € [0, 0.4]; and finally (v) used Jensen’s inequality and the fact that a;, ; ~ Unif([K7]) under v.

Summing the preceding bound over all (h, ), we get that for any algorithm 7,

H S
Ea*NV[L(%7 CL*)] = Z Z Ea*r\al/[éh,i (7?3 CL*)]

h=1 i=1
HS &
>2—};;\/EPOAN;L (s))] - 272/ HEK
1 1 &S 1
> R .92 _ - 2 )
Hs{2 HS;;EPO,A[Nh(sz)] 27 /HK} Hs(2 V2T n/HSK>
nH

Therefore, as long as \/272n/HSK < 1/4,i.e. n < HSK/(3272), we have
Ege[L(F,a*)] > HS/4.
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Bandit loss to MDP suboptimality loss By the above lower bound on the average risk, for any
algorithm 7, there must exist some instance a* € [K]#9 for which L(7, a*) > HS/4. On this a*,
by Lemma D.2, we get

Bar [Vir. = VWi, 2 55 - LiF a®) = 7H/12.
Finally, for any e < 1/12, take 7 = 12¢/H < 1/3, we have the following: as long as
HSK H3SK
n < = )
— 3272 32-122¢2
(which is satisfied if n < ¢y - H>Smin {C*, A}/e? for some absolute ¢y > 0), we have

Eq+ [Vlf My — VlTTMa*] e. This is the desired result. O

D.1 Proof of Lemma D.1

Fix any a*, we show that d}* (s, a)/d} (s,a) < K for all (s,a). Note that it suffices to consider
actions taken by 7, only.
Bandit states  For any bandit state s € {s;}, e[s] and any h < H, by construction of our MDP, we
have dj* (s;) = d (s;) = (1 — —)h ! s Tn (@ 5s:) = 1, and pp(a}, ;|s:) = 1/ K, therefore
dy (sisaf,)  dy(si) - e n(afilsi)
dj, (s, af, ;) dj, (si) - pn(aj 51si)

Ath = H + 1, we have d}* (s;) = di(s;) = (1 — 1/H)H, and both 7, and u takes action 1
deterministically, and thus d}* (s;,1)/d} (s;,1) = 1. Ath > H + 2, we have d;* (s;) = dj, (s;) = 0.
This verifies the K- concentrablhty for all s;.

=K.

Good state and bad state For the good state s, and bad state s;, since both 7, and p takes

deterministic action 1 at all h, it suffices to bound distribution ratio d; * (s¢, py)/d} (S14.51) Over the
C at ] r \7{g,b})/ “n\5{g,b}

states only (instead of joint state-actions).

Recall that 7, always takes the optimal action a;; ; which leads to 1/H -(1/2+7) transition probability
to the “good state” s,. Thus at any b < H + 1, we have

h—1 S h'—1 1/1 h—1 1 h'—1 1 1
wo-£3i(0-5) w5G+)-(Z0-%) 7)) ()
h=1i=1 h'=1
In contrast, u only takes the optimal action aj, ; with probability 1 /K, and thus we have

af (s,) = (}}i (1 - ;)h/_l . ;) . (; + ;{)

Therefore
dy*(sq) _ 1/24+ 71 < 1/2+7 <2< K
dl (sg) 1/2+7/K — 1/2 — =
Similarly, for the “bad state” s; we have
dp*(sp) B 1/2—-71 <1<K

di(sp)  1/2—7/K
For h > H + 2, we have
dp*(sq) _ dify1(sg) + % <
dy(sg)  dfyi(sg)+5- (1 —1/H)H ="~

and similarly

d;:* (sp) _ dTIer(Sb) + % (1- 1/H)H <K
dy(sv)  dy(se) +5- (1= 1/H)T ==
This verifies the K -concentrability for (s, sp) as well. O



D.2 Proof of Lemma D.2

Fix any a* € [A]7%, by construction of our MDP M-, only the good state s, receives a +1
reward starting at h € {H +2,...,2H + 1}. Along each trajectory, there will be exactly one
transition from the bandit states {s;} to one of (s4, sp). This transition can happen at step h < H
and state s; with probability 1/H - (1/2 + 7) if the optimal action aj, ; is taken, or probability
1/(2H) if any other action is taken. The transition can also happen at step h = H + 1 but with
the same transition probability regardless of the policy. Further, note that the state distribution
dr(s;) =1/S-(1—1/H)""1 =: d}(s;) (for h < H) does not depend on the policy 7. Therefore,
we have

:izdh(&)[é<;+7> 22] UA{7@n(si) # ah} - H
—iié(lé)h 17 L{7n(ss) # ap,}-

Taking expectation with respect to the algorithm execution within the MDP M+, we get

h—1
Ea* [Vlfhfa* - Vvl%,\Ma*} Z Z (1 - ) T: ]Pa* (%h(sl) 7£ a;;,,i)

Zh,i(ﬁ,a*)
H 5§ h—1
1 1

:ZZE <1—H) T Ly i(T,a")

h=11i=1 N ,

>(1-1/H)H-1>e-1>1/3

. HS

2335 th,i(ﬂaa):g L(x,a”)
h=11i=1
This proves the lemma. O

E Proofs for Section 5

E.1 Algorithm UCBVI-UrLow

We present the UCBVI-UPLoOW algorithm in Algorithm 4. This algorithm is a specialization of the
NASH- VT algorithm of [34] (originally developed for two-player Markov games) into the case with
a single player, and with additional modifications on the output value functions and policy that are
similar to the certified policy technique of [7]. Above, the BONUS function on Line 7 is taken as the
Bernstein bonus:

BONUS(#,52) 1= c( 52/t + (H — h*)ZSL/t>,

where ¢ := log(HSAn/J) is a log factor and ¢ > 0 is some absolute constant.

We now present the main guarantee for UCB VI-UPLoOW, which is going to be used in proving the
main theorem.

Lemma E.1 (Theoretical guarantee for UCBVI- UPLOW) Suppose Algorithm 4 is run for nycn
episodes. Then, the output lower value estimate V3" +1 and the policy 77,‘;‘13_1: o satisfies the following
with probability at least 1 — 0:

(a) Small error in lower value estimates: 0 < V3™, | (s) < Vi 11(s) forall s € S, and

ou H_ h* SSAL3 H — h* 352AL3
D dnr1(8) (Vi (s) = V3 (s) < O ( ) - ( ) 7

n n
ses UCB UCB

where dp, 11(+) is the distribution of the initial state sy, 11.
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Algorithm 4 UCB-VI with Upper and Lower Confidence Bounds (UCBVI-UPLoOW)
Require: Starting time step h, + 1, end time step H, number of episodes nycg.
1: Initialize: For any (s,a,h,s’): Q,(s,a) < H — h,, Q,(s,a) < 0, Ni(s) = Nu(s,a) =
Np(s,a,8") « 0.
2: for Episode k = 1,...,nycg do

3 forsteph=H,...,h, +1do

4 for (s,a) € S x Ado

5 t < Np(s,a).

6: if t > 0 then R

7: B« BONUS(t,VhKV;H_l +V511)/2](s,a))

; 7 o/ (H — ) Bu(Vigs — Vo) (s,0).

9 @h(s,a)<—min{(rh+@hvh+1)(s,a)+v+ﬁ,H—h*}.
10 Q,(s,a) <—max{(rh +thh+1)(s,a)—7—ﬁ,0}
11: end if

12: end for

13: for s € Sdo

14: mh(s) < argmax,c 4 Q, (s, a).

15: Vi(s) ¢ Qu(s,mr(5)); Vi (s) = Q, (s, mh(s)).

16: end for

17:  end for

18:  Receive an initial state sp, +1 from the MDP.
19: forsteph=h,+1,...,H do

20: Take action ap, = mx(sp), observe reward 7, and next state sp1.
21: Add 1to Nh(Sh), Nh(sh, ah), and Nh(Sh, ap, Sh+1).

22: IF’h(-|sh,ah) eNh(sh,ah,-)/Nh(sh,ah).

23:  end for

24: end for

25: Let (VZ7 K’,ﬁ, 7%) denote the value estimates and policy at the beginning of episode k.
26: for s € S do

—ou 7k

27: Vi, 4a(s) < 4Nh,*-1¢-1(5) Zk:s’;*ﬂzs Vi1 (s).
k

28 Vila(s) « mw Lokesh . =s Vi1 (8):

29:  Let policy Wﬁi)ﬂ:H be the uniform mixture of 7r,’i+1:H over all {kz : SE*H = 5}.

30: end for .
. Ea=0)
31: return Value estimates (Vhl*l +1,7z‘jt+1).

Mixture policy ’/T?L]:il: g defined as follows: Play policy ﬂg? 1. i Sh1 = 5.

(b) 7" achieves at least V" value: we have Vhio_:tl(s) > Vit ((s) forall s € S.

Proof. First notice that Algorithm 4 is a special case of the NASH-VTI algorithm for two-player
Markov games [34, Algorithm 1], where the number of actions for the min-player is one so that the
Markov game reduces to a single-player MDP, and the game starts at step h, + 1 (so that the horizon
length is H — h, instead of H).

Therefore, by [34, Theorem 4], with probability at least 1 — §/2 the following happens

nuce

—k -
Z Vh*+1(52*+1) - KZ*H(SZ*H) < \/(H — hy)3S Anycpe + (H — hy)*S? A,
k=1

where ¢ := log(HSA/¢). Further, [34, Lemma 22] implies that for any (s, k),

—k ok
Vh*+1(3) > Vh**+1(3) > Vh*+1(8) > Ki*ﬂ(s)
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. . —k .
on the same good event. Using the relation betwen V'), ,; and V}* | | yields

D Nia(8) (Vi1 (s) = V"1 (s))
seS
nUCB

Z Vi1 Sh +1) KZ*H(SZ*H) < \/(H — h.)3SAnycpe + (H — h*)352AL27

where (i) used the definition of our V°"* in Line 28. Now, since Ny, +1(s) ~ Bin(nycs, dp, +1(5)),
by Lemma A.1 and a union bound over s € S, we have with probability at least 1 — §/2 that

1
Np,+1(s)v1> ol -nucdh, +1(8)

simultaneously for all s € S.

Plugging this into the preceding bound further yields

Zdh 11(8) (Vir 1 (s) = V21 (s))

seS
< O W)V D) (V) VR (9)
— nUCH = 1+ }L*-‘rl ~hy +1
CjL out (7L * out
< D Nuera(s) - (Vi ga(s) = VU () + D LN 11(s) = 0} - (Vi g (s) = V3 (s))
NUCB =% NUCB 7%
<H-—h,
_h)3 3 _ 1 .)3G2 4,3 _
e (H — hy)3S AL LC. (H — hy)?S?A® + (H — hy)St
nycs nycs
_h)3 3 _ 1302 4,3
<C (H — h,)3S AL n (H — hy)®S2 A
NUCB nucs
This shows part (a).
For part (b), by our definition of 7°"* (Line 31), we have for any s € S that
rout ()
Vi 11(s) = Vi 11 (s)
1 k
= — V‘Ir
Np,+1(s) Z (o)
kxh*+1:s
1 t
> Npa(s) Z Vh +1(8) =V (s).
ksh*+1 s
This shows part (b). O

E.2 Algorithm TRUNCATED-PEVI-ADV
The algorithm TRUNCATED-PEVI-ADV is similar as the PEVI-ADV algorithm (Algorithm 1)

except that the algorithm uses a plug-in estimate of V;* ,;, and only performs (pessimistic) value
iteration within step 1 to h,. For completeness, we describe the algorithm in Algorithm 5.

E.3 Proof of Theorem 4

We are now ready to present the proof of Theorem 4. Throughout this proof, C' denotes an absolute
constant that can vary from line to line, and all “good events” happen with probability at least
1 — 6/10, which combine to yield the 1 — § high probability guarantee for the final bound.
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Algorithm 5 Truncated-PEVI-ADV
Require: Offline dataset D = {( Q) a1 ,rg ), e ELI aH ,7';[))} Omme. End time step h,. Value
1

1=

init
function Vh T

1: Split the dataset D into D,.f, Dy and {Dh71}2;1 uniformly at random:

Nyef — |Drcf| = nofﬁinc/ga ng = |DO| = nofﬂinc/?’a Nnih = |Dh,1| = nofﬂinc/(gh*)~

2: Learn a reference value function ‘A/fjf* < VI-LCB(D,¢f) via of a truncated version of VI-
LCB(Algorithm 3), with the modification that only the datae from steps 1 : &, are used, and

Vet |« Vit | and is not updated.
3: Let Nio(s,a) and Ny o(s,a, s’) denote the visitation count of (s,a) and (s,a,s’) at step h
within dataset Dy. Construct empirical model estimates:
Tho(s,a) < rmn(s,a)L{Npo(s,a) > 1},
Npo(s,a,s")

Py, o(s'|s,a) « )
h,O( | ) N}L70(8, Cl) V1

Similarly define Ny 1(s,a), Ny 1(s,a,s"), (Th1, I@h 1) for all h € [h,] based on dataset Dy, ;.

Vi, Pref s,a)tL
V0 Vi) Hy ), where ¢« =

4: For all (h,s,a), set bpo(s,a) < c - Nio(s,avT T Nio(s.a)vT

log(HSA/)).
5: Set Vi, 41(s) < VMt (s) for all s € S. (Note that Vj,, 41(s) is not updated in the following.)

6: forh=nh,,...,1do

\ ‘71 Vm s,a)t .
7 Setbh,l(S,a)<—c-<\/[ Vi Vig ok | B )

8:  Perform value update for all (s, a):

On(s,a) < Frols,a) + [@h thil} (s,a) — bno(s, a) + [@h,l(f/hﬂ _ ‘Zfifl)] (s,a) — bp.1(s, a);

Vi(s) [maaxéh(s,a)} V0.

9:  Set Th(s) « argmax, Qn(s,a)forall s € S.
10: end for
11: return Policy 7 = {7}, <pcp, -

Guarantees for learned values First, Stage 1 in our Algorithm 2 runs the UCBVI-UPLOW algo-
rithm with nycs = n/2 episodes with initial state sj,, 41 ~ d), h,+1- Therefore by Lemma E.1, its

output lower value estimate V', |, satisfies V, | ;(s) < Vh*+1( s) forall s € S, and

n n

- L —h)3S2AS
Zdh 1) (Vi (s) = Vh*ﬂ(s))gC( (H h*)35A3+(H he)°S2A )

seS

Since y satisfies CP2*Y18! partial concentratbility for steps 1 : h, (by Assumption B), it also satisfies
the state-wise concentrability at step hy + 1: For any s’ € S we have

d2*+1( /) _ Zs,a dz: (S7a)]P)}L* (S/|S,CL)
dh*-ﬁ-l( /) Zs,a dZ* (S7a)Ph* (5/|57a) -

Applying this in the preceding bound, we get

Cpartial

(H — h,)3SA®  (H— h*)3SQAL3>
+ =:¢€g.

n n

ng*-‘rl( )(Vh**ﬂ(s) *Kh*ﬂ(s)) <C- Cpartial(

sES
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Next, in stage 2 we run the TRUNCATED-PEVI-ADV algorithm. In its first (sub)-stage, we learn
the reference value function V! via a truncated version of the VI-LCB algorithm (which runs for
(n — nuce)/3 = n/6 episodes). Since we set V'f | « Kh*ﬂ and do not update it, we can imitate
the proof of Theorem 1 for steps 1 to h, (which uses the CP#*18! partial-concentrability assumed in
Assumption B) and obtain V;*f(s) < V;*(s) for all h € [h,], s € S, and (by replacing H with h, at
appropriate places in the proof in Section B.3)

max >~ d (5) (Vii(s) = Vicl(s))

sES

1<h<h,

< ZZdW* s,a) - bp(s,a +Zd2*+1 Vh 11(8) — Zh*+1(5))

h=1 s,a sES
HQhESCpartiaILQ - «
< C\/n Zdh*Jrl( Y (Vii+1(5) = Vi (5)
seS
thiscpartialLQ
C f —+ Ep = €1.

In its second sub-stage, we learn the final value function V in a similar fashion as the reference-
advantage updates in Algorithm 1 (which runs for ny + n; episodes where ng = n; = n/6).

Notice again we set Vj, y1 <V, ., and do not update it. Therefore we can imiate the proof
of Theorem 2 (again, this uses the CP#'18 partial-concentrability assumed in Assumption B) to
obtain Vj,(s) < V;*(s) forall h € [h,], s € S and (by replacing H with h, at appropriate places in
Section C.2)

max 3 d7(s) (Vi (s) = Vals))

1<h<h,

seS
hy
<N dir(s,a) - (bno(s,a) +baa(s,a) + > di () (Vi1 (s) = Vi 41(5))
h=1 s,a SES
C( H2h*SCpartia1L2 H2h*scpartialL3/2 + Hhiscpartialb2
+
n n

h4 S (Cpartial 2 H2h2 ScpartialLS/Z + Hh2scpartialL2
+y———— H-ea+—=* ’ > +eo
n n

o ( H?2 hy S(Cpartial 2 N H?2 hy ScpartiaILS/2 + Hhi ScpartialL2
o n n

n n n

H2h4SCpartial 2 ( H2h3SCpartial 2 ) H2h2S§CPartial 3/2 4 [rp2 GCpartial 2
‘ +eo |+ > +€o
=:&q.
We first let €9 < /2 which requires
n > No:=C[(H — h,)*SAP(CP* ) + (H — h,)*S*Ai® [e].
Then to let the rest of the terms above be also bounded by /2, a sufficient condition is
H2h, SO;)artial 2 . H2p35 gCpartial 2
€

n > Ny = C’{ + HthlSC’pamalLQ] .

Combined, this shows that maxi<p<pn, Y .cs dp* (5) (Vh*(s) - ‘A/h(s)> <eif

H2 . partial 2 H — N 3 A partial}2,3
nzc( h.SC L+(€2h)S(C )2,
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N H2h2.5scpartiall/2 + (H _ h*)352Acpa1'tia1L3 N H2h4SCpartialL2)
8 *
> max {Ng, Na}.
Further, when & < min {h; %5, CP**al /G the =2 term above dominates and thus a sufficient
condition for the above is

2 partial 3 partial
n>O<HhSC 4 (H — h,)3SA(C )>.

= (17

Guarantees for output policy We also show that the final output pohcy 7 of Algorithm 2 also

satisfies V{*(sy) — Vi (s1) < ¢ building on the above guarantee for V. First, at step h, + 1, as
T(hy +1):H = %([;SH):H’ by Lemma E.1(b) we have for all s € S that

Vi 1(8) 2 Vi 41 (5) = Vi (s).

Second, using this as a base step for the induction argument in C.2, we get that V/7(s) > Vi(s) for
all h € [h,] and s. In particular, at h = 1 we have V7 (s1) > Vi (s;). Therefore

Vi (s1) — Vi (s1) < Vi(s1) — Vi(s1) Zd”* ( —Vil(s )) <e.

sES

This shows the desired near-optimality guarantee for 7 whenever ¢ < min { h; %5, CPar%al /S and
the number of episodes n satisfies (17). This proves Theorem 4.
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