The Nature of Temporal Difference Errors in
Multi-step Distributional Reinforcement Learning:
Appendices

A Extension of distributional Retrace to n-step truncated trajectories

The n-step truncated version of distributional Retrace is defined as

n
s
§ : ClitAO:t

t=0

Rytn(x,a) = n(z,a) +E,

)

which sums the path-dependent distributional TD errors up to time n. Compared to the original
definition of distributional Retrace, this n-step operator is more practical to implement. This operator
enjoys all the theoretical properties of the original distributional Retrace, with a slight difference on
the contraction rate. Intuitively, the operator bootstraps with at most n steps, which limits the effective
horizon of the operator to be < n. It is straightforward to show that the operator is (3,,-contractive

under W, with 3,, € (8,7]. Asn — o0, 8, = f3.

B Distance metrics

We provide a brief review on the distance metrics used in this work. We refer readers to [10] for a
complete background.

B.1 Wasserstein distance

Let 1,72 € Po(R) be two distribution measures. Let F;, be the CDF of 7. The p-Wasserstein
distance can be computed as

1/p
Wy (n1,m2) = (/[ ]lFﬁl(Z)—Fn_zl(Z)lde> :
0,1

Note that the above definition is equivalent to the more traditional definition based on optimal
transport; indeed, F; ' (z), z ~ Uniform(0, 1), € {1,2} can be understood as the optimal coupling
between the two distributions. The above definition is a proper distance metric if p > 1.

For any distribution vector 71,72 € Po(R)¥*4A, we can define the supremum p-Wasserstein
distance as

W11, 712) = max W, s (z, ) mo(, ).

B.2 L, distance

Let 01,72 € P+ (R) be two distribution measures. Let F;, be the CDF of 7). The L, distance is
defined as

Lytmom) = ( [ 1) - (Il a ) "

The above definition is a proper distance metric when p > 1.

For any distribution vector 11, 72 € P (R)* <4 or signed measure vector 11, 172 € M(R)* ¥4,

can define the supremum Cramér-p distance as

weE

Lp(m1,m2) = max Ly (n1 (2, a), m2(x, a)).
C Numerically non-convergent behavior of alternative multi-step operators

We consider another alternative definition of path-independent alternative to the path-dependent
TD error v* AT . The primary motivation for such a path-dependent TD error is that the discounted

value-based TD error takes the form gf = 57 . The resulting multi-step operator is

oo
Z Cl:ﬂtA:sr

t=0

ﬁﬂ’“n(l‘a a) = 7](957 a) + ]EM
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Figure 5: Illustration of non-convergent behavior of alternative multi-step operators: for both plots,
we show the mean and per-run results across 10 different initial Dirac distributions 7). (a) the full
comparison between all operators. Two alternative operators do not converge while one-step Bellman
operator and distributional Retrace both converge; (b) we zoom in on the difference between the two
alternative operators.

With the same toy example as in the paper: an one-state one-action MDP with a deterministic
reward R; = 1 and discount factor v = 0.5. The target distribution n™ is a Dirac distribution
centering at 2. Let i, = (R)*no be the k-th distribution iterate by applying the operator R €
{R™# R™H R™H T}, we show the L, distance between the iterates and n™ in Figure 3. It is clear
that alternative multi-step operators do not converge to the correct fixed point.

D Backward-view algorithm for multi-step distributional RL

We now describe a backward-view algorithm for multi-step distributional RL with quantile represen-
tations. For simplicity, we consider the on-policy case # = p and ¢; = A. To implement R™* in
the backward-view, at each time step ¢ and a past time step ' < ¢, the algorithm needs to maintain
two novel traces distinct from the classic eligibility traces [2]: (1) partial return traces G.;, which
correspond to the partial sum of rewards between two time steps ¢’ < ¢; (2) modified eligibility traces,
defined as ey ; == )\t’t', which measures the trace decay between two time steps ¢’ < t. At a new
time step ¢ 4 1, the new traces are computed recursively: G141 = Rip1 + VG v, ev p41 = Aep .

We assume the algorithm maintains a table of quantile distributions with m atoms: n(z,a) =
LS 0sy(wa), V(@ a) € X x A. For any fixed (z,a), define Ty(z,a) = {s|X, = z,A, =
a,0 < s < t} be the set of time steps before time ¢ at which (z, a) is visited. Now, upon arriving at
X¢41, we observe the TD error A7 . Recall that Lj (7)) denote the QR loss of parameter ¢ at quantile
level T and against the distrbution 7. To more conveniently describe the update, we define the QR
loss against the path-dependent TD error

(bGs:tflx'Yt_S)# ~6r:t = (bGsm’y“H_S)# 77(Xt+17 A:Jrl) - (bGs;t,h'y‘—s)# n(Xtv At)

as the difference of the QR losses against the individual distributions,

L5 (06, ree)  B5a) = L5 (b ievi=) y nXein A7) ) = L ((barsyose-s) y (X1 A1)

Note that the QR loss can be computed using the transition data we have seen so far. We now perform
the a gradient update for all entries in the table (z,a) € X x A and 1 < i < m (in practice, we
update entries that correspond to visited state-action pairs):

zi(x,a) + zi(z,a) — « Z stV ai(za) Ly ((bGS:til’vt—s)# Ng:t) ,
s€Ty(x,a)
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where 7; = . For any ﬁxed (z, a), the above algorithm effectively aggregates updates from time
steps s € Tt :1: a) at which (x, a) is visited.

D.1 Simplifications for value-based RL

We now discuss how the path-independent value-based TD errors greatly simplify the value-based
backward-view algorithm. Following the above notations, assume the algorithm maintains a table of
Q-function Q(z, a), we can construct incremental backward-view update for all (z,a) € X x A as

follows, by replacing the path-dependent distributional TD error A .+ by the discounted TD error (5”
Q(z,a) + Q(z,a) — « Z es,tét .
s€T(x,a)

Since §7 does not depend on the past rewards and is state-action dependent, we can simplify the
summation over s € T;(x, a) by defining the state-depedent eligibility traces [2] as a replacement to

es,t»
e(x,a) + yXe(z,a) + I[X; = x, Ay = al.
As a result, the above update reduces to
Q(z,a) + Q(z,a) — ae(z,a)dy,

which recovers the classic backward-view update.

D.2 Non-equivalence of forward-view and backward-view algorithms

In value-based RL, forward-view and backward-view algorithms are equivalent given that the tra-
jectory does not visit the same state twice [2]. However, such an equivalence does not generally
hold in distributional RL. Indeed, consider the following counterexample in the case of the quantile
representation.

Consider a three-step MDP with deterministic transition z; — x5 — x3. There is no action and
no reward on the transition. The state x5 is terminal with a deterministic terminal value r3 = 1.
We consider m = 1 atom and let the quantile parameters be §; = 0 and 65 = 1 at states x1, T2
respectively. In this case, the quantile representation learns the median of the target distribution with
7 =0.5.

Now, we consider the update at 6; with both forward-view and backward-view implementation of the
two-step Bellman operator 757 n(z) = E [(bg 2)#n(X2, 7(X2))|Xo = x|, which can be obtained
from distributional Retrace by setting c¢; = p;. The target distribution at x; is a Dirac distribution
centering at 2.

Forward-view update. Below, we use J, to denote a Dirac distribution at . In the forward-view,
the back-up distribution is

E [(boﬁz)#n(XQ,ﬂ'(Xz))] = 0.2
The gradient update to 6 is thus

O™ =0, —aVe, LY (5,2) =01 +a (0.5 -1 [1* < 61]).

Backward-view update. To implement the backward-view update, we make clear of the two
path-dependent distributional TD errors at two consecutive time steps

zg = 57 — do, 57{ = (bO,’y)# (5'792 - 501) = 5'72 - 6“%

The update consists of two steps:

0] =01 — aVe, L7 (6,) = 61 + a (0.5 — L[y < 61]),

O = 8 — o (Vo L§7 (62) = Vo, LY (57))
=01 +a (051> <6i]) —a(0.5—1I<6]).
Overall, we have
O =0, +a (0.5 Iy < 01]) +a (0.5 —I[y* < 0;]) — a (0.5 — L[y < 67])
= 0.5a — al[y? < 0.5a] + I[y < 0.50].

(fwd)

Now, let a € (22, 27) such that 0.5a € (72, 7), we have 08" = 0.5 — o = —0.5a # 0
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D.3 Discussion on memory complexity

The return traces Gy ; and modified eligibility traces e ; are time-dependent, which is a direct
implication from the fact that distributional TD errors are path-dependent. Indeed, to calculate the
distributional TD error A7 ,, it is necessary to keep track G ; in the backward-view algorithm. This
differs from the classic eligibility traces, which are state-action-dependent [2, 18]. We remark that the
state-action-dependency of eligibility traces result from the fact that value-based TD errors AT are
path-independent. The time-dependency greatly influences the memory complexity of the algorithm:
when an episode is of length 7', value-based backward-view algorithm requires memory of size
min(|X||A],T) to store all eligibility traces. On the other hand, the distributional backward-view
algorithm requires O(T).

E Distributional Retrace with categorical representations

We start by showing that the distributional Retrace operator is 3z, -contractive under the L, distance

for p > 1. As a comparison, the one-step distributional Bellman operator 7™ is ~1/P_contractive
under L,, [17].

Lemma E.1. (Contraction in fp) R™His B ,-contractive under supremum L,, distance forp > 1,

where 31, € [0,7]. Specifically, we have A1, = maxzex,aca (X oq Eplcr..cim1(1 — ¢p)] ’yt)l/p.

Proof. The proof is similar to the proof of Proposition 3.2: the result follows by combining the
convex combination property of distributional Retrace in Lemma 3.1 with the p-convexity of L,
distance [10].

E.1 Categorical representation

In categorical representations [23], we consider parametric distributions of the form for a fixed
m > 1, Y pid.,, where (z;)™, € R are a fixed set of atoms and (p;)7, is a categorical
distribution such that >\, p; = 1 and p; > 0. Denote the class of such distributions as Z¢(R) :=
{350 pide, | Yok pi = 1,p; > 0}. For simplicity, we assume that the target return is supported on
the set of atoms [Rvin/(1 — ), Rmax/(1 — )] C [#1, 2m].

We introduce the projection that maps from an initial back-up distribution to the categorical parametric
class: Tl : P (R) — Pc(R) defined as Ilen = argmin,e g, w) L2 (v,1), Vv € P (R).
The projection can be easily calculated as described in [0, 17]. For any distribution vector n €
Do (R)Y*A, define Ilen as the component-wise projection. Now, given the composed operator
HeR™H : Poo (R)XY XA — P (R)Y*A, we characterize the convergence of the seququence 7, =

(e R™)" 1.

Theorem E.2. (Convergence of categorical distributions) The projected distributional Retrace
operator I[Ic R™H is 31, -contractive under L distance in 2 (R). As a result, the above 7, converges
to a limiting distribution 7% in Lo, such that Lo (nk, %) < (8L, )" La2(no, N ). Further, the quality
of the fixed point is characterized as L2 (n%,7n™) < (1 — B1,) ' La(Tlen™, n™).

Proof. The above theorem follows from Lemma E.1. Indeed, since IIg is a non-expansion in
supremum Cramér distance Lo [17], the composed operator IIgR™* is [1,-contractive in L.

Following the same argument as the proof of Theorem 5.1, we obtain the remaining desired results.
O

The distributional Retrace operator also improves over one-step distributional Bellman operator in
two aspects: (1) the bound on the contraction rate 8z, < /7 is smaller, usually leading to faster
contraction to the fixed point; (2) the bound on the quality of the fixed point is improved.

E.2 Cross-entropy update and C51-Retrace

Unlike in the quantile projection case, where calculating 1157 requires solving a quantile regression
minimization problem, the categorical projection can be calculated in an analytic way [17, 10].
Assume the categorical distribution is parameterized as 1,,(z,a) = Y .-, pi(x,a;w)d,,. After
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computing the back-up target distribution IIoR™#n(x,a) for a given distribution vector 7, the
algorithm carries out a gradient-based incremental update

w 4 w — aV,CE [T R™#n(z, a)|n,(x,a)],
where CE(plg) = —_, pilog¢; denotes the cross-entropy between distribution p and ¢. For
simplicity, we adopt a short-hand notation CE(n|7,,) = CE, (). Note also that in practice,  can
be a slowly updated copy of 7, [33]. As such, the gradient-based update can be understood as
approximating the iteration 1,11 = R™*n,. We propose the following unbiased estimate to the

Cross-entropy @\Ew LI R™*n(x,a)], calculated as follows

CEy (n(z,a)) + i C1:t (CEw ((bt+1)# n (X1, Afﬂ)) —CE, <(bt)# (X, At)>) )

t=0

Lemma E.3. (Unbiased stochastic estimate for categorical update) Assume that the trajec-
tory terminates within /' < oo steps almost surely, then we have E,, {(C]Ew (TIeR™Hn(x, a))} =

CE,, (II¢R™#n(x,a)). Without loss of generality, assume w is a scalar parameter. If there exists
a constant M > 0 such that |V,,CE,, (n)| < M,¥n € P (R), then the gradient estimate is also

unbiased E,, [VM@\E“, (I R™ 1)z, a))} = V. CE,, (IIcR™1(z, a)).

Proof. The cross-entropy is defined for any distribution CE,, (). For any signed measure v =
Yo win; withn; € P (R), we define the generalized cross-entropy as

(CIEw (V) = Z wi(CEw (771) 5
1=1

Next, we note the cross-entropy is linear in the input distribution (or signed measure). In particular,
for a set of IV (potentially infinite) coefficients and distributions (signed measures) (a;, 1;),

N m
CE, (z 77) = 3 W ().
i=1 i=1
When a; denotes a distribution, the above rewrites as CE,, (E[7;]) = E[CE(#;)]. Finally, combining
everything together, we have E,, {((/wa (IIeR™Hn(x, a))} evaluate to

:EU’

CE, (77(557 a)) + i Ci:t (CEw ((bt+1)# n (Xt+17 A?+1)) — CE, ((bt)# (X, At)))

t=0

=(a) Eu {(C]E (ﬁ”’“n(w, a))} =u) By [CE (R™"n(x,a))].

In the above, (a) follows from the definition of the cross-entropy with signed measure 7%"’“77(:17, a)
and (b) follows from the linearity property of cross-entropy.

Next, to show that the gradient estimate is unbiased too, the high level idea is to apply dominated
convergence theorem (DCT) to justify the exhchange of gradient and expectation [34]. This is similar
to the quantile representation case (see proof for Lemma 5.2). To this end, consider the absolute value
of the gradient estimate ‘Vw@\Ew (R™Hn(z, a))
estimate. In order to apply DCT, we need to show the expectation of the absolute gradient is finite.
Note we have

Ey [|VuCE, (R™n(z,0))|]

, which serves as an upper bound to the gradient

H
= El‘ Vw(CIEw (77(:6, a)) + Z C1:¢ (vaEw <(bt+1)# n (Xt+1, A?—&-l)) — Vw(C]Ew ((bt)# U(Xt, At)))‘
t=0
H
<@ En | IVuCEw (e, @) + > e [VuCBu ((ber) 1 (Xer1, ATr) ) = VauCEy ((b0) n(Xs, A1)
t=0
H
<) Eu M+Zpt-M] < 00,
t=0
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where (a) follows from the application of triangle inequality; (b) follows from the fact that the QR
loss gradient against a fixed distribution is bounded V,,CE,, (v) € [-M, M],Vv € P+ (R) [16].

Hence, with the application DCT, we can exchange the gradient and expectation operator, which
yields E, [vaE; (R“’”n(x,a))} = V.E, [(CE; (R™H(z, a))| = VuCEy (R™H1(z, a)).

O

We remark that the condition on the bounded gradient |V,,CE,, (n) | < M is not restrictive. When
Ny 18 adopts a softmax parameterization and w represents the logits, M = 1.

Finally, the deep RL agent C51 parameterizes the categorical distribution p;(z, a; w) with a neural
network w at each state action pair (z,a) [23]. When combined with the above algorithm, this
produces C51-Retrace.

F Additional experiment details

In this section, we provide detailed information about experiment setups and additional results. All
experiments are carried out in Python, using NumPy for numerical computations [35] and Matplotlib
for visualization [36]. All deep RL experiments are carried out with Jax [37], specifically making use
of the DeepMind Jax ecosystem [38].

F.1 Tabular

We provide additional details on the tabular RL experiments.

Setup. We consider a tabular MDP with |X’| = 3 states and |.A| = 2 actions. The reward r(x, a) is
deterministic and generated from a standard Gaussian distribution. The transition probability P(:|z, a)
is sampled from a Dirichlet distribution with parameter (I',T"...T") for T" = 0.5. The discount factor
is fixed as v = 0.9. The MDP has a starting state-action pair (zo, ag). The behavior policy p is a
uniform policy. The target policy is generated as follows: we first sample a deterministic policy 74
and then compute 7 = (1 — £)my + e, with parameter ¢ to control the level of off-policyness.

Quantile distribution and projection. We use m = 100 atoms throughout the experiments.
Assuming access to the MDP parameters (e.g., reward and transition probability), we can analytically
compute the projection IIo using a sorting algorithm. See [16, 10] for details.

Evaluation metrics. Let 7, = (R™")¥n, be the k-th iterate. We use a few different metrics in
Figure 3. Given any particular distributional Retrace operator R™#, there exists a fixed point to the
composed operator IIgR™#. Recall that we denote this distribution as 17 . Fig 3(a)-(b) calculates
the iterates’ distance from the fixed point, evaluated at (xq, ag).

LP (nk(x()v CLO), n?{(mOa (10)) .

Fig 3(c) calculates the distance from the projected target distribution IIon™. Recall that IIon™ is in
some sense the best possible approximation that the current quantile representation can obtain.

Ly (nx(0, a0), Ilon™ (20, ao)) -

F.2 Deep reinforcement learning

We provide additional details on the deep RL experiments.

Evaluation metrics. For the ¢-th of the 57 Atari games, we obtain the performance of the agent GG; at
any given point in training. The normalized performance is computed as Z; = (G; — U;)/(H; — U;)
where [; is the human performance and U; is the performance of a random policy. Then the

mean/median metric is calculated as the mean or median statistics over (Z;)27 ;.

The super human ratio is computed as the number of games such as Z; > 1, i.e., G; > H; where the
agent obtains super human performance on the game. Formally, it is compute as % 215;1 I[z; > 1].
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Shared properties of all baseline agents. All baseline agents use the same torso architecture as
DQN [33] and differ in the head outputs, which we specify below. All agents an Adam optimizer
[39] with a fixed learning rate; the optimization is carried out on mini-batches of size 32 uniformly
sampled from the replay buffer. For exploration, the agent acts e-greedy with respect to induced
Q-functions, the details of which we specify below. The exploration policy adopts ¢ that starts with
€max = 1 and linearly decays to ey, = 0.01 over training. At evaluation time, the agent adopts
€ = 0.001; the small exploration probability is to prevent the agent from getting stuck.

Details of baseline C51 agent. The agent head outputs a matrix of size |.A|x m, which represents the
logits to (p;(z,a;0));~,. The support (z;)/, is generated as a uniform array over [—Viax, Vmax]-
Though Vyax should in theory be determined by Ryax; in practice, it has been found that setting
Vmax = Rmax/(1 — ) leads to highly sub-optimal performance. This is potentially because usually
the random returns are far from the extreme values Ryvax/(1 — 7y), and it is better to set Vjyax at a
smaller value. Here, we set Viyyax = 10 and m = 51. For details of other hyperparameters, see [6].
The induced Q-function is computed as Qg (z,a) = Y i~ pi(z,a;0)z;.

Details of baseline QR-DQN agent. The agent head outputs a matrix of size |A| X m, which
represents the quantile locations (z;(z,a;0));",. Here, we set m = 201. For details of other
hyperparameters, see [16]. The induced Q-function is computed as Qg(z,a) = = >, z(z, a;0).

Details of multi-step agents. Multi-step variants use exactly the same hyperparameters as the
one-step baseline agent. The only difference is that the agent uses multi-step back-up targets.

The agent stores partial trajectories (X¢, A, Ry, xt);’gol ~ 1 generated under the behavior policy.
Here, the behavior policy p is the e-greedy policy with respect to a potentially old Q-function (this is
because the data at training time is sampled from the replay); the target policy 7 is the greedy policy
with respect to the current Q-function.

G Proof

To simplify the proof, we assume that the immediate random reward takes a finite number of values.
It is straightforward to generalize results to the case where the reward takes an infinite number of
values (e.g., the random reward has a continuous distribution).

Assumption G.1. (Reward takes a finite number of values) For all state-action pair (z,a), we

assume the random reward R(x, a) takes a finite number of values. Let R be the finite set of values
that the reward { R(z, a), (x,a) € X x A} can take.

For any integer t > 1, Let R! denotes the Cartesian product of ¢ copies of R:
Rl=RxRx..xR.
—_———
t copies of R

For any fixed ¢, we let rp.;—1 denote the sequence of realizable rewards from time O to time ¢ — 1.
Since R is a finite set, R? is also a finite set.

Lemma 3.1. (Convex combination) The Retrace back-up target is a convex combination of n-
step target distributions. Formally, there exists an index set I(xz,a) such that R™#n(x,a) =
Ziel(x ) Willi where w; > 0, Ziel(x o) Wi = 1 and (7;)ic1(x,q) are n;-return target distributions.

Proof. In general ¢; = c(Fy, Ay) where F} is a filtration of (X, As)%_. To start with, we assume
¢t = ¢(X¢, Ay) to be a Markovian trace coefficient [13]. We start with the simpler case because the
proof is greatly simplified with notations and can extend to the general case with some care. We
discuss the extension to the general case where ¢; = ¢(F;, A;) towards the end of the proof.

For all ¢ > 1, we define the coefficient
Wy broy_1 = By [cl...ct_l (m(b] X)) — (X, b)u(b| Xy)) - I[ X = y]HZ;BH[RS = T‘SH .

Through careful algebra, we can rewrite the Retrace operator as follows

R™Fn(x, a) = Z Z Z Z Wy,b,ro:e—1 (bGO:t—la'Yt)# n(y,b).

t=1yeX bEA . . cRt
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Figure 6: Deep RL experiments on Atari-57 games for (a) C51 and (b) QR-DQN. We compare the
one-step baseline agent against the multi-step variants (Retrace and uncorrected n-step). For all
multi-step variants, we use n = 3. For each agent, we calculate the mean, median and super human
ratio performance across all games, and we plot the mean =+ standard error across 3 seeds. In almost
all settings, Multi-step variants provide clear advantage over the one-step baseline algorithm.
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Figure 7: Deep RL experiments on Atari-57 games for (a) C51 and (b) QR-DQN, with the same setup
as in Figure 7. Here, we compute the interquartile mean (IQM) with 95% bootstrapped confidence
interval [40]. In a nutshell, IQM calculates the mean scores after removing extreme score values,
making the performance statistics more robust. Even after excluding extreme scores, Retrace obtains
favorable performance compared to the uncorrected and one-step algorithm.
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Note that each term of the form (bGo:ti1 ~t ) # 7(y, b) corresponds to applying a pushforward opera-
tion (bGOrt_l’,yt)# on the distribution 7(z, ), which means (bgo:t_lﬁ,yt)# n(y,b) € P (R). Now

that we have expressed R™#n(x, a) as a linear combination of distributions, we proceed to show that
the combination is in fact convex.

Under the assumption ¢, € [0, p;], we have m(bly) — ¢(y, b)u(bly) > 0 for all (y,b) € X x A.
Therefore, all weights are non-negative. Next, we examine the sum of all coefficients > wy p ro., , =

Z?il Za:EX ZbEA Zr(,:t_leﬁf Wy,b,ro.t—1-
S Wby =@ > 3> Ey fercior (n(b]Xe) — (X, H)u(bX,)) - 11X = ]

t=1 yeX be A
=) ZEH w1 (I —c)] =) 1.

In the above, (a) follows from the fact that
for all time steps ¢ > 1, the following is true,

DO Bulercor (m(BX0) — o(Xy, b)u(b] X)) - 1[X, = y]]

yeX beA

= 3 B ferrs ((010) — X2, B)p(blX)]

beA
C1...C¢—1 (1 — Z C(Xt; b)#(b|Xt)>]

beA
=E,[c1...ct-1(1 — )]

r.cq E[I[Rs = rs]] = 1; (b) follows from the fact that

:]E'u

Finally, (c) is based on the observation that the summation telescopes. Now, by taking the index set
to be the set of indices that parameterize wy p ro.,_, »

I(.’L‘, a) = U?il (y7 b7 TO:t_l)yEX,bEA,m;t,léﬁt .

We can write R™"n(z,a) = > ;e ) wini- Note further that for any i € I(z,a), n; =

(bGo.,_1,4t)#1(y, b) is a fixed distribution. The above result suggests that R™#7(x, a) is a con-
vex combination of fixed distributions.

Extension to the general case. When ¢; = ¢(F}, A;) is filtration dependent, we let F; to be the
space of the filtration value up to time ¢. For simplicity with the notation, we assume J; contains a
finite number of elements, such that below we can adopt the summation notation instead of integral.
Define the combination coefficient

Wyfrrans = By [ercis (m(b|X0) — (B, bu(bl X)) - X, = yTIZ5IR, = r]]

It is straightforward to verify the following

RW’H ZZZ Z Z Wy,b, ft,r0:t—1 (bGOt 1,7 )#Tl(y,b)

t=1 yeX bc A fte]:t Tt — 1€Rt

In addition, the combination coefficients w, . f, r,.,_, sum to 1 and are all non-negative. O

Proposition 3.2. (Contraction) R™* is S-contractive under supremum p-Wasserstein distance,
o]
where f = maxgex,aca Do By lc1.co1(1 —¢)] 7" < .

Proof. From the proof of Lemma 3.1, we have

Rﬁu ZZZ Z Wy,b,ro:4—1 bGOt 17) ( b)

t=1yeX bEA . . cRt
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Now, we have for any 7,72 € Poo(R)¥*A, for any fixed (v,a), we have
Wy (R™Fn1(z, a), R™#n2(z, a)) upper bounded as follows

S((l) Z Z Z w%vaO:t—lWP <(bzz;é 757"5,7’5)# Uit (ya b)v <b2§;<1) 'y5r5,7‘># 772(y7 b)>

t=1 yc X bc A

S(b) Z Z Z wy7b;T0;t717th (771 (ya b)a 2 (ya b))

t=1 yeX be A
o

<@ XD Wybre VW (1, 712)
t=1ycX bcA

In the above, (a) follows by applying the convexity of the p-Wasserstein distance [10]; (b) follows by
the contraction property of the pushforward operation and W, [10]; (c) follows from the definition of
Wp. By taking the maixmum over (z, a) on both sides of the inequality, we obtain

Wp(R™H 1, R™Hg) < BW (11, 72).-
This concludes the proof. O

Lemma G.2. For any fixed (x, ) and scalar ¢ € R,
(beyt) 17 (@) = Er | (bes ) 77 (X1, A1) | Xo =, 4g = a . (©6)

Proof. Let B, := {z < y|z € R} be a subset of R indexed by y € R. Since the set of all such sets
{By,y € R} is dense in the sigma-field of R [34], if we can show for two measures 71, 72

m (By) = n2(By) , Yy
then, 771 (B) = n2(B) for all Borel sets in R. Hence, in the following, we seek to show
((be) 17 (@,0)) By = (Ex |Gt rory) 0" (X1, 4] ) By, Wy € R ™

Let F™(y;x,a) == P™(G™(x,a) < y) = n"(z,a)(By),y € R be the CDF of random variable
G7(z, a). The distributional Bellman equation in Equation (1) implies

y— Ry

F™(y;2,a) = Er {F” ( ;Xl,Alﬂ ,Vy € R.

For any constant ¢ € R, let y = 3’ — ¢ and plug into the above equality,

I—C—Ro

F™(y —c;x,a) = E, {F” (y ;X17A1)],Vy’€R.

Note the LHS is ((be.1) 47" (2, a)) (B,) while the RHS is (E,T [(bc+ Ror) o 17 (X1, Al)D (B,).
This implies that Equation (7) holds and we conclude the proof.

Proposition 3.3. (Unique fixed point) R™* has ™ as the unique fixed point in &, (R)* <A,

Proof. To verify that n™ is a fixed point, it is equivalent to show

E, —0.

Z C1:t ((bG():t,thrl)# " (Xet1, Afﬂ) - (bGO:t,l,fyt)# n"(Xt, At))
t=0

Here, the RHS term O denotes the zero measure, a measure such that for all Borel sets B C R,
0(B) = 0. We now verify that each of the summation term is a zero measure, i.e.,

By [Cl:t ((bGo:t77t+1)# nw(Xt+17Ar7€T+1) - (bGO:t—lv’Yt)# UW(Xt,At))] =0.
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To see this, we follow the derivation below,
Ey {Cl:t ((bGO;t,'yH'l)# nﬂ(Xt+17 A;TJrl) - (bGO:t—ly’Yt)# nF(Xtv At))}
=(a) E|E [Clzt [((bcm,ytﬂ)#TIW(Xt-s-l,AfH)} - (bGM,l,yt)# UW(XtyAt)) ’ (Xs7As,Rs—1)i:1H

:(b) E [cl:tE |:<bG0:,,,’yt+1># nﬂ-(XtJr]J A?:F]) ‘ (XS7 A57 R871>Z:1i| — C1:t (bGo:t_h’yt)# ,r]ﬂ'(Xta At)i|

(o) E e E |:(bG0:t—1 +’Yth7’Yt+1)# nﬂ(XtJrlv A?Jrl) ‘ (Xsa As, Rsfl)i:J —C1:t (bGozt,l,'yt)# nﬂ(Xtv At)

L first term

®)
t

In the above, in (a) we condition on (X, A, R,)%_; and the equality follows from the tower property
of expectations; in (b), we use the fact that the trace product c¢;.; and (bgmflﬁm)# N (X, Ay) are

deterministic function of the conditioning variable (X, As, Rs)%_;; in (c), we split the summation

Go.t = Go.4—1 + YR:. Now we examine the first term in Equation (8), by applying Lemma G.2, we
have

first term = (bGo:til’,Yt)# N (X, Ar).

This implies Equation (8) evaluates to a zero measure. Hence ™ is a fixed point of the operator R™*.
Because R™* is also contractive by Proposition 3.2, the fixed point is unique. O

Theorem 5.1. (Convergence of quantile distributions) The projected distributional Retrace operator
IToR™* is 3-contractive under W, distance in &g (R). As a result, the above 7, converges to a
limiting distribution 7% in W, such that W (g, 7% ) < (8)*W s (0, 7% ). Further, the quality
of the fixed point is characterized as W (%, ™) < (1 — B) "W oo (Ilgn™, n™).

Proof. The quantile projection Ilg is a non-expansion under W [16]. Since R™* is B-contractive
under W, for all p > 1, the composed operator IIgR™* is S-contractive under W . Now, because
() TQR™* € P (R)Y*A; (2) the space TIgR™* € P, (R)**A is closed [10]; (3) the operator
X xA

is contractive, the iterate 1, = (HQR“’“)k 7o converges to a limiting distribution % € &5 (R)
Finally, by Proposition 5.28 in [10], we have W o (0%, n™) < (1 — 8) "W oo (Ilgn™, n™). O

Lemma 5.2. (Unbiased stochastic QR loss gradient estimate) Assume that the trajectory
terminates within { < oo steps almost surely, then we have E, [L;?(x a) (R™Fn(x,a))] =

L7 (Rﬂ’#n(% a)) and E/t[vzi(m,a)z;j(x’a) (Rﬂ”u’r](xa CL))] = in(I,a)L;:;(I,a) (RW’“U(% a))

zi(w,a)
Proof. The QR loss Lj(n) is defined for any distribution 7 and scalar parameter . Let v =
>t win; be the linear combination of distributions (n;)!™; where w;s are potentially negative

coefficients. In this case, v is a signed measure. We define the generalized QR loss for v as the linear
combination of QR losses against 7; weighted by w;,

Ly(v) =Y wiLj(ns)-
i=1

Next, we note that the QR loss is linear in the input distribution (or signed measure). This means
given any (potentially infinite) set of NV distributions or signed measures v; with coefficients a;,

N N
Lg (Z aiui> = Z aiLg(yi).
i=1 i=1

When (a;)Y¥.; denotes a distribution, the above is equivalently expressed as an exchange between
expectation and the QR loss L} (E[v;]) = E[Lj(v;)]. For notational convenience, we let 0 = z;(z, a)
and 7 = 7;. Because the trajectory terminates within H steps almost surely, since c1.4 < p1.¢ < pH
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where p = maxzecx, 4 ZEZ};; , the estimate L (R™#1)(x, a)) is finite almost surely. Combining all

results from above we obtain the following

E, [R™"n(z,a)] = E,

25 (n(o. ) + Y v (5 (bran)yn (K A7) ) = 25 (00 (X0, A1)

t=0

0 Eu |15 (R™n(w,))| =) L5 (Bu [R™0(,0)|) = L (R™n(w,a).
In the above, (a) follows from the definition of the generalized QR loss against signed measure the
definition of R™#n(x, a); (c) follows from the linearity of the QR loss.

Next, to show that the gradient estimate is unbiased too, the high level idea is to apply dominated con-
vergence theorem (DCT) to justify the exhchange of gradient and expectation [34]. Since the expected

QR loss gradient Vg Lj (R™*n(x, a)) exists, we deduce that the estimate Vg fg (R™#n(z,a)) exists
almost surely. Consider the absolute value of the gradient estimate )ngg (R™#n(x,a))|, which

serves as an upper bound to the gradient estimate. In order to apply DCT, we need to show the
expectation of the absolute gradient is finite. Note we have

B, [|[Voli (R™n(a.a)|]

H
~E, ‘V(;Lg (1(2,0) + 3 exe (VoL (1)1 (Xewn, A7) ) = VoL ((be) g n(Xi 4))) ‘
t=0
H
<@ B |IVoL (1@, )+ e [VoLg ((besn) e (Xi1, AT) ) = VoLg (e n(Xe, An)) |
t=0
H
S(b) ]Ep. 1+Zpt 2] < o0,
t=0

where (a) follows from the application of triangle inequality; (b) follows from the fact that the QR
loss gradient against a fixed distribution is bounded Vo Lj (v) € [-1,1],Vv € P (R) [16].

With the application of DCT, we can exchange the gradient and expectation operator, which yields
By [VoLj (R™n(z,a))| = VoE, L (R™#n(z,a))| = VoLj (R™#n(z,a). O
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