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Abstract

As large language models (LLMs) gain popularity in conducting prediction tasks
in-context, understanding the sources of uncertainty in in-context learning becomes
essential to ensuring reliability. The recent hypothesis of in-context learning per-
forming predictive Bayesian inference opens the avenue for Bayesian uncertainty
estimation, particularly for decomposing uncertainty into epistemic uncertainty due
to lack of in-context data and aleatoric uncertainty inherent in the in-context pre-
diction task. However, the decomposition idea remains under-explored due to the
intractability of the latent parameter posterior from the underlying Bayesian model.
In this work, we introduce a variational uncertainty decomposition framework for
in-context learning without explicitly sampling from the latent parameter posterior,
by optimising auxiliary inputs as probes to obtain an upper bound to the aleatoric
uncertainty of an LLM’s in-context learning procedure. Through experiments on
synthetic and real-world tasks, we show quantitatively and qualitatively that the
decomposed uncertainties obtained from our method exhibit desirable properties
of epistemic and aleatoric uncertainty.'

1 Introduction

Large Language Models (LLMs) have demonstrated remarkable abilities in natural language genera-
tion [10, 51, 60], and are being extended to a wide range of applications such as question answering
[69], retrieval-augmented generation [32], information analysis [57, 43], and bandit problems [27].
In particular, an emergent property of an LLM is in-context learning (ICL), where the model acquires
task behavior at inference time, without the need for prior pre-training or fine-tuning [7]. With the
rising importance and presence of LLMs, understanding where and why these models are uncertain is
essential in assessing their trustworthiness and robustness. A straightforward method of assessing
uncertainty is to directly prompt the LLM to quantify the uncertainty of its outputs. However, this can
be unreliable due to the overconfidence of language models [61]. Therefore, being able to faithfully
quantify and determine the sources of uncertainties from the LLMs’ output can assist practitioners in
better understanding and addressing the model’s limitations.

Recent work has hypothesised that ICL exhibits properties of Bayesian inference [66]. If we
concatenate a dataset of a predictive task D = {(x;,y;)}"; and a test input * into a prompt,
then we can view ICL as (approximately) inferring an implicit latent parameter € for an underlying
posterior distribution p(6|D) and computing a posterior predictive distribution p(y*|x*, D). This
interpretation allows estimation of uncertainty through a Bayesian framework, which measures a
model’s fotal (predictive) uncertainty by computing the entropy H[y*|x*, D] or, in regression settings,
the total variance Var[y*|z*, D]. The total uncertainty can then be decomposed further into two

!See supplementary for appendix and code.
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Figure 1: Uncertainty Decomposition with Auxiliary Data (Above).
Decomposition Example for Two-Moons Dataset (Below).

sources [25, 58]: aleatoric uncertainty, which captures noise inherent in the data generation process
(thus irreducible), and epistemic uncertainty that accounts for uncertainty in the model due to the
lack of knowledge (reducible with more data). In the bottom of Figure 1, we motivate the importance
of a decomposition on the two-moons classification dataset. This decomposition provides valuable
insights: aleatoric uncertainty pinpoints regions of ambiguity around the decision boundary, while
epistemic uncertainty exposes areas lacking sufficient in-context data, guiding practitioners on where
additional data or model refinement is needed. This notion of uncertainty decomposition has been
explored in various domains, including computer vision [25, 26] and reinforcement learning [48, 11].

Obtaining high-quality Bayesian uncertainty estimates and decomposition for LLM-based ICL poses
two major challenges. First, an LLM’s auto-regressive prediction procedure often does not satisfy the
exchangeability condition [12, 70], which questions the existence of the implicit Bayesian model with
latent parameter 6. Second, even if an implicit Bayesian model exists, one cannot explicitly simulate
posterior samples § ~ p(8|D), which are required by the uncertainty decomposition procedure in
many existing Bayesian neural network methods [44, 6, 14, 21, 33]. In this regard, recent work
on Martingale posterior [12] proposes generating a long sequence of future data and estimating a
posterior distribution over # via risk minimisation. But the Martingale posterior approach incurs a
high computational cost and, still, the missing guarantee of exchangeability makes its uncertainty
estimates questionable in aligning with the uncertainty from a coherent Bayesian model.

In this work, we propose a Variational Uncertainty Decomposition (VUD) framework for LLM-based

ICL, focusing on addressing the mentioned two challenges. Our contributions are as follows:

* We propose an optimisable variational upper-bound to the aleatoric (predictive) uncertainty without
explicit simulating the parameter posterior p(6|D), by appending in optimisable auxiliary inputs Z
to the context and computing uncertainty measures with Z conditioning. This variational estimator
also induces a lower-bound on the epistemic uncertainty, which can be used in relevant tasks. An
overview of our two-task variational decomposition pipeline can be found in the above of Figure 1.

* We propose novel LLM prompting and optimisation techniques for computing p(y*|z*, D) and
searching optimal Z. Our design facilitates (approximate) exchangeability for ICL, making the
variational uncertainty estimates better aligned with desirable Bayesian properties such as epistemic
uncertainty reduction with increasing amount of data.

Experiments on synthetic regression and classification datasets show that our uncertainty decomposi-

tion framework is effective, behaving qualitatively similar to a Bayesian model. Quantitatively, the

variational estimation of epistemic uncertainty also benefits downstream tasks such as bandit and
out-of-distribution (OOD) detection applied to real-world natural language datasets.

2 Background

In-Context Learning and Bayesian Inference. A (pre-trained) LLM with weights ¢ parametrises
a set of conditional distributions {pg, (¢;[¢1.i—1) }ien+ over tokens {¢;};cn+. Given a predictive
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task of covariate-label pairs, D = {(x;,y;)}! ;, and test covariate «*, the ICL procedure with
an LLM sets (t3;—1,t2;) = (@;,y:) and (tap+1,tonr2) = (x*,y*) and computes the predic-
tive distribution as p(y*|z*,D) = pi”"‘z (ton+2|ti.2n+1). Now suppose the random variables
Yin|@in ~ [ p(yil@i ®<i, y<i) (With p(yi|@;, 2,y <) = pii(t2i|t1:2i71)) are exchange-
able, namely for all permutations o of [n],

p(yo'(l)7 te 7y0'(n)‘mo'(l)7 te 7‘730(71)) = p(y17 ce ayn|mla ceey mn)» (1)
then by de Finetti’s theorem [9] there exists a Bayesian model w.r.t. a parameter 6 such that
i=1

Notably, the parameter 6 here is defined implicitly. We discuss the link between ICL and Bayesian
models as well as existing methods to promote exchangeability further in Appendix D and G. In
particular, we design prompting and post-processing methods over LLM auto-regressive next token
prediction in Section 3 to (approximately) achieve exchangeability (c.f. [12]).

Decomposing Predictive Uncertainty. Consider a prescribed Bayesian model y|x ~ p(y|x, 0) with
prior 6 ~ p(0). Given a dataset D = {(x;,y;)},, we can (approximately) compute the posterior
predictive distribution p(y*|x*, D) = [ p(y*|z*,8)p(8|D)db. Then the predictive roral (entropic)
uncertainty is defined as U (y*|z*, D) = H[p(y*|z*, D)], which can be decomposed further into
aleatoric uncertainty U, (y*|x*, D) and epistemic uncertainty U, (y*|x*, D) [25]:

Hip(y"|z*, D)] = Ep(op) [H[p(y™|2*, 0)]] +1(y"; 0lz", D), 3)

::U(y*lm*’D) ::Ua,(y*\m*,’D) ::UE(Y*‘m*vp)

When y* € R, we can also compute the fotal variance of the prediction and perform a similar
decomposition into aleatoric and epistemic variances by the tower rule property

Varly*|z, D] = E,p)[Varly*|x*, 0]] 4+ Vary,gp) [Ely”*|z", 0] . )

=U¥(y*|=*,D) =UZF(y*|z*.D) =UZ(y*|z*,D)

Typically, these decompositions are obtained by Monte Carlo estimation with (approximate) samples
from p(6|D) [29]. However, this approach poses a challenge when we don’t have access to p(6|D),
which may occur if the Bayesian model is only implicitly defined [66] as in Eq. (2), or if sampling
from p(6|D) is prohibitively expensive.

3 Method

We present an alternative approach for uncertainty decomposi-
tion defined in (3) and (4), which sidesteps explicit posterior
sampling of the parameter 6 and thus, is suitable for implicitly :

defined Bayesian models. Although our practical algorithmic  g* ! Z
development focuses on LLM in-context learning on context \l \ /
y* U

.

B i)

D = {(w;,y:)}_, and test query *, the decomposition tech-
nique applies to any Bayesian model a la de Finetti (2), including
prescribed Bayesian models such as Bayesian linear regression  Figure 2: The DAG G of the condi-
and Gaussian processes (Appendix B). tional independence assumptions.

3.1 Variational Estimates of Uncertainty Decomposition

Total Uncertainty Decomposition. Suppose we can directly compute (or approximate) the posterior
predictive distribution p(y*|x*, D) for arbitrary D and x*. Now consider a set of auxiliary inputs
Z = {2/}, and corresponding outputs as U = {u;}/ . Then we define the following variational
estimation of the aleatoric uncertainty as:

Vu(y* |m*7 Z7 D) = IE;D(U\Z,D) [H[p(y*|$*7 U7 Z7 D)]] (5)

To ensure consistency with an underlying Bayesian model (2), we assume that *,y*, Z, U, D obey
the conditional independence relations given by the directed acyclic graph (DAG) G in Figure 2.
This assumption allows us to prove the following theorem relating the variational estimation of the
aleatoric uncertainty to the exact Bayesian estimate of aleatoric uncertainty.
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Uncertainty Decomposition Algorithm
Step 1: Choose Auxiliary Z Step 2: Compute p(U|Z, D) SrepisiCompitelp(yil ZRZ UL D)
D, Zi,u1,x* —> LLM — p(ylz*,U =1, Z;,D)
Ziye- s Zm D,Z; — [ um | — p(U|Z,D) : c
D, Zi up,x* —> LLM — p(ylz",U = uk, Z;, D)
Step 4: Marginalise U Step 5: Filter non-Bayesian Z Step 6: Compute Minimum Entropy
p(y*lz*, Zi, D) = Eyw|z, p)[p(y"[2", U, Zi, D)] e; = Dxu[p(y*|z*, D)|lp(y*|z*, Z;, D)) . .
o ' o ’ min {V,(y'[2", Z;, D)}
Va(y'|z*, Zi, D) = Eyw|z;,p)[H(y" 2", U, Zi, D)] e <e V € >€ X e

Figure 3: Variational Uncertainty Decomposition (VUD) Framework.

Theorem 3.1 (Aleatoric Uncertainty Upper-Bound). If the conditional independence relations in G
hold, then the variational estimator provides an upper-bound to the aleatoric uncertainty:

Va(y*|2*,2,D) 2 Ua(y*|z", D), (6)

where the difference between the variational estimator and the true aleatoric uncertainty is:

Ep(y*,U\m*,Z,D) [DKL [p(6‘|y*v iL‘*, U.Z, D)||p(9|U, Z, D)]] . @)

See Appendix A.1 for the proof. Importantly, the upper-bound (6) holds for arbitrary Z which
inspires the following optimisation procedure to obtain the best variational estimate:

Va(y*|a", D) := min Vo (y*[z", Z, D), ®)
Since the aleatoric uncertainty is trivially upper-bounded by the total uncertainty in (3), we denote
f/a<y* ‘SE*, D) = min{Va(y* |£L'*,'D), H[p(y* |£L'*,'D)]},

as the variational estimate of the aleatoric uncertainty. We can obtain a variational estimate for the
epistemic uncertainty by defining V. (y*|z*, D) := Hlp(y*|z*, D)] — V,(y*|z*, D), which implies
that V. (y*|z*, D) < U.(y*|x*, D). This motivates our Variational Uncertainty Decomposition
approach illustrated in Figure 1.

Total Variance Decomposition. Similarly to (8), we can also construct a variational estimate for the
aleatoric variance and derive a corresponding upper-bound. See Appendix A.2 for the proof.

Theorem 3.2 (Aleatoric Variance Upper-Bound). If the conditional independence relation in G holds,
then the variational estimator provides an upper-bound to the estimation of aleatoric variance:

Vo (y*|z*, Z,D) := Eyuzp) [Varly*|z*, U, Z, D] > U (y*|z*, D). )

The best variational estimate is then V> (y*|z*, D) := ming V> (y*|z*, Z, D), and a lower-bound
of the epistemic variance is obtained as V. (y*|x*, D) := Var[y*|x, D] — V.>(y*|z*, D).

The effectiveness of this variational decomposition hinges on the choice of Z to optimise (8). From
the difference (7), we see that for an optimal choice of Z, sufficient information regarding 6 is
provided by U, Z and D, that also observing y* and x* does not provide much more certainty
about 6. Therefore, the conditional entropy, V,(y*|x*,Z, D) is a suitable proxy for the true aleatoric
uncertainty U, (y*|x*, D), but remains an upper bound because some of the uncertainty in 6 is
absorbed into V,,. We discuss an alternative information theoretic interpretation in Section A.1.

3.2 Optimising the Variational Estimates and Promoting Exchangeability

The presented decomposition technique requires the model to be Bayesian a la de Finetti (2) and
compatible with the DAG G (Figure 2), which is not the case if naively prompting LLM for in-context
learning. Specifically, exchangeability requires ensuring the following conditions [5, 70]:

(Cl)  p(yilxi, ®<i,y<i) = p(yilzi, 0(®<i, y<i)) forall i € Ny & all permutations o on [4];
(C2) ply*|z*,Z,D) = [p(y*|x*, U, Z,D)p(U|Z,D)dU = p(y*|z*, D).
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To promote exchangeability for LLM in-context learning, we propose two strategies tailored for
the above conditions. First, to approximately achieve (C1), we construct the predictive distribu-
tion by shuffling the context and ensembling the LLM’s predictions, i.e., we define for context
D = {(w;,y:)}_; and test query x* (with S,, a uniform distribution over the permutations on [n]):

L
k| ok 1 n k| %
p(y |$ 7D) = E Zpi +2(y |l‘ 7{3301(1)’}’0,(1)»--~,$ol(n)7}’a,(n)}), oy~ Sp. (10)
=1

The other distributions p(U|Z, D) and p(y*|x*, U, Z, D) are defined in the same manner. For
classification tasks, we evaluate the LLM logits to compute (10). However, in the regression case, we
make a further Gaussian approximation to (10), which allows for easy computation of the entropy
and marginalisation. Further details can be found in Appendix E.2. Then to approximately satisfy
(C2), we restrict the search of Z (Eq. (8)) to ensure the solution satisfies

Dxr[p(y*|=*,Z,D) || p(y*|x*,D)] < e, (11)

for some € > 0. Any metric or divergence on probability distributions will suffice for (11) but we
choose KL divergence due to ease of computation. We filter out the Z candidates that violate this
KL constraint, hence we name this step as KL filtering. Choosing the number of permutations L and
the threshold e for KL filtering of Z determines the accepted level of Bayesian approximation in
the variational decomposition. While the selection of L is mainly determined by the computational
resources, the choice of e is further discussed in Appendix D.3.

Lastly, to reduce the search space of Z for efficient computation, we restrict Z to contain a single
example in  domain, i.e., L = 1 and Z = z, and design sampling techniques to obtain candidates
for optimal Z, including random sampling, setting Z = x*, perturbing Z around x* and a Bayesian
optimisation strategy [59]. Empirically we find that perturbing Z around x* works best for inputs that
lie in a continuous space, which can partly be explained via the Gaussian process example in Appendix
B. For natural language tasks such as question-answering (QA), we conduct the perturbation of z by
“rephrasing” * with another LLM. Further details regarding the sampling procedures we explored
for perturbing Z are in Appendix C. Our overall step-by-step variational uncertainty decomposition
framework (VUD) is depicted in Figure 3. Detailed decomposition algorithms for classification and
regression tasks are provided in Appendix E.1.

4 Related Work

Our work takes inspiration from the growing body of literature connecting ICL to Bayesian inference
[70, 66, 23, 35]. While much of the existing research centers on estimating a latent concept 6, often
through methods like the Martingale posterior [12, 66], we take a different route by approximating
conditional entropy and mutual information using auxiliary data. While our work is not the first to
decompose predictive uncertainty in LLMs into aleatoric and epistemic components, prior approaches
define these uncertainties differently from their traditional definitions in Bayesian deep learning
[25, 11, 63]. Huo et al. [22] analyse how uncertainty changes when a prompt is modified with
additional “clarifications.” While this is similar in spirit to our use of perturbations, we append
perturbations to the ICL data rather than the predictive task itself. Moreover, their approach attributes
aleatoric uncertainty solely to input ambiguity and does not incorporate a Bayesian framework,
leading to a definition of uncertainty that diverges from the standard Bayesian interpretation. Ling
et al. [34] assume a Bayesian approach but use alternative non-standard definitions of aleatoric and
epistemic uncertainties. We provide a more detailed discussion of these related works, along with
applications to OOD detection and bandit problems, in Appendix G.

5 Experiments

We evaluate the robustness and applicability of our method to classification and regression tasks. This
includes ablation studies and visualisations on synthetic datasets, as well as downstream applications
such as bandit problems and out-of-distribution (OOD) detection on question-answering (QA) tasks.
We use the following LLMs in our experiments: Qwen2.5-14B/7B, [51] and Llama-3.1-8B [60].
Only for QA tasks, we use Qwen2.5-14B-Instruct. For conciseness, we show results for Qwen2.5-
14B/14B-Instruct in the main text and the results for the remaining LLMs are given in Appendix F.
Prompts and sampling details are provided in Appendix H.
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Figure 5: Uncertainty Decompositions for Regression Tasks with Gaps in ICL Data.

5.1 Synthetic Regression & Classification Datasets

We visualise the uncertainty decompositions on synthetic regression & classification datasets and
conduct ablation studies on the effects of KL filtering and Z choices. Further ablations regarding
permuting the in-context examples and various LLMs are in Appendix D and C.

Visualisations. In Figures 4a and 4b, we visualise the VUD uncertainty decompositions for a 1-D
logistic regression (classification) and a 1-D linear regression (regression) task, each conditioned on a
set of |D| = 15 in-context examples (vertical lines). We consider more complex tasks of the Two
Moons dataset (class.) in Figure 1, a dataset with designated “gaps” and heteroscedastic noises in the
in-context learning data (reg.) in Figure 5, and the Spirals dataset (multi-class class.) in Figure 6.

Across these examples, we observe similar qualitative characteristics of the uncertainty decomposition.
The epistemic uncertainty (represented by the gap between the total and aleatoric uncertainty in the
1-D examples), is lowest in regions near demonstrations and increases as the distance to the in-context
learning data increases. In the classification examples, the aleatoric uncertainty is sharply localised
near the decision boundary of the problem where p(y*|x*, D) ~ 0.5. In the regression setting of
Figure 4b, we observe minimal change in the aleatoric uncertainty, which reflects the homoscedastic
noise of the data observations. However, in Figure 5 where we have heteroscedastic noise, the model
accurately distinguishes between regions of high and low heteroscedastic noise. These examples
indicate that the model can correctly distinguish between uncertainty from inherent data noise and
uncertainty arising from missing contextual information.

Ablations. In Figure 7, we analyse the behavior of uncertainty decompositions as a function of
in-context dataset size |D| under a logistic regression setting. We consider both in-distribution test
inputs (x = 0, 5, solid lines) and out-of-distribution test inputs (x = —15, —10, —5, 10, 15, dotted
lines). As expected, Figure 7a shows decreasing epistemic uncertainty across all test covariates with
increasing |D|, since additional training examples reduce model uncertainty. The largest epistemic
uncertainty occurs at out-of-distribution inputs (z = —15, —10, —5, 10, 15), while in-distribution
inputs (z = 0, 5) consistently exhibit lower values. The decay is most rapid for in-distribution test
points, suggesting that the model becomes confident more quickly when the test point distribution
overlaps with the training data. In contrast, aleatoric uncertainty reported in Figure 7b remains
relatively stable as |D| grows, particularly for out-of-distribution covariates. Notably, aleatoric
uncertainty is highest for the decision boundary at z = 0, where the class overlap is greatest, and
remains consistently elevated across all dataset sizes. Out-of-distribution points show slightly lower
but stable aleatoric values, reflecting lower intrinsic class ambiguity at extreme covariates. The mild
increase in aleatoric uncertainty for in-distribution points at small dataset sizes is likely due to model
underfitting, which resolves as more data is provided.



221
222
223
224
225
226
227
228
229
230
231
232
233
234

240
241
242
243
244
245
246
247
248
249
250
251

252

254
255

N SEE \ 129
= I =
- 3k o y-11® e 1.25 3f e y-1® e
ol 5on : 5 4 1.00
2 X = 2 ;1 0-PBR°
i |
L 1 %&gg' °s, % o e ‘.{g“’: 0.7
T3 zz o2 on% 2 0.75 3 of O oo% 3 @o‘ g
@‘@P AT Y] 8 IREAPS
1 o = 278 of 0.50
h - & 0.50 =
0.5 L re) | L 2 wq
_3 5 I o 025, % "0%%° 0.25
|
i |
0.0 25 I3 210 L 2 3 4 00 yTyeey 0.00 —47=5 =51 0.00
£ Ty xy Ty

(a) Posterior Prob. (b) Total Uncertainty  (c) Aleatoric Uncertainty (d) Epistemic Uncertainty

Figure 6: Uncertainty Decompositions for Spirals Classification Task.

x
> h =)
B B
= =
202 go75
3 g
< Qo
E 0.50
5 5
0.0 5.0 : 5.0
20 40 60 80 : 20 40 60 80 >
Dl Dl
(a) Epistemic Uncertainty vs. Size of Training Set (b) Aleatoric Uncertainty vs. Size of Training Set

Figure 7: Uncertainty decompositions for logistic regression task with varying dataset size. Solid and
dotted lines indicate in-distribution and out-of-distribution predictive points respectively.

In Figure 8, we compare the computed aleatoric uncertainty across different Z sampling methods
under the logistic regression setting. These include Perturb, where small noise is added to the test
example to create Z; Repeated, where Z is chosen to be the test example itself; Random, where Z
is sampled uniformly from the dataset; and Bayesian Optimisation (BO) [59], where Z is actively
selected to minimise a utility function related to the uncertainty. The aleatoric uncertainties reported
in Figure 8a show that all these approaches track the total uncertainty curve around the decision
boundary, indicating strong performance in capturing the local uncertainty landscape. Among them,
Repeated returns the lowest variational aleatoric uncertainty estimate. Perturb also provides lower
estimates, closely following the peak and providing stable estimates across the covariate space.
Random sampling shows an upward trend in low ICL density regions far from the decision boundary,
indicating poor stability. Regarding the KL divergence (11) achieved by the selected Z in Figure
8b, Random and BO consistently have the lowest KL divergence across the majority of test samples,
followed by the Perturb method which is significantly faster than BO. The Repeated sampling method
yields higher KL values than Perturb, indicating greater deviation from the predictive posterior and
is thus less aligned with Bayesian principles. These evidences support Perturb as a scalable and
well-performing approach for sampling candidate Z in (8)’s optimisation procedure.

5.2 Downstream Applications of Uncertainty Decomposition

We conduct quantitative experiments on two applications of uncertainty decomposition: bandit
problems and out-of-distribution detection in real-world question-answering tasks.

Bandits. Bandit problems in reinforcement learning necessitate the ability to distinguish between
aleatoric and epistemic uncertainty to balance exploration and exploitation. In a bandit problem, for a
trial ¢, an agent must choose an arm a; € A which gives a reward r;. The goal is to minimise the
overall regret over all the trials ), pf —E[r;], where 1} is the mean reward from the optimal arm. We
consider the Upper Confidence Bound (UCB) bandit algorithms [2], where a; = argmax,Q:(a) +
aUy(a), where Q) is the estimated reward from arm a and U, is the uncertainty in arm a at trial ¢,
and « is the exploration rate. We use the LLM posterior mean as ()¢, and compare the performance
of epistemic and total variance as U;. In this setting, epistemic variance guides exploration to choose
arms where additional data is beneficial, whereas total variance may prioritise actions where the
reward has high intrinsic noise. We use the multi-armed bandit “Buttons” task [27], with 5 arms,
where each arm « yields a Bernoulli reward with mean p,. The base reward level p controls the
overall success probability, with the optimal arm set to p;, = p + % and all other arms set to

Do =P — %, where A denotes the reward gap between the optimal and suboptimal arms. We set
A = 0.2, which is the "hard" setting in [27]. When p > 0.5, the reward for the optimal arm will have
the lowest (aleatoric) variance, and UCB algorithms using total variance will choose more suboptimal
actions. We use mean regret and worst-case mean regret (from the 30% of worst performing seeds)
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Figure 9: Example Run (p = 0.6, a = 5) with Epistemic (above) and Total Variance (below).

as the primary performance metrics as well as metrics of median reward, suffix-fail frequency and
K - MinFrac used in [27]. We also include UCB1 and Greedy as a non-LLM baseline, and the
instruction prompting method from [27] as an LLM-based non-uncertainty baseline. See Appendix
F.3 for further details on metrics, results and implementation of the UCB algorithm.

Figure 9 shows a typical run of epistemic variance (EV) and total variance (TV) for a particular seed.
In both examples, the @) value for the optimal arm is the highest in the last 50 trials (Figure 9b) and
thus should be chosen. But when we consider the arms chosen, the optimal arm is not picked in the
last 50 trials for the TV run (Figure 9a). This is because the epistemic variance decreases with the
number of observations for EV but not for TV (Figure 9c). Table | shows our experimental results on
the Buttons task. We see for p > 0.5, the worst-case regret is significantly lower for EV than TV,
indicating that the UCB algorithms is more robust for EV. Furthermore, EV generally results in lower
mean regret for p > 0.5 with the exception of p = 0.6, & = 2. However, it is important to note bandit
algorithms have high variance in mean regret due to the stochasticity of the reward.

OOD Detection in Question-Answering. We perform out-of-distribution (OOD) detection via
area under the ROC curve (AUC) [17] in natural language question-answering tasks. Our goal is
to demonstrate that leveraging epistemic uncertainty from our decomposition yields higher OOD
detection accuracy than directly utilising the total uncertainty. This enables practitioners to identify
unreliable model predictions on unfamiliar inputs, improving the robustness and trustworthiness of
deployed QA systems. In our experiments, we leverage BoolQA [8], HotpotQA [69], and PubMedQA
[24] interchangeably of equivalent sample size as the in-distribution (ID) and out-of-distribution
(OOD) datasets [39]. We formulate these datasets as binary classification tasks (yes/no). For our
reference baseline, we extend the Deep Ensembles framework [22] to our OOD detection task by
ensembling the output distributions of multiple different in-context example sets. For both methods,
we leverage a training set size of |D| = 15 ICL samples and a test set size of |z}, + x{qp| = 120
for our ID and OOD samples and average our experimental results across 3 seeds. For our method,
we generate |Z| = 20 perturbations by prompting the LLM to rephrase with relevant context from
the test sample. For Deep Ensembles, we leverage 5 different in-context learning sets. Further details
regarding setup can be found in Appendix F.4.

Before our discussion, a note that OOD detection from an ICL perspective can be particularly
challenging. Traditionally, OOD detection leverages the entire training set to train the model [16, 17].
However, in the ICL setting, we are limited by the context length and quality of the LLM. Another
issue that persists is guaranteeing that the QA datasets are semantically different enough where their
distribution differs. Despite the difficulties, in Table 2, we observe that for our method, epistemic
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Table 1: Buttons Bandit Problem. TV is Total Variance and EV is Epistemic Variance.

METHOD MEAN WORST-CASE REGRET ]| MEAN REGRET| MEDIAN REWARD 1 SuffFailFreq(7/2) | K - MinFrac |
UCB 0.128+.019 0.094+.027 0.510 0.0 0.29
GREEDY 0.199=+.000 0.101+.002 0.525 0.460 0.03
& _INSTRUCT BASELINE 0161+ 0.107<0s 0495 ____ 0.0 _______ 0.26_
Il TV (e =2) 0.196:+.005 0.100=+.074 0.492 0.3 0.03
& __BV@e=2»_ ________ 0MTzw 0.087+0m 0522 00 _______ 012
TV (a =5) 0.198+.000 0.100+.074 0.492 0.7 0.04
EV (a=5) 0.152+.011 0.124+.024 0.510 0.0 0.60
UCBI1 0.127+.018 0.094+.027 0.610 0.0 0.28
GREEDY 0.199-+.000 0.092+.000 0.645 0.396 0.03
S INSTRUCTBASELINE  Odllew 0.076:00 0620 0o 015
1 TV (a =2) 0.198+.001 0.035:.054 0.670 0.1 0.04
S BV@=) 09 0068500 0642 00 0.145
TV (o = 5) 0.199=+.000 0.158+.065 0.555 0.8 0.04
EV (o =5) 0.140-+.013 0.105+.027 0.600 0.0 0.42
UCBI 0.122+.017 0.094+.027 0.710 0.0 0.27
GREEDY 0.199+.000 0.085=.080 0.760 0.369 0.03
' INSTRUCTBASELINE ______ 0.132s0s | 0.087o0 0703 ¢ 00 0.18
Il TV(a=2) 0.199-.000 0.076=.087 0.725 0.3 0.03
& __BV@e=2» 0092 0.050+0 0735 00 _______ 011
TV (e =5) 0.195+.003 0.151+.073 0.603 0.7 0.04
EV (a=5) 0.135-+.007 0.092+.037 0.682 0.0 0.24

Table 2: Out-of-Distribution Detection AUC scores on QA tasks. Higher AUC values for epistemic
uncertainty highlights the effectiveness of the uncertainty decomposition.

AUC 1 (DEEP ENSEMBLES) AUC 1 (OURS)
ID/OOD BOOLQA HoTPOTQA PUBMEDQA BOOLQA HOTPOTQA PUBMEDQA
TU - 0.343+.000 0.604+.000 - 0.355+.000 0.570-+-.000
BooLQa EU - 0.347 +.001 0.619-.002 - 0.600-+.001 0.395+.000
TU  0.677+.000 - 0.684+.000 0.712+.002 - 0.754+.002
HOTPOTQA By 659 000 - 0.638+001  0.780+.00 - 0775002
TU  0.666+.000 0.360-+.000 - 0.679+.004 0.382+.002 -
PUBMEDQA By '606200  0.329- 001 - 0.471500  0.483L.00 -

uncertainty (EU) yields higher AUC scores in more ID/OOD settings than total uncertainty (TU),
implying better OOD detection results via our decomposition. When compared to Deep Ensembles,
we notice that 1) the AUC scores for EU are considerably lower and 2) the AUC of the decomposed
EU often underperforms when compared to its own TU.

6 Conclusion

In this work, we introduce the Variational Uncertainty Decomposition framework for ICL in LLMs.
Motivated by a Bayesian view of ICL, we use auxiliary data to derive a variational upper bound to
the aleatoric uncertainty and variance. This permits the estimation of the aleatoric uncertainty and
variance, without requiring an estimation of the latent Bayesian parameter §. Through extensive
experiments using synthetic toy and real-world datasets, we demonstrate that our method provides
a sensible decomposition that qualitatively and quantitatively respects properties of epistemic and
aleatoric uncertainties. These results show that our method is capable of accurately distinguishing
between aleatoric and epistemic uncertainty across a variety of LLMs.

Limitations. We assume that ICL behaves in a Bayesian manner. Whilst there is some evidence to
support this Bayesian hypothesis [66, 70, 42], it has also been observed that in longer sampling hori-
zons this Bayesian hypothesis breaks down [12, 35]. We address this by considering short sampling
horizons, permutations, and a filtering step to remove “non-Bayesian” samples. However, whilst
the filtering condition is necessary for a Bayesian model, it is not sufficient and doesn’t guarantee
Bayesian behaviour. Therefore, we view our method as approximately Bayesian where € is a quan-
tification of the Bayesian approximation. Secondly, we focus on regression and classification tasks
where the output of the task is a real number or a small set of classes and our prompt structure ensures
short responses. In many real-world settings, the LLM output is in natural language where responses
can differ in tokens but have the same semantic meaning. Therefore, uncertainty quantification
methods that consider semantics [28] can be integrated with the VUD algorithm to obtain a posterior
over the natural language response, and we leave this as future work.

Broader Impact. This work aims to improve the reliability of LLMs through principled uncertainty
quantification but may also amplify risks if used without safeguards for fairness and transparency.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the claims made and are justified thoroughly
with proofs and experiments throughout the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitations of our method in the conclusion.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Complete proofs of our theory are included and discussed in the Appendix.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Detailed experimental setup, methodologies, and chosen parameters are out-
lined in the main text and the appendix.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: The code is anonymized and zipped along with our submission.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The above is specified in the main text with further details in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Standard deviations are included throughout our downstream experiments on
real world examples.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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10.

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Implementation details regarding compute resources are included in the
appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The authors have reviewed and comply with the NeurIPS Code of Ethics
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: A broader impact statement is provided in the conclusion.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our paper demonstrates foundational research tested on publicly available
datasets that were designed to test machine learning algorithms.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We properly acknowledge and cite all assets and resources used in the paper.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [Yes]

Justification: Exploring uncertainty decomposition in LLMs via in-context learning is a core
part of our methodology. We have delineated all details in our paper.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs

A.1 Variational Uncertainty Decomposition

Theorem 3.1 (Aleatoric Uncertainty Upper-Bound). If the conditional independence relations in G
hold, then the variational estimator provides an upper-bound to the aleatoric uncertainty:

Va(y™|2",Z,D) = Ua(y*|x", D), (©6)
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895 where the difference between the variational estimator and the true aleatoric uncertainty is:

Ep(y*,U\ac*,Z,’D) [DKL[p(9|y*7 .’B*, Uv Za ’D)||p(0|U, Z» D)H . (7)
896 Proof. We begin by decomposing the variational estimator V,, noting that from G we get,
se7  p(y*lz*,0) = p(y*|x*,0,U,Z,D) and p(d|x,U,Z,D) = p(0,U,Z,D):

Vo (y*|2*,Z, D) := — Epu|z,D)p(y*|e*,U,z,p)log p(y*|x*, U, Z, D))

ply*|=",0)p(0|U, Z, D)
=~ Epuiz.p)pyler 0)p(e10.2,D) {log w0y 0.zD) | ¥

=~ Epuiz.p)p(y* |2+ 0)p(0]U 2,1 [l0g p(y"|2", 0)]

+ Epuiz,0)p(y* |2*,U,2,D)p(0]y* 2, U,Z,D) {log p(0|;f(9,|%7,;,pz), D)} ()
=E,(o)p) H[p(y"|z", 0)]]

+ Ep(y+ Ul zp) [Dxulp(@ly*, =", U, Z,D)||p(0|U, Z, D)]]
ZEp01p) [Hp(y*|2",0)]] := Ua(y*|x", D).

ses  Here steps (*) and () are obtained via Bayes’ rule and the assumptions in G. O

899 Alternative Proof. Firstly, it is useful to define the corresponding definition of the variational approx-
900 imation to the epistemic uncertainty as:

Ve(y*lz*,Z,D) :=1(y"; U|x*,Z,D)

= H[E,(uz,p)[p(y"|2", U,Z,D)]| - Vo(y*|z", Z, D)
=Hp(y*|z*,Z,D)] — Vo(y*|x*,Z,D)
= Hlp(y"|z*, D)] — Vo (y"|z",Z, D), (*)

901 where (x) follows from the conditional independence assumption y* L Z|x, D. Therefore, we have
Vely*lz*,Z,D) — U (y*|x*, D) = Up(y*|x*, D) — Vo (y*|z*, Z,D) ()
902 If we have the conditional independence relation y* L U|f, x, Z, D, then by the data processing
903 inequality (DPE):
* * * * DPE * * (T) * * * *
Va(y*|2",Z,D) :==1(y*; Ulz",Z,D) < I(y";0lz",Z,D) = I(y"; 0", D) =: Ua(y"|z", D),

904 where () follows from the conditional independence relation (y*,6) L Z|x, D. O

905 Remark. From this information-theoretic perspective, we see that choosing an optimal Z, is
906 equivalent to maximising the mutual information between y* and U. This further motivates choosing
907 7 that repeats =™ or are perturbations of x*.

908 A.2 Variational Estimates of Variance Decomposition

909 To prove Theorem 3.2, we first prove the following lemma.

ot0 Lemma A.1 For any random variables X,Y, Z where the conditional variances Var(Y |X) and
011 Var(Y|X, Z) exist,

E[Var(Y|X)] = E[Var(E[Y|X, Z]|X)} +E[Var(Y|X, Z)] > E[Var(Y|X, Z)).

912 Proof. By the law of total expectation, E[E(Y?|X)] = E[E(Y?|X, Z)] = E[Y?]. Therefore,
E[Var(Y|X)] — E[Var(Y|X, Z)] = E[E(Y?|X) — E(Y|X)? - E[E(Y?|X, Z) - E(Y|X, Z)?]
= E[E(Y2|X)] — E[E(Y?| X, Z)] —E[E(Y |X)?] + E[E(Y]X, Z)?]

= E[E(Y|X, 2)2]7— E[E(Y|X)?.
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To show that the LHS is positive we first decompose E(Y'| X, Z) as
E(Y|X,Z) = (E(Y|X,Z) - E(Y|X)) + E(Y|X).
Now, the expectation of the product of these terms is 0 as
E[(E(Y|X, 2) - E(Y]X)) -E(Y|X)] = E[E[(E(Y]X, 2) — E(Y|X)) - E(]X)| X]]
= E[E[(E(Y]X, 2) - E(Y|X))|X] - E(Y]X)]

_ _( (Y]X) - E(Y|X)) - E(Y]X)] ()

- :0 : E(Y\X)}

where () follows from the fact that o(X) C o(X, Z). Therefore,
) 2
E[E(Y]X, 2)%] = E[((E(Y|X, Z) - E(Y|X)) + E(Y]X)) ]

= E[ (E(Y|X,Z) — IE(Y|X))2} +2E[(E(Y|X, Z) - E(Y|X)) - E(Y|X)] +E[E(Y|X)?]
=Var(E[Y|X,Z]|X) =0

= E[Var(E[Y|X, Z]|X)| + E[E(Y|X)?].

Finally, this gives
E[Var(Y|X)]—E[Var(Y|X, Z)] = E[E(Y|X, Z)?] -E[E(Y|X)?] = E| Var(E[Y| X, Z]|X)] >0,
where the final inequality follows from the non-negativity of variance. [

Theorem 3.2 (Aleatoric Variance Upper-Bound). If the conditional independence relation in G holds,
then the variational estimator provides an upper-bound to the estimation of aleatoric variance:

Vo' (v'|z*,2,D) := Eyujz,p) [Varly*|z*, U, Z, D]] > Uy (y"[a*, D). ©

Proof. By the definition of V>,
V> (y*|x*, Z, D) = Epz.p) [Varly*|z*, U, Z,D]|
= EpU|z+,2,D) [Var[y*|z*, U, Z, D]]
> Epu gjz-,z,p)[Varly*|z*, U, Z, 6, D] (%)
= Epu bja- z.p)[Varly*[z”, 0] (%)
= Ep(ojz=,z,0)[Varly"|z", 0]]
= Ep(oip)[Varly™|z", 0]]
— UZ(y"[2*, D).

Here, (x) follows from Lemma A.1 and (*x) follows from the conditional independence relation
y* L Z,U,D|x*,0. O

Remark. From Lemma A.1, we also obtain that the discrepancy between V,” (y*|x*, Z, D) and
Uy (y*|a*, D) is

E [Var(E[y*w, z*,U,Z,D]|z*, U, Z,D)

az*,z,D}

— Eyuizm) [Vary(oju 2,0 (Ely*|6,2°][U, 2,D)| 2, D].
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B Theoretical Examples

B.1 Bayesian linear regression

Consider a linear regression model with homogeneous output noise variance. Namely, we assume
a normal prior p(#) = N(0;0, A1), and the likelihood model is p(y|z,0) := N (y; 0z, 02).
Denote X = [x1,...,x,]" € R"™?and Z = [z, ...,2,,] € R™*4 Now consider the exact
posterior predictive distributions which can be shown as:
p(OD) = N(O;p, A7), Ai=02X X+ M, pi=A"1X"Ty,
Py a7, D) = N(ys T, (27) A e + o).

Then using the closed-form expressions for the entropy of a Gaussian distribution, it is straightforward
to show that for arbitrary y*, * and D:

Ua(y*|2*, D) ==(1 + log 27r02)7

N = N =

1
Ue(y*|lz*,D) = log((m*)TA_lw* + 02) — §log027

Adding the auxiliary data Z, U:
p(0|U,Z,D) = N(0; w(Z),A"(Z)), A(Z):=0*(X'X+Z'Z)+ Ay,
p(y*|z*, U, Z,D) = N(y*; w(Z) " x*, (") "A~Y(Z)x* + ¢°1,).
Since the variance of p(y*|x*, U, Z, D) does not depend on y* and U, this leads to
1 1
Va(y'[a", 2, D) = 5(1+log2m) + - log((@") 'A (Z)a”" +0%),
1 1
Ve(y*la*, D) =5 log((x") "A™ 2" + %) — S log((x”) AT (Z)a" + 0%),
It is easy to show for all possible Z:
1
Va(y"[a",2,D) = Ualy"[2", D) = 5 log(o™ (") TA™ (Z)x" + 1) > 0.
Now consider the optimum of the variational estimate:
1 1
Va(y*|x*, D) := 5(1 + log 27o) + mzin 3 log(o2(x*)TA™Y(Z)x* + 1),

where A(Z) := 0~ 2(X"X + ZTZ) + AI,;. Now, if 7y is the minimum eigenvalue of (X' X + Z T Z)
and v > 0, then (z*) TA~lz* < %Hx*”% If m > d, we can choose z; (e.g. unit vectors) such that

A > 0, and then scaling z; by a constant ensures v — oo and (z*) " A~'z* — 0. Therefore, for
appropriately chosen Z, V, (y*|x*,Z, D) — U, (y*|z*, D).

B.2 Gaussian process regression
Here we assume a Gaussian process model [52] with a kernel function as the prior covariance:
y= f(x)+oe, e~N(0,1), [f(-)~GP(0,k(,")).
For regression problems we have closed form solution to the posterior predictive:
p(y* e, X, y) = N(y*; p, k(z*, %) — Kux (Kxx + 0’I) 'Kx, + %),
leading to the following uncertainty estimates (with D = (X, y)):

1
Ua(y*|x*, D) 25(1 + log 270?),

1 1
Ue(y*|z*, D) =3 log(k(z*, %) — K.x(Kxx + 0°I) 'Kx, + %) — 5 log o2
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945  Now consider sparse variational Gaussian process (SVGP) [20] with inducing inputs/outputs Z, u
a46 and an approximating distribution g(u) := N (u;m, S). Then we have the approximate posterior
947  predictive as:

a(y*) = N(y"su(a®), k(z", z") — K.zKz7(Kzz — S)KzzKz. +0%),
948 so that the uncertainty estimates are
1
Ua(y*|2™; q) 25(1 + log 2m0?),
| o0k 1 * * — — 1
Ue(y*|2"; q) =5 log(k(z", 2") — K.zKz5(Kzz — S)Kz;Kz. +0%) — 51og02.

sa9  For regression problems we have the optimal S = Kzz(Kzz + 0 ?KzxKxz) ' Kzz [20], and
950 therefore

1 T - - _ 1
Ue(y™|z"; q) =3 log(k(z*,x*) — K.z(Kzz — (Kzz + 0 *KzxKxz) ") Kz. + 0°) — 5 log o®.

951  On the other hand, using the variational uncertainty decomposition method, we can show that
p(y*x*, U, Z,X,y) = N(y*; u(Z,U), k(z*, %) — Kix (Kxx + 0’I) 'Kx. — A(z*, Z) + 0?),

A(IE*, Z) = AT(KZZ —|— 0'21 — KZX<KXX —|— 021>_1KXZ)_1A7
A =Kz, — Kzx(Kxx + 0*I) 'Kx.,

ss2 leading to the following uncertainty estimates (with D = (X, y) and C := (1 + log 2)):
1
Voly*|x*,Z,D) =C + 5 log(k(x*, z*) — Kix(Kxx + 0’I) 'Kx. — A(z*,Z) + 0?),
1
Ve(y'|2*,2,D) =C + 5 log(k(z", 2") — Kux (Kxx + 0°D) " 'Kx. + 0%) = Va(y"[2", Z, D).

953 Note that if we choose Z = x* then we have

1 o?
Va * *7 *,D - Ua * *aD =1 2 - ’
(¥l 2", D) (v*|2", D) + 9 %8 < k(z*, z*) — Kix (Kxx + 0?I) "' Kx. + 02>

o2
2 — .
( k(x*, x*) — Kix (Kxx + 02I) "1 Kx. + 02)

954 This means if test data z* is close to the training data X, then k(x*, z*) — K.x (Kxx +0°1) "' Kx.
955 will be close to zero, and then V. (y*|x*, x*, D) ~ U.(y*|x*, D) provides a good estimate of the
956 epistemic uncertainty.

* * * * * 1
Vely™|x*, 2", D) = U (y*|x ,D)—ilog

ss7 C Sampling Methods for Auxiliary Data

958 In this section, we discuss in detail the methods used to sample auxiliary data Z to find the best
959 variational estimate of the aleatoric uncertainty and variance. As noted in Section 3.1, we restrict Z
960 to a single example in the  domain to reduce the search space.

961 C.1 Methods

962 Bayesian Optimisation. The optimisation problem (8) can be directly optimised via Bayesian
963 Optimisation. However, this is a constrained optimisation problem where Z needs to satisfy an
964 "approximately Bayesian" criterion (11) which we discuss in Section 3.2. To overcome this issue, we
965 treat the problem as an unconstrained Bayesian optimisation to obtain auxiliary examples {z; }/" ,
966 and then apply the criterion to remove auxiliary examples that do not satisfy (11).

967 In the synthetic examples we consider, the covariates x; are real and continuous. Therefore, we use
968 a Gaussian process with an RBF kernel to model the objective function and take the log expected
969 improvement as the acquisition function. In order to provide a warm start to the Bayesian optimisation
970 process, we provide 5 initial samples that are randomly sampled.
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Figure 10: Comparing the computed V, across different methods that sample Z for the Qwen2.5-7B
model.
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Figure 11: Comparing the computed V,, across different methods that sample Z for the L1ama3-8B
model.

Table 3: V, rank for different sampling methods

MODELS BAYESIAN OPTIMISATION PERTURBATIONS REPEATED TASK RANDOM SAMPLING

QWEN7B 2.93 2.01 1.29 3.77
QWEN14B 3.09 2.03 1.16 3.68
LLAMASB 2.41 1.92 2.09 3.57

Perturbations. Given the covariates =* of the data point we wish to decompose the uncertainty
for, we can choose Z = {zj};»ll to be “close” to «*. To perturb a categorical covariate x;,, we
sample uniformly from the list of categories with probability p and keep the original covariate with
probability 1 — p. For a real covariate 7, we sample from a normal distribution, similarly to random
sampling, but we choose the mean as z7, and the standard deviation as a scaled population standard

deviation estimate of the covariate - - 0,? where v = 0.1.

Repeated. Given the test covariates x*, we set Z = x*. Since we repeat the covariates, we only have
1 auxiliary example per test example.

Random Sampling. The most basic sampling procedure to generate auxiliary data Z is to randomly
sample the data. If a covariate is a categorical variable, we sample uniformly from the list of
categories. If a covariate is a real variable, we assume a normal distribution with mean and standard
deviation given by the population mean and standard deviation estimates of the covariate, ;> and o7
from the in-context data D.

C.2 Ablations on Logistic Regression Data

We compare the performance of the four approaches outlined in Section C.1 for choosing Z for 15
auxiliary examples (with the exception of the Repeated where we have a single auxiliary example).
We plot the uncertainty decompositions for the Z sampling approaches and the corresponding KL
divergence for the chosen Z that minimises (8) in Figures 8 10 and 11. In Tables 3 and 4 we quantify
the performance of each of the sampling methods by computing the mean rank of each method over
the test samples. For the 3 LLMs that we consider, we consistently observe that Repeated has the
lowest V,, followed by Perturb. However, Perturb has the highest KL divergence which indicates that
this method is less aligned with the Bayesian assumptions that we make.
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Table 4: KL-divergence rank for different sampling methods

MODELS BAYESIAN OPTIMISATION PERTURBATIONS REPEATED TASK RANDOM SAMPLING

QWEN7B 2.27 2.31 3.43 1.99
QWEN14B 1.98 2.27 3.51 3.51
LLAMASB 1.93 2.41 3.77 1.89

D Promoting Exchangeability in In-Context Learning

D.1 Enforcing Bayesian Behaviour and De Finetti’s

In order to apply de Finetti’s theorem in (2) to a sequence of random variables {(x;,y;)}i>1, we
need to ensure the exchangeability of conditional distribution as in (1). This is challenging as the
position of tokens in a prompt can affect the prediction of the next token due to aspects of the
transformer architecture such as positional encoding and rotational embeddings [73, 36, 15]. In
order to promote exchangeability during autoregressive generation we employ permutation-invariant
conditional generation.

D.2 Permutation Invariant Conditional Generation

Consider the following property of exchangeable sequences:

Proposition D.1 If a sequence of random variables (X,,),cn+ are exhangeable, then given a
permutation o : [n] — [n],

P(Xnt1 = 2n1|Xoq) =21, -, Xo) = Tn) = D(Xng1 = 21| Xa = 21, .., Xy = 20).
(12)

Proof.

p(Xo(l) = L1y 7Xa(n) = Tn, Xn+1 = xn—&-l)

X'n, = Tn Xo' = ,"')XO' =dn) =
P(Xnt1 = Tnt1|Xo1) = 21 (m) = ) P(Xo) =21, Xo) = an)

_ p(X1 = .’L‘l,...7Xn = .’En,Xn+1 = .’L‘nJrl)
p(X1 le,...,XnZ.’I}n)
= p(X7L+1 = $n+1|X1 =T1,y.-- aXn = xn)-

O

Proposition D.1 shows that the distribution of the next term in the sequence is not dependent on the
ordering of the previous terms. However, due to architectural choices in LLMs such as positional
encoding and rotational embeddings, the order of the in-context examples affects the posterior
predictive distribution of the model. Therefore, we permute the order of the in-context examples to
add this inductive bias, which we name permutation invariant conditional generation

Suppose we have in-context examples D = {(z;,y;)}"_; where x; are the covariates for data point

1 and y; is the corresponding label. Then, a prompt with ordered in-context examples ((w“ yi)) ?:1
to predict the label y* for * is of the form

{x_1} <output>{y_2}</output>\n
{x_2} <output>{y_3}</output>\n

{x_n} <output>{y_n}</output>\n
{x~*} <output>

We denote the probability distribution of y* extracted by taking the logits of the label y* as

p(y'[a", (@), )- (13)
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Figure 12: Permutation Ablation for Logistic Regression Dataset.

Clearly, this is dependent on the ordering ((w“ yl)) ;11. However, we can consider the distribution p
defined as -

ﬁ(y*|$*a {(in,}’i)}?ﬂ) =E; {p(y*h’f*a ((ma(i)aya(i))jzl)}v (14)

which is the distribution obtained by taking the expectation over the uniform distribution over all
permutations o : [n] — [n] of the n in-context examples {(z;, y;)}}_;. Note that now the probability
p does not depend on the order of the in-context examples.

This allows us to define a probability distribution over the sequence X; = (x;,y;). Assume &, 11 is
independent of X.,,, with density

ﬁ(xn+1|X17 v 7Xn) = pm(xn+1)7

for some density p,. Then y,, 41 given «,,41 and Xj., has density,

P(Yn+1]|Trnt1, Xin) = ﬁ(YnH‘anH, {(a, y@')}?zl)
This gives conditional density
P(Xn1| X1, Xn) = p(ynsa] o1, X )@ Xa, - Xy) (15)
= ﬁ(YH-‘rl’wn-Hv {(9317Yi)}?;1)pz($n+1) (16)
By construction for any permutation o : [n] — [n],

P(Xnt1| X1, Xn) = DXt 1| Xoq)s -+ o5 Xom))-

Therefore, sampling from the LLM by perturbing the inputs guarantees permutation invariant con-
ditional generation. We obtain Monte Carlo estimates to (14) when computing posterior predictive
distributions, which we discuss in Appendix E.2.

Effect of no permutation. In Figure 12, we plot the KL divergent of the uncertainty decomposition
when we permute and not permute the in-context labels. We see that permuting the in-context labels
results in lower KL divergences which suggests the behaviour is more Bayesian.

D.3 Determining threshold for KL-Filtering

The choice of e controls the level of approximation permitted in the uncertainty decomposition
method. A small e ensures that the auxiliary data Z that we choose obey our Bayesian assumption
but at the cost of rejecting more Z and obtaining a larger variational upper bound to the aleatoric
uncertainty or variance. Furthermore, as shown in Figure 8, the range of KL values for the different
auxiliary examples may vary when we vary x*. Therefore, to guarantee that we have enough valid
auxiliary examples, we set € as the 7™ smallest element in the set of KL divergences {e; v, where
€j = Dir[p(y|x, D), p(y|z, D, z;)]. Therefore, we can control the strictness of the filtering by
varying r, where a smaller r gives a stricter decomposition.

E Algorithms and Pseudocode

E.1 Pseudocode for Variational Uncertainty Decomposition Algorithm

Algorithm 1 is pseudocode for multi-class classification problems and Algorithm 2 is the pseudocode
for regression. They are similar in approach but vary during the marginalisation step: for classification,
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we can compute p(y|x,u = k, z;, D) for each class k, and directly compute the marginal distribution
using the tower property. However, for regression, this is computationally infeasible so we use a
Monte Carlo estimate for the entropy By, 5wz, p)[H[P(y|, u, 2;, D)]]], over different samples
of u. To obtain the marginal distribution, we bootstrap samples from the mixture of Gaussians

{p(y|z, DU {zj, ugj) M }E | and fit a Gaussian to these samples.

Algorithm 1 Multi-Class Classification for Aleatoric Uncertainty Estimation

Require: Features x; ICL Dataset D = {x;,y;}!, where y; € [K]
1: p(y|z, D) < CLASSDIST(x, D)
2: Hy, + H[p(y|z,D)]
3:forj=1,...,mdo
z; < NEWAUX(z, 2[1.j_1)) {Get new auxiliary variable}
p(u|z;, D) < CLASSDIST(2;, D)
fork=1,..., K do
Dj(yle, D U{z;,k}) < CLASSDIST(z,D U {2;,k})
Hy H[ﬁ(Y|ma Du {zja k})]
9:  end for X
10: ﬁ(Y|waD7;J) «— Zk:] ﬁ(y|w?D U {zj? k}) ﬁ(u = kle,D)
11: ]iﬁ — zz:kzzl Hy, ']5(1L = k|2{j,2))
12: €5 DKL[ﬁ(y|$7ID) || ﬁ(y|a:,D, Zj)]

13: end for
14: Compute threshold e

15: Vo ¢ min (min({H; : ¢; < e}), Hy|;)
16: return V,

AN

Algorithm 2 Regression for Aleatoric Uncertainty Estimation

Require: Features x; ICL Dataset D = {x;,y;}!" ; wherey; € R
1: p(y|x, D) + REGDIST(x, D)
3: forj=1,...,mdo
z; < NEWAUX(x, 2[1.5—1)) {Get new auxiliary variable}
U@ « {u?}L, where u!”) ~ REGDIST(2;, D)
fort=1,....,Tdo _
p(yle,DU{z;, ugj)}) + REGDIST(x, D U {%;, ugj)})
Hy:  H[p(yl2, DU {z;,uf})]
9:  end for 4
10: f(yle, D, z))  NORMAPPROX({f(y|2. D U {2}, ui’ P)}1)
11: Hj — % Zt Hjt
12: ¢ < Dx[p(yl, D) || p(y|, D, ;)]

13: end for
14: Compute threshold e

15: Vo ¢ min (min({H} : ¢; < €}), Hy|,)
16: return V,

A

Note that these algorithms can also be extended to the decomposition of total variance by replacing
the entropic uncertainty terms with the corresponding variance terms.

E.2 Computing Approximate Posterior Predictive Distributions

Classification. Algorithm 3 describes the process of obtaining the logits for a predictive task
p(y|x, D) given in-context learning data D = {x;,y;} ; and the covariates of the predictive task x.
We permute the ICL data and take an average of the predictive distribution to obtain a Monte Carlo
estimate of a conditional permutation-invariant distribution (which we discuss further in Appendix
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D. Furthermore, by the construction of the prompt, the we only need to obtain the logits for the first
token that is generated, which remains constant with respect to the choice of LLM seed.

Algorithm 3 Compute Permutation Invariant Classification Distribution z : CLASSDIST

Require: Features x; ICL Dataset D = {x;,y;}!, where y; € [K]
1: function CLASSDIST(z, D)
2: fori=1,...,Ldo
3: o~ Sk
4: pz(j) < LLM(PROMPT(Z 5, (1), Yo, (1) - - - » Ty (K)» Yoru (K)> T)) {Class logits of next token y}
5: end for
&ﬁ“f%me
7: return p,

Regression. In Algorithm 4, we outline the procedure for constructing an approximate distribution
for p(y|x, D). Similarly to the classification case, we permute the ICL data. However, as y can take
any value in R, the tokenisation of y may require more than one token and as the logits of a token
depend on the previous tokens generated, the logits of the tokens will vary with the choice of LLM
seed. Standard approaches to approximate the distribution require a forward pass over every value
that y takes [54] which is prohibitively expensive. Therefore, for each permutation, we sample a
single y (varying the LLM seed for every permutation) and fit a normal distribution to these samples.

Variance Reduction. To reduce the variance of the estimated mean and standard deviation, we use
a trimmed mean, removing the top k and bottom & of our samples, and the interquartile range to
estimate the mean and standard deviation respectively [62]. In our experiments, we set k = 1.

Marginalisation. In Algorithm 2, we are required to compute the marginal distribution p(y|x, D, z;)

given the Gaussian distributions {p(y|x, DU {z;, ugj ) )} ,. We compute this marginal distribution

by bootstrap sampling from the distributions p(y |z, DU{z;, ugj ) }) and fitting a Gaussian distribution

to the bootstrap samples.

Algorithm 4 Approximate Permutation Invariant Regression Distribution: REGDIST. Optionally, at
line 6, can remove the top k£ and bottom £ values to obtain a more robust measure of the mean and
variance.

Require: Features x; ICL Dataset D = {x;,y;}/, wherey; € R
1: function REGDIST(x, D)
2: forl=1,...,Ldo
3: o~ Sk
4: y® LLM(PROMPT(Z 4, (1): Yo, (1)s - - - s Toy () Yoru (K)> T)) {Sample next label y }
5: end for
6: Y + {yV},
7: return Normal (mean(Y), std(Y))

E.3 Code

We provide code for all experiments and algorithms in the following github repository:
https://anonymous.4open.science/r/VUD/README.md

F Experiments

F.1 Code Implementation
The following delineates the foundation of our experiments:

* Codebase: Python & PyTorch
* CPU: AMD EPYC 7443P
* GPU: NVIDIA A6000 48GB
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We leverage Qwen-2.5-14B/14B-Instruct/7B [51] and Llama3.1-8B [60] in our experiments. The
following delineates the configurations of our LLM.

* Temperature: 1.0
* Log Probs: 10
¢ Max Tokens: 10 (Qwen-2.5-14B/7B and Llama3.1-8B), 512 (Qwen-2.5-14B-Instruct)

F.2 Synthetic Toy Experiments

Datasets. We qualitatively evaluate the decompositions of the variational uncertainty decomposition
algorithm on a variety of synthetic classification and regression settings. In this section, we give
details on the ground-truth distributions used to create the synthetic datasets.

Logistic Regression. We consider a 1-D logistic regression problem with coefficient 3 = 0.25
and bias Sy = —0.5. The covariates are generated from a Gaussian distribution with mean 1.5 and
standard deviation 3.

Linear Regression. We consider a 1-D linear regression problem with coefficient 5 = —1, bias
Bo = 3 and Gaussian noise with zero mean and standard deviation ¢ = 2. The covariates are
generated from a Gaussian distribution with mean 1 and standard deviation 2.

Heteroscedastic ''Gaps'' Regression. We model the "gaps" as the combination of 3 linear regression
datasets, constructed similarly to the prior linear regression datasets. The parameters of the 3 clusters
are given in Table 5. To generate the small in-context learning dataset, we sample from this combined
dataset.

Table 5: Heteroscedastics "Gaps" Dataset Parameters

CLUSTER DATASET SIZE COEFFICIENT BIAS NOISE E[z] Var[z]

1 50 0.75 1.0 0.1 -7 0.75
2 50 0.75 1.0 0.1 -1 0.75
3 100 0 -0.5 2 5 1

Moons Dataset. We use the make_moons two-moons dataset generator in the scikit-learn
package (https://scikit-learn.org/stable/) We set the noise parameter in the "Moons 1" and "Moons 2"
datasets to 0 = 0.1 and o = 0.4 respectively. Figure 1 in the main text shows the decomposition for
"Moons 1" dataset.

Spirals Dataset. We use a n-arm spiral dataset generator (https://github.com/corneauf/N-Arm-Spiral-
Dataset) to generate the spirals. We set the number of arms to 3 and noise to be 1.2. We also scale the
covariante down by a factor of 4 so that all the points would appear in [—4, 4] x [—4, 4]. For further
details see the codebase in Appendix E.1.

F.2.1 Experimental Details for Visualisations

Logistic Regression. We use Perturb with 15 auxiliary data points and perturbation scale A = 0.1
to decompose the uncertainty for the logistic regression task. In Figures 4a and 13, we plot the
uncertainty decomposition for an ICL dataset of size |D| = 15 and in Figures 14, we plot the
decomposition for |D| = 75. We plot * values in the range [-15,15) with step-size 0.2. In Figures
7, 15 and 16, we plot the epistemic and aleatoric uncertainties as the dataset size increases for
in-distribution (z = 0, 5; solid lines) and out-of-distribution (x* = —15,—10, —5, 10, 15; dotted
lines) points. As the uncertainty at a given * is dependent on the particular dataset, we average the
uncertainty at * over 10 datasets of the same size d to obtain the estimate of the mean aleatoric
uncertainty at d.

Linear Regression. We use Perturb with 5 auxiliary data points and perturbation scale A = 0.1 to
decompose the uncertainty for the logistic regression task. We reduce the number of auxiliary data
points due to the increased computational cost of computing distributions for regression problems.
In order to obtain smoother uncertainty computations, we average the uncertainties obtained over 3
sampled datasets of size |D| = 15. We compute uncertainties for * in range [-15,15) with step-size
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Figure 14: Logistic Regression with |D| = 75.

0.2 and plot the obtained decompositions for entropic uncertainty and variance in Figure 4b, 17 and
18. We also provide an example decomposition for the uncertainty and variance for a single seed for
completion in Figures 19, 20 and 21.

Heteroscedastic ""Gaps'' Dataset. We use Perturb with 5 auxiliary data points and perturbation scale
A = 0.1. We sample a single dataset of size |D| = 30. We compute uncertainties for * in range
[-15,15) with step-size 0.2 and plot the obtained decompositions in Figures 22, 23 and 24.

Moons Dataset. We use Perturb with 15 auxiliary data points and perturbation scale A = 0.1. For
the "Moons 1" dataset, we sample a single dataset of size |D| = 30 and compute uncertainties for «*
in range [—1.5,2.5) x [—1.5,2.5) with step-size 0.2 for each interval. The decompositions are given
in Figures 1, 25 and 26. For the "Moons 2" dataset, we sample a single dataset of size |D| = 30 and
compute uncertainties for £* in range [—3.0, 3.5) x [—2.5, 3.0) with step-size 0.2 for each interval.
The decompositions are given in Figures 27, 28 and 29.

Spirals Dataset. Due to the complexity of this task, we sample a dataset of size |D| = 200 and we
compute uncertainties for * in the range of [—4,4) x [—4,4) with interval 0.1. To mitigate the
cost of increases prompt size and the number of test data points, we use Repeated to obtain Z. The
decomposition for Qwen2.5-14B is given in Figure 6. We provide decompositions for Qwen2.5-7B
and Llama3.1-8B are shown in Figure 30 and 31.

F.3 Bandits

Definitions. In a bandit problem, we have multiple trials (or equivalently rounds), where the agent
must choose an action (or equivalently an arm) which gives a reward. The agent has access to
the actions made and rewards obtained for the previous trials. We denote run or seed to refer to a
particular chain of trials.

LLM-UCB Algorithm. In the UCB algorithm, we have:
ay = argmax,c 4 {Q:(a) + aUi(a)},

where Q¢ (a) is the expected reward from action (i.e. arm) at ¢, Uy (a) is the uncertainty in the reward
from action a at ¢ and « is the exploration rate [30]. In the LLM-UCB algorithm that we use to
compare the epistemic and total variance decomposition in Section 5, we set Q:(a) = p(r|a, D),
where D; = {(a;,7;) f;} is the prior action, reward pairs already observed in a run. In the epistemic
variance setting U;(a) = Ey[Var([r|a, Z, D;]] and in the total variance setting U;(a) = Var[r|a, D;]].
For each o and p, we run 10 seeds.

Non-LLM Benchmark. We use the standard UCB1 algorithm and the Greedy algorithm [30] as
a non-LLM benchmark to ensure that the LLM-UCB algorithm has comparable performance to
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Figure 16: Epistemic Uncertainty and Aleatoric Uncertainty vs Dataset Size for L1ama3. 1-8B model.

standard bandit algorithms. An exploration rate of o = 0.75 is used for the UCB1 algorithm. We run
5000 seeds for both UCB1 and Greedy for each « and p.

Instruction Prompting Benchmark. In [27] an instruction-tuned LLM is prompted to attempt the
Buttons bandit task and there is a thorough investigation of the impact of the prompt configuration on
the LLM performance. The authors conclude the most successful prompt configuration is: BSSCO,
which consists of: a suggestive framing that the LLM is solving a bandit task; a summarised history
of prior actions (including average rewards per action and counts per action); reinforced chain-of-
thought prompting; and a temperature parameter of 0. For fair comparison of model performance, we
use Qwen2.5-14B-Instruct, Qwen2.5-7B-Instruct, and Llama3.1-8B-Instruct [51, 60] to benchmark
the performance of the LLM-UCB algorithm for the base models Qwen2.5-14B, Qwen2.5-7B, and
Llama3.1-8B respectively. See Appendix H.2 for an example prompt. For each « and p, we run 10
seeds.

Number of Trials. For all the bandit experiments, we run the algorithm for 7" = 200 trials.

Role of p and aleatoric variance. The means of the optimal and suboptimal arm(s) in the Buttons

setting are p; = p + g and p, = p — g respectively. Now, the variance for a Bernoulli random

variable of mean ¢ is ¢(1 — ¢). This is a quadratic with a maximum at ¢ = % Therefore, if p > 1,

=3l =1 —3)~ 51 <Io- DI +151=p—2 +5 =i~ 5|
Pa =l Z P =) 7l s P It = P =y Ty = e m 50

Therefore, the true variance of the suboptimal arm is higher than the true variance of the optimal arm.

Choice of «. In our experiments, we choose & = 2, 5. In UCB1 smaller choices of « are typically
chosen [30], however this is primarily due to the slow decay of U;(a) in the UCB1 algorithm. The
decrease in epistemic uncertainty with the number of trials is significantly faster, and therefore, we
use higher . Since the total uncertainty is the sum of the epistemic uncertainty and the aleatoric
uncertainty, the difference in the uncertainties is v multiplied by aleatoric uncertainty.
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Figure 18: Linear Regression Variance Decomposition for Qwen2.5-14B, Qwen2.5-7B and
Llama3.1-8B models.

Metrics. We use multiple metrics to assess the performance of the bandit algorithms. Suffix-fail
frequency and K - MinFrac are metrics introduced in [27] to assess the performance of bandit runs.

Results.

Mean regret: For a run of T trials, the mean regret is defined as % S Elr(a)] — pt,
where 1* is the optimal reward and E[r(a;)] is the mean reward for arm a;. We report the
mean and standard deviation across the different seeds.

Mean worst-case regret: We take the mean and standard deviation over the 30% of seeds
with the highest mean regret. For algorithms where there is a large discrepancy between the
mean regret and worst case mean regret, this indicates that the variability in the performance
of the bandit algorithm is high.

Median reward: For each seed run, we compute the mean reward % ZZ;I r¢. We then report
the median mean reward across all the seeds.

Suffix-fail frequency: For a given run, there is a ¢-suffix failure, if the optimal arm is not
chosen in the trials [t, T]. The suffix fail frequency SuffFailFreq(t) is the proportion of
t-suffix failures across all the seeds. This metric measures a particular failure mode of
bandit-algorithms due to lack of exploration, where as a result, the optimal arm is not
chosen.

K - MinFrac: For a given run j, let SC(L] ) be the action counts. Given 7" runs, J seeds, and
K arms, K - MinFrac = % > =1 min, St(lj ). This metric measures uniform-like failures
of bandit algorithms, where due to excessive exploration, the algorithm behaves closely to
one that uniformly chooses an action.

In Tables 6 and 7, we provide the results for the Qwen2.5-7B and Llama3.1-8B models. We

also plot the average cumulative regret across different seeds for p = 0.5,0.6,0.7 and @« = 2,5 in
Figures 32-49. Each line in these figures corresponds to the cumulative regret for a particular seed.
Here, we seed that in general, the algorithm that uses the epistemic variance estimate generally has
more consistent performance than the algorithm that uses total variance.
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Figure 19: Uncertainty Decompositions for Linear Regression, single seed. Model: Qwen2.5-14B.
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Figure 20: Uncertainty Decompositions for Linear Regression, single seed. Model: Qwen2.5-7B.
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Figure 21: Uncertainty Decompositions for Linear Regression, single seed. Model: L1ama3.1-8B.
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Figure 22: Uncertainty Decompositions for Regression Tasks with Gaps in ICL Data. Model:
Qwen2.5-14B
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Figure 23: Uncertainty Decompositions for Regression Tasks with Gaps in ICL Data. Model:
Qwen2.5-7B
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Figure 24: Uncertainty Decompositions for Regression Tasks with Gaps in ICL Data. Model:
Llama3.1-8B
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Figure 31: Uncertainty Decompositions for Spirals Classification Task. Model: L1ama3.1-8B

Table 6: Buttons Bandit Problem. TV is Total Variance and EV is Epistemic Variance. Model:
Qwen2.5-7B

METHOD MEAN WORST-CASE REGRET ||  MEAN REGRET | MEDIAN REWARD 1 SuffFailFreq(7'/2) | K - MinFrac |
UCB 0.128+.019 0.094+.027 0.510 0.0 0.29
GREEDY 0.199-+.000 0.101+.002 0.525 0.460 0.03
S _INSTRUCTBASELINE __ ____ 0.161so0 0.107x00 0495 ____ 00 _______ 0.26____
1 TV (= 2) 0.175+.027 0.068+.074 0.565 0.1 0.03
& EBV@=2» _ 0lddiee 0.091s00 0535 0 024
TV (o =5) 0.196:+.003 0.075+.081 0.545 0.2 0.04
EV (a=5) 0.160+.010 0.132+.020 0.463 0.0 0.57
UCBI 0.127+.018 0.094+.027 0.610 0.0 0.28
GREEDY 0.199:t.000 0.092+.000 0.645 0.396 0.03
S INSTRUCTBASELINE ____ Odlleom | 0.076x00 0620 0.0 . 0.8
Il TV (a =2) 0.199t.000 0.090-.080 0.627 0.3 0.03
S EV@=2 0088 00610 0627 0 012
TV (e =5) 0.198+.001 0.167+.032 0.570 0.5 0.07
EV (a=5) 0.156=+.016 0.117+.030 0.583 0.0 0.43
UCBI1 0.122+.017 0.094+.027 0.710 0.0 0.27
GREEDY 0.199-+.000 0.085+.080 0.760 0.369 0.03
G INSTRUCTBASELINE _____ 032ews 0.087xm0 0703 00 018
I TV(a=2) 0.198+.001 0.088+.001 0.728 0.4 0.02
S 71 10 S 007005 0720 00 0.09
0.195:+.004 0.149+.073 0.608 0.8 0.04
EV (a=5) 0.143+.014 0.116=+.026 0.667 0.0 0.38
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Table 7: Buttons Bandit Problem. TV is Total Variance and EV is Epistemic Variance. Model:
Llama3.1-8B

METHOD MEAN WORST-CASE REGRET | MEAN REGRET| MEDIAN REWARD 1 SuffFailFreq(7/2) | K - MinFrac |
UCB 0.128+.019 0.094+.027 0.510 0.0 0.29
GREEDY 0.199+.000 0.101+.092 0.525 0.460 0.03
2 _INSTRUCT BASELINE ___ _ __ 0.16leoo 0.107+065___ ____ 0495 _____ [ 0.0 _______ 0.26_ .
I TV (o =2) 0.160+.0s5 0.071+.0m 0.557 0.2 0.05
& __BV@e=2» 0149w 0.097+00 0505 00 _______ 021
TV (a=5) 0.149+.036 0.066+.061 0.555 0.1 0.05
EV (a=5) 0.169+.002 0.153+.019 0.432 0.0 0.73
UCBI1 0.127+.018 0.094+.027 0.610 0.0 0.28
GREEDY 0.199+.000 0.092+.090 0.645 0.396 0.03
S _INSTRUCTBASELINE __ ____ O0dllsow 0.076+00 _ _____ 0620 00 _______ 0.18
I TV (a=2) 0.088+.076 0.035+ 054 0.670 0.1 0.04
= BV@=2»  0140:es 0.077+01 0635 0 0.17
TV (o = 5) 0.198=+.001 0.138+.078 0.568 0.6 0.04
EV (a=5) 0.139-+.004 0.113+.022 0.588 0.0 0.50
UCBI1 0.122+.017 0.094+.027 0.710 0.0 0.27
GREEDY 0.199+.000 0.085+.089 0.760 0.369 0.03
5 _INSTRUCT BASELINE ___ _ __ 0.132400 0.087w00 _ _ ____ 0703 ______ [ 0.0 _______ 0.18
Il TV(e=2) 0.168+.001 0.063=+.075 0.728 0.1 0.04
& __BV@e=2»_ ________0Illzen 0.053+02 0745 00 0.08
TV (a=5) 0.197+.002 0.165+.041 0.613 0.5 0.04
EV (a=5) 0.127+.021 0.087+.035 0.688 0.0 0.35
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Figure 32: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-14B, p = 0.5, o = 2).
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Figure 33: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-14B, p = 0.5, = 5).
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Figure 34: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-14B, p = 0.6, o = 2).

39



'S
(=)

3 ]
030 &b
= =
30
2 0 | 3
: % =20
o [
> >
10 — %10 g
£ g
50 50
&) o
0 50 100 150 200 0 50 100 150 200
Trial Trial
(a) Epistemic Variance (b) Total Variance

Figure 35: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-14B, p = 0.6, o = 5).
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Figure 36: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-14B, p = 0.7, a = 2).
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Figure 37: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-14B, p = 0.7, « = 5).
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Figure 38: Cumulative Mean Regret for Bandit Experiments (Model L1lama3.1-8B, p = 0.5, a = 2).
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Figure 39: Cumulative Mean Regret for Bandit Experiments (Model L1lama3.1-8B, p = 0.5, a = 5).
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Figure 40: Cumulative Mean Regret for Bandit Experiments (Model L1lama3.1-8B, p = 0.6, o = 2).
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Figure 41: Cumulative Mean Regret for Bandit Experiments (Model L1ama3.1-8B, p = 0.6, a = 5).
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Figure 42: Cumulative Mean Regret for Bandit Experiments (Model L1lama3.1-8B,p = 0.7, a = 2).
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Figure 43: Cumulative Mean Regret for Bandit Experiments (Model L1lama3.1-8B,p = 0.7, = 5).
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Figure 44: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-7B, p = 0.5, a = 2).
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Figure 45: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-7B, p = 0.5, = 5).
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Figure 46: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-7B, p = 0.6, a = 2).
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Figure 47: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-7B, p = 0.6, = 5).
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Figure 48: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-7B, p = 0.7, a = 2).
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Figure 49: Cumulative Mean Regret for Bandit Experiments (Model Qwen2.5-7B, p = 0.7, a = 5).
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F.4 Out-of-Distribution Detection

Datasets. In our experiments, we leverage the BoolQA [8], HotpotQA [69], and PubMedQA [24]
datasets. BoolQA is a reading comprehension dataset that studies yes/no questions. HotpotQA is a
dataset with Wikipedia-based questions that contain complex reasoning explanations for answers.
PubMedQA is a biomedical question answering dataset collected from PubMed abstracts to answer
research questions with yes/no/maybe. For each dataset, we preprocess them by extracting the
“yes/mo” questions, followed by formulating each sample in a “Question:... Context:...” format and
mapping its labels into integers: {“no’:0, “yes”:1}’.

Benchmarks. We perform out-of-distribution (OOD) detection via area under the ROC curve (AUC)
[17]. The test set consists of the concatenated ID and OOD datasets of equal size, each labeled
respectively under a binary “is_ood” column. For each sample in the test set, we compute the aleatoric,
epistemic, and total uncertainties using our VUD method. Using the epistemic and total uncertainties,
we fit them against the “is_ood” column using an AUROC curve. This yields our results in Table 2.

G Further Related Works

Bayesian Interpretations of In-Context Learning. Works in recent years [66, 50, 42] suggested
that the behaviour of transformers during in-context learning emulates Bayesian inference. In our
work, this Bayesian behaviour of ICL is a key assumption that is necessary for the validity of the
variational uncertainty decomposition algorithm. However, there is also evidence to suggest that
this Bayesian behaviour is only approximate during long-term generation in LLMs, this Bayesian
assumption breaks down [12, 35]. We try to enforce permutation-invariant generation and filter
non-Bayesian generation from auxiliary data to maintain the Bayesian assumption that we make.

Permuation Invariance and Exchangeability in LLMs. The generation in language models is
dependent on the position of tokens [36, 73]. This is a clear violation of exchangeability, which is
necessary for the application of De Finetti’s. [71] assumes the exchangeability of LLM generation
to apply De Finetti which allows for the estimation of the topic distributions from LLMs. However,
they do not apply permutations during ICL to the training data. [70] discusses the importance of
exchangeability for quantifying uncertainty in ICL. They investigate methods to promote permutation
invariance during pre-training and fine-tuning or architectural modifications to the transformer through
causal masking. Whilst they suggest using permuted data as a data augmentation technique during
training, our permutation invariant conditional generation is purely applied during inference. This
incurs a greater cost during inference time but does not require fine-tuning of the LLM. Assuming
that the generation of the data in the transformer is exchangeable, then we can directly estimate the
distribution of the latent variable 6 through Martingale posterior distributions [12, 13, 31]. However,
this estimate requires the long-run trajectory of auto-regressively generated samples to obtain an
approximate sample of a single parameter 6.

Uncertainty quantification for LLMs. Prior work in uncertainty quantification has focused on
quantifying the total uncertainty for predictive tasks or uncertainty quantification over different
aspects of a generated response. One of the challenges of uncertainty quantification in LLMs and
generative models in general is that a response to a question may appear different but be semantically
similar (for example, "Paris" and "The capital of France is Paris" are equally valid responses to
the question "What is the capital of France?" [28]. In our work, we focus on predictive tasks in a
regression or multi-class setting and use the prompt structure to elicit simple responses from a small
set of classes or a real number.

Uncertainty decomposition for LLLM in-context predictions. Uncertainty decomposition for
LLMs has also been explored in previous works; however, the definitions of aleatoric and epistemic
uncertainty vary from the traditional definitions in prior Bayesian literature. [22] considers the
aleatoric uncertainty of a response as the ambiguity in the input. Therefore, given a distribution
of "clarifications" ¢(C|x*) for a particular prompt, the aleatoric uncertainty is defined as the mean
conditional uncertainty of a particular clarification E,(c|z+)[H [y*|z* @ C]]. In contrast, we seek
to find the minimal conditional entropy given auxiliary data, which acts as an upper bound to the
underlying Bayesian conditional entropy. Furthermore, the focus of [22] is primarily zero-shot and
few-shot prediction, whereas we consider tasks where a training dataset is provided in context.

43



1260
1261
1262
1263
1264

1265
1266
1267
1268
1269
1270

1271
1272
1273
1274
1275
1276
1277

1278
1279
1280
1281
1282
1283
1284
1285
1286

1287
1288

1289
1290
1291
1292
1293
1294
1295
1296
1297
1298
1299
1300

[34] approaches uncertainty decomposition of in-context learning by also employing the interpretation
that ICL performs Bayesian inference. However, they define epistemic uncertainty as the conditional
entropy Ep,g\p)[H[y*|x*, 0]] and aleatoric uncertainty as the mutual information I(y*; 6|z*, D).
This reverses the traditional definitions of Bayesian uncertainty decomposition [25] and therefore, we
do not use this as a baseline.

Bayesian Approaches to Transformers. In this work, we view in-context learning as implicit
Bayesian inference. However, prior work has connected the transformer architecture with Bayesian
inference more explicitly via Bayes-by-backprop approaches [55, 38, 6]. In particular, low-rank
adaptation [68, 4, 47] has allowed for parameter-efficient avenues for Bayesian deep learning in
transformers. Alternatively, neural processes have been integrated with transformers [45] to provide
another approach to Bayesian uncertainty quantification in transformers.

Applications to In-Context Exploration. Techniques used to quantify uncertainty in LLM pre-
dictions can be used to drive in-context exploration-exploitation tasks. In reinforcement learning
and bandit tasks, efficient exploration algorithms such as Upper Confidence Bound [30, 3] and
Thompson Sampling (TS) [49, 48, 56] require modelling the epistemic posterior distribution over
possible outcomes either implicitly, through visitation counts, or explicitly, for example via ensembles.
By modelling the epistemic uncertainty, the agent is able to reason about potential outcomes with
uncertainty due to lack of data and explore in promising directions.

Previous work that analyses the in-context exploration capabilities of LLMs includes [27], where the
exploration capabilities of LLMs are compared to those of standard algorithms on small-scale tasks,
and [41], which investigates the exploration capability of LLMs on natural language bandit tasks.
The work in [46] further explores and benchmarks LLMs’ abilities on a number of bandit tasks and
offers ways to improve the efficiency of exploration by introducing algorithmic enhancements that
better align LLMs with the exploration-exploitation task. This line of work focusing on bandits is
complemented by [64], which extends the benchmarking to include multi-step tasks in addition to
bandits. Finally, the work in [1] adapts the TS heuristic to the LLM setting, enabling LLM agents to
tackle sequential decision-making tasks analogous to that of the full reinforcement learning setting.

Uncertainty-aware exploration has also been used in active-learning settings to obtain smoother
decision boundaries of LLMs by identifying the data points that will give smoother boundaries [72].

OOD Detection. Detecting out-of-distribution (OOD) inputs is critical for real-world applications
such as medical diagnosis and autonomous driving, where models can make confidently wrong
predictions on inputs far from the training distribution. Foundational work demonstrated that softmax
confidence often fails under distributional shift, establishing simple baselines for OOD detection in
deep neural networks [19]. However, epistemic uncertainty has been shown to be useful in OOD and
hallucination detection [65, 25]. This led to uncertainty-based methods which estimate epistemic
uncertainty such as deep ensembles [29], where the uncertainty is measured through model diversity,
and prior networks where distributional uncertainty is used in addition to epistemic uncertainty [37].
In NLP, pre-trained language models have been used for OOD detection [18] through non-Bayesian
approaches such as contrastive learning [74], unsupervised detection with transformers [67], and
conditional generation strategies to improve OOD discriminability [53]. Extensions to multimodal
settings further explore OOD detection in vision-language tasks [40].
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131 H Example Prompts

1302 H.1 Synthetic Toy Prompts

Prompt Template for Synthetic Classification Experiments

x1 = -1.75; x2 = 0.57 <output>0<\output>

x1 = -0.16; x2 = -0.21 <output>1<\output>
x1 = 0.4; x2 = -0.05 <output>1<\output>
xl = 0.2; x2 = 0.4 <output>

1303

Prompt Template for Synthetic Regression Experiments

= -0.7 <output> 4.9 <\output>
-1.1 <output> 3.7 <\output>
4.8 <output> -1.6 <\output>
0.2 <output>

HoM oMK
nn

1304

1305 H.2 Bandit Prompts

Prompt Template for Bandit Classification Experiments (LLM-UCB Algorithm)

action = 0 <reward>1<\reward>
action = 1 <reward>0<\reward>
action = 3 <reward>1<\reward>
action = 1 <reward>

1306
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1307

Prompt Template for Bandit Classification Experiments (Instruct Baseline)

<|system|>

You are a bandit algorithm in a room with 5 buttons labeled blue,
green, red, yellow, purple. Each button is associated with a
Bernoulli distribution with a fixed but unknown mean; the means for
the buttons could be different. For each button, when you press it,
you will get a reward that is sampled from the button’s associated
distribution. You have 200 time steps and, on each time step, you
can choose any button and receive the reward. Your goal is to
maximize the total reward over the 10 time steps.

At each time step, I will show you a summary of your past choices
and rewards. Then you must make the next choice, which must be
exactly one of blue, green, red, yellow, purple. Let’s think step
by step to make sure we make a good choice. You must provide your
final answer within the tags <Answer>COLOR</Answer> where COLOR is
one of blue, green, red, yellow, purple.

<|user|>

So far you have played 7 times with your past choices and rewards
summarized as follows:

blue button: pressed 3 times with average reward 0.67

green button: pressed 2 times with average reward 0.50

red button: pressed O times

yellow button: pressed 1 times with average reward 0.00

purple button: pressed 1 times with average reward 1.00

Which button will you choose next? Remember, YOU MUST provide your
final answer within the tags <Answer>COLOR</Answer> where COLOR is
one of blue, green, red, yellow, purple. Let’s think step by step to
make sure we make a good choice.

<|assistant|>
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1309

1310

H.3 OOD Detection Prompts

Prompt Template for Question-Answering Tasks (Prediction)

You are given a set of in-context examples and a new input.
Your task is to predict the label of the new input.

Please carefully review the following examples and their labels inside
<output>{labels}</output> tags:

Question: is marley from...
Context: when john senses...
<output>1</output>

Question: are all the...

Context: following the unsuccessful...
<output>0</output>

Now, predict the label for this new input:

Question: did the titams...
Context: despite bertier’s paralysis...

IMPORTANT: Output ONLY the label inside <output></output> tags.
Do not add any explanation, text, or formatting.

Your response must strictly follow this format:

<output>{label_prediction}</output>

Prompt Template for Question-Answering Tasks (Z Perturbations)

Please rephrase the following:

Question: do the titans
Context: while celebrating ...

While rephrasing the above, incorporate context from the following and
make sure its intertwined/interconnected:

Question: did zz top play ...
Context: ‘‘doubleback’’ is a song ...

Use the following format when rephrasing:

<rep> Question: {Rephrased Question}?
Context: {Rephrased Context}. </rep>
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