A Appendix

Throughout the convergence analysis in this paper, we use a: = % Zk 1 agk) to denote the average
variables across different devices and introduces two auxiliary matrices A; = [a(l),a@)7 e ,agK)] and
Ay = [ag,ae, -, ar), where af™ € {a(™ 7" 2 o oF s* p* gy,

A.1 Convergence Analysis of Algorithm I]

Lemma 1. In terms ofAssumptlonsI-I by setting B¢ < Tip L , the following inequality holds.
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where the first inequality holds due to 3; < G L , the last inequality holds due to Lemma
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Lemma 2. In terms of AssumptionsEHzl the following inequality holds.
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Proof. In terms of the definition of z;, we can get
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where the last inequality holds due to Assumptions@-@ O

Lemma 3. In terms of Assumptions by setting 0 < B¢ < %, fort > 0, the following inequality holds.
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where the last inequality holds due to Assumption[d] Additionally, we can get
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where the third step holds due to 0 < ;—1 < %, the fourth step holds due to Assumption|3| In the last step,
Bi—1 (where B:—1 < 1) is moved to the nominator, which could control the variance tightly. That is the reason
why we use Line 11 in Algorithm[I] Then, by combining above two inequalities, we complete the proof.
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Lemma 4. In terms of AssumptionsEHzl the following inequality holds.
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By combining Eq. (34) and Eq. (33), the proof for the first part is completed.
When ¢t = 0, we can get
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which completes the proof.

Lemma 5. In terms of Assumptions2l{] the following inequality holds.
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Then, we will bound 31 [lof¥), — L S°K_ »*) <12 as follows.
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where the last step holds due to the following inequality.
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By combining Eq. (39) and Eq. (@0, the proof for the first part is completed.
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When t = 0, we can get
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Lemma 6. In terms of Assumpti(mm the following inequality holds.
al 1+A 2ﬁ
Ty 1—.’i‘t+1 S — Dt T 2 Zt .
[ 1< (1-8+ || o - “7 || G-zt @3
k=1

17



Proof. In terms of the definition of mgi)l, we have
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Lemma 7. In terms of Assumption[l] the following inequality holds.
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where the second inequality holds due to || AB||r < || A||2]| B|| » and the last inequality holds due to || I —W ||z <
2.

To prove Theorem we set 5; = f3, | A¥| = |BF| = B, and introduce a potential function, which is defined as
follows:

3nC2 L3 4
P, = E[F(2:)] + "7 ZE| M — g® @)17] + "ZE[HM’“LW]
(47)
B 1 _
402L2KZEIZ<’” 2 ZEmw(’” #l).

Then, we are ready to prove Theoremm

18



Proof. In terms of Lemmas[T] B] Bl 31 [} we can get
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where the last step holds due to Pr > F(Zr) > F(x.) and
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A.2 Convergence Analysis of Algorithm
Lemma 8. In terms ofAssumptions by setting B¢ < ﬁ the following inequality holds.
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Lemma 10. In terms of Assumptionm the following inequality holds.
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Lemma 11. In terms of Assumpti()nm the following inequality holds.
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The above four lemmas can be proved by exactly following Lemmasm EL m @ respectively. Thus, we omit their
proof.

Lemma 12. In terms of Assumption the following inequality holds.
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Proof. In terms of the definition of ugk), we can get
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where the last inequality holds due to Assumptions[3]and[4]

Lemma 13. In terms of Assumptions the following inequality holds.
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where the last step holds due to a = . In the following, we will bound the second term in the last inequality.
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where the last step holds due to Assumptions@@ By combining above two inequalities, the proof for the first
part is completed. When ¢ = 0, we can get
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Lemma 14. In terms ofAssumptions by setting |.A§k)\ = |B§k)| = B, the following inequality holds.
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In the following, we will bound the first and last terms in the last inequality, respectively.
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= E[||Zi+1 — QeralF] + ZE[I\ZJ' = QillF W (W — D)I3]

7=0
(2CF02 +2C30 1)K N (2Cfa ' +2C;0%) Z \23
B
K(2C302 +2C50%) N 4K(2C;ag, +2C%07) 1
= B B 1—X27

(67)
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where the first inequality holds due to Eq. @) the last inequality holds due to A < 1. Additionally, we can get

E[llh — 5:]|°)

>

K K
e 20V )TV ) - 2 3 M @ BTV s AL
k=1

k=1

E[IVg™ (2f) Vo s ) — Vg™ (2 BTV, f O ;AP ) 68)

E[|Vg™ (2(") Vo /N (uf™) — g™ @)V o f P (s AR)

[

I/\ IN
> z - 109 107
M- ﬁMw -

k=1

k k k k k k k
g< @)V O @A) = T @ BTV O AP
020' +2Cf0'§/)
B ?

where the last inequality holds due to Assumptions and |A§k)| = |Bt(k>| = B. By combining above three
inequalities, the proof is completed.

O
Similar to the proof of Theorem we set B = ¥| = |BF| = B, and introduce a new potential function,
which is defined as follows:
B MCaL} 1 & at ~
P, = E[F(3)] + — = S Bl - g @) + = = S E[IA® Rl
= = (69)

In terms of these lemmas and definition, we are ready to prove Theorem 2}
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Proof.

P — P

np -
< f7EHIVF(xt)II2]
3nBCL o} N 3nBCtoL N B*y202 anCeL;  6+°B°CLLjo: n(1— \)
B B B v (1-MB vy
6(2C702 +2C;07) 280 1 12(2Cjol +2Cj0}) 1 287> 1
B 1— A2~ B 1-X21—A2«y

AnC2L%  67°B2C2L% (1 — M)y 1 <
+ (anC3 L s ™t 3 DL E R IO S AN LS ) — o) ol
k=1

N 9B8C2 AnCZ L3 N (zﬁzcﬁLg 672540;%?)877(1 -
y 1-X 1—-A vy

BA+NINIY T o~ ) 2
(—6+2)V)K;E[|xt — &) (70)
2
g

+
I?BC2 AnCEL3 282C3L2  6+°B*CELA 1— X\ _

2y ¥ 1—A 1—-A 4

T2 BC? 4nC2 L2 9820212  G~2B CA 2 B
777ﬁcg779f_‘_(ﬁ flg B gf)12n277(1 A)

2v ¥ 1-A 1-A

nl—X) 6872 1\) 1 « ® = 2
+((A—1) S +1_A27)>K;E“hz — he|”]

+<977260§ nCyLy | (2B°CPL; 67254C§L?)4277(1—/\)>6(20?0§/+2030?)
Ul

2y 0 1—A 1—A ¥ B
L [9P8CE anCiLy  (28°CHL 6v25403L"})4 2n(1 = \) ) 12(2C0y +2C]0%)
2y ~ DY 1— C— B(1— 2

By setting 3 < min{%, ﬁ, 1}, > 0, and n < min{ni, N2, 73}, where

4y(1 - 2%
8v2 L% + 289C3L2 + 16C2L3
v

(71)
2,/19C4L% + C3L3

_ VP i dac—b 27C, L5 N 3C7L;  3CyL% po 6 (1 2
2a ’ 42 82 12842’ 1— )2’ ’

m=

N2 =

3
we can get

Py — P
< - TRV

3nBCy o7 N 3nBCFol, N 4ynB*CeLio; N 6vnB°Cy Loy

B B B B
24,67]2(0?0'51 + C’gza;) 486772(0;031 + C'gafc) (72)
y(1=A%)B V(1 =A%)2B
N (18n3ﬂ03L§ N 8n°*B>CiL, N 2472773540;%;) 12(Cjol + Cjo7)
7? gl g B
N (1817%20;%; N 8n°B°C7L; N 247277%403@) 24(Ciol 4+ Cjo%)
gl gl gl B(1 - A?)
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By summing over ¢ from 0 to 7" — 1, we can get
15~ 18
7> LE(VF@)|)
t=0

Py—Pr 3nBCio} N 3nBCtol, N 4ynB*CoLio; N 6ynB>CeL}o,

<

T B B B B
24Bn*(Ciol + Cio3)  48Bn*(Cio + Cjof)
(1 —=A%)B (1 —-A%)2B
1878CIL} 8P ERCRIE | 249%PBUCILY 12(Clo? + Clod)
+ ( 5 + + )
Y Y Y B
(1877350;%? L 8n'BCRLG 247277354C;1L?)24(C?U§f +Cgo%)
72 v Y B(1-X%) (73)
E[F(z0) — F(z.)) 3175030]% 377ﬂ0?031 4’y17ﬂ202Lng 6’yn6202Lng
< + + + +
T B B B B
24Bn°(Ctol + Cjo%) N 486n*(Coo + Coo})  4nCiLiol + 48n(1 — \)CiL}o?
(1 —A2)B (1= X2)2B +B
(18n3BC§L? L 8B 24727736403L?) 12(C}oy, + Cof)
2
¥ v gl B
N (18n3ﬁC§L? L 8n'BCILY 247277364C§L?) 24(Cjoy + Cgo7)
7 gl gl B(1-X?)
4nC; Loy + 48n(1 — A\)C; Lio?
+ - )
vB
where the last step holds due to Pr > F(z.) and
~ 4"7C2L2 K B
Py = E[F(20)] + ZE[H o) =9 @I+ S Z E[||h§” — hol|’]
k:
1 K
k _
S Bl ~ 7ol (74)
"Ik Pt
4nC2zL; 48n(1 — N\)C2L30?
< B[P (s + 210010+ M= AG L
¥

By dividing % on both sides of this inequality, we can get

1 T-1 ~ )
T ;E[HVF(%)H ]

2E[F(wo) — F(z.)] 6C; 0% N 6C702, N 8vBC2L50? N 1278C2 50}

nBT B B B B
48n(Ciol + Cho3) N 96n(Ciol + Cio%)  8CiL}o2 +96(1 — A\)CeL}o”
(1 - A?)B (1 —A?)?B VBB
(18772C’;1L? N 8n°BCFL: N 2472772630;1[/?) 24(Ciol, + Coo?)
72 Y Y B (75)
(187720;%% N 8n°BCFL: N 24’y2n253C;1Lfc) 48(C3os + Cio3)
72 gl gl B(1-A?)
2E[F (o) — F(w)] 6C507 4+ 6Ctoy + 3C; Lo,
npT B
N 24n°(C3ol + Ch03)(19Cy L} + CFL) N 48n°(C3ol + Cho3)(19Cy L + C7L)
v’B 7(1=M)B
48n(Ciol + Coo3)  96n(Cioo + Cio})  8CEL30% + 96(1 — N\)CiL30?
(1 - A?)B (1 —A?)?B BB ’

where the last inequality holds due to 5 < si
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