
A Appendix

Throughout the convergence analysis in this paper, we use āt = 1
K

∑K
k=1 a

(k)
t to denote the average

variables across different devices and introduces two auxiliary matrices At = [a
(1)
t , a

(2)
t , · · · , a(K)

t ] and
Āt = [āt, āt, · · · , āt], where a

(k)
t ∈ {x(k)

t , x̃
(k)
t , z

(k)
t , v

(k)
t , u

(k)
t , s

(k)
t , h

(k)
t , q

(k)
t }.

A.1 Convergence Analysis of Algorithm 1

Lemma 1. In terms of Assumptions 2-4, by setting βt ≤ 1
2ηLF

, the following inequality holds.
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(26)

Proof. In terms of the smoothness of F (x), we can get

F (x̄t+1) ≤ F (x̄t) + ⟨∇F (x̄t), x̄t+1 − x̄t⟩+
LF

2
∥x̄t+1 − x̄t∥2
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1

K

K∑
k=1

∇g(k)(x
(k)
t )T∇f (k)(g(k)(x

(k)
t ))∥2
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∥u(k)
t − g(k)(x

(k)
t )∥2 + 3

K

K∑
k=1

ηβtC
2
fσ

2
g′

|B(k)
t |

,

(27)

where the first inequality holds due to βt ≤ 1
2ηLF

, the last inequality holds due to Lemma 2.

Lemma 2. In terms of Assumptions 2-4, the following inequality holds.

E[∥z̄t −
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(28)

13



Proof. In terms of the definition of z̄t, we can get
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(29)
where the last inequality holds due to Assumptions 2-4.

Lemma 3. In terms of Assumptions 2-4, by setting 0 < βt ≤ 1
8γ

, for t > 0, the following inequality holds.
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Proof. In terms of the definition of u(k)
t , for t > 0, we can get
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where the last inequality holds due to Assumption 4. Additionally, we can get

(1− γβt−1)
2E[∥u(k)
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(k)
t )∥2]
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(32)

where the third step holds due to 0 < βt−1 ≤ 1
8γ

, the fourth step holds due to Assumption 3. In the last step,
βt−1 (where βt−1 < 1) is moved to the nominator, which could control the variance tightly. That is the reason
why we use Line 11 in Algorithm 1. Then, by combining above two inequalities, we complete the proof.
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Lemma 4. In terms of Assumptions 1-4, the following inequality holds.
K∑

k=1

∥u(k)
t+1 − ūt+1∥2 ≤ (1− γβt)

K∑
k=1

∥u(k)
t − ūt∥2 +

6Kγβtσ
2
g

|B(k)
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2
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0 |
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(33)

Proof. In terms of the definition of u(k)
t+1, we have

K∑
k=1

∥u(k)
t+1 − ūt+1∥2

= ∥Ut+1 − Ūt+1∥2F
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K
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t+1 )∥

2 ,

(34)

where Gt = [g(1)(x
(1)
t ;B(1)

t ), g(2)(x
(2)
t ;B(2)

t ), · · · , g(K)(x
(K)
t ;B(K)

t )], Ḡt = Gt11
T /K, the fourth step

holds due to a = γβt
1−γβt

. In the following, we will bound the last term.
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2
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g
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(35)

where the last step holds due to the following inequality.
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2
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K
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′)(x̄t+1)−

1

K
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2
)

≤ 2
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1

K
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2
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g

K∑
k=1
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By combining Eq. (34) and Eq. (35), the proof for the first part is completed.

When t = 0, we can get

K∑
k=1

∥u(k)
0 − ū0∥2 =

K∑
k=1

∥g(k)(x(k)
0 ;B(k)

0 )− 1

K

K∑
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g(k
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0 ;B(k′)
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|B(k)
0 |

, (37)

which completes the proof.

Lemma 5. In terms of Assumptions 2-4, the following inequality holds.

K∑
k=1

∥z(k)t+1 − z̄t+1∥2 ≤ 48C2
fL

2
g
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f
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Proof. In terms of the definition of z(k)t , we can get

K∑
k=1

∥z(k)t+1 − z̄t+1∥2

=

K∑
k=1

∥(v(k)t+1)
T∇f (k)(u

(k)
t+1;A

(k)
t+1)−

1

K

K∑
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(k′)
t+1 )

T∇f (k′)(u
(k′)
t+1 ;A

(k′)
t+1)∥
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=

K∑
k=1

∥(v(k)t+1)
T∇f (k)(u

(k)
t+1;A

(k)
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1

K
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C2
f∥v
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1

K
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1

K
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2 +
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(39)
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Then, we will bound
∑K

k=1 ∥v
(k)
t+1 − 1

K

∑K
k′=1 v

(k′)
t+1∥2 as follows.

K∑
k=1

∥v(k)t+1 −
1

K

K∑
k′=1

v
(k′)
t+1∥

2

=

K∑
k=1

∥∇g(k)(x
(k)
t+1;B

(k)
t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1 ;B

(k′)
t+1 )∥

2

=

K∑
k=1

∥∇g(k)(x
(k)
t+1;B

(k)
t+1)−∇g(k)(x

(k)
t+1) +∇g(k)(x

(k)
t+1)

− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1) +

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1 ;B

(k′)
t+1 )∥

2

≤ 3

K∑
k=1

(
∥∇g(k)(x

(k)
t+1;B

(k)
t+1)−∇g(k)(x

(k)
t+1)∥

2 + ∥∇g(k)(x
(k)
t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1)∥

2

+ ∥ 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1 ;B

(k′)
t+1 )∥

2
)

≤ 3

K∑
k=1

( 2σ2
g′

|B(k)
t+1|

+ ∥∇g(k)(x
(k)
t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1)∥

2
)

≤
6Kσ2

g′

|B(k)
t+1|

+ 12L2
g

K∑
k=1

∥x(k)
t+1 − x̄t+1∥2 ,

(40)

where the last step holds due to the following inequality.

K∑
k=1

∥∇g(k)(x
(k)
t+1)−

1

K

K∑
k′=1

∇g(k
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(k′)
t+1)∥

2

=

K∑
k=1

∥∇g(k)(x
(k)
t+1)−∇g(k)(x̄t+1) +∇g(x̄t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1)∥

2

≤ 2

K∑
k=1

(
∥∇g(k)(x

(k)
t+1)−∇g(k)(x̄t+1)∥2 + ∥ 1

K

K∑
k′=1

∇g(k
′)(x̄t+1)−

1

K

K∑
k′=1

∇g(k
′)(x

(k′)
t+1)∥

2
)

≤ 2

K∑
k=1

(
L2

g∥x
(k)
t+1 − x̄t+1∥2 +

1

K

K∑
k′=1

L2
g∥x̄t+1 − x

(k′)
t+1∥

2
)

= 4L2
g

K∑
k=1

∥x(k)
t+1 − x̄t+1∥2 .

(41)

By combining Eq. (39) and Eq. (40), the proof for the first part is completed.

When t = 0, we can get

K∑
k=1

∥z(k)0 − z̄0∥2 ≤ 4

K∑
k=1

C2
f∥v

(k)
0 − 1

K

K∑
k′=1

v
(k′)
0 ∥2 +

8KC2
gσ

2
f

|A(k)
0 |

+ 16

K∑
k=1

C2
gL

2
f∥u

(k)
0 − ū0∥2

≤
24KC2

fσ
2
g′

|B(k)
0 |

+
8KC2

gσ
2
f

|A(k)
0 |

+
96KC2

gL
2
fσ

2

|B(k)
0 |

.

(42)

Lemma 6. In terms of Assumption 1, the following inequality holds.

K∑
k=1

∥x(k)
t+1 − x̄t+1∥2 ≤

(
1− βt +

βt(1 + λ2)

2

) K∑
k=1

∥x(k)
t − x̄t∥2 +

2βtη
2

1− λ2

K∑
k=1

∥z(k)t − z̄t∥2 . (43)
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Proof. In terms of the definition of x(k)
t+1, we have

K∑
k=1

∥x(k)
t+1 − x̄t+1∥2

= ∥Xt+1 − X̄t+1∥2F
= ∥(1− βt)Xt + βtX̃t+1 − (1− βt)X̄t − βt

¯̃Xt+1∥2F

≤ (1 + a)(1− βt)
2∥Xt − X̄t∥2F + (1 +

1

a
)β2

t ∥X̃t+1 − ¯̃Xt+1∥2F

≤ (1− βt)∥Xt − X̄t∥2F + βt∥X̃t+1 − ¯̃Xt+1∥2F
= (1− βt)∥Xt − X̄t∥2F + βt∥XtW + ηZt − X̄t − ηZ̄t∥2F

≤ (1− βt)∥Xt − X̄t∥2F + (1 + a′)βt∥XtW − X̄t∥2F + (1 +
1

a′ )βtη
2∥Zt − Z̄t∥2F

≤
(
1− βt +

βt(1 + λ2)

2

) K∑
k=1

∥x(k)
t − x̄t∥2 +

2βtη
2

1− λ2

K∑
k=1

∥z(k)t − z̄t∥2 ,

(44)

where the second inequality follows from a = βt
1−βt

, the last inequality follows from a′ = 1−λ2

2λ2 .

Lemma 7. In terms of Assumption 1, the following inequality holds.

K∑
k=1

∥x̃(k)
t+1 − x

(k)
t ∥2 ≤ 8

K∑
k=1

∥x(k)
t − x̄t∥2 + 4η2

K∑
k=1

∥z(k)t − z̄t∥2 + 4η2K∥z̄t∥2 (45)

Proof. In terms of the definition of x̃(k)
t+1, we can get

K∑
k=1

∥x̃(k)
t+1 − x

(k)
t ∥2

= ∥X̃t+1 −Xt∥2F
= ∥XtW − ηZt −Xt∥2F
≤ 2∥Xt(W − I)∥2F + 2η2∥Zt∥2F
= 2∥(Xt − X̄t)(W − I)∥2F + 2η2∥Zt − Z̄t + Z̄t∥2F
≤ 2∥Xt − X̄t∥2F ∥W − I∥22 + 2η2∥Zt − Z̄t + Z̄t∥2F
≤ 8∥Xt − X̄t∥2F + 4η2∥Zt − Z̄t∥2F + 4η2∥Z̄t∥2F

= 8

K∑
k=1

∥x(k)
t − x̄t∥2 + 4η2

K∑
k=1

∥z(k)t − z̄t∥2 + 4η2K∥z̄t∥2

(46)

where the second inequality holds due to ∥AB∥F ≤ ∥A∥2∥B∥F and the last inequality holds due to ∥I−W∥2 ≤
2.

To prove Theorem 1, we set βt = β, |Ak
t | = |Bk

t | = B, and introduce a potential function, which is defined as
follows:

Pt = E[F (x̄t)] +
3ηC2

gL
2
f

γ

1

K

K∑
k=1

E[∥u(k)
t − g(k)(x

(k)
t )∥2] + 4η

K

K∑
k=1

E[∥u(k)
t − ūt∥2]

+
γηβ

4C2
gL

2
f

1

K

K∑
k=1

E[∥z(k)t − z̄t∥2] +
1

K

K∑
k=1

E[∥x(k)
t − x̄t∥2] .

(47)

Then, we are ready to prove Theorem 1.
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Proof. In terms of Lemmas 1, 3, 4, 5, 6, we can get

Pt+1 − Pt

≤ −ηβ

2
E[∥∇F (x̄t)∥2] +

(27η3βC2
gL

2
fC

2
g

2γ2
− ηβ

4

)
E[∥z̄t∥2]

+
ηβ(3C2

gσ
2
f + 3C2

fσ
2
g′ + 3/8C2

gL
2
fσ

2
g + 24γσ2

g)

B
+

24C2
fσ

2
g′ + 8C2

gσ
2
f + 3C2

gL
2
fσ

2
g

B

γηβ

4C2
gL

2
f

+
(
3ηβC2

gL
2
f − 3ηβC2

gL
2
f

) 1

K

K∑
k=1

E[∥u(k)
t − g(k)(x

(k)
t )∥2]

+
(27ηβC4

gL
2
f

γ2
+ ηβL2

F +
γηβ(48C2

fL
2
g + 48γβC4

gL
2
f )

4C2
gL

2
f

(
1− β +

β(1 + λ2)

2

)
+
(
− β +

β(1 + λ2)

2

)
+ 48γηβC2

g

(
1− β +

β(1 + λ2)

2

)) 1

K

K∑
k=1

E[∥x(k)
t − x̄t∥2]

+
(
4γηβ(1− γβ)− 4γηβ

) 1

K

K∑
k=1

E[∥u(k)
t − ūt∥2]

+

(
γηβ

4C2
gL

2
f

(
(48C2

fL
2
g + 48γβC4

gL
2
f )

2βη2

1− λ2
− 1
)
+

2βη2

1− λ2
+

96γηβ2C2
gη

2

1− λ2

+
9η2βC2

g

2γ

3ηC2
gL

2
f

γ

)
1

K

K∑
k=1

E[∥z(k)t − z̄t∥2] .

(48)

By setting β ≤ min{ 1
8γ

, 1
2ηLF

, 1}, γ > 0, η ≤ min{η1, η2, η3} where

η1 =
γ

3
√
6C2

gLf

,

η2 =
1− λ2

2

/(27C4
gL

2
f + γ2L2

F

γ2
+

γ(24C2
fL

2
g + 99C4

gL
2
f )

2C2
gL

2
f

)
η3 =

√
b2 + 4ac− b

2a
, a =

(24C2
fL

2
g + 3C4

gL
2
f )

8(1− λ2)C2
gL

2
f

+
12C2

g

1− λ2
+

27C4
gL

2
f

2γ2
, b =

2

1− λ2
, c =

γ

4C2
gL

2
f

,

(49)

we can get

Pt+1 − Pt ≤ −ηβ

2
E[∥∇F (x̄t)∥2]

+
ηβ(3C2

gσ
2
f + 3C2

fσ
2
g′ + 3/8C2

gL
2
fσ

2
g + 24γσ2

g)

B
+

24C2
fσ

2
g′ + 8C2

gσ
2
f + 3C2

gL
2
fσ

2
g

B

γηβ

4C2
gL

2
f

.
(50)

By summing over t from 0 to T − 1, we can get

1

T

T−1∑
t=0

ηβ

2
E[∥∇F (x̄t)∥2]

≤ P0 − PT

T
+

ηβ(3C2
gσ

2
f + 3C2

fσ
2
g′ + C2

gL
2
fσ

2
g + 24γσ2

g)

B
+

24C2
fσ

2
g′ + 8C2

gσ
2
f + 3C2

gL
2
fσ

2
g

B

γηβ

4C2
gL

2
f

≤ E[F (x̄0)− F (x∗)]

T
+

ηβ(3C2
gσ

2
f + 3C2

fσ
2
g′ + C2

gL
2
fσ

2
g + 24γσ2

g)

B
+

24C2
fσ

2
g′ + 8C2

gσ
2
f + 3C2

gL
2
fσ

2
g

B

γηβ

4C2
gL

2
f

+
3ηC2

gL
2
fσ

2
g

γB
+

24ησ2

B
+

γηβ

C2
gL

2
f

6C2
fσ

2
g′ + 2C2

gσ
2
f + 24C2

gL
2
fσ

2

B
,

(51)
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where the last step holds due to PT ≥ F (x̄T ) ≥ F (x∗) and

P0 = E[F (x̄0)] +
3ηC2

gL
2
f

γ

1

K

K∑
k=1

E[∥u(k)
0 − g(k)(x

(k)
0 )∥2] + 4η

K

K∑
k=1

E[∥u(k)
0 − ū0∥2]

+
γηβ

4C2
gL

2
f

1

K

K∑
k=1

E[∥z(k)0 − z̄0∥2] +
1

K

K∑
k=1

E[∥x(k)
0 − x̄0∥2]

≤ E[F (x̄0)] +
3ηC2

gL
2
fσ

2
g

γB
+

24ησ2

B
+

γηβ

C2
gL

2
f

6C2
fσ

2
g′ + 2C2

gσ
2
f + 24C2

gL
2
fσ

2

B
.

(52)

By dividing ηβ
2

on both sides of the previous inequality, we can get

1

T

T−1∑
t=0

E[∥∇F (x̄t)∥2]

≤ 2E[F (x̄0)− F (x∗)]

ηβT
+

2(3C2
gσ

2
f + 3C2

fσ
2
g′ + C2

gL
2
fσ

2
g + 24γσ2

g)

B

+
48C2

fσ
2
g′ + 16C2

gσ
2
f + 99C2

gL
2
fσ

2
g

16βC2
gL

2
fB

+
6C2

gL
2
fσ

2
g

βγB
+

48σ2

βB
.

(53)

A.2 Convergence Analysis of Algorithm 2

Lemma 8. In terms of Assumptions 2-4, by setting βt ≤ 1
2ηLF

, the following inequality holds.

E[F (x̄t+1)] ≤ E[F (x̄t)]−
ηβt

2
E[∥∇F (x̄t)∥2]−

ηβt

4
E[∥s̄t∥2] +

ηβtL
2
F

K

K∑
k=1

E[∥x(k)
t − x̄t∥2]

+
3

K

K∑
k=1

ηβtC
2
gσ

2
f

|A(k)
t |

+
3ηβtC

2
gL

2
f

K

K∑
k=1

E[∥u(k)
t − g(k)(x

(k)
t )∥2] + 3

K

K∑
k=1

ηβtC
2
fσ

2
g′

|B(k)
t |

.

(54)

Lemma 9. In terms of Assumptions 2-4, by setting 0 < βt ≤ 1
8γ

, the following inequality holds.

E[∥u(k)
t+1 − g(k)(x

(k)
t+1)∥

2]

≤ (1− γβt)E[∥u(k)
t − g(k)(x

(k)
t )∥2] +

9βtC
2
g

8γ
E[∥x̃(k)

t+1 − x
(k)
t ∥2] +

β2
t γ

2σ2
g

|B(k)
t+1|

.
(55)

Lemma 10. In terms of Assumption 1, the following inequality holds.

K∑
k=1

E[∥x̃(k)
t+1 − x

(k)
t ∥2] ≤ 8

K∑
k=1

E[∥x(k)
t − x̄t∥2] + 4η2

K∑
k=1

E[∥s(k)t − s̄t∥2] + 4η2KE[∥s̄t∥2] . (56)

Lemma 11. In terms of Assumption 1, the following inequality holds.

K∑
k=1

E[∥x(k)
t+1 − x̄t+1∥2] ≤

(
1− βt +

βt(1 + λ2)

2

) K∑
k=1

E[∥x(k)
t − x̄t∥2] +

2βtη
2

1− λ2

K∑
k=1

E[∥s(k)t − s̄t∥2] .

(57)

The above four lemmas can be proved by exactly following Lemmas 1, 3, 7, 6, respectively. Thus, we omit their
proof.

Lemma 12. In terms of Assumption 2-4, the following inequality holds.

K∑
k=1

E[∥u(k)
t+1 − u

(k)
t ∥2] ≤

K∑
k=1

3γ2β2
t

(
E[∥u(k)

t − g(k)(x
(k)
t )∥2] + C2

gβ
2
tE[∥x̃

(k)
t+1 − x

(k)
t ∥2] +

σ2
g

|B(k)
t+1|

)
.

(58)
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Proof. In terms of the definition of u(k)
t , we can get

K∑
k=1

E[∥u(k)
t+1 − u

(k)
t ∥2]

=

K∑
k=1

γ2β2
tE[∥u

(k)
t − g(k)(x

(k)
t+1;B

(k)
t+1)∥

2]

=

K∑
k=1

γ2β2
tE[∥u

(k)
t − g(k)(x

(k)
t ) + g(k)(x

(k)
t )− g(k)(x

(k)
t+1) + g(k)(x

(k)
t+1)− g(k)(x

(k)
t+1;B

(k)
t+1)∥

2]

≤
K∑

k=1

3γ2β2
t

(
E[∥u(k)

t − g(k)(x
(k)
t )∥2] + E[∥g(k)(x(k)

t )− g(k)(x
(k)
t+1)∥

2]

+ E[∥g(k)(x(k)
t+1)− g(k)(x

(k)
t+1;B

(k)
t+1)∥

2]
)

≤
K∑

k=1

3γ2β2
t

(
E[∥u(k)

t − g(k)(x
(k)
t )∥2] + C2

gβ
2
tE[∥x̃

(k)
t+1 − x

(k)
t ∥2] +

σ2
g

|B(k)
t+1|

)
,

(59)

where the last inequality holds due to Assumptions 3 and 4.

Lemma 13. In terms of Assumptions 2-4, the following inequality holds.

K∑
k=1

E[∥h(k)
t+1 − h̄t+1∥2] ≤ λ

K∑
k=1

E[∥h(k)
t − h̄t∥2] +

2C2
gL

2
f

1− λ

K∑
k=1

E[∥u(k)
t+1 − u

(k)
t ∥2]

+
2β2

tC
2
fL

2
g

1− λ

K∑
k=1

E[∥x̃(k)
t+1 − x

(k)
t ∥2] ,

K∑
k=1

E[∥h(k)
0 − h̄0∥2] ≤

48KC2
gL

2
fσ

2

|B(k)
0 |

.

(60)

Proof. In terms of the definition of h(k)
t+1 , we can get

K∑
k=1

E[∥h(k)
t+1 − h̄t+1∥2]

= E[∥Ht+1 − H̄t+1∥2F ]
= E[∥HtW +Qt+1 −Qt − H̄t − Q̄t+1 + Q̄t∥2F ]

≤ (1 + a)E[∥HtW − H̄t∥2F ] + (1 +
1

a
)E[∥Qt+1 −Qt − Q̄t+1 + Q̄t∥2F ]

≤ (1 + a)λ2E[∥Ht − H̄t∥2F ] + (1 +
1

a
)E[∥Qt+1 −Qt∥2F ]

= λ

K∑
k=1

E[∥h(k)
t − h̄t∥2] +

1

1− λ

K∑
k=1

E[∥q(k)t+1 − q
(k)
t ∥2] ,

(61)
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where the last step holds due to a = 1−λ
λ

. In the following, we will bound the second term in the last inequality.

K∑
k=1

E[∥q(k)t+1 − q
(k)
t ∥2]

=

K∑
k=1

E[∥∇g(k)(x
(k)
t+1)

T∇f (k)(u
(k)
t+1)−∇g(k)(x

(k)
t )T∇f (k)(u

(k)
t )∥2]

=

K∑
k=1

E[∥∇g(k)(x
(k)
t+1)

T∇f (k)(u
(k)
t+1)−∇g(k)(x

(k)
t+1)

T∇f (k)(u
(k)
t )

+∇g(k)(x
(k)
t+1)

T∇f (k)(u
(k)
t )−∇g(k)(x

(k)
t )T∇f (k)(u

(k)
t )∥2]

≤
K∑

k=1

2E[∥∇g(k)(x
(k)
t+1)

T∇f (k)(u
(k)
t+1)−∇g(k)(x

(k)
t+1)

T∇f (k)(u
(k)
t )∥2]

+

K∑
k=1

2E[∥∇g(k)(x
(k)
t+1)

T∇f (k)(u
(k)
t )−∇g(k)(x

(k)
t )T∇f (k)(u

(k)
t )∥2]

≤
K∑

k=1

2C2
gE[∥∇f (k)(u

(k)
t+1)−∇f (k)(u

(k)
t )∥2] +

K∑
k=1

2C2
fE[∥∇g(k)(x

(k)
t+1)−∇g(k)(x

(k)
t )∥2]

≤
K∑

k=1

2C2
gL

2
fE[∥u

(k)
t+1 − u

(k)
t ∥2] +

K∑
k=1

2β2
tC

2
fL

2
gE[∥x̃

(k)
t+1 − x

(k)
t ∥2] ,

(62)

where the last step holds due to Assumptions 2-4. By combining above two inequalities, the proof for the first
part is completed. When t = 0, we can get

K∑
k=1

E[∥h(k)
0 − h̄0∥2]

=

K∑
k=1

E[∥∇g(k)(x
(k)
0 )T∇gf

(k)(u
(k)
0 )− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k′)(u
(k′)
0 )∥2]

=

K∑
k=1

E[∥∇g(k)(x
(k)
0 )T∇gf

(k)(u
(k)
0 )− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k)(u
(k)
0 )

+
1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k)(u
(k)
0 )− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k′)(u
(k′)
0 )∥2]

≤
K∑

k=1

2E[∥∇g(k)(x
(k)
0 )T∇gf

(k)(u
(k)
0 )− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k)(u
(k)
0 )∥2]

+

K∑
k=1

2E[∥ 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k)(u
(k)
0 )− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )T∇gf

(k′)(u
(k′)
0 )∥2]

≤
K∑

k=1

2C2
fE[∥∇g(k)(x

(k)
0 )− 1

K

K∑
k′=1

∇g(k
′)(x

(k′)
0 )∥2] +

K∑
k′=1

2C2
gE[∥∇gf

(k)(u
(k)
0 )− 1

K

K∑
k′=1

∇gf
(k′)(u

(k′)
0 )∥2]

≤ 8C2
gL

2
f

K∑
k′=1

E[∥u(k)
0 − ū0∥2]

≤
48KC2

gL
2
fσ

2

|B(k)
0 |

.

(63)
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Lemma 14. In terms of Assumptions 2-4, by setting |A(k)
t | = |B(k)

t | = B, the following inequality holds.

K∑
k=1

E[∥s(k)t − s̄t∥2] ≤ 3

K∑
k=1

E[∥h(k)
t − h̄t∥2]

+
6K(2C2

fσ
2
g′ + 2C2

gσ
2
f )

B
+

12K(2C2
fσ

2
g′ + 2C2

gσ
2
f )

B

1

1− λ2
.

(64)

Proof. In terms of the definition of q(k)t , we can get

E[∥z(k)t − q
(k)
t ∥2]

= E[∥∇g(k)(x
(k)
t ;B(k)

t )T∇gf
(k)(u

(k)
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t )−∇g(k)(x
(k)
t )T∇gf

(k)(u
(k)
t )∥2]

= E[∥∇g(k)(x
(k)
t ;B(k)

t )T∇gf
(k)(u

(k)
t ;A(k)

t )−∇g(k)(x
(k)
t )T∇gf

(k)(u
(k)
t ;A(k)

t )

+∇g(k)(x
(k)
t )T∇gf

(k)(u
(k)
t ;A(k)

t )−∇g(k)(x
(k)
t )T∇gf

(k)(u
(k)
t )∥2]

≤
2C2

fσ
2
g′ + 2C2

gσ
2
f

B
,

(65)

where the last inequality holds due to Assumptions 3, 4, and |A(k)
t | = |B(k)

t | = B. Meanwhile, we can get

K∑
k=1

E[∥s(k)t − s̄t∥2]

=

K∑
k=1

E[∥s(k)t − h
(k)
t + h

(k)
t − h̄t + h̄t − s̄t∥2]

≤ 3

K∑
k=1

E[∥s(k)t − h
(k)
t ∥2] + 3

K∑
k=1

E[∥h(k)
t − h̄t∥2] + 3

K∑
k=1

E[∥h̄t − s̄t∥2] .

(66)

In the following, we will bound the first and last terms in the last inequality, respectively.

K∑
k=1

E[∥s(k)t+1 − h
(k)
t+1∥

2]

= E[∥St+1 −Ht+1∥2F ]
= E[∥StW + Zt+1 − Zt −HtW −Qt+1 +Qt∥2F ]
= E[∥Zt+1 −Qt+1∥2F ] + E[∥(St −Ht)W − (Zt −Qt)∥2F ]
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t∑

j=0

E[∥Zj −Qj∥2F ∥W t−j(W − I)∥22]

≤
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2
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2
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B
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2
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B
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≤
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2
f )

B
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fσ

2
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2
f )

B

1

1− λ2
,

(67)
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where the first inequality holds due to Eq. (65), the last inequality holds due to λ < 1. Additionally, we can get

K∑
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=
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(k)
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≤
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1

K
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=
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1
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t )T∇gf
(k)(u

(k)
t ;A(k)

t )∥2]
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gσ
2
f + 2C2

fσ
2
g′)

B
,

(68)

where the last inequality holds due to Assumptions 3, 4, and |A(k)
t | = |B(k)

t | = B. By combining above three
inequalities, the proof is completed.

Similar to the proof of Theorem 1, we set βt = β, |Ak
t | = |Bk

t | = B, and introduce a new potential function,
which is defined as follows:

Pt = E[F (x̄t)] +
4ηC2

gL
2
f

γ

1

K

K∑
k=1

E[∥u(k)
t − g(k)(x

(k)
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+
1

γ

1

K
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E[∥x(k)
t − x̄t∥2] .

(69)

In terms of these lemmas and definition, we are ready to prove Theorem 2.
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Proof.

Pt+1 − Pt

≤ −ηβ
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+
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(70)

By setting β ≤ min{ 1
8γ

, 1
2ηLF

, 1}, γ > 0, and η ≤ min{η1, η2, η3}, where
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(71)

we can get

Pt+1 − Pt
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(72)
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By summing over t from 0 to T − 1, we can get
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where the last step holds due to PT > F (x∗) and
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By dividing ηβ
2

on both sides of this inequality, we can get
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where the last inequality holds due to β ≤ 1
8γ

.
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