A Missing proofs from the introduction

Lemma A.1. Recall the definition of the primal problem (1FP):

def
é%@o{f“ﬂ"Ezkgxid*véﬂm}- (1FP)

i=1
Then, its Lagrange dual can be formulated as:
: def Ty, _
Jnin {g()\) = glog(A A); — nlog n} (1IFP-Dual)

def

Where A™ = {\ € R™ : >_ \; = 1, A > 0} is the m-dimensional (probability) simplex.

Proof. By definition of Lagrangian duality, the dual of (1FP) is

N )
ggg{ehﬂm>+g§§{§:(bg®»—-@TA%%)}}

i=1

We can explicitly compute the z; variables by differentiation, to obtain z; = (yT A); ! Thus the
problem is equivalent to:

y=>0

mm{ +§: —log(y -—U}.

Now, let A = ﬁy and t = (y,1,,). Then, y = ¢t with A € A™ and we write the problem as:

. . o T L o
Jnin It11>1(1)1{t Zlog(/\ A); —nlogt n}

i=1

The value of ¢t minimizing ¢t — nlogt is t = n by differentiation so the problem reduces to

j — T Pp—
)\Igg}n{ Zlog(A A)i nlogn}. (8)
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B Missing proofs from Section 2

Proof (Proposition 2.1). Recall g =
prove the proposition in three steps:

D f@) = fa7) < F@) + fola7) <
2) The point z5 satisfies Aexp(zZ) < (1+¢/n)1,,.

GnToalomnz/ey and that log(+) is the natural logarithm. We will
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3) The point & = z& — log(1 + &/n)1,, satisfies f(z*) — f(u) < f(exp(&*)) — f(exp(@)) =
F(@) — f(a) < 5e and Aexp() < Lo,

For the first part, take the point = log(1 —¢/n)1,, +2* € B. Itsatisfies Aexp(z) < (1 —¢/n)1,,,
because &* is feasible. Thus

") <e ©)

F<m(l—e/n)VYP <m (an

< e~ 1. Consequently, we have

o @ @ .
@) = flz7) < f@) + fr(ar) < f@7) + fr(@)
= (1,,z%) + <<]ln,log(1 —¢e/n)l, + &%) iﬂz Aexp(x Z) (10)

™

Above, (1) is true by definition of f, being f plus a non-negative regularizer. The point x is in B
and z = argmin, . {f.(x)} so we have (2). Inequality (3) uses (9) and (4) uses log(z) < = — 1
ande/n < 1/2.

For the second part, suppose for the moment that there is some ¢ such that (A exp(x2)); > 1+ ¢/n.

In that case
1+

2\ 3
(Aexplaf)), T = (14 ¢fm)en/erswstamye) » (20

since (1 + ¢/n)>*/¢ > e when ¢/n < 1/2. We have 25 € B so f.(22) > —(1,,25) +
3 3
% (2”;"2) > <2m"2> . On the other hand, it holds for the point y = — log(mn)1,, that

€

[Ny

f+(y) = nlog(mn) + iﬁ > (4exply

< nlog(mn)—i—m(l/m)# < nlog(mn) +1 (1

3
oF (2"1"2) o< fo(af) —e,

2

contradicting the assumption f,.(z%) — f.(z¥) < e, as we would obtain ¢ < f,.(28) — f.(y) <
fr(x8) — fr(zF), since y € B. So it must be (A exp(z2)); < 1+ /n. Inequality (1) uses that the
maximum entry of Ais 1, and + 3 < 1. One can show (2) by proving the stronger inequality that
results from substituting 3 by £/(6n - 2mn? /), which is a lower value. Computing derivatives in

both sides shows that this inequality holds if it does for m = 1 and ¢ = %, and the latter is easy to
check.

For the third part, we have A exp(1) = Aelegn) < 1,,. And finally, putting all together we obtain

f@) = fa) = f(@") = f(a5) +nlog(l +¢/n)
< f(@*) + fo(25) +nlog(l +¢/n) (12)
< (&) + folal) + = +nlog(1+¢/n)
<4e+nlog(l+e/n) < 5e.
(]

Lemma B.1. Let A satisfy the normalization in (1), and let x* be the optimizer of Problem (1FP).
Then x; > 1/n, for all i € [n].



Proof. The normalization ensures that e; are feasible points, for i € [n]. Thatis, Ae; < 1,,, because
each A;; < 1. Since z* is the maximizer of Problem (1FP), by the first order optimality condition
we have (V f(a*),z — 2*) < 0, for any feasible point 2. Suppose there is a coordinate ¢ € [n] such
that 27 < L. Then, (Vf(2*),e; — 2*) = % - Z?zl x}/zj > 0, which is a contradiction. O
Lemma B.2. The iterates of Algorithm 1 remain in the box B.

Proof. For all k > 0, we have 2K e B by definition. If we have that y(kfl) € B, thenz® € B
since (¥ is a convex combination of *~1) and z(*~1). So we only have to prove that for all k& > 0,
we have y(k) € B. We prove by induction that, for k£ > 1, it holds that y(k) is a convex combination
of {z(¥}F_ and that the weight of z(¥) in this convex combination is m%L Firstly, we have y(!) =

(1-— 77%L)Z(O) + m%z(l) (recall (9 = 2(9)). Now assuming our property holds up to k — 1, use
the definition of y*) and =¥, to compute y*) = 72(-=1 4 (1 — 1)y 4 A (20 — (D),
k

This is an affine combination of the z()’s, by induction hypothesis. Moreover, the weights add up to

l=7+(1-7)4+ m%L - m%L and the weight on z() is m%L So we only have to prove the weight

on z(*=1 is > 0 in order to show that we indeed have a convex combination and not just an affine
one. By induction hypothesis, we know the weight on z(*~1) coming from y*~1 is 7~ Hence,
k—1

L _L_— 7 >0, where the equality uses the definition of
M1l ML

MNje- ([l
Proof (Lemma 2.2). Recall that we want to prove that for the parameters in Algorithm 1 and for
u € B we have

the weight on 2(*~ 1 is 7 + (1 — 7)

~ - 1 o 1
(0T (@), 247 — ) < BLTT (), = y®) 4+ 24D —ff - —)}2®) — .

Use Lemma B.3.b) below with loss (%) = Vf,(z(*)), learning rate = 7, and regularizer
¥(z) = 5|23, that yields Bregman divergence Dy (2, y) = 5|z —y||3. Use that z(* =1 — 2(*) =

nkL(z(k) — (), O
Lemma B.3 (Mirror Descent Lemma). Let X C R"™ be a closed convex set and let 1) : X — R be
a 1-strongly convex map with respect to || - ||. Let || - ||+ be the dual norm to || - || and let {*) € R™

be an arbitrary loss vector. Given z*=1) € X, let z*) = argmin, 4 { Dy (2, 2= D) 4 5(e®) 2)}.
Then, for all uw € X we have

2
a) (e, 261 — ) < B 602 4 D,y (, 257D) — Dy (u, 20).

b) n{t®) (k=1 ) < (o) k=1 2By 4 Dy (u, 2F7D) — Dy (u, 2F).
Proof. We note that, by definition, we have %Dw(x, y) = Vip(z) — Vip(y). The lemma is due to

<77€(k), Lk=1) _ u) = <ng(k), Lk=1) _ Z(k)> + <ng(kr)’ Lk _ u)

©

< (e, 2070 — 2 0) — (T () — vy (), 20 — )

®

2 e LD By _ p ) S6-DY 4 D, 25 D) Dy (u, 29)

3,2
n _
< I + Dy (u, 27) = Dy, 20).

Inequality (1) comes from the first-order optimality condition of the definition of z(¥), that is,
(Vap(2F)) — Wap (2D 4 nek) oy — 2Ry > 0 for all u € X. (2) is the triangle equality of
Bregman divergences, and can be easily checked by using the definition.
If we drop the term — Dy, (2(F), 2(¥=1)) after (2), we obtain part b) of this lemma. (3) leads to part a),
which is the classical mirror descent lemma. Tt uses the bound Dy, (2(F), z2(h=1) > L] (k) —»(k=1))2,
which holds due to the strong convexity of 1. And then we applied the inequality (v, w) — &[jw]|* <
|Jv]|? for v, w € R™, that holds by Cauchy-Schwarz and ||v|, - || < %2 + §|Jw|?.

O
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We now prove the descent step Lemma 2.3. In the proof, we will use Lemma B.4 below, which is a
crucial generalization of [DFO20, Lemma 3.1]. We first prove Lemma 2.3.

Proof (Lemma 2.3). We have z(%) —y(®) = (»(k=1) _ 2(k)) /iy, [ by definition of the gradient descent
step. With this, we first conclude that 3 (V f,.(z(®)), z(®) — y(®)) > 0, a5 V, f.(z(¥)) and xgk) — ygk)
have the same sign for all i € [n], cf. (4).

We apply Lemma B.4 with y(*) corresponding to = + A and z(*) corresponding to . To this end,
we choose ¢; > 0 satisfying (1) below

©

C

A1+ 5)

where (2) holds by definition of y*) and (3) holds by the mirror descent update (4). Thus, it suffices
to pick ¢; such that ¢; < 4“(617;6) < 1, where the last inequality holds true by the definition of L. In

fact, the value of L was chosen to satisfy the previous inequality. Hence, Lemma B.4 can be applied.
We obtain:

) = 5 60) 2 Y (1= 5) T ) o)

, 1 ®
o — ) @ L -0 _ 29 <2

: (k)
2 kL 7 Vlfr(x )|a

Vifo(z®)]

1
< > LV @), 20— y®),
i=1
as desired. ]
Lemma B.4. Let ¢ € [—1,1]" and let A € R" be defined as A; = _4(01j+6ﬁ) V;fr(x), forj € [n].
Then
fr(z+A) Z DVAV S ().

Proof. By using a Taylor expansion, there is a t € [0, 1] such that
1
frl@+A) = fo(z) = (Vir(2),A) + 5ATv%(m +tA)A. (13)

The gradient and Hessian of f;,. are given by

Vifo(e) = —1+ 3 (Aexp(@)] s exp(a;),

i=1

Viefr(z) = Ljpy Z (Aexp( )) a;; exp(w;) (14)
i=1
m 1
ﬁ Z (Aexp(z))]  ai; exp(z;)aix exp(xy).

In order to control how much the function changes, we will require

We can guarantee the inequality on the right if we guarantee that each summand in the expression
above does not grow by more than a factor of 2, and respectively the one on the left if it does not
decrease by more than a factor of 2. Let Ay = maxle[n]{A }and Ay = min;e, {A boIt

suffices to have exp(Anax)? a1 < 2 and exp(Amm) L>1 /2. Hence, it suffices to have for all
Jj € [n], the following:

In2 In2
YN (15)
1+ 3 I+3
In fact, we will use A; = =5 - £ ﬁV V., fr(x) for all j € [n], which satisfy the condition since

lc;V, fr(z)] < 1.Insuch a case, by using the function sign(x) = 1if # > 0 and —1 otherwise, we
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have:

%ATV2fr(I +tA)A

(16)

We used the inequalities V kfr(:c + tA) < 2V2kfr( ) and fVQka (x + tA) <
-2~ 1V2k fr(z) in (). We used Cauchy-Schwarz in (2) with the n2-dimensional vectors
(Aj/aijai, exp(x;) exp(zk)); kefn) and (2sien(Bi ) | fa; a5 exp(x;) exp(x)); ke[n) in order to

bound the last factor, so that the two first lines of the right hand side become proportional after bound-
ing 45182(258%) < 4 in (3). In (3), we also grouped these terms. In (4), we used the definition of the
gradient. In (5), we used the value of A. Finally, (6) is a direct consequence of the truncated gradient

definition (one can check the inequality for the three cases in V; f.(z) € {[—1,0),[0,1], (1,00)},
while taking into account the sign of A ;).

Now, substituting into (13) we obtain:

fola +4) - zn:( 3) AV fr(@).

j=1

Proof (Lemma 2.4). It is enough to show that for all i € [n] we have

- = 3
™ (5" =) + LV W) @ ) < SV @@ @ ™) an)

because then we can conclude with
@ 3
a2 =)+ TR, ) < ) -y

3 L(f (™) = fr(y)),

by adding up (17) in (1) and Lemma 2.3 in ). In the analysis of (17) we exploit the simple but
crucial fact that is that the gradient step for each coordinate is independent of the gradient step of
other coordinates, due to the constraint set being a box. We present the rest of the proof in three cases.

In the cases below, we will use Vifr(x(k))(xz(-k) - yi(k)) > 0, cf. Lemma 2.3. And also the fact that
N, < 1/4, as we observe in (22).

\/\@
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o If ng) = 0then V, f,.(2®)) = V, f.(®) € [~1,1]. In such a case, we have
i Y =) + IV ) @ — ) = R DV @) @ - )

3
< SmLVil, @)@ — ).

2

o If u(k) > 0 and z(k) > —w then the mirror descent step did not need to project along

coordinate 7, and we have z(k) zi(k_l) — wn,,, and thus y(k) x( ) — w/L. In this case

k k— - k k
me P Y ) 4 R LV () (2 — M)

©) o

< 0 Vifr(@®w + 2LV f (@®) (@D — @)

= o LV fr (2P (@ — ") 4 2LV £, (2 @) (2P — )
3

< SmLVife (@) — ).

Z

Above, we obtain @ from sz) — u; < w because z(k), u € B, the fact that ng) and
2™ — ) are positive, and 1 = V, f, () < V, £ (z®)), 0 < v¥ < v, f, (™).

« If ¥ > 0and 2¥) = —w then

me Y — ) + R IV () (2P — )

3

®
< Vil @)Y =) F LV @) @ - )
@
< LV ifr(@®) (@ = ) + LV S (29 (@ - )
3
< SmLVif, (@) (" = ),

We have (1) because in this case, u; — zl-(k), xz(-k) — ygk), (k) , Vifr(z®) are all > 0. We also
used 0 < v, k) Vife(x®), 0 < Vi fr(z®) < Vifr(x(k) In (2), we used z(k b sz) =
n L —y), 0

Proof (Theorem 2.5). We start by bounding the gap with respect to z(¥):
e (fr(@™) = fr(w)

< V[ (20, 2B — )
= (V£ (@), 2 = 2670) 4 (@) 26D ) 4+ (T F (@), 2070 — )

[(®)

1—7 _ _ = _
Qe (77, (09), 50 — ) 4 (), 2070 — ) 4 ( TF ), 2D —

(1 —7)n, o™ D) = Fo(2®)) + (o ®, 26D _ gy 4 (2 LT (@), 2®) — y®)y

T

1 _ 1
o l27D g — )2 — wl]

IN)

IAN®)

Q2D (1, 0) — £, )+ O ) — ) + Sl )3

T

1
oo™ =l

©, 1 1
< 0efr(@®) + (Cp =) £ Y)Y = O fr (v + Ellz(k_l) —ul3 - i\lz(k) —ul3

19)
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We used convexity in (1). The definition of z(®) is used in (2). Inequality (3) uses convexity and
Lemma 2.2. We applied Lemma 2.4 in (4). In (5), we substituted the value of 7, which is picked to be
7= n,,/C), = 5 so we can cancel f,(z(®) in both sides of (19).

The choice of n,, is made so that C,, —n,, = C,._, (or equiv. (3L — 1)n, = 3Ln,,_,), which allows
to telescope the previous expression. Adding up (19) for k = 1,...,T with u = z, we have

T
(—co - an) Fu(e2) < Colfr @) = Fo@) = Crfuly™) + 5120 — 2313
k=1

We dropped — 5= [|2(T) — 2|3 < 0. Now, since 1, = C, — C,,_; we have —Cy — >4 _, 1, = —Cp.
So reorganizing terms we obtain

FO™) < £ + g (Col6®) = FeD) + 55120~ 1)

CT
@ £t + ClT (co(naog(zmn) 1)+ ”k’gz("m)> (20)

®

< fr(x;k) +e€
Above, (D uses f,.(y?) < nlog(mn/(1 —/n)) + & < n(log(2mn) + 1) and —f,.(z}) < 0.
For the former, take into account that — log(mn)1,, is feasible and so the regularizer at y© =
—log(mn/(1 —¢/n))1, is at most ¢, cf. (9). Recall € < n/2. We also bounded the last summand
by using that (9, 2* € Bso [|2(9) — 2%(]3 < nw?.
At this point, the only free parameters left are C, (via n,) and T'. We set 1, = i so that Cy = 1.
And we have that C, = 3Ln, = 3Lny(1 — 7)~T = (1 — 7)~T. So if we pick T such that

— =1-7r'<—
(1=7) ~ 4nlog(2mn)’

c Q1)

we will obtain @ We will pick the smallest 7" that satisfies (21). That is,
log(4n log(2 4nlog(2 ~
o _ [log(4nlog(2mn) /c) < 32108 4dnlog(2mn)\] _ On/e).
log(1/(1 — 7)) €
On the other hand, by definition of 7" as the minimum natural number satisfying (21), we have,

1—nT=">___° q_7p.
(1=7) Ny 4nlog(2mn)( ™)

We can use this inequality to show 7, < i, for all k € [T, which is used in the proof of Lemma 2.4.
It is enough that (1) below is satisfied:

dnlog(2mn)n, 1  4nlog(2mn) 3L @ 1
€ -7 3Le 3L-1" 4
L > %8(27"”) + % then (1) holds, and we chose L to satisfy this inequality.

We note we could increase 1" by a factor C' > 1 inside of its log in the numerator, so that the error
obtained in ) is ¢ /C. However, the requirement on L above would increase by a factor of C, so
we would end up with an extra factor of C' in the value of 7T". Also, the reduction caused by the
smoothing already incurs in an € additive error, cf. Proposition 2.1. Part 1 of Proposition 2.1 could
use z = log(1 — -5 )1, + 2 so that inequality (10) ends up being bounded by O(e/C), but that
would require to have /5 be C' times smaller for (9) to work. This would also require to make L larger
by a factor of C' so we would also end up having the C' in the total number of iterations to obtain an
O(e)-optimizer.

Mk < Nr < (22)

In conclusion, we obtain an € minimizer of f, in O(n/¢) iterations and by Proposition 2.1, we get
that 7 is a feasible point that is a 5¢ optimizer of Problem (1FP). Finally, we note that each iteration
of the algorithm can be implemented in O(/N') operations, that are distributed, where the bottleneck is
the computation of the gradient. From the definition of the gradient, it is clear that it can be computed
in our distributed model of computation and that each agent only needs their local variables for the
rest of the steps in the algorithm. O
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C Missing proofs from Section 3

Proof (Lemma 3.1). As Ap* < (1 + ¢)1,,, we have A fi: < 1,,, and hence -2
Therefore,

17z is primal feasible.

. P
o) - ) =90 - 1 (1)
_ _ _ 1 (23)
= Zez[n log(AT\); — nlogn lez[n] log< 5)(AT)\)i>

=nlog(l+¢) < ne.

]

Proof (Lemma 3.2). Let us look at one coordinate ¢ € [n]. By the weighted harmonic-arithmetic
inequality:

1
c(Cre(pM) + - 4 Ce(p (k))) (Cl s Ck}’f))
Z s (24)

<Gp+ 4 Gl = (<1p<1) +ot Ckp(k)) .

Now we prove convexity of ¢(DV). Let ¢(V),... ¢ € ¢(DT). Since every constraint in D7 is
coordinate-wise smaller than some constraint in D, it follows that every point ¢\9) € ¢(D7) is
coordinate-wise larger than some point p\) € ¢(D), that is ¢/) > pl4) for j € [k]. Thus we obtain

ZCQ(J)>ZCP(J)>C ZCC (] @c(’D).

J€E[K] J€E(k] jEk]

Inequality (1) is the first part of the lemma above, and the membership (2) is due to the convexity
of D, which is a polytope. The constraints in ¢(D™) are exactly the ones that are coordinate-wise
greater than some constraint in ¢(D), so we have ., (jq; € c(DT). O

Lemma C.1 (Multiplicative Weights Lemma - Additive and Mult. Guarantee). Let () ¢
[0, T]™ be an sequence of m-dimensional arbitrary loss vectors, for k € [K] and o,7 € Rsy.

Denote W+ = max{o,7}, W~ = min{o 7}. For a target accuracy ¢ € (0,2W ], learning rate
n= WL, <1 5, and initial weights A U =14 € A™, inducing an initial uniform distribution, run
the following multiplicative weights update rule

AGHD AW, — k),

W+

fork=1,...|K = %zg(ﬁl), where © represents the coordinate-wise product. Then, for every
u € A™ we have

K K

1 1+ 51gn o, TN
o) < *) u
72 A(k) ” )<+ ——p D
Ko ! k=1

where sign(co, 1) is 1 if T > o and —1 otherwise.

Proof. We assume without loss of generality that for a fixed ¢ € [m] we have u = e;. It is enough to
prove the result in this case since the general case can be obtained as a convex combination of the
resulting inequalities.
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We use the potential function ®(*) = ||A()||;. On the one hand we have

’"L A(K)
PE+D) @ A g(K) @(I)(K) oK) gK) i
Z ( W ) W Z [NSE
A ©) A
— @) (1 iy Z ) _
(1~ e ||A<K>||1> = ed T ||A<K>H1>

@ K A( ) K
Z oM (e®, — 5. __n
< exp W+ kz::l AT A 77 231 ||A(k)||1

(25)

Here (1) is due to the MW update rule and (2) uses &%) = |[AZ)||;. Now @ uses 1 — z < e~ 2,
for all € R. We recursively applied all of the previous inequalities to obtain (4).

On the other hand, we can lower bound
K
(I)(K+1) @ A(-K+1) @ A(l) H (1 g(k))

W+
® o e
S (1-n) wF Z{k:lgk)zo} i (1+n) wF Z{k:igk)<0} i

(26)

where (1) holds by the definition of ®(X+1) as [[A+1)||;. Here, 2) uses the MW update rule
and (3) is due to Bernoulli’s inequality: 1 + rz > 1+ x)", for =1 < 2,0 < r < 1, with
(.7 € {(=n, 607 /W), (g, =47 /W)

Combining (25) and (26), taking logarithms, and multiplying by WT+ we obtain the following
inequality (1), which we further bound:

W+ log(m) K AR @ 1 )
T h ;<€(k) HA(k)H > log(l - )( Z ggk)) _ 5 log(l + 77)( Z gglc)>

{k:*) >0} {k:$" <0}
@ (k) (k)
S-n( Y @) rEen( > 4
{k:0) >0} {k:$" <0}
@ K
> —2nW~ K + (-1 —sign(o, 7)n) ngk).
k=1

In (2), we used log(1 — ) > —n — n? and log(1 + 1) > 1 — n? for 77 < 1/2. For (3), we have
two cases. If o > 7 we have sign(o,7) = —1 and we use 2776 (k) —2nT = —2nW~ a
bound —ZkK 1 L0 500 > —K. Otherwise, we use 2n€( ) > —2770 = —2nW~ and bound

- Zszl 1{k:€(k)<0} > — K. Reorganizing terms, dividing by K, and using u = e; we obtain

A <
K 2w S TR

K k + ~ K
1 *) AR) W log(m) Lo 4 LEsien(eT)n 1 +81gn o,T)N Z om
k=1

_ P
and finally substituting the value of = 4W, and K = 377 1602g(m) = W W(;z 108(M) i) the statement

we obtain the desired result:

K K
1 AR) 6 & 1+4sign(o,7
i (k) & < Z e g 77 z(k)
TP T R A Ry S Bl
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Proof (Lemma 3.3). Since we assumed ¢ < 4 min{, o}, the assumption on § required by Lemma C.1
is satisfied: 0 = /2 < 2min{r, o}. The dimension of the statement was m = m, but we assume
nothing on m, so in the proof below it can be that m = |I;|, i.e., the dimension we obtain when we
filter some constraints in Algorithm 2. We would need to substitute the instances of A by A;,. With
the parameters of the statement, we obtain the following inequality for any u € A™:

1, — Ap™ uy, @27

NE

K . .
) 1 Z(ﬂ Cap® AR > @ e 1+sign(o,7)n
K 2t AR = 2 K

B
Il

1

where (1) is satisfied by the oracle assumption (6), after using the fact that (1,,,, A®) /|| A(F)||;) = 1.

Inequality (2) is the guarantee of the MW algorithm, cf. Lemma C.1. We finally obtain the guarantee
we had to prove:

@ ° S 1— (A, for all i
S T ysiga(o ) = L Wep,  foralli€ml,

where p & + Zle p®) . Here (1) holds regardless of the value of sign(, 7), due to the choice of
n < 1/2. Furthermore, (2) is obtained by setting u = e; for all i € [m] and simplifying (27). O

Proof (Theorem 3.4). Our aim is to use the PST framework to obtain a \ € A™ such that pX is an

(e/n)-minimizer of g so that we can use Lemma 3.1 to conclude X is an e-minimizer of g. We will

run the MW algorithm several times, restarting the weights between executions. Let €, L g1t
for t > 0. At phase ¢, we aim to obtain a dual point A(**1) such that pj‘““) is an €,-minimizer
of g. So we first aim for a 2-minimizer and then we halve the accuracy sequentially. The initial
point is A(0) = concat(1,/n,0,,_,), where concat is defined as the concatenation of vectors,
so that \(0) = (%, ce %, 0,...,0) € A™, with n entries with value % This point satisfies that
hj‘(o) =1, /n and p;\m) = 1,,, since we assumed x; < 1 are the first n constraints of A, i.e., the first

n rows of A are e; for i € [n]. Because the maximum entry of A is 1, we have g(pi“’)) < m,ie.,

pj‘(o) is an (n — 1)-minimizer of §. Hence we denote €_; = n — 1 for convenience.

So for ¢t = 0, the first phase, we seek to find a 2-minimizer of §. Thus, this is the only phase in
which we use the second case of the value of o5, cf. (7). Wehave 7. =lando._ =2n —2and
4min{7._,0. } = 4. Note thatif ¢/n > 2, we can actually stop earlier so 7" in the algorithm is
0, there is only one phase, and ¢, is actually set to ¢/n. At this phase our good previous solution
is the initial point \(?). Assume first ¢, = 2. The condition 2 = ¢, < dmin{7. ,0. } =4is

satisfied. Thus, according to Lemma 3.3, we reach the £,-minimizer after Ko = O(%) = O(n)
0

iterations. If £ is € /n > 2, we can artificially set T toa larger value, say €/n, so that the condition
gg < 4min{r._,0. } = 47._ trivially holds, and the complexity is 6(%) = 6("6—2)
iterations, which satisfies the theorem. In fact, for large ¢, i.e., for ¢/n > 2, just aiming for an
€ = exp(e/n) — 1 is significantly faster and enough. The latter is true according to Lemma 3.1
without bounding log(1 4 &) < €.

Now, if T' > 0, we run several phases of the MW algorithm. Iteration ¢ > 0 takes K B

327, oe, log(l1:]) A%y . 1
3 = O(—="=") iterations by the PST guarantee, cf Lemma 3.3. If ¢, ; > -
t

wehave . oo = O(1-¢, ,n)andife, | < Lwehave . 0., =O( /5 /5 N).
In any case, itis K; = 6(£)’ ase;,_;/e; = 2 = O(1). The assumption ¢, < 4min{o.,_, 7., }is
. _ _

€%

satisfied in these phases. Indeed, if ¢, > 1/n, we have e, < ¢y =2ando., >1,7. =1.In
the case ¢, < 1/n, we have 4min{r., ,o.  } > /En whichis > ¢,.

If T = [log,(2/(e/n))] > 0, then £ < £/n and the total number of iterations is

YK =03 1) =003 n2"") = 0(m2") = ().
t=0 =



The complexity of an iteration is O(N), assuming N > m (recall m > n since we added the
constraints x; < 1). Indeed, computing I;, Algorithm 2, and computing the constraints of the query
A®) /||A®)]||; and current solution (), to be used by the oracle, requires multiplying a vector by A
or a subset of its rows, which is O(V). The oracle query takes O(n), and the rest of operations in
Algorithm 2 are simple and take O(m) time. Note the amortized complexity of Algorithm 2 is O(m)
per iteration.

C.1 Missing proofs from Section 3.3

The first lemma shows that the oracle returns a point in the lens £,,5(v) efficiently.

def

Lemma C.2. Let v = ¢(s)/(1 + &) € P. The feasibility oracle returns a point in the intersection
Los(v) N{z € RL, : (g, x) < 1} in time O(nlog(ﬁ + =%9))-

Proof. The output point o has to satisfy (1) : (¢ (0),v) < 1and(2): {(¢"'(v),0) < 1 + wd to be in
the lens and (3) : (¢, 0) < 1 to be in the halfspace defined by q.

We note that the definition of ¢(-) implies ¢~!(v) = (1 + 6)s. Condition (1) is always trivially
satisfied because ¢~ 1(0) € D and v € P by construction.

Now we have three cases. If (s, ¢(q)) < 4522 the oracle returns 0 = ¢(q) and A®) = A9, This

satisfies the other two conditions. Indeed, (3) comes from (¢, ¢(¢)) = 1 and (2) is satisfied because
(s,c(q)) < 455> implies (¢ (v),¢(q)) = (1 +6)s,¢(q)) < 1+ wd. If we have (g,c(s)) < 1,
then the oracle returns o = ¢(s) and @) = X In this case (3) is satisfied by construction, and 2)
is satisfied because (¢ (v),c(s)) = (1 +68)s,c(s)) =146 < 1+ wd.

From now on we may focus on the third case, where (s,c(q)) > 1;1‘35 and (g,c(s)) > 1. Letus
define the functions 7,7, : (0,1) — R>q as:

(8,¢((1 = p)s + pq)),
(g, c((1 = p)s + pg)).

3
w
=

I

The key observation relating these two functions is (1 — p)ms (1) + pmg (1) = 1 for any o € (0,1)
because (h,c(h)) = 1 for any constraint h € Rx>g. So, if we find a p* € (0,1) with 7, (u*) €

(
(1, 1;1‘:5‘5) then o = ¢((1 — p*)s 4 p*q) will satisfy both (2), because of 7, (11*) < (14 wd)/(1+6),

and also (3), because if 74 (11*) > 1 then 7, (*) < 1 by the observation. And we recover A() as
(1= 57X 4+ A,

We intend to find such a p* with the bisection method. Despite 7, having a potential singularity
near 1 = 1, we will show it is regular enough to guarantee fast convergence. By the assumptions,

limy, 1 7 (1) > 111“35 and lim,,_,o mg (@) > 1. Then, m,(x) > 1 for any p small enough, which

means 7 (p) < 1 for any p small enough by the observation. Finally, 7, is continuous, so we are
able to find p* with 75 (p*) € (1, 1;1‘:55) via the bisection method. The only remaining question is
computing its running time, for which we lower bound the length of an interval in (0, 1) that satisfies
the conditions.

def

For that we will bound 7/, (). Let us start with the definition of «’, (u)/ms (1). Let ms(u);

A p)5 gy be the i-th summand in the inner product of 7 (). We have

sin(si—qs)  (si—qi)
(1) Diel) PO werug?  2uickn) Ts (Wi iy b

ms (1) Zie[n] s (W) - Zie[n] ms (1)

We have 7, (11); > 0 so the expression above is a weighted arithmetic mean, and its value is at most
that of the maximum of the summands:

. ( i — {q; @

s :u) S; q;

<max ——————— < nmax7,(pu); <n E mo(1)s < nma ().
S(’u i€ln] (1 /J’)Sl + 1g; i€[n] ( ) - Pt (/14) = (N)

3

~—

3
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We dropped —¢;/((1 — p1)s; + uuq;) in (1) above. Hence, we have 7/, (11) < nm2(u). This means the

preimage of J = (1, Ltwd

) is an interval of length at least

140
14w _ 1 14+wé _ 1 14+wé _ 1
1+0 146 146
max 7l (u) ~ max nm2(u) 2
wems (p)eJ Ts (M s () EJ s\ n (1+u36)
1+

We are interested in upper bounding the inverse of the length:

2
n (11JC|-“35) n(1+ wd)? 1 2w—1  dw—1) n 4n
14wd = =n + + < + :
oy 1 (w—=1)6(1+9) (w=1)0 w-1 1496 (w—=1) w-1

Since the bisection method starts with an interval of length 1 and progressively halves it every iteration,

it takes at most log, (175 + —= ) iterations to find a point with 7, (1*) € (1, 1;3_‘*35 ), and each step

(w—1)0 1
takes O(n) in processing time. Thus, the oracle returns a point in time O(n log(ﬁ +5%)). O

The following lemma bounds the lens by a box defined in terms of wd.
Lemma C.3. [f x € Ly,5(v), withv € RZ, wd > 0, then,

r >L; < max (0,1 — m)vi,
z; <U; = (14 Vwon + wn)v;.

We call the region | [,[L;, U;] the bounding box of the lens.
Proof (Lemma C.3). Recall that the lens is defined as the set of points z € RY satisfying both
(7 (v),2) <1+ wd and (c~!(z),v) < 1. Let us rewrite these conditions as sums:

{ (M (v),z) = Zie[n] nle <1+ wd,
(™M a),v) =32 vt <,

i€n] nx; —

These two constraints are invariant up to multiplications of x; and v; by the same constant. Let
z; = x;/v;, and multiply both by n to get:

{ Yiemz < (1 +wdn,
Zié[n] Z;1 <n.

It is our purpose to find the maximum and minimum of z; in this region. Because the system is
symmetric under reordering of the z;, we may focus on bounding z;. Since the region is convex and
symmetric under reordering of the variables, and because the function z + z; is symmetric under
reordering of the last (n — 1) variables, we may also assume that the maximum and minimum of this
function are attained in points with zo = --- = z,,.

This brings us to:
21 +m—1)zg < (1+wd)n,
-1 -1
277 -1z <n.

The two constraints independently will never have normals vectors proportional to e;. Furthermore
the feasible region of the second constraint in RZ is contained in the interior of RZ,. This means
that the solutions maximizing and minimizing z; must satisfy both constraints with equality.

Solving the system of equations gives two roots. The two solutions for z; are:

zf’ = %(wén + 2+ \/w2§2n2 + 4wdn — 4wd),
2 = %(wén + 2 — Vw?282n2 + dwén — 4wo).

Let us bound the smaller one first. We give two such lower bounds. The trivial one is that z;” > 0.
This comes from the fact that the second constraint already guarantees z; > 0.
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The second lower bound comes from v/a + b < v/a + v/b for a, b > 0, a consequence of the triangle
inequality:

zy = %(wén +2 — Vw262n2 + dwén — 4wd) > %(wén + 2 —Vw?0?n? + 4wén) >
> %(wén +2—won —2vwin) > 1 — Vwon.

Now let us study the larger root. As with the other root, we remove the —4wd term in the square root,
then apply the triangle inequality:

27 = L(wén + 2+ Vw?262n? + dwén — dwd) < L (wén + 2 — Vw262n? + dwdn) <
< L(wbn + 2 + win + 2vVwdn) > 1+ wén + Vwdn.
Undoing the change of variables z; = x; /v; we obtain the desired bounds. U

Observe that indeed the optimum p*~ satisfies the two conditions in the definition of Ls(v):
The first condition (¢~ *(p*"),v) < 1 comes from p*" € ¢(D), so ¢~ (p*") € D covers P, i.e.,
(¢} (p*"),z) < 1forall 2 € P. In particular it covers v. The second condition (¢~ (v),p*") <
1 4 wé is equivalent to <11:j557p/\*> < 1. Since w > 1, this is satisfied as p» € P and s € D
11;2556 s € DT. The last two lemmas provide the intuition of why the oracle returns

points that are not too far from p*": for a fixed w > 1 the bounding boxes of the respective lenses get
smaller as § — 0.

and therefore

Now we can finally prove the exact guarantees of the oracle. Let ¢ = AT A9 with A(9) € A™ be the
query. Furthermore, let s = AT A(®) with A(*) € A™ be our current good solution, so that the point
c(s) = c(AT X)) satisfies §(c(s)) < 1 + 4. The following proposition proves the guarantees on the
oracle.

Proposition C.4. Let U = ¢(s) (1 + 26+ /20n) /(14 6) be the upper-most vertex of the bounding
box of the lens L,s5(v), as defined in Lemma C.3. Let I be the set of non-redundant constraints,

defined as I = {i € [m] : (A;,U) > 1}. Furthermore, let the following be the width parameters of
the oracle O implemented in Algorithm 3:

o min(Viodn +won, —Cmax— 1) and ¥ min@vVidn,1).  ©8)

14+ wd 1 of
146 icn] s;

Then, the oracle O in Algorithm 3 returns a pair \°) € A™, o € ¢(D) such that
1. o satisfies q, i.e., (g,0) < 1.

2. Ifi € I, ityields (A;,0) € [ — 7,14 0]. That is, it is compatible with the width parameters
o, T as above, with the loss 1 — (A;,0) in [—o, T].

3. o satisfies all redundant constraints, i.e., (A;,0) <1, ifi € [m]\ I.

Besides, o = c(AT\®)), and Algorithm 3 runs in time O(nlog(ﬁ + =)

Proof. The first claim is proven in Lemma C.2.

Let us consider I now. It is clear that the constraints in I are exactly those that do not cover the
bounding box of Lemma C.3 around the lens £,,5(v), with v = ¢(s)/(1 + §). This is because a
positive constraint covers a box if and only if it covers the upper-most vertex U. Since the oracle
returns a point in the lens, and hence in the box, any constraint not in [ is automatically satisfied by

any point returned by the oracle. This is the third claim.

Note that the geometric meaning of the second claim is that o is close to be lying on the hyperplanes
(Aj,x) =1.1fi € I, then (A;,U) > 1 by the definition of I. Define L as the lower-most vertex of
the bounding box of £,,s(v). Now,

(A;,0) > Iélin( )(Ai,x> > min{(A4;,z) : x € RY,z; € [L;, Uy}
reLys(v -
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And the second minimum will be attained in the lower-most vertex as A;; > 0 for all j € [n].
Therefore:

(Aj,0) > min (A4;,z) > (4;,L) = <Ai,U>maX(0’1 — \/m>

zEL(v,wd) 14+ Vwdn + won
max(0,1 — vVwdn) . 2vVwon + won
> =1—min | 1, .
14+ Vwdn + won 14+ Vwdn + won

The second argument of the min is only less than 1 whenever wén < 1, so we may assume the latter
in order to obtain the following bound

2vwon + won
A;y0) > min (A;,xz) > 1 —min | 1, >1—min(1,3vVwin) =1— 7.
< > zEL(v,w§)< > ( 1+ v won + w5n> ( )

Finally, we focus on the bound with o. As before, the maximum of (A;, x) will be attained at a vertex
of the box, only this time it is U. Now, as v € P, we have (A4;,v) < 1. We use these two facts to
conclude:

(Aj,0) < r&axé)(Ahx) < (A;,U) = (Ai,v)(1 + Vwon + win) < 1+ vwdn + won.
reb(v,w

The second upper bound on (A4;, 0) does not come from the bounding box. We only look at the linear
component of the lens, and since A; is positive, it must attain a maximum in one of the vertices of the
simplex in the intersection of the hyperplane with the positive orthant. We also use that A;; < 1:

1 01 1 1) 1
(4;,0) < max (A;,z) < max (A, x) = maxAijﬂ— < tw max —.
TE€L5(v) z€RL, j€ln] 1446 s 1+ jemls;

(s,2) <(1+wd)/(1+8)

Thus, (A;,0) <1+ min(vwdn + win, 1;;“35 max; e [n] i -1)=1+o.

The running time and the fact o = ¢(ATA(?)) follow from Lemma C.2. O
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