
A General results for Ornstein-Uhlenbeck processes

A.1 OU process with affine fitness

Proposition A.1. Consider an OU process with affine fitness, whose density satisfies

Btpt “ ´→ ¨ ppAtx ` etqpt ´ Dt→ptq ` pbt ` c
J
t xqpt. (17)

where At P Rdˆd, et, ct P Rd, and bt P R are general, Dt P Rdˆd is symmetric positive definite. If
ω0 “ m0N pµ0,!0q, then ωt “ mtN pµt,!tq for all t ! 0, where

9!t “ At!t ` !tA
J
t ` 2Dt, (18)

9µt “ Atµt ` !tct ` et, (19)
9mt

mt
“ c

J
t µt ` bt. (20)

Proof. We denote pptpkq the Fourier transform of ptpxq. We have the following identities

F p→ ¨ pAtx ` etqptq “ ´k
J
At→kppt ` ieJ

t kppt, (21)

F p→ ¨ pDt→ptqq “ ´k
J
Dtkppt. (22)

Such that the Fourier transform of the PDE reads

Btppt “ pkJ
At ` icJ

t q→kppt ´ k
J
Dtkppt ` pbt ´ ieJ

t kqppt. (23)

We define the characteristics as the solution of
dks

ds
“ ´A

J
s ks ´ ics, (24)

such that

dppspksq
ds

“
ˆ
dks

ds

˙J
→kppspksq ` Bsppspksq (25)

“ ´k
J
s Dskspps ` pbs ´ ieJ

s ksqpps. (26)

Denote !pt, t0q the state transition matrix solution to the homogeneous ODE (24) with initial
condition t0. It exists because the coefficient are locally integrable on R` [41]. The state transition
matrix has the following properties [42]:

d!ps, uq
ds

“ ´A
J
s !ps, uq, d!ps, uq

du
“ !ps, uqAJ

s , (27)

!pt, uq!pu, sq “ !pt, sq, !pt, sq´1 “ !ps, tq, !ps, sq “ I. (28)

Denote !ps, 0q “ !s for simplicity, we have, using the initial condition k0:

ks “ !sk0 ´ i

! s

0
!ps, uqcudu. (29)

We introduce rvs “ ´ "s
0 !ps, uqcudu, such that we have the Fourier transform along the characteris-

tics reads, with an initial Gaussian distribution

ppspksq “ exp

„
´ ikJ

0 x0 ´ 1

2
k

J
0 !0k0 ´ k

J
0

! s

0
!

J
uDu!uduk0 ´ 2ikJ

0

! s

0
!

J
uDurvudu

`
! s

0
rvJ
uDurvudu `

! s

0
budu ´ i

! s

0
e

J
u!uk0 `

! s

0
e

J
u rvudu

#
. (30)

We introduce the following quantities

”s “
! s

0
!

J
uDu!udu, q

J
s “

! s

0
e

J
u!udu, us “

! s

0
!

J
uDurvudu, (31)

εs “
! s

0
rvJ
uDurvudu, ws “

! s

0
e

J
u rvudu. (32)
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Inverting the equation for characteristics we have k0 “ !
´1
s ks ` i!´1

s

"s
0 !ps, uqcudu “ !

´1
s ks ´

i!´1
s rvs . We can directly see that the Fourier transform is quadratic in k, such that it is the Fourier

transform of a Gaussian measure. By considering one after the other the terms Opk2q, Opkq and
Op1q, we can find analytical expressions for the covariance, the mean and the mass of the Gaussian
measure as a function of the state transition matrix. They read:

!s “ !
´T
s !0!

´1
s ` 2!

´T
s ”s!

´1
s , (33)

µs “ !
´T
s pµ0 ` 2us ` qsq ´ !srvs, (34)

logms “ ´rvJ
s µs ´ 1

2
rvJ
s !srvs ` ws ` εs `

! s

0
budu. (35)

Taking derivatives of these quantities and using the properties of the state transition matrix we recover
the expected results.

A.2 OU process with quadratic fitness

Proposition 2.1 (OU process with quadratic fitness). Consider an OU process with quadratic fitness,
whose density satisfies

Btωtpxq “ ´→ ¨ ppAtx ` etqωtpxq ´ Dt→ωtpxqq ` pbt ` c
J
t x ` 1

2
x

J#txqωtpxq, (8)

where At P Rdˆd, et, ct P Rd, and bt P R are generic, Dt P Rdˆd is symmetric positive definite,
and #t P Rdˆd is symmetric negative semi-definite. If ω0 “ m0N pµ0,!0q with m0 " 0, then
ωt “ mtN pµt,!tq for all t ! 0, where

9!t “ At!t ` !tA
J
t ` 2Dt ` !t#t!t, (9)

9µt “ pAt ` !t#tqµt ` !tct ` et, (10)
9mt

mt
“ 1

2
µ

J
t #tµt ` c

J
t µt ` bt ` 1

2
trp#t!tq. (11)

Proof. Let’s use the ansatz ptpxq “ utpxq exp
“
x

J
Gtx{2

‰
where Gt is symmetric. The equation

for ut now reads

Btut ` 1

2
utx

J dGt

dt
x “ ´→ ¨ ppAtx ` et ´ 2DtGtxqut ´ Dt→utq

`
ˆ
bt ´ trpGtDtq ` c

J
t x ´ e

J
t Gtx ` x

Jp1
2
#t ` GtDtGt ´ A

J
t Gtqx

˙
ut.

(36)

The quadratic term vanishes when Gt verifies for all x the equation x
Jp#t{2 ` GtDtGt ´

A
J
t Gtqx “ 1

2x
J 9Gtx. This is verified for Gt satisfying the matrix Riccati equation

#t ` 2GtDtGt ´ A
J
t Gt ´ GtAt “ dGt

dt
. (37)

Provided the coefficients are locally integrable on R`, that #t # 0 and Dt ! 0, if G0 # 0, then
there exists a unique solution Gt on R` for (37), and Gt # 0 for all t ! 0 [43]. We consider this
unique solution with G0 “ 0. Then, the equation for ut becomes affine in growth

Btut “ ´→¨ppAtx ` et ´ 2DtGtxqut ´ Dt→utq`
`
bt ´ trpGtDtq ` c

J
t x ´ e

J
t Gtx

˘
ut. (38)

We redefine rAt “ At ´ 2DtGt, rbt “ bt ´ trpGtDtq and rct “ ct ´ Gtet. The equation now reads

Btut “ ´→ ¨
´

p rAtx ` etqut ´ Dt→ut

¯
`

´
rbt ` rcJ

t x

¯
ut. (39)

We can apply the results of Prop. A.1. Since u0pxq “ p0pxq is a Gaussian measure, it remains
Gaussian, and we denote its covariance r!t, its mean rxt and its mass rmt. It follows that ptpxq is
Gaussian measure for all t ! 0 since r!´1

t ´Gt is positive definite as the sum of positive definite and
positive semi-definite terms. The covariance of this Gaussian measure is then !t “ p r!´1

t ´ Gtq´1.
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We have the following fact for any differentiable matrix valued function Bt invertible for all t:

dB´1
t

dt
“ ´B

´1
t

dBt

dt
B

´1
t . (40)

Applying this to the covariance, we find:

d!t

dt
“ ´!t

d!´1
t

dt
!t “ !t

r!´1
t

´
rAt

r!t ` r!t
rAJ
t ` 2Dt

¯
r!´1
t !t ` !t

dGt

dt
!t. (41)

Substituting rAt “ At ´ 2DtGt and 9Gt “ #t ` 2GtDtGt ´ A
J
t Gt ´ GtAt we have

d!t

dt
“ At!t ` !tA

J
t ` 2Dt ` !t#t!t. (42)

Completing the square in high-dimensions allows us to write the mean of the overall process as

µt “
´

r!´1
t ´ Gt

¯´1 r!´1
t rµt “ !t

r!´1
t rµt “ pI ` !tGtqrµt. (43)

Using Prop. A.1 we have

dxt

dt
“ p!t

dt
Gt ` !t

dGt

dt
qrµt ` pI ` !tGtqp rAt rµt ` r!trct ` retq (44)

We replace rAt “ At ´ 2DtGt and we use the Riccati equation in the terms multiplying rµt. In the
other terms we replace rct “ ct ´ Gtet and et “ ret. We find:

dµt

dt
“ pAt ` !t#tqµt ` !tct ` et. (45)

We can derive the fitness following the same approach and using lengthy simplifications. We only
need to gather together the terms remaining after completing the square, as well as adjust for the
change in covariance in the normalisation factor. However, this result is more easily obtained by
using a result for the mean over a Gaussian probability distribution of quadratic form [44, Theorem
1.5]. We find that

9m
m

“ Erbt ` c
J
t X ` 1

2
X

J#tXs “ bt ` c
J
t µt ` 1

2
trp#t!tq ` 1

2
µ

J
t #tµt (46)

where the expectation is understood to be taken with respect to N pxt,!tq.

Corollary 2.2. Consider an OU process with drift vtpxq “ Atx and a time-dependent fitness as
in (8). Let Kt P Rnˆn be an arbitrary matrix. Then there exists ϑ " 0 such that the system is
indistinguishable from another OU process with drift vtpxq “ At ` I ` ϑKt and time-dependent
quadratic fitness.

Proof. Let’s define the following growth parameters: rbt “ bt ´ trppI ` ϑKtq!tq{2, rct “ ´pI `
ϑKtqJ!´1

t µt and r#t “ #t ´
`
pI ` ϑKtqJ!´1

t ` !´1
t pI ` ϑKtq

˘
. With these and the drift rvpxq,

the solution to the system of ODE above is unchanged. We take ϑ as the largest value such that r#t is
negative definite. This value is strictly larger than zero thanks to the identity. This derivation still
holds if the drift is autonomous: if vtpxq “ Ax, then there for any K, there exists ϑ " 0 such that the
system is indistinguishable from another OU process with rvtpxq “ A` I ` ϑK and time-dependent
quadratic fitness.

B Continuous-time loss for OU processes with quadratic fitness

Theorem 2.3 (Loss function for OU processes with quadratic fitness). Consider the true process
as well as the inferred processed to both be OU processes with quadratic fitness, i.e. (8). Denoting
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q “ 2{ε, with K”t fixed, when ”t Ñ 0 we have ”t´1L Ñ L, where L is the continuous time loss
function:

L “ q´1

! T

0
dt mt

ˆ
}vt ´ pvt}2X´1

t
` 1

2
pht ´ phtq2 (13)

` q
ÿ

i,j

ϖ2
i,tϖ

2
j,q,t

pϖ2
j,q,tϖ

2
i,t ` ϖ2

i,q,tϖ
2
j,tq2

´
w

J
i,tpBt ´ pBtqwj,t

¯2
˙

` ϱ

! T

0
Rt dt

(14)

where !t “ $
i ϖ

2
i,twi,tw

J
i,t is the eigendecomposition of the covariance !t, ϖ2

i,q,t “ 1 ` qϖ2
i,t for

all i, Xt “ 2!t ` q´1. We also have

Bt ´ pBt “ !tpAt ´ pAtqJ ` pAt ´ pAtq!t ` !tp#t ´ p#tq!t ` 2pDt ´ pDtq,
vt ´ pvt “ ppAt ´ pAtq ` !tp#t ´ p#tqqµt ` !tpct ´ pctq ` pet ´ petq,

ht ´ pht “ 1

2
µ

J
t p#t ´ p#tqµt ` pct ´ pctqJ

µt ` pbt ´ pbtq ` 1

2
trpp#t ´ p#tq!tq,

(15)

and Rt is a strongly convex function of the parameters defining the fitness and the drift. For ϱ " 0, L
has a unique minimiser t $Ñ p pA‹

t , pe‹
t ,pb‹

t , pc‹
t , p#‹

t q.

Proof. When the entropic regularisation ϑ “ 0, the unbalanced Sinkhorn divergence between two
Gaussian measures reduces to the Gaussian-Hellinger-Kantorovich distance S0,ω “ GHKω . Between
the inferred and the true process at time ti it reads:

GHK

´
mtiN pµti ,!tiq, pmtiN ppµti , p!tiq

¯

“ 2q´1

˜
mti ` pmti ´ 2

d
mti pmti

detJ
exp

„
´1

2
pµti ´ pµtiqJX´1

ti pµti ´ pµtiq
#¸

, (47)

where we have

Xti “ !ti ` !ti ` q´1
I, J “ p!ti,q!ti,qq1{2pI ´ qp!ti!

´1
ti,q!

´1
ti,q!tiq1{2q, (48)

with
!ti,q “ q!ti ` I, !ti,q “ q!ti ` I. (49)

Without loss of generality we consider the case t1 “ ”t, and we perform Taylor expansion in ”t of
the GHK loss. Because the final expansion will be of order ”t2, only the terms of order ”t of the
covariances play a role.

The hard part in this expansion is the expansion of detJ . We denote !!t “ !0 ` ”tA and
r!!t “ !0 ` ”t rA and !0,q “ I ` q!0. For this, we need to compute !!t!

´1
!t,q

r!!t
r!´1
!t,q , up to

second order in ”t. We have that

!!t!
´1
!t,q “ p!0 ` ”tAqp!´1

0,q ´ q”t!´1
0,qA!´1

0,q ` q2”t2!´1
0,qA!´1

0,qA!´1
0,qq (50)

“ !0!
´1
0,q ` ”tpA!´1

0,q ´ q!0!
´1
0,qA!´1

0,qq (51)

` ”t2qpq!0!
´1
0,qA!´1

0,qA!´1
0,q ´ A!´1

0,qA!´1
0,qq. (52)

We also have

r!´1
!t,q

r!!t “ p!´1
0,q ´ q”t!´1

0,q
rA!´1

0,q ` q2”t2!´1
0,q

rA!´1
0,q

rA!´1
0,qqp!0 ` ”t rAq (53)

“ !´1
0,q!0 ` ”tp!´1

0,q
rA ´ q!´1

0,q
rA!´1

0,q!0q (54)

` ”t2qpq!´1
0,q

rA!´1
0,q

rA!´1
0,q!0 ´ !´1

0,q
rA!´1

0,q
rAq. (55)

We can now gather the Op1q, Op”tq, Op”t2q separately. We denote them respectively
M ,H1,H2345. We define the operation ’tt.’ as the ’tilde transpose’ operation, which is applied to
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the term directly to its left. We therefore have

M “ !0!
´2
0,q!0 (56)

H1 “ !0p!´2
0,q

rA ´ q!´2
0,q

rA!´1
0,q!0q ` tt. (57)

H2345 “ q!0pq!´2
0,q

rA!´1
0,q

rA!´1
0,q!0 ´ !´2

0,q
rA!´1

0,q
rAq ` tt. (58)

`A!´2
0,q

rA ` q2!0!
´1
0,qA!´2

0,q
rA!´1

0,q!0 (59)

´qA!´2
0,q

rA!´1
0,q!0 ` tt. (60)

Using the Woodbury formula we also have !0!
´1
0,q “ q´1pI ´ !´1

0,qq. We have that !0 and !´1
0,q

commute, and that M1{2 “ !0!
´1
0,q “ q´1pI ´ !´1

0,qq. We introduce SpY q the unique solution X

to the following Lyapunov equation

M
1{2

X ` XM
1{2 “ Y (61)

This solution is expressed in terms of an integral (and is linear in Y ), ie.

SpY q “
! 8

0
e´M1{2t

Y e´M1{2tdt (62)

As a result, we have
´
!!t!

´1
!t,q

r!´1
!t,q

r!!t

¯1{2
“ M

1{2 ` ”tSpH1q ` ”t2
`
SpH2345q ´ SpSpH1q2q

˘
(63)

We have I ´ qM1{2 “ !´1
0,q , such that

det

ˆ
I ´ q

´
!!t!

´1
!t,q

r!´1
!t,q

r!!t

¯1{2˙
“ det!´1

0,qdet
`
I ` ”tL ` ”t2G

˘
, (64)

where L “ ´q!0,qSpH1q and G “ ´q!0,q

`
SpH2346q ´ SpSpH1q2q

˘
. We then have the follow-

ing expansion at second order in ”t

det
`
I ` ”tL ` ”t2G

˘
“ 1 ` ”ttrL ` ”t2

2

`
tr

2
L ´ trL

2 ` 2trG
˘
. (65)

So we need to compute trL, trG, trL2. We have, using the fact that !0,q commutes with M
1{2,

trL “ ´qtrp!0,q

! 8

0
e´M1{2t

H1e
´M1{2tdtq “ ´q

2
trpM´1{2!0,qH1q (66)

“ ´q

2
trp!2

0,q!
´1
0 H1q “ ´q

2

´
trpA ` rAq ´ qtrppA ` rAq!´1

0,q!0q
¯

(67)

“ ´q

2
trp!´1

0,qpA ` rAqq. (68)

Computation of trG

Using the same trick as for trL and standard properties of the trace we have

trp´q!0,qSpH2345qq “ 1

2

´
q2trpA!´1

0,qA!´1
0,q ` tt.q ´ qtrp!´1

0 A!´2
0,q

rAq
¯

(69)

To compute trp!0,qSpSpH1q2qq we denote M1{2 “ $
i uiwiw

J
i the eigendecomposition of M1{2.

We also denote Wi “ wiw
J
i . Therefore we have

SpH1q “
ÿ

i,j

1

ui ` uj
WiH1Wi (70)

such that

!0,qSpSpH1q2q “
ÿ

i,j,k

p1 ´ ukqq2p1 ´ ujqq
pui ` ukqpuj ` ukqpui ` ujqWi

´
ui

rA ` ukA

¯
Wk

´
uk

rA ` ujA

¯
Wj .

(71)
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Taking the trace we have

trp!0,qSpSpH1q2qq “
ÿ

i,j

p1 ´ ujqq2p1 ´ uiqq
2uipui ` ujq2 tr

´
Wipui

rA ` ujAqWjpuj
rA ` uiAq

¯
. (72)

Additionally, we have that

tr

´
Wipui

rA ` ujAqWjpuj
rA ` uiAq

¯
(73)

“ uiujtr

´
WipA ´ rAqWjpA ´ rAq

¯
` pui ` ujq2tr

´
WiAWj

rA
¯

(74)

As a result we have

trG “ 1

2
q2trpA!´1

0,qA!´1
0,q ` tt.q ` q

2

ÿ

i,j

p1 ´ ujqq2p1 ´ uiqquj

pui ` ujq2 tr

´
WipA ´ rAqWjpA ´ rAq

¯

(75)

Computation of trL2

Similarly we have

!0,qSpH1q “
ÿ

i,j

p1 ´ ujqq
pui ` ujqWi

´
ui

rA ` ujA

¯
Wj . (76)

Using the same approach for trG we find

trpp!0,qSpH1qq2q “
ÿ

i,j

p1 ´ uiqqp1 ´ ujqquiuj

pui ` ujq2 tr

´
WipA ´ rAqWjpA ´ rAq

¯
(77)

` trp!´1
0,qA!´1

0,q
rAq. (78)

As a result we have

trL
2 “ q2trp!´1

0,qA!´1
0,q

rAq ` q2
ÿ

i,j

p1 ´ uiqqp1 ´ ujqquiuj

pui ` ujq2 tr

´
WipA ´ rAqWjpA ´ rAq

¯

(79)

Computation of detp!!t,q
r!!t,qq1{2

We have

!!t,q
r!!t,q “ !2

0,q

´
I ` q”tp!´2

0,qA!0,q ` !´1
0,q

rAq ` q2”t2!´2
0,qA

rA
¯
. (80)

Taking the determinant and Taylor expanding we have

detp!!t,q
r!!t,qq “ detp!0,qq2 (81)

ˆ
ˆ
1 ` q”ttrp!´1

0,qpA ` rAqq ` q2
”t2

2

´
ptr2p!´1

0,qpA ` rAqq ´ trp!´1
0,qA!´1

0,qA ` tt.q
¯˙

.

(82)

Expanding the square root we find

detp!!t,q
r!!t,qq1{2 “ detp!0,qq (83)

ˆ
ˆ
1 ` q

”t

2
trp!´1

0,qpA ` rAqq ` q2
”t2

8

´
tr

2p!´1
0,qpA ` rAqq ´ 2trp!´1

0,qA!´1
0,qA ` tt.q

¯˙

(84)
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Computation of detJ

Going back to detJ , we are left with

detJ “
ˆ
1 ` q

”t

2
trp!´1

0,qpA ` rAqq ` q2
”t2

8

´
tr

2p!´1
0,qpA ` rAqq ´ 2trp!´1

0,qA!´1
0,qA ` tt.q

¯˙

(85)

ˆ
ˆ
1 ` ”ttrL ` ”t2

2

`
tr

2
L ´ trL

2 ` 2trG
˘˙

. (86)

Using the result for trL we see that the terms in ”t cancel, and the final expansion is of order ”t2.
As a result, after simplifications we are left with

detJ “
ˆ
1 ´ q2

”t2

4
trp!´1

0,qA!´1
0,qA ` tt.q ` ”t2

2

`
´trL

2 ` 2trG
˘˙

. (87)

Simplifying further we find that

detJ “ 1 ` ”t2q

2

ˆ
q

2
trp!´1

0,qpA ´ rAq!´1
0,qpA ´ rAqq (88)

`
ÿ

i,j

ujp1 ´ uiqqp1 ´ ujqqp1 ´ qpuj ` uiqq
pui ` ujq2 tr

´
WipA ´ rAqWjpA ´ rAq

¯ ˙
(89)

This can be simplified
ˆ
q

2
trp!´1

0,qpA ´ rAq!´1
0,qpA ´ rAqq (90)

`
ÿ

i,j

ujp1 ´ uiqqp1 ´ ujqqp1 ´ qpuj ` uiqq
pui ` ujq2 tr

´
WipA ´ rAqWjpA ´ rAq

¯ ˙
(91)

“
ÿ

i,j

p1 ´ quiqp1 ´ qujq
pui ` ujq2

´q

2
u2
i ´ q

2
u2
j ` uj

¯
tr

´
WipA ´ rAqWjpA ´ rAq

¯
. (92)

which leaves us with the following simplification

detJ “ 1 ` ”t2q

2

ÿ

i,j

uip1 ´ uiqqp1 ´ ujqq
pui ` ujq2 tr

´
WipA ´ rAqWjpA ´ rAq

¯ ˙
. (93)

Using !0 “ $
i ϖ

2
iWi, we can compute the eigenvalue decomposition as a function of ϖi. Using the

notation ϖ2
i,q “ 1 ` qϖ2

i we have

uip1 ´ uiqqp1 ´ ujqq
pui ` ujq2 “ ϖ2

i ϖ
2
j,q

pϖ2
j,qϖ

2
i ` ϖ2

i,qϖjq2 . (94)

Finally, at first non-zero order in ”t the determinant reads

detJ “ 1 ` ”t2q

2

ÿ

i,j

ϖ2
i ϖ

2
j,q

pϖ2
j,qϖ

2
i ` ϖ2

i,qϖ
2
j q2 tr

´
WipA ´ rAqWjpA ´ rAq

¯
. (95)

Taylor expansion of the GHK term

We now expand the masses and mean at first order in ”t, m!t “ m0`”tm0h, rm!t “ m0`”tm0
rh,

µ!t “ µ0 ` ”tv, rµ!t “ µ0 ` ”trv. We have at first non zero order in ”t

exp

„
´1

2
pµ!t ´ rµ!tqJ

X
´1
!t pµ!t ´ rµ!tq

#
“ 1 ´ ”t2

2
pv ´ rvqJ

X
´1
0 pv ´ rvq. (96)
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We denote X0 “ 2!0 ` q´1. Expanding the remaining terms, the zeroth and first order terms cancel,
leading to the expansion

GHK

´
m!tN pµ!t,!!tq, pm!tN ppµ!t, p!!tq

¯
(97)

“ m0q
´1

”t2
ˆˆ

pv ´ rvqJ
X

´1
0 pv ´ rvq ` 1

2
ph ´ rhq2

˙
(98)

` q
ÿ

i,j

ϖ2
i ϖ

2
j,q

pϖ2
j,qϖ

2
i ` ϖ2

i,qϖ
2
j q2 tr

´
WipA ´ rAqWjpA ´ rAq

¯ ˙
. (99)

Integrating over all snapshots, the continuous time loss reads

L “
! T

0
mtq

´1

ˆˆ
pv ´ rvqJ

X
´1
0 pv ´ rvq ` 1

2
ph ´ rhq2

˙

` q
ÿ

i,j

ϖ2
i ϖ

2
j,q

pϖ2
j,qϖ

2
i ` ϖ2

i,qϖ
2
j q2 tr

´
WipA ´ rAqWjpA ´ rAq

¯ ˙
dt

` ϱ

! T

0

!
ωtpxq

`
}vtpxq}22 ` ς|gtpxq|2

˘
dxdt. (100)

The first order expansions A, h, and v are obtained directly using the ODEs in Prop. 2.1, giving the
final result.

Let’s denote φt P RN the vector of the N parameters defining the growth and the drift at time t. We
study the functional Lrφts which reads

Lrφts “
! T

0
pFtpφtq ` ϱRtpφtqqdt. (101)

where F is the part of the integrand coming from the expansion of the Gaussian-Hellinger-
Kantorovich, and R is the regularisation.

Let’s take t P r0, T s. Because φ $Ñ Ftpφq is the composition of convex functions and of affine maps,
φ $Ñ Ftpφq is also convex. Let’s show that φ $Ñ Rtpφq is a strongly convex function.
Lemma B.1. Let w : pφ, xq P RN ˆ Rn $Ñ Rd be a function continuous in x and linear in φ. Let
f : Rd $Ñ R be a continuous, strictly convex function and ω a continuous function from Rn to
s0,`8r. We then have that

↼ : φ P RN $Ñ
!
ωpxqfpwpφ, xqqdx (102)

is strictly convex.

Proof. Let’s take φ1 ‰ φ2 and ς Ps0, 1r. By linearity, we have @x:

wpςφ1 ` p1 ´ ςqφ2, xq “ ςwpφ1, xq ` p1 ´ ςqwpφ2, xq. (103)

Because φ $Ñ fpwpφ, xqq is a the composition of a convex function and of a linear map, it is convex
for all x. Then, @x,

fpwpςφ1`p1´ςqφ2, xqq “ fpςwpφ1, xq`p1´ςqwpφ2, xqq # ςfpwpφ1, xq`p1´ςqfpwpφ1, xqq.
(104)

Because w is linear in φ, each of its component in Rd is a multivariate polynomial function of φ of
degree one. By uniqueness of the coefficient of polynomial functions, because φ1 ‰ φ2 there exists
x0 such that wpφ1, x0q ‰ wpφ2, x0q. By continuity, this is also true on an open set U % Rn centred
in x0. Therefore, since f is strictly convex, the inequality is strict for all x P U , i.e.:

fpwpςφ1 ` p1´ςqφ2, xqq “ fpςwpφ1, xq ` p1´ςqwpφ2, xqq & ςfpwpφ, xqq ` p1´ςqfpwpφ, xqq.
(105)

By multiplying by ωpxq, which is strictly positive, and by integrating, we keep the inequality strict
and we find

↼pςφ1 ` p1 ´ ςqφ2q & ς↼pφ1q ` p1 ´ ςq↼pφ2q, (106)
proving that ↼ is strictly convex.
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Hidden layers Batch size Learning rate Iterations

Bistable 64, 64, 64 256 0.01 25,000
Bifurcating CLE 64, 64, 64 256 0.01 10,000
Haematopoietic CLE 128, 128, 128 256 0.01 10,000
Lineage tracing 128, 128, 128 256 0.01 10,000

Table 5: Hyperparameter settings: score networks

Hidden (force) Hidden (growth) Batch LR Iterations ε ϑ ω

UPFI

Bistable 64, 64, 64 64, 64, 64 256 0.003 5,000 0.01 0.1 5
Bif CLE 64, 64, 64 64 256 0.003 10,000 0.001 1 5
Haem CLE 128, 128, 128 128 256 0.003 10,000 0.001 1 5
Lineage 128, 128, 128 128, 128, 128 256 0.001 10,000 0.001 1 25

PFI

Bistable 64, 64, 64 – 256 0.003 5,000 0.01 – –
Bif CLE 64, 64, 64 – 256 0.003 10,000 0.001 – –
Haem CLE 128, 128, 128 – 256 0.003 10,000 0.001 – –
Lineage 128, 128, 128 – 256 0.001 10,000 0.001 – –

ODE Bistable Coupled to growth 64, 64, 64 256 0.003 5,000 0.01 0.1 5
Lineage Coupled to growth 128, 128, 128 256 0.001 10,000 0.001 0.1 25

TIGON++ Bistable 64, 64, 64 64, 64, 64 256 0.003 5,000 0.01 0.1 5
Lineage tracing 128, 128, 128 128, 128, 128 256 0.001 10,000 0.001 0.1 25

Table 6: Hyperparameter settings: dynamics

We have ωtpxq " 0 for all x because it is a Gaussian density. The drift and the fitness being linear in
φ, this shows that

φ $Ñ Rtpφq “
!
ωtpxq

`
}vtpxq}22 ` ς|gtpxq|2

˘
dx (107)

is a strictly convex function of φ. Additionally, it is a multivariate polynomial function of φ of degree
two, so its Hessian is a definite positive and constant, proving that φ $Ñ Rtpφq is strongly convex, and
so is Ft ` Rt. Along with the fact that both pt, φq $Ñ Ftpφq and pt, φq $Ñ Rtpφq are continuous in
r0, T s ˆ RN , this is enough to ensure the existence and uniqueness of a minimum t $Ñ φ‹

t for the
functional Lrφts [45].

C Implementation and experiment details

We implement Alg. 1 using PyTorch and employ the GeomLoss package [46] for computation of the
unbalanced Sinkhorn divergence. All model training was carried out using a NVIDIA L40S GPU.

C.1 Score matching

While in principle any score matching approach to learn stpxq “ → log ptpxq can be used within
Alg. 1, in practice we employ denoising score matching [24] within the noise-conditional score
network framework introduced in [5]. For K ` 1 snapshots taken at times ptiqKi“0, we parameterise
the time-dependent score using a multilayer perceptron (MLP) sϖpt,x, ↽q “ NNϖpd ` 2, dq where d
is the dimension and ↽ is the noise level, and train using the algorithm described in [5, Section 4.2].
While a range of noise levels ↽0 & . . . & ↽L are used for training the score, subsequently for training
the probability flow we use the smallest noise scale ↽ “ ↽0, representing our final estimate of the
score.

In what follows, we use a default of L “ 5 noise levels logarithmically spaced between pexpp´2q, 1q.
Score networks stpxq are parameterised using MLPs with ReLU activations. In all case, score
training was carried out using noise-conditional denoising score matching [5, 24] using the AdamW
optimiser with the hyperparameter choices listed in Table 5 .

C.2 Training: UPFI and PFI

Additive noise models For UPFI, in all cases we parameterise an autonomous force vϱpxq using a
MLP. This is because, in all simulated systems, the true force is also autonomous. In the experimental
lineage tracing dataset we reason that an autonomous force would be consistent with the biologically
motivated model of a Waddington’s landscape [29]. We parameterise separately the force vϱpxq
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and growth gϱpxq using MLPs with ReLU activations. We train UPFI models using the AdamW
optimiser, our architecture and hyperparameter choices are listed in Table 6.

For PFI, motivated by the observations in the Gaussian case we reason that an autonomous force is
insufficient to fit the data if growth is not accounted for. We therefore employ a non-autonomous
force, parameterising vϱpt,xq “ NNϱpd ` 1, dqpt,xq with ReLU activations. We train PFI models
using the AdamW optimiser, our architecture and hyperparameter choices are listed in Table 6.

Multiplicative noise model For the multiplicative noise models we considered in Fig. 5, we
parameterise an autonomous force in two components, corresponding to production and degradation
terms in the model (16). Specifically, we let

fϱpxq “ NNϱpd, dqpxq, gϱpxq “ NNϱpd, dqpxq,
and the resulting force is pfϱ ´ gϱqpxq. To constrain the output of both networks to be non-negative,
we opt for a Softplus activation on the final layer of outputs. For all other layers we use the ReLU
activation as a default choice. Architectures for pf , gq and all other hyperparameter choices are as
given in Table 6.

C.3 Training: TIGON++

The problem of dynamical transport for systems with mass imbalance was previously studied in the
work [16]. In this work, the authors consider deterministic systems only and allow both the force
vtpxq and growth gtpxq to be time dependent. However, the TIGON algorithm relies on kernel
density estimation (KDE) from the input data [16, Methods] which is sensitive to the choice of kernel
bandwidth and suffers from the curse of dimensionality as the dimension increases. The choice of
data-fitting loss, in the form of minimising squared discrepancies between the predicted and KDE
densities, adds to these difficulties: this loss relies pointwise on estimated densities and is thus not
“geometry-aware” in the sense of optimal transport based losses [46]. Finally, propagating densities
under flow models e.g. (4) are well known to be computationally costly. For these reasons, training
the TIGON algorithm was infeasible for most of our numerical experiments

Because we needed a robust comparison baseline, we decided to implement the same model used by
TIGON (deterministic transport with growth), but train it with the UPFI training procedure. With
UPFI, we circumvent the need for density estimation by using the probability flow formulation of the
Fokker-Planck equation. Together with the use of the unbalanced Sinkhorn divergence as the data
fitting loss, we believe that this substantially improves the TIGON method and also makes for a more
rigorous baseline to test against UPFI. We call TIGON++ this re-implementation of TIGON.

Specifically, we parameterise a drift vϱpt,xq “ NNϱpd`1, dqpt,xq and growth gϱpt,xq “ NNϱpd`
1, 1qpt,xq with ReLU activations. For a sampled data point px0,m0 “ 1q at t “ 0, its state pxti ,mtiq
at each timepoint ti is simulated by forward integration of the system

9xt “ vϱpt,xtq, 9mt “ gϱpt,xtqmt, (108)

and we form the empirical distribution pωtipxq “ $Ni

k“1 mk,ti⇀ppxk,ti ´ xq for each timepoint ti. For
the rest of the training procedure we use the same data-fitting loss as UPFI, i.e. (12).

C.4 Training: fitness-ODE

Motivated by issues pertaining to the identifiability of dynamics involving both drift and growth, we
propose a well-known dynamical model as a baseline model for inference. Let tωtut be a continuous
distributional path satisfying mild conditions in the space of measures describing some population
evolution. Then there exists a unique scalar field Utpxtq such that ωt satisfies

Btωtpxq “ ´→ ¨ pωtpxq→Utpxqq ` Utpxqωpxq. (109)

That this is the case can be read from [47, Section A.3] or [48, Proposition 2.2]. This can be
interpreted as a continuous dynamics where Utpxq is the fitness of state x. The rate at which agents
reproduce is prescribed by Utpxq, and agents migrate to regions of higher fitness following →Utpxq.
Theoretically, for a regular enough sequence of population snapshots tωtut, a single time-dependent
fitness function Ut is sufficient to generate the path t $Ñ ωt via these dynamics. While it is perhaps
not obvious, a single quantity, the fitness Ut, is enough to generate the full path ωt in the space
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of measures. As a baseline, we therefore propose a neural parameterisation of Ut and to learn Ut

following the TIGON++ setup, but with vtpxq “ →Utpxq and gtpxq “ Utpxq. We parameterise
Utpxq “ NNϱpd ` 1, 1qpt,xq using ReLU activations. All hyperparameter choices are listed in
Table 6.

C.5 DeepRUOT

We use the existing DeepRUOT implementation provided by [32], which parameterises the force,
growth rate and score function. Different to our method, however, the individual components of the
dynamics are coupled via a physics-informed neural network (PINN)-type loss ([32, Section 5.3])
that aims to incorporate information from the governing Fokker-Planck equation. For the bistable
system example (Fig. 3) we use their PyTorch implementation of [32, Algorithm 1]. For each of the
drift, growth and score networks, three hidden layers of size 128 were used. For further details on
DeepRUOT implementation and training we refer the reader to [32] and accompanying code.

C.6 Forward simulation

Bistable system We consider a potential-driven dynamics in dimension d P t2, 5, 10u specified by

v “ ´→V, V pxq “ 0.9}x ´ a}22}x ´ b}22 ` 10
$d

i“3 x
2
i

bpxq “ 5
2 p1 ` tanhp2x0qq,

dpxq “ 0.

For t P r0, 1s we simulate particles following dXt “ vpXtq dt ` ϖ dBt using the Euler-Maruyama
method. We set the noise level to ϖ “ 1{2, and use the initial condition X0 „ N p0, 0.01Iq. At each
Euler step, simulated particles divide with probability bpXq”t. We simulate starting from N0 “ 500

particles, and the total population size grows over time following the prescribed dynamics. Population
snapshots are taken from independent realisations of the process at K ` 1 “ 5 timepoints uniformly
spaced between r0, 1s.

Reaction network systems The bifurcating and HSC reaction networks were taken from previous
literature [34, 35], corresponding to the networks BF and HSC in the collection of BoolODE bench-
marking problems [34]. The original implementation, however, modelled both gene and protein
expression levels and as a result does not strictly fall in the modelling framework we consider. This is
because protein levels are not observed and thus are hidden variables. We re-implemented each of
these systems to involve only gene expression dynamics, and also change the noise model: in the
original implementation an ad-hoc square-root noise model was used, i.e. ωpxq “ ς

?
x. We choose

to use a more biophysically motivated noise model (16), and take

ϖipxq “
a
fipxq ` ϱixi,

where fpxq is a vector-valued function of state-dependent production rates for each gene xi, and
each ϱi is the corresponding degradation rate. For the growth rates, we consider a scenario where
cells in one branch of the system trajectory divide at a faster rate than the others:

• In the bifurcating network, we set

⇁pxq “ 5

ˆ
tanhp5px7 ´ 0.7qq ` 1

2

˙ ˆ
1 ´ tanhp5px1 ´ 0.7qq ` 1

2

˙

• In the HSC network, we set

⇁pxq “ 5.5

ˆ
tanhpxE ´ 1.5q ` 1

2

˙
.

We simulate both systems using the same code as for the bistable system, with the volume parameter
1{

?
V “ 0.5, starting with a population of 500 cells and capturing K ` 1 “ 10 timepoints. For

bifurcating and HSC network we use simulation time intervals of 0 # t # 1.25 and 0 # t # 1

respectively.
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Fate probability computation We provide a straightforward definition of fate probability in what
follows. Let xt be the state of an observed cell or individual at time t. Let \i#i be a partitioning of
the state space (e.g. some subset of Rd) where each #i is understood to correspond to well-defined,
stable states of the system at some final time, say t “ 1. In the biological setting, this is typically
thought of as a mature cell “type” [1, 29]. Then the fate probability of xt towards #i is defined as the
conditional probability:

PpX1 P #i|Xt “ xtq.

In practice, such as for the bistable system of Fig. 3, we form a partitioning of the state space into
two regions by running k-means with k “ 2 on the final snapshot from the system. Given any query
state xt at time t, we empirically estimated true and inferred fate probabilities by forward simulation
of either the ground truth SDE or inferred dynamics:

PpX1 P #i|Xt “ xtq « M´1
Mÿ

i“1

1”ipX1|Xt “ xtq,

where M is the number of trials to sample.

C.7 Neural graphical model

For the Neural Graphical Model (NGM) example of Fig. 4, we use the architecture introduced in
[36] as a drop-in parameterisation of the autonomous force vϱpxq. For each output variable, we use
two hidden layers with sizes r64, 64s. We use a group lasso regularisation strength ϱGL “ 0.03 and
employ the proximal update scheme outlined in [36, Section C.4.1] with a learning rate of 0.003 and
train for 5, 000 iterations. We use the score networks that were already pre-trained for the additive
and multiplicative UPFI models. All other training details are taken to be the same as for the earlier
UPFI training.

C.8 Single cell lineage tracing data

Preprocessing Data for the study of [1] are available from the original publication using the
GEO database with accession number GSE140802. Starting from raw counts, expression data is
normalised using dyn.pp.recipe_monocle function from the Dynamo package [37]. In brief,
raw gene expression values are per-cell normalised and then logp1 ` xq-transformed. For all our
experiments we use the 10-dimensional PCA embedding of cell gene expression profiles. Spliced
and unspliced transcript counts were obtained from reanalysis of the raw sequencing data of [1] and
RNA velocity estimates were subsequently obtained using the Dynamo package [37]. Scripts and
datasets for this re-analysis are available upon request.

From the full dataset, 86,416 cells deemed to be contributing to the “Neutrophil-Monocyte” trajectory
(as determined by the original publication [1]) were selected. Using the 10-dimensional PCA embed-
ding for these data, we apply UPFI, PFI, fitness-ODE and TIGON. We do not include DeepRUOT
in this analysis since it resulted in an out-of-memory error in the initial stages of training. Noting
also that the original publication [32] considered only the 2D SPRING layout, be believe that further
modification of its training pipeline may be necessary.

For UPFI, we train a time-dependent score model with hidden dimensions r128, 128, 128s for 10, 000
iterations with a batch size of 256 and learning rate of 10´2. We adopt an additive noise model and
parameterise an autonomous force vϱpxq and growth gϱpxq each with a MLP with hidden dimensions
r128, 128, 128s. We set ε “ 25.0, ϱ “ 0.001,ς “ 1.0 and we set ϖ “ 0.5. Note that the choice of ε
is not scale-invariant, and we found that the typical length scale in the lineage tracing data is larger
than in the simulation data. We train for 10, 000 iterations with a batch size of 256 and learning rate
10

´3.

We train PFI with the same hyperparameter choices as UPFI, except we use a non-autonomous
force as done in earlier examples. Finally, we train TIGON and fitness-ODE following the training
procedure outlined in Sections C.3 and C.4 and the same hyperparameters as for UPFI and PFI.
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C.9 Remark on UPFI in the case when only frequencies are available

When Ni{N0 is not a good estimator for the ratio |ωti |{|ω0|, we can only build an estimator for the
normalised density ωti{|ωti |:

ςti
|ςti | » 1

Ni

$Ni

k“1 ⇀px ´ xk,tiq (110)

This poses limitations on the fitness which can be inferred. Indeed, writing rωt “ ωt{|ωt|, we have

Btrωt “ Bt
´

ςt

|ςt|
¯

“ 1
|ςt| Btωt ´ pBt log |ωt|qrωt.

Substituting back the PDE governing ωt, we find that rωt is also governed by a drift-diffusion PDE,
but with a time-dependent bias in the source term:

Btrωt “ ´→ ¨ rrωt pvt ´ → ¨ Dt ´ Dt→ log rωtqs ` pgt ´ Bt log |ωt|qrωt.

Therefore, when we don’t have access to the absolute number of individuals present in a population
at a given time, we can only hope to infer the fitness gt up to a time-dependent bias. In this case,
the UPFI approach can also be applied using a large enough mass conservation strength q in the
unbalanced Sinkhorn distance.
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