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Abstract

Most expressive variational families—such as normalizing flows—lack practical1

convergence guarantees, as their theoretical assurances typically hold only at the2

intractable global optimum. In this work, we present a general recipe for construct-3

ing tuning-free, asymptotically exact variational flows from involutive MCMC4

kernels. The core methodological component is a novel representation of gen-5

eral involutive MCMC kernels as invertible, measure-preserving iterated random6

function systems, which act as the flow maps of our variational flows. This leads7

to three new variational families with provable total variation convergence. Our8

framework resolves key practical limitations of existing variational families with9

similar guarantees (e.g., MixFlows), while requiring substantially weaker theo-10

retical assumptions. Finally, we demonstrate the competitive performance of11

our flows across tasks including posterior approximation, Monte Carlo estimates,12

and normalization constant estimation, outperforming or matching state-of-the-art13

MCMC and black-box normalizing flows.14

1 Introduction15

Variational inference (VI) [1–3] is a general methodology for approximate probabilistic inference,16

where the goal is to approximate a target distribution (e.g., a Bayesian posterior) within a specified17

variational family. This variational family is typically chosen to be a parametric family that enables18

tractable inference—allowing for i.i.d. sampling and density evaluation [2–7]. This tractability19

offers key benefits: it enables the evaluation and optimization of approximation quality via unbiased20

estimates of the evidence lower bound (ELBO) [3], which corresponds to the Kullback-Leibler (KL)21

divergence [8] to the target distribution up to a constant. Moreover, it facilitates downstream tasks22

such as importance sampling [9, 10] and normalization constant estimation.23

The quality of a variational approximation is fundamentally determined by the expressiveness of24

the variational family. Significant progress has been made in developing flexible families, including25

boosted mixtures [11–16] and normalizing flows [4, 6, 17–20]. These families often exhibit univer-26

sal approximation guarantees [16, 21, 22]: as the number of mixture components or flow layers27

grows, the family becomes capable of approximating any distribution arbitrarily well under mild28

assumptions. However, a major limitation remains—theoretical guarantees pertain only to the opti-29

mal variational approximation, which is rarely obtained in practice due to the typical non-convexity30

of the optimization. In contrast, Markov chain Monte Carlo (MCMC) [23, 24; 25, Ch. 11, 12]31

is asymptotically exact, meaning it is guaranteed to produce arbitrarily accurate results given suffi-32

cient computation for any valid choice of tuning parameters (though some values may yield higher33

efficiency than others).34

Xu et al. [26] introduced the first asymptotically exact variational family—MixFlow—that does35

not require optimal tuning. A MixFlow is constructed by averaging pushforwards of a reference36
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distribution under repeated application of an invertible map. When this map is both ergodic and37

measure-preserving (e.m.p) with respect to the target distribution π, MixFlows converge to π in to-38

tal variation as the number of steps increases, while retaining the tractability of standard variational39

inference. However, its practical applicability is limited by the challenge of designing an invertible40

π-e.m.p. map for general continuous targets (several solutions exist for discrete spaces [27, 28]).41

The main obstacles are: (1) continuous e.m.p. maps often involve simulation of ODEs, which re-42

quires discretized numerical methods that destroy the e.m.p. property; (2) exactness often requires43

discrete Metropolis–Hastings (MH) corrections that are not invertible; and (3) proving ergodicity44

of such maps is very challenging. For example, Xu et al. [26] proposed a map based on the uncor-45

rected Hamiltonian Monte Carlo (HMC), which is neither exactly measure-preserving nor provably46

ergodic. Other existing Hamiltonian-based methods [29] also suffer from discretization error and are47

non-ergodic [30]. Attempts via deterministic Gibbs samplers based on measure-preserving ODEs48

[31] or CDF/inverse-CDF transformations [27] are also limited by the intractablity of computing49

the exact transformations. MH corrections used to restore exactness [27, 32] result in non-invertible50

transformations due to the accept-reject mechanism; recall that invertibility is required by varia-51

tional flows to enable tractable density evaluation. To date, there is no framework for constructing52

variational families whose practical implementation achieves an MCMC-like asymptotic exactness.53

In this work, we address the challenges mentioned above and propose a new framework for devel-54

oping practical, asymptotically exact variational flows. Rather than relying on e.m.p dynamics as in55

MixFlow [26], our framework leverages iterated random functions (IRF)1 [34]—a type of random56

dynamical system. The main contributions of this work are as follows:57

1. We develop a method for deriving exact measure-preserving transformations from general58

involutive MCMC kernels [35, 36], while preserving invertibility of the transformation.59

2. We introduce a more general framework for constructing asymptotically exact flows, lead-60

ing to three novel variational families beyond the original MixFlow.61

3. We establish total variation convergence guarantees for these new families under signifi-62

cantly weaker assumptions than those required in MixFlow theory [26], notably relaxing63

the ergodicity conditions of the flow maps.64

2 Background65

Throughout, let π be the target distribution on a measurable space (X ,B), where X ⊆ Rd. With66

some abuse of notation, we use the same symbol to denote both a distribution and its density.67

2.1 Deterministic MixFlows68

A mixed variational flow (MixFlow) [26, 28] is built from a deterministic, π-ergodic (Definition D.1)69

and measure-preserving (e.m.p.) diffeomorphism f . Given such a map f and a reference distribution70

q0 on X that enables i.i.d. sampling and density evaluation, the MixFlow density is given by71

∀x ∈ X , qT (x) =
1

T

T−1∑
t=0

f tq0(x) =
1

T

T−1∑
t=0

q0 (f
−tx)∏t

i=1 J (f−ix)
, J(x) = | det∇xf(x)|, (1)

where f tx and f tq0 denote mapping x or pushing q0 through t iterations of f . Eq. (1) is tractable if72

f−1 and the Jacobian J can be evaluated. To generate X ∼ qT , we first draw X0 ∼ q0 and a flow73

length K ∼ Unif{0, 1, . . . , T − 1}, and then map X0 through K iterations of f , i.e., X = fK(X0).74

Theorem C.1 shows that qT converges in both density and total variation (TV) to π as T increases.75

Since qT is built from a deterministic e.m.p dynamical system, we label it a deterministic MixFlow,76

to distinguish it from our proposed random dynamical system flows (see Section 3).77

In practice, the map f is typically designed to mimic familiar MCMC kernels [26, 28], so that its78

trajectories have similar statistical behavior to the corresponding Markov chain. However, general79

constructions of exact e.m.p. MixFlow maps for continuous target distributions remain unavailable.80

As discussed in the introduction, both the exact measure-preservation and the ergodicity are highly81

non-trivial to obtain in practice. As a result, practitioners often resort to approximate maps, creating82

a gap between theory and implementation. These approximations can introduce numerical instability83

and degraded performance as T grows [37].84

1IRFs are also referred to as iterated function systems (IFS) in some literature, e.g., [33].
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2.2 Involutive MCMC85

An involutive MCMC kernel [35, 36] is a Metroplis-type Markov kernel with a deterministic pro-86

posal given by an involution g, i.e., a self-inverse function satisfying g = g−1 (Algorithm 1 in Ap-87

pendix A). Consider an auxiliary variable v defined on a space V , with conditional density ρ(v | x)88

given x ∈ X with respect to a fixed dominating measure on V , and the augmented target density89

π(x, v) := π(x)ρ(v|x). For a differentiable involution g : X × V → X × V , each transition from a90

current state x proceeds in three steps:91

1. Sample an auxiliary variable v ∼ ρ(· | x);92

2. Propose a new state (x′, v′) = g(x, v);93

3. Accept x′ with probability min
(
1, π(x′,v′)

π(x,v)

∣∣∣∂g(x,v)∂(x,v)

∣∣∣).94

This framework encompasses a broad class of MCMC algorithms, with many popular algorithms95

appearing as special cases of involutive MCMC [36, 38–41] (see Appendix B).96

2.3 Iterated random functions97

An iterated random function (IRF) system [34] on X consists of a sequence of random maps:98

∀t ∈ N, Xt+1 = fθt+1
(Xt), X0 ∈ X , (θt)t∈N

iid∼ µ, (2)

where {fθ : X → X : θ ∈ Θ} is a set of parametrized functions, with each θ drawn randomly from99

a distribution µ on the parameter space Θ. The above IRF induces a Markov kernel given by:100

∀x ∈ X , ∀B ∈ B, P (x,B) :=

∫
Θ

1B(fθ(x))µ(dθ). (3)

Throughout this work, we focus on IRFs where the family {fθ : θ ∈ Θ} satisfies Assumption 2.1.101

Assumption 2.1. For µ-a.s. all θ ∈ Θ, fθ(·) is bijective and π-measure-preserving. Furthermore,102

π is the unique invariant probability of the Markov kernel P induced by the IRF.103

Assumption 2.1 implies that the sequence of iterates Xt produced by the IRF behave like a π-104

invariant, irreducible Markov chain. Therefore, long-run averages of IRF iterates converge to expec-105

tations under π, following the standard law of large numbers (LLN) for MCMC [42], also known as106

the random Birkhoff ergodic theorem in the IRF literature [43, 44].107

Theorem 2.2 (Random Birkhoff ergodic theorem [44, Cor. 2.2]). Suppose that IRF fθ satisfies108

Assumption 2.1. Then, for π-a.e. x ∈ X and µ-almost all (θt)t∈N:109

lim
T→∞

1

T

T−1∑
t=0

ϕ (fθt ◦ · · · ◦ fθ1(x))
L1(π)−→ E[ϕ(X)], X ∼ π,

and the same result holds for the above equation with f−1
θt

instead of fθt .110

3 Variational flows based on IRFs111

In this section, we provide a methodology that turns any IRF system that satisfies Assumption 2.1112

into asymptotically exact variational families. We introduce three variational families—each built113

from the same IRF but combined in a different way—and prove that all three converge to the target in114

total variation. All proofs are deferred to Appendix D. Throughout, we assume access to a reference115

distribution q0 that permits i.i.d. sampling and tractable density evaluation.116

3.1 IRF MixFlows117

An IRF MixFlow is a mixture of pushforwards of a reference q0 through an IRF sequence:118

−→qT :=
1

T

T−1∑
t=0

fθt ◦ · · · ◦ fθ1q0,
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where θ1, . . . , θT is a cached i.i.d. sequence drawn from µ. When constructing the flow, we first119

sample and freeze the random stream θ1, . . . , θT , yielding an inhomogeneous sequence of T param-120

eterized bijections. Then to draw X ∼ −→qT , we treat −→qT as a mixture of T distributions:121

K ∼ Unif{0, 1, . . . , T − 1} X0 ∼ q0 X = fθK ◦ · · · ◦ fθ1(X0)

Note crucially that each sample X is generated using the same frozen sequence θ1, . . . , θT . For122

density evaluation, we compute the inverse IRF f−1
θT

, · · · , f−1
θ1

. Because each fθ is π-measure-123

preserving, by Lemma C.2, the density takes a similar form as in a deterministic MixFlow (Eq. (6)):124

−→qT (x) = π(x) · 1
T

T−1∑
t=0

q0
π

(
f−1
θ1
◦ · · · ◦ f−1

θt
(x)

)
, ∀x ∈ X .

However, note that this density requires simulating the backward process of the inverse IRF ([34])125

←−
Xt(x) := f−1

θ1
◦ · · · ◦ f−1

θt
(x) for t ∈ [T ],

which cannot be computed sequentially. As a result, IRF MixFlows incur a quadratic density evalu-126

ation cost O(T 2). Fortunately, this backward process can be computed in a parallel fashion, as the127

computation of each
←−
Xt(x), t ∈ [T ] is independent. We recommend deploying IRF MixFlows on128

modern parallel hardware (e.g., GPUs) for efficient density evaluation.129

IRF MixFlows share the total variation convergence guarantee (Theorem 3.1) of deterministic130

MixFlows. The proof (Appendix D.2.1) is simialr to the original MixFlow argument [26, Theo-131

rem 4.2], interpreting the IRF (Eq. (2)) as a time-homogeneous, e.m.p. dynamical system over the132

joint space ΘN × X . However, we emphasize that Assumption 2.1 is significantly weaker than the133

ergodicity assumption of Theorem C.1. See Section 3.4 for a detailed discussion.134

Theorem 3.1. Let P denote the joint distribution over the i.i.d. sequence (θt)t∈N
iid∼ µ. If Assump-135

tion 2.1 holds and q0 ≪ π, then136

TV (−→qT , π)
P−→ 0 as T →∞. (4)

3.2 Backward IRF MixFlows137

To address the O(T 2) density cost of IRF MixFlows, we propose a simple modification: constructing138

the flow from the backward process. Specifically, we define the backward IRF MixFlow as:139

←−qT :=
1

T

T−1∑
t=0

fθ1 ◦ · · · ◦ fθtq0.

This construction retains O(T ) complexity of sampling X ∼ ←−qT via:140

K ∼ Unif{0, 1, . . . , T − 1} X0 ∼ q0 X = fθ1 ◦ · · · ◦ fθK (X0),

while reducing the density computation cost to O(T ). The density of←−qT is given by:141

←−qT (x) = π(x) · 1
T

T−1∑
t=0

q0
π

(
f−1
θt
◦ · · · ◦ f−1

θ1
(x)

)
, ∀x ∈ X . (5)

This mirrors the density formula of deterministic MixFlows (Eq. (6)), enabling the use of the random142

ergodic theorem (Theorem 2.2) to establish the same pointwise and total variation convergence.143

Theorem 3.2. If Assumption 2.1 holds and q0 ≪ π, then for π-a.e. x ∈ X and µ-almost all (θt)t∈N:144

←−qT (x) −→ π(x) and TV(←−qT , π) −→ 0 as T →∞.

3.3 Ensemble IRF MixFlows145

All MixFlow variants discussed above—including deterministic MixFlows—are based on ergodic146

averaging along the flow. This inherently limits their convergence rate to O(1/T ), as the initial ref-147

erence q0 always retains a 1/T mixing weight. In contrast, MCMC methods often exhibit geometric148

convergence in their marginal distributions under suitable conditions [42; 45, Ch. 15]. Motivated149
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by this, we propose the ensemble IRF MixFlows, which instead uses an ensemble average of the150

endpoint of multiple IRF trajectories in an attempt to match T -step MCMC marginal distribution:151

q̃
(M)
T :=

1

M

M∑
m=1

q
(m)
T =

1

M

M∑
m=1

f
θ
(m)
T

◦ · · · ◦ f
θ
(m)
1

q0,

where each θ
(m)
1 , . . . , θ

(m)
T corresponds to an independent IRF realization. As in the case of the152

previous MixFlows, the M streams of randomness θ(m)
t are cached (i.e., frozen) when sampling and153

computing densities. The resulting density of the ensemble IRF MixFlow is given by:154

q̃
(M)
T (x) = π(x) · 1

M

M∑
m=1

q0
π

(
f−1

θ
(m)
1

◦ · · · ◦ f−1

θ
(m)
T

(x)

)
,

whose computation costs O(TM) (or O(T ) when parallelized across the M streams). Drawing155

X ∼ q̃
(M)
T takes O(T +M) operations:156

K ∼ Unif{1, . . . ,M} X0 ∼ q0 X = f
θ
(K)
T

◦ · · · ◦ f
θ
(K)
1

q0.

Intuitively, the flow length T controls the bias of the IRF system, while the ensemble size M controls157

the variance of the Monte Carlo average. This tradeoff is formalized in the following result.158

Theorem 3.3. Suppose that Assumption 2.1 holds, and that ∀x ∈ X , q0
π (x) ≤ B <∞. Then,159

Eθ

[
TV

(
q̃
(M)
T , π

)]
≤ 1√

M
E
[√

Varθ1:T

[q0
π

(
f−1
θ1
◦ · · · ◦ f−1

θT
(X)

)
| X

] ]
+B · E

[
TV(PT δX , π)

]
, X ∼ π,

where P is the Markov kernel for the IRF {fθ}, and δX is the Dirac measure at X .160

In the setting where TV(PT δX , π) = O(ρT ) for some ρ ∈ (0, 1), the convergence rate of q̃(M)
T can161

be heuristically characterized as TV
(
q̃
(M)
T , π

)
= O

(
ρT ∨ 1√

M

)
, capturing the tradeoff between162

the bias (via T ) and variance (via M ). Given a fixed computational budget, choosing the balance163

between flow length T and ensemble size M is critical. In the extreme case of M = 1, convergence164

will fail entirely—any π-measure-preserving f satisfies TV(fq, π) = TV(q, π) [46, Theorem 1].165

On the other hand, small T leads to high bias due to insufficient mixing. This tradeoff closely relates166

to recent studies on parallel MCMC algorithms [47, 48].167

3.4 Discussion168

Relaxing ergodicity. A major advantage of IRF-based MixFlows over deterministic MixFlows169

is that IRF-based MixFlows require only that the kernel P admits a unique invariant distribution170

(Assumption 2.1), a significantly weaker condition than the ergodicity assumed by deterministic171

MixFlows. In fact, whenever the set Θ⋆ := {θ : fθis π-ergodic} has positive µ-measure, Assump-172

tion 2.1 automatically holds [33, Corollary 3.3]. Uniqueness of the invariant distribution is also173

easily verified by checking that P is irreducible [42, 45]. The IRFs we construct in Section 4 corre-174

spond to involutive MCMC kernels that are known to be irreducible, whereas establishing ergodicity175

in determinstic MixFlows is typically so difficult that it is assumed without proof [26, 29, 49].176

Which flow to choose? All four flows are asymptotically exact, yet their density formulae re-177

veal different bias-variance and cost-accuracy tradeoffs. In every case the density ratio takes the178

form flow density
π (x) = 1

K

∑K
k=1

q0
π (Tk(x)), where Tk is a composition of inverse IRF/ergodic maps.179

Hence practical convergence of each flow is dictated by how quickly 1
K

∑K
k=1

q0
π (Tk(x)) converges180

to a constant. Empirically (see Appendix E.1.1) we find that IRF MixFlows often reach a given ac-181

curacy at shorter flow lengths than deterministic or backward IRF MixFlows, but a full theoretical182

comparison study is deferred to future work.183
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4 Invertible measure-preserving IRF from involutive MCMC184

In this section, we provide a concrete, general construction of invertible and exactly measure-185

preserving IRFs based on involutive MCMC kernels. The key idea, originally developed for the MH186

sampler [27, 32], is to further augment the space with two additional variables uv ∈ [0, 1]d, ua ∈187

[0, 1]. The variable uv pairs with the auxiliary variable v, and ua encodes the randomness in the188

accept/reject decision. Let the augmented target π and space S be defined as:189

π(s) = π(x)ρ(v | x)1[0,1]d(uv)1[0,1](ua), s = (x, v, uv, ua) ∈ S := X × V × [0, 1]d × [0, 1].

The two uniform auxiliary variables uv and ua will be refreshed with two random parameters190

(θv, θa) ∼ µ = Unif[0, 1]d × Unif[0, 1]. Without loss of generality, we describe the IRF con-191

struction assuming a one-dimensional target π(x). The IRF fθ(s) := fθ(x, v, uv, ua) is defined by192

the following steps (Algorithm 2):193

1. Uniform auxiliary refereshment: uv ← (uv + θv) mod 1, ua ← (ua + θa) mod 1194

2. Update (v, uv) pair via CDF/inverse-CDF of ρ(·|x) 2: u′
v ← Fρ(·|x)(v), ṽ ← F−1

ρ(·|x)(uv)195

3. Propose and compute the MH-ratio: (x′, v′)← g(x, ṽ), r ← π(x′,v′)
π(x,ṽ) |

∂g(x,ṽ)
∂x,ṽ |196

4. Accept or reject: If ua > r, reject and stay at the pre-involution state s′ = (x, ṽ, u′
v, ua).197

Otherwise, set u′
a ← ua

r and accept the post-involution state s′ = (x′, v′, u′
v, u

′
a).198

The correspondence with involutive MCMC (Algorithm 1) is: Step 2 simulates v ∼ ρ(dv|x) via199

inverse CDF sampling, Step 3 mirrors the involution and MH ratio computation, and Step 4 per-200

forms the accept/reject step while explicitly tracking the randomness ua involved in the decision.201

Furthermore, one can use this map in a deterministic MixFlow by simply fixing θv, θa to some202

pre-specified constant values (rather than sampling from µ). And finally, using the same Jacobian203

computation as in [32, Eq. (25)], one can show that ∀θ = (θv, θa) ∈ Θ, the IRF fθ (Algorithm 2) is204

π-measure-preserving.205

Proposition 4.1. The map given by Algorithm 2 satisfies Assumption 2.1 for π if its induced Markov206

kernel P is irreducible.207

As discussed previously, one must be able to compute f−1
θ (·) if fθ is to be used in a MixFlow.208

Steps 1–3 are straightforward to invert. The main challenge lies in inverting the accept/reject Step209

4—we need to recover the accept/reject decision based soly on the output state s′. Depending on210

different decisions, s′ could either be the pre-involution state (x, ṽ, u′
v, ua) or the post-involution211

state (x′, v′, u′
v, u

′
a). Since the transformation u′

a ← ua/r only present in the acceptance branch,212

inferring the branch incorrectly would lead to the failure of recovering ua.213

We address this challenge (pseudocode in Algorithm 3). by exploiting the self-inverse property214

of the involution g. First note that g(x, ṽ) = (x′, v′) and g(x′, v′) = (x, ṽ). Suppose that s′ =215

(x#, v#, u#
v , u

#
a ). {g(x#, v#), (x#, v#)} is exactly the unorderred pair {(x, ṽ), (x′, v′)}. Then216

from the property of the Jacobian of g, we observe that217

π(x′, v′)

π(x, ṽ)
|∂g(x, ṽ)

∂x, ṽ
| =

(
π(x, ṽ)

π(x′, v′)
|∂g(x

′, v′)

∂x′, v′
|
)−1

.

Hence, recomputing the MH-ratio as in Step 3 yields218

r̃ :=
π(x#, v#)

π (g(x#, v#))
· Jg

(
g(x#, v#)

)
∈ {r, r−1},

where r correponds to the true MH-ratio as computed in the forward pass and Jg(x, v) = |∂g(x,v)∂x,v |.219

The key observation to infer the accept/reject decision then follows: If u#
a ·r̃ < 1, then the acceptance220

branch was taken, so ua = u#
a · r̃; otherwise the move was rejected as ua cannot be larger than 1.221

2Typically, ρ(v|x) lies in a simple family; for instance, in HMC with a diagonal mass matrix, ρ is a diagonal
Gaussian, whose CDF and inverse-CDF can be computed stably. For multidimensional v, a Gibbs-style update
on the conditionals of ρ(·|x) can be used.
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Figure 1: Inversion error of IRFs (based on HMC, uncorrected HMC, MALA, and RWMH) over
increasing flow length T . Verticle axis shows the 2-norm error of reconstructing s = (x, v, uv, ua)
(s = (x, v) for the uncorrected HMC IRF) sampled from q0 by the composing the forward simulation
fθT ◦ · · · ◦fθ1(s) and its inverse. The lines indicate the mean, and error regions indicate the standard
deviation over 32 independent initializations from q0.

Fig. 1 empirically verifies that one can successfully invert the proposed IRF map for four MCMC-222

based IRFs—HMC, uncorrected HMC, MALA, and RWMH—on four synthetic targets listed in Ap-223

pendix E. The same hyperparameters are used for every example: each (uncorrected) HMC transition224

consists of 50 leapfrog steps with step size 0.02; MALA uses step size 0.25; RWMH uses step size225

0.3. We evaluate the 2-norm error of reconstructing s = (x, v, uv, ua) sampled from a mean-field226

Gaussian variational approximation q0 by the composing the forward simulation fθT ◦ · · · ◦ fθ1(s)227

and its inverse. Both HMC variants and MALA remain reliably invertible up to T ≈ 200 iterations,228

while the RWMH IRF remain invertible up to T ≈ 1000 iterations. Notably, the corrected HMC IRF229

is consistently more stable than its uncorrected counterpart used in past MixFlows work, because230

the additional MH acceptreject step discards trajectories with large numerical error that would oth-231

erwise cause the dynamics to diverge. Although Algorithm 2 and Algorithm 3 are exact inverses in232

theory, floating-point round-off accumulates with T and can eventually fail the exact reconstruction233

[26, 37]. In practice, however, the resulting statistical error in downstream variational inference is234

often negligible, thanks to the shadowing property of chaotic dynamical systems [37].235

5 Experiments236

This section presents an empirical evaluation of the four proposed flows (three IRF flows and deter-237

ministic MixFlows, all referred to as “IRF flows” for brevity, since deterministic MixFlows can be238

viewed as a special case). We compare these to two black-box normalizing flows (RealNVP [19]239

and Neural Spline Flow (NSF) [50]), and to the No-U-Turn sampler (NUTS) [51]. Variational meth-240

ods are evaluated via their (i) ELBO, (ii) normalization-constant (logZ) estimate accuracy, and (iii)241

importance sampling effective sample size (ESS) [52–54]. Sampling methods are evaluated via their242

Monte Carlo estimation error. In all cases, all flows start from the same reference distribution q0: a243

mean-field Gaussian trained for 10K Adam steps with batch size 10 and learning rate 10−3. All IRF244

flows are evaluated with 64 i.i.d. draws, while normalizing flows use 1024. Full experimental details245

appear in Appendix E.246

5.1 Synthetic examples247

Our synthetic experiments consist of four 2-dimensional targets used by Xu et al. [26]: the Ba-248

nana [55], Neal’s funnel [56], a cross-shaped Gaussian mixture, and a warped Gaussian distribution.249

Fig. 2 shows a comparison of the original Hamiltonian-MixFlow—built on an uncorrected HMC250

kernel—with our corrected version including the MH step. For each target we run both flows with251

identical hyper-parameters (50 leapfrog steps per transition, several step-sizes) and estimate the total-252

variation (TV) distance to the ground truth using 512 i.i.d. samples. Across all targets and step-sizes,253

the corrected HMC-based MixFlow consistently achieves lower TV error and remains robust as the254

step-size grows. In contrast, the uncorrected variant often deteriorates with longer flows because255

the inexact map error accumulates (e.g., the green dashed curve in the third panel). At larger step256

sizes the uncorrected flow frequently diverges, producing NaNs (marked by crosses), whereas the257

corrected flow remains stable—echoing the inversion stability results in Fig. 1.258

We next compare the four IRF flows with RealNVP and NSF. Two IRF variants are examined: HMC-259

based (50 leapfrog steps per transition; T = 200) and RWMH-based (T = 4000). Each normalizng260

flow consists 6 flow layers, and is trained via 50,000 Adam steps with batch size 32; we tune the261
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Figure 2: Total-variation error for deterministic MixFlow built on corrected (solid) versus uncor-
rected (dashed) HMC kernels, plotted against flow length T for several step sizes. Each curve is the
mean over 32 independent runs; shaded bands (±1 SD) show run-to-run variability. A cross marks
any setting where at least one run returned a NaN (instability), at which point the trace is terminated.

(a) ELBO (b) logZ estimates. (c) Per-sample ESS.

Figure 3: Variational approximation quality of IRF Flows versus RealNVP and NSF. Box plots for
IRF flows are based on 32 independent runs, and 10 runs for the normalizing flows. The black
dashed line in (c) indicates the optimal ESS of perfect i.i.d. samples.

learning rates in the grid {10−4, 10−3, 10−2}, and report the results of the setting with smallest262

median TV distance over 5 runs. Additional implementation details can be found in Appendix E.1.263

Figs. 3a and 3b display the ELBO and logZ estimates (via importance sampling) for the Banana264

target; the remaining synthetic cases show the same pattern (Fig. 7 in Appendix E.1.3). As synthetic265

targets are normalized, a perfect variational approximation has both metrics near 0. The IRF flows266

meet this mark consistently across runs, whereas RealNVP and NSF exhibit high variability and often267

produce extreme ELBO or logZ values. We restrict the vertical range of the ELBO plot for better268

visualization; full-range plots are in Fig. 7b. We also note that training instability is common for the269

normalizing flows: on the Funnel example, 10 of 15 RealNVP runs and all NSF runs diverged.270

Fig. 3c further examine the per-sample importance sampling ESS (see Fig. 7d on similar results for271

other examples), which reflects the χ2 divergence from the variational distribution to the target [57].272

The ESS is orders of magnitude higher for IRF flows than for the normalizing flows. Additionally,273

we provide comparisons among the three ergodic averaging MixFlow variants in Appendix E.1.1,274

and ensemble-size/length trade-offs for ensemble IRF MixFlows are explored in Appendix E.1.2.275

5.2 Real-data experiments276

The real-data experiments include the Student-t-regression (TReg; 4-dimensional), and the Sparse277

linear regression (SparseReg; 84-dimensional) from [26], and a latent Brownian motion model278

(Brownian; 32-dimensional) and the Log-Gaussian Cox process model (LGCP; 1600-dimensional)279

from the Inference Gym library [58]. Each normalizing flow is trained via 50,000 Adam steps of280

batchsize 32; we grid-search both the learning rates {10−4, 10−3, 10−2} and flow layers {6, 10},281

and report the configuration with the highest median ELBO over 5 runs. A additional mean-field282

Gaussian baseline is optimized for the same number of steps and batch size with learning rate 10−3.283

All IRF variants use RWMH kernel, with the step size tuned to achieve an 0.8 acceptance rate using284

bisection search between 0.001 and 10. In each search step, we estimate acceptance rate by running285

5,000 RWMH-IRF iterations. We set T = 5000 for the backward IRF and deterministic MixFlow286

and ensemble IRF MixFlow, and set T = 4000 for the IRF MixFlow. Normalizing flow results are287
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(a) ELBO

(b) Log normalization constant estimates

(c) Maximum absolute error of coordinate-wise posterior standard-deviation estimates relative to NUTS

(d) Computation cost of each method. The “cost” is computed via nl + dng , where nl (ng) are the number of
log-density (gradient) evaluations of the target of dimension d.

Figure 4: Results on real-data benchmarks (columns, from left to right): TReg(d = 4),
Brownian(d = 32), SparseReg (d = 82), LGCP (d = 1600)

omitted for LGCP, which did not finish training within 48 hours on the same hardware. Ground truth288

values are estimated using AIS with a dense temperature grid; see the details in Appendix E.2.289

As in the synthetic experiments, our exact flows match—or modestly improve upon—the best-tuned290

RealNVP and NSF in both ELBO (Fig. 4a) and logZ accuracy (Fig. 4b), and outperform the mean-291

field baseline by a wide margin. The per-sample importance-sampling ESS shows the same advan-292

tage (Fig. 8b). Crucially, normalizing flow training is orders of magnitude more expensive (Fig. 4d),293

whereas the exact flows achieve comparable accuracy at a fraction of the computational cost.294

We further compare coordinate-wise posterior means (Fig. 8c in Appendix E.2) and standard devi-295

ations (Fig. 4c) against NUTS, reporting the maximum absolute error across dimensions relative to296

the estimated ground truth. NUTS is initialized with independent draws from q0 and run for 5,000297

iterations including 2500 warm-up iterations. IRF flows outperform NUTS on two models and are298

slightly worse on the other two—yet they do so at lower computational cost (Fig. 4d). Note that299

the goal of this work is not to outperform MCMC, but rather to construct a variational family that300

provides asymptotic exactness and similar sampling performance; IRF MixFlows meet this standard.301

6 Conclusion302

We introduced a general framework for building asymptotically exact variational families from arbi-303

trary involutive MCMC kernels. By constructing invertible, measure-preserving maps directly from304

these kernels, we overcome the main practical limitation of MixFlow [26] and enable the construc-305

tion of a broad class of exact flows. We also provided a streamlined theoretical analysis for flows306

based on measure-preserving transformations and demonstrated their empirical advantages in den-307

sity approximation and importance sampling. A promising direction is to pair our framework with308

recent automatic-tuning MCMC [38–41], developing truly tuning-free exact flows in practice.309
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contributions and scope?447

Answer: [Yes]448

Justification: The main claim of this work is a general framework of constructing exact variational449

families, which is justified with precise theoretical results and empirical demonstrations.450
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• The answer NA means that the abstract and introduction do not include the claims made in the452

paper.453

• The abstract and/or introduction should clearly state the claims made, including the contribu-454

tions made in the paper and important assumptions and limitations. A No or NA answer to this455

question will not be perceived well by the reviewers.456

• The claims made should match theoretical and experimental results, and reflect how much the457

results can be expected to generalize to other settings.458

• It is fine to include aspirational goals as motivation as long as it is clear that these goals are not459

attained by the paper.460

2. Limitations461

Question: Does the paper discuss the limitations of the work performed by the authors?462

Answer: [Yes]463

Justification: Limitation of the methodology is discussed right after we introduce the method.464
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• The answer NA means that the paper has no limitation while the answer No means that the466

paper has limitations, but those are not discussed in the paper.467

• The authors are encouraged to create a separate "Limitations" section in their paper.468

• The paper should point out any strong assumptions and how robust the results are to violations of469

these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,470

asymptotic approximations only holding locally). The authors should reflect on how these as-471

sumptions might be violated in practice and what the implications would be.472
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they scale with dataset size.481
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lems of privacy and fairness.483
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as grounds for rejection, a worse outcome might be that reviewers discover limitations that485
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that individual actions in favor of transparency play an important role in developing norms487

that preserve the integrity of the community. Reviewers will be specifically instructed to not488

penalize honesty concerning limitations.489

3. Theory assumptions and proofs490

Question: For each theoretical result, does the paper provide the full set of assumptions and a com-491

plete (and correct) proof?492

Answer: [Yes]493

Justification: We make precise statement of our theoretical results, and defer all the proofs to the494

Appendix.495
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• The answer NA means that the paper does not include theoretical results.497

• All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.498
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• All assumptions should be clearly stated or referenced in the statement of any theorems.499

• The proofs can either appear in the main paper or the supplemental material, but if they appear500

in the supplemental material, the authors are encouraged to provide a short proof sketch to501

provide intuition.502

• Inversely, any informal proof provided in the core of the paper should be complemented by503

formal proofs provided in appendix or supplemental material.504

• Theorems and Lemmas that the proof relies upon should be properly referenced.505

4. Experimental result reproducibility506

Question: Does the paper fully disclose all the information needed to reproduce the main experimen-507

tal results of the paper to the extent that it affects the main claims and/or conclusions of the paper508

(regardless of whether the code and data are provided or not)?509

Answer: [Yes]510

Justification: We provide pseudo-code for our algorithm in the Appendix and include code and data511

in the supplementary materials.512
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• The answer NA means that the paper does not include experiments.514

• If the paper includes experiments, a No answer to this question will not be perceived well by515

the reviewers: Making the paper reproducible is important, regardless of whether the code and516

data are provided or not.517

• If the contribution is a dataset and/or model, the authors should describe the steps taken to make518

their results reproducible or verifiable.519

• Depending on the contribution, reproducibility can be accomplished in various ways. For ex-520

ample, if the contribution is a novel architecture, describing the architecture fully might suffice,521

or if the contribution is a specific model and empirical evaluation, it may be necessary to either522

make it possible for others to replicate the model with the same dataset, or provide access to the523

model. In general. releasing code and data is often one good way to accomplish this, but repro-524

ducibility can also be provided via detailed instructions for how to replicate the results, access525

to a hosted model (e.g., in the case of a large language model), releasing of a model checkpoint,526

or other means that are appropriate to the research performed.527

• While NeurIPS does not require releasing code, the conference does require all submissions528

to provide some reasonable avenue for reproducibility, which may depend on the nature of the529

contribution. For example530

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to531

reproduce that algorithm.532

(b) If the contribution is primarily a new model architecture, the paper should describe the533

architecture clearly and fully.534

(c) If the contribution is a new model (e.g., a large language model), then there should either535

be a way to access this model for reproducing the results or a way to reproduce the model536

(e.g., with an open-source dataset or instructions for how to construct the dataset).537

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are538

welcome to describe the particular way they provide for reproducibility. In the case of539

closed-source models, it may be that access to the model is limited in some way (e.g.,540

to registered users), but it should be possible for other researchers to have some path to541

reproducing or verifying the results.542

5. Open access to data and code543

Question: Does the paper provide open access to the data and code, with sufficient instructions to544

faithfully reproduce the main experimental results, as described in supplemental material?545

Answer: [Yes]546

Justification: Code and data are provided as a Zip file in the supplementary materials.547

Guidelines:548

• The answer NA means that paper does not include experiments requiring code.549

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/550

guides/CodeSubmissionPolicy) for more details.551

• While we encourage the release of code and data, we understand that this might not be possible,552

so No is an acceptable answer. Papers cannot be rejected simply for not including code, unless553

this is central to the contribution (e.g., for a new open-source benchmark).554

• The instructions should contain the exact command and environment needed to run to repro-555

duce the results. See the NeurIPS code and data submission guidelines (https://nips.cc/556

public/guides/CodeSubmissionPolicy) for more details.557

14

https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy


• The authors should provide instructions on data access and preparation, including how to access558

the raw data, preprocessed data, intermediate data, and generated data, etc.559

• The authors should provide scripts to reproduce all experimental results for the new proposed560

method and baselines. If only a subset of experiments are reproducible, they should state which561

ones are omitted from the script and why.562

• At submission time, to preserve anonymity, the authors should release anonymized versions (if563

applicable).564

• Providing as much information as possible in supplemental material (appended to the paper) is565

recommended, but including URLs to data and code is permitted.566

6. Experimental setting/details567

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,568

how they were chosen, type of optimizer, etc.) necessary to understand the results?569

Answer: [Yes]570

Justification: We describe high-level experimental setting in the experiment section (Section 5.), and571

defer additional details in the Appendix.572

Guidelines:573

• The answer NA means that the paper does not include experiments.574

• The experimental setting should be presented in the core of the paper to a level of detail that is575

necessary to appreciate the results and make sense of them.576

• The full details can be provided either with the code, in appendix, or as supplemental material.577

7. Experiment statistical significance578

Question: Does the paper report error bars suitably and correctly defined or other appropriate infor-579

mation about the statistical significance of the experiments?580

Answer: [Yes]581

Justification: Error bars of each figure is described in the caption of the figure or explained in the582

corresponding text discussing the figure.583

Guidelines:584

• The answer NA means that the paper does not include experiments.585

• The authors should answer "Yes" if the results are accompanied by error bars, confidence inter-586

vals, or statistical significance tests, at least for the experiments that support the main claims of587

the paper.588

• The factors of variability that the error bars are capturing should be clearly stated (for example,589

train/test split, initialization, random drawing of some parameter, or overall run with given590

experimental conditions).591

• The method for calculating the error bars should be explained (closed form formula, call to a592

library function, bootstrap, etc.)593

• The assumptions made should be given (e.g., Normally distributed errors).594

• It should be clear whether the error bar is the standard deviation or the standard error of the595

mean.596

• It is OK to report 1-sigma error bars, but one should state it. The authors should preferably597

report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of598

errors is not verified.599

• For asymmetric distributions, the authors should be careful not to show in tables or figures600

symmetric error bars that would yield results that are out of range (e.g. negative error rates).601

• If error bars are reported in tables or plots, The authors should explain in the text how they were602

calculated and reference the corresponding figures or tables in the text.603

8. Experiments compute resources604

Question: For each experiment, does the paper provide sufficient information on the computer re-605

sources (type of compute workers, memory, time of execution) needed to reproduce the experiments?606

Answer: [Yes]607

Justification: We provide informations of used computational resources in the Appendix, submitted608

as PDF in the supplementary materials.609

Guidelines:610

• The answer NA means that the paper does not include experiments.611
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• The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud612

provider, including relevant memory and storage.613

• The paper should provide the amount of compute required for each of the individual experimen-614

tal runs as well as estimate the total compute.615

• The paper should disclose whether the full research project required more compute than the616

experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it617

into the paper).618

9. Code of ethics619

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS620
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A Pseudocode791

A.1 Involution MCMC792

Algorithm 1 Involutive MCMC kernel K(x′, v′|x, v)
Require: current state x, target π, auxiliary distribution ρ(dv|x), involution g

1: v ∼ ρ(dv|x) ▷ sample auxiliary variable
2: (x′, v′)← g(x, v) ▷ generate proposal via the involution
3: α← min

(
1, π(x′,v′)

π(x,v) |
∂g(x,v)
∂x,v |

)
▷ compute the acceptance probability

▷ Accept or reject
4: u ∼ Unif[0, 1]
5: if u > α then
6: x′ ← x ▷ reject
7: end if
8: return x′, v′
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A.2 Involutive MCMC IRF793

Algorithm 2 IRF based on involutive MCMC fθ(s)

Require: joint state s = (x, v, uv, ua), random parameters θ = (θv, θa)
▷ update uniform auxiliary variables

1: uv ← (uv + θv) mod 1
2: ua ← (ua + θa) mod 1

▷ involutive MCMC with target π(x), auxiliary distribution ρ(dv|x), involution g
3: u′

v ← Fρ(·|x)(v)

4: ṽ ← F−1
ρ(·|x)(uv)

5: (x′, v′)← g(x, ṽ)

6: r ← π(x′,v′)
π(x,ṽ) |

∂g(x,ṽ)
∂x,ṽ | ▷ Compute MH ratio

7: if ua > r then
8: return x, ṽ, u′

v, ua ▷ reject and return pre-involution state
9: end if

10: u′
a ← ua

r ▷ ua ≤ r implies that u′
a ∈ [0, 1]

11: return x′, v′, u′
v, u

′
a ▷ accept and return after-involution state

A.3 Inverse IRF based on involutive MCMC794

Algorithm 3 Inverse IRF of involutive MCMC f−1
θ (s′)

Require: joint state s′ = (x′, v′, u′
v, u

′
a), random parameters θ = (θv, θa)

▷ recover pre- and post-involution pair
1: (x, ṽ)← g(x′, v′)

▷ this will either be r in line 6 of Algorithm 2 if accepted, or r−1 otherwise
2: r̃ ← π(x′,v′)

π(x,ṽ) |
∂g(x,ṽ)
∂x,ṽ |

▷ check accept or reject
3: ua ← u′

a · r̃ ▷ update ua (line 10 of Algorithm 2) as if the forward pass was an accept
4: if ua > 1 then ▷ forward pass was a reject (see line 6-7 of Algorithm 2)

▷ pre-involution state
5: (x, ṽ)← x′, v′

6: ua ← u′
a

7: end if
▷ inverse of line 3-4 of Algorithm 2

8: v ← F−1
ρ(·|x)(uv)

9: uv ← Fρ(·|x)(ṽ)
▷ inverse update of the uniform auxiliary variables (line 1-2 of Algorithm 2)

10: uv ← (uv + 1− θv) mod 1
11: ua ← (ua + 1− θa) mod 1
12: return x, v, uv, ua
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B Additional introduction to involutive MCMC795

B.1 Reversibility796

A key property of the involutive Markov kernel K is its reversibility with respect to both the augmented target797

π(x, v) and its marginal π(x) [36, Prop. 2].798

Proposition B.1. The involutive MCMC kernel K(x′, v′|x, v) (defined in Algorithm 1) satisfies that799

K(x′, v′|x, v)π(x, v) = K(x, v|x′, v′)π(x′, v′), K̂(x′|x)π(x) = K̂(x|x′)π(x′),

where K̂ is the marginalized kernel defined as: K̂(x′|x) :=
∫
K̂(x′, v′ | x, v)ρ(dv|x)dv′.800

B.2 Examples801

Here, we illustrate how the generic Metropolis-Hastings (MH) algorithm [35], random-walk Metropolis-802

Hastings (RWMH) [59], and Hamiltonian Monte Carlo (HMC) [60, 61], fit into this framework by specifying803

the corresponding auxiliary distribution ρ(·|x) and the involution map g.804

Example B.2 (MH sampler; Section B.3. of [36]). The Metropolis-Hastings sampler with proposal distribution805

ρ(dx′|x) can be cast as an involutive MCMC method by defining the auxiliary distribution as ρ(dv|x), and806

using the swap involution g : (x, v) 7→ (v, x).807

Example B.3 (RWMH sampler; Section 2. of [38]). RWMH with step size ϵ is obtained by setting808

g(x, v) = (x+ ϵv,−v), v ∼ ρ(dv|x) = N (0, I).

Example B.4 (HMC; Section B.6. of [36]). In the involutive formulation of HMC, the auxiliary varible v809

corresponds to the momentum variable, and ρ(v|x) is the momentum distribution, typically a Gaussian distri-810

bution independent of x. The involution map g consists of applying k steps of the leapfrog integrator, followed811

by a momentum sign flip:812

g

([
x
v

])
=

[
I 0
0 −I

]
Lk

([
x
v

])
,

where L : (x, v)→ (x′, v′) denotes a single leapfrog step (of step size ϵ) given by813

v1/2 ← v +
ϵ

2
∇ log π(x)

x′ ← x+ ϵv1/2

v′ ← v1/2 +
ϵ

2
∇ log π

(
x′) .

C Additional background materials814

To clarify notation: throughout this work, given a transformation f and a distribution p, we use f(p(x)) to de-815

note the function f evaluated at the value p(x), and fp(x) to denote the density of the pushforward distribution816

fp evaluated at x.817

C.1 Deterministic Mixflow818

Given a π-e.m.p. map f , the distribution qT converges to π in both density and total variation (TV) as T819

increases, regardless of any tuning of f . Proof of Theorem C.1 can be found in Appendix D.1.820

Theorem C.1. Suppose that f is a π-e.m.p diffeomorphism, and q0 � π. Then, as T →∞,821

qT (x)→ π(x), π-a.e.x ∈ X , and TV(qT , π)→ 0.

The original convergence of MixFlow [26, Theorem 4.2] was established using general operator theory for822

e.m.p dynamical systems [62]. We provide an intuitive explanation by directly assessing the density of qT823

with an additional requirement that the mapping f is diffeomorphic (which is needed in practice for tractability824

anyway). This enables a substantially simplified proof of the convergence of deterministic MixFlow. The proof825

of Theorem C.1 can be found in Appendix D.1.826

Using Lemma C.2, we can simplify the density of qT —Eq. (1)—to827

qT (x) =
1

T

T−1∑
t=0

f tq0(x) = π(x) · 1
T

T−1∑
t=0

q0
π
(f−t(x)), ∀x ∈ X . (6)
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If f is π-e.m.p, the Birkhoff ergodic theorem [63; 62, p. 212] implies that 1
T

∑T−1
t=0

q0
π
(f−t(x)) → 1. Con-828

sequentely, for π-a.e. x ∈ X , qT (x) → π(x) as T → ∞. Eq. (6) can be directly used for implementation as829

the potentially unknown constant of π is canceled. This offers additional convenience for the implementation830

because practitioners now do not need to track the Jacobian of each flow tranformation.831

We present here the key lemma that enables a simplified expression for density function of MixFlow.832

Lemma C.2. Let f : X → X be a diffeomorphism, π be a probability distribution on X , with density (denoted833

by π(x)) with respect to a dominating measure λ. Then,834

1. f is π-measure-preserving if and only if f−1 is π-measure-preserving.835

2. f is π-measure-preserving if and only if for λ-a.e. x ∈ X , Jf (x) :=
∣∣det∇f−1(x)

∣∣ = π(x)

π(f−1(x))
.836

Proof of Lemma C.2. By definition, f is π-preserving if and only if fπ(x) = π(x) = f−1π(x). Examining837

the density of the pushforward fπ via the change-of-variable formula, we have838

∀x ∈ X , fπ(x) = π(f−1(x))Jf (x) = π(x)⇔ Jf (x) =
π(x)

π(f−1(x))
.

The second claim follows from the fact that π = (f ◦ f−1)π = (f−1 ◦ f)π.839

C.2 Iterated random function840

As introduced in the main text, the IRF fθ induces a Markov kernel given by:841

∀x ∈ X , ∀B ∈ B, P (x,B) :=

∫
Θ

1B(fθ(x))µ(dθ).

This yields a simple characterization of the action of the Markov process P on a distribution q:842

(Pq)(y) :=

∫
X
P (x, y)q(dx) = E [fθq(y)] , θ ∼ µ, fθq: pushforward of q under fθ.

We can further characterize the Markov kernel R(·, ·) induced by the inverse IRF f−1
θt

:843

∀x ∈ X , ∀A ∈ B, R(x,A) :=

∫
Θ

1A(f
−1
θ (x))µ(dθ).

which is precisely the reversal of P (·, ·):844

π ⊗ P (A×B) = π ⊗R(B ×A) =

∫
π(fθ(A) ∩B)µ(dθ), (7)

where π ⊗ P (A × B) :=
∫
A
P (x,B)π(dx). See Kakutani [43, Eq. (4.5)] for the detailed derivation. Notice845

that if P is reversible wrt π, i.e., π⊗P = π⊗R, both the IRF fθ and its inverse f−1
θ induce the same Markov846

process P . In other words, P = R. From Eq. (7), we can see that a sufficient and necessary condition so that847

P = Q is that848 ∫
π(fθ(A) ∩B)µ(dθ) =

∫
π(f−1

θ (A) ∩B)µ(dθ).

Moreover, the forward IRF fθ and the inverse IRF f−1
θ are closely related. For instance, Assumption 2.1 holds849

for fθ and its induced Markov process P if and only if Assumption 2.1 holds for f−1
θ and its induced R [43,850

Theorem 3.].851
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D Proofs852

D.1 Convergence of the deterministic MixFlow853

Definition D.1 (Ergodic map [62, pp. 73, 105]). f : X → X is ergodic for π if for all measurable sets A ⊆ X ,854

f(A) = A implies that π(A) ∈ {0, 1}.855

The most notable implication of a π-e.m.p f is that the long-run average of repeated applications of f converges856

to the expectation under π, a result known as the Birkhoff ergodic theorem [63; 62, p. 212]. The full statement857

is given in Theorem D.2.858

Theorem D.2 (Ergodic Theorem [63; 62, p. 212]). Suppose f : X → X is measure-preserving and ergodic859

for π, and ϕ ∈ L1(π). Then860

lim
T→∞

1

T

T−1∑
t=0

ϕ(f tx) =

∫
ϕdπ, π-a.e. x ∈ X .

Lemma D.3 (Scheffé’s lemma). Let ϕn be a sequence of integrable functions on a measure space (X ,B, π)861

that convergences π-a.s. to ϕ. Then862 ∫
|ϕn(x)− ϕ(x)|π(dx)→ 0, n→∞,

if and only if863 ∫
|ϕn(x)|π(dx)→

∫
|ϕ(x)|π(dx), n→∞.

Proof of Theorem C.1. Note that the Jacobian of the π-e.m.p f is π(x)/π(f−1(x)) by Lemma C.2, allowing864

the density of q̄T to be expressed as:865

qT (x) =
1

T

T−1∑
t=0

f tq0(x) = π(x) · 1
T

T−1∑
t=0

q0
π
(f−t(x)), ∀x ∈ X .

The pointwise density convergence is the direct consequence of Eq. (8). Specifically, provided q0 � π, we866

have q0/π ∈ L1(π), so the Birkhoff ergodic theorem [63; 62, p. 212] (see Theorem D.2) ensures:867

1

T

T−1∑
t=0

q0
π
(f−t(x))→ 1, π − a.e.x ∈ X , as T →∞. (8)

The total variation convergence is then by the direct application of the Scheffé’s lemma Lemma D.3. Notice that868

TV(q̂T , π) =

∫ ∣∣∣∣ q̂Tπ (x)− 1

∣∣∣∣π(dx) = ∫
∣∣∣∣∣ 1T

T∑
t=1

q0
π
(f−t

θ (x))− 1

∣∣∣∣∣π(dx).
To apply Lemma D.3, we set ϕt(x) := 1

T

∑T
t=1

q0
π
(f−t

θ (x)), and set ϕ(x) := 1. Because q0 � π, all ϕn’s869

are π-integrable. Then, for all n ∈ N, we obtain that870 ∫
|ϕn(x)|π(dx) =

∫
ϕn(x)π(dx)

=
1

T

T∑
t=1

∫
q0
π
(f−t

θ x)π(dx)

=

∫
q0(dx) (as fθπ = π)

= 1 =

∫
|ϕ(x)|π(dx),

yielding the second convergence in Lemma D.3.871

D.2 Convergence of the IRF MixFlow872

As hinted in the main text, the proof of Theorem 3.1 involves interpreting the IRF as a time-homogeneous,873

e.m.p. dynamical system on the joint space ΘN × X . Specifically, we define a map Φ (Eq. (9)) whose iterates874

evolve both the state Xt and the parameter sequence (θt)t∈N. Overall, the proof proceeds in two steps. First,875

we show that the joint law of (θt, Xt) converges in total variation to P ⊗ π. Second, we deduce marginal876

convergence for Xt. Section D.2.1 establishes the joint result, while Section D.2.2 explains why it suffices to877

prove Theorem 3.1.878
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D.2.1 Convergence in the product space879

The key technique for proving the joint convergence is to interpret the iterative process Eq. (2) as an autonomous,880

ergodic, and measure-preserving dynamical system in the joint space ΘN ×X . Given this framework, the joint881

convergence follows immediately, as substantiated by Xu et al. [26, Theorem 4.2] (which is based on the mean882

ergodic theorem).883

For brevity, we define Ω = ΘN, FN = F⊗N, and P be the joint distribution of (θt)t∈N with independent884

marginal distribution µ. Define the shift operator σ : Ω→ Ω by885

σω : (ω0, ω1, . . . ) 7→ (ω1, ω2, . . . ).

And let (θn)n∈N be the coordinate process on (Ω,FN,P), i.e., for all ω = (ω0, ω1, . . . ) ∈ Ω,886

θn(ω) = ωn.

By definition, we have θn+1 = θn ◦ σ, and (fθn)n∈N with (θn)n∈N
iid∼ µ can be formally understood as887 (

fθn(ω)

)
n∈N , ω ∼ P satisfying that fθn(ω) = fθ0◦σn(ω) = fθ0(σnω). For the rest of this work, we abuse the888

notation by writing fθn(ω) as fσnω for all n ∈ N.889

Now consider the product probability space (Ω×X ,FN ⊗ B,P× π), where P × π denotes the joint dis-890

tribution with independent marginals P and π on Ω and X respectively. We define the transformation891

Φ : Ω×X → Ω×X by892

Φ(w, x) = (σω, fσω(x)), ∀(ω, x) ∈ Ω×X . (9)

Note that Eq. (9) equivalently describes the iterative process Eq. (2) with i.i.d. (θn)n∈N. For the rest of the893

proof, we will focus on the autonomous dynamical system (Ω×X ,FN ⊗ B,P× π,Φ).894

Theorem D.4. Under the same assumption of Theorem 3.1, we have895

TV

(
1

N

N−1∑
n=0

Φn(P× q0),P× π

)
→ 0, as N →∞. (10)

Proof of Theorem D.4. We first show that Φ preserves P×π, namely, Φ(P×π) = P×π. For all ξ ∈ L1(P×π),896

Φ(P× π)(ξ) :=

∫
Ω×X

ξ(ω, x)Φ(P× π)(dω, dx)

=

∫
Ω×X

ξ ◦ Φ(ω, x)P× π(dω, dx)

=

∫
Ω

∫
X
ξ(σω, fσω(x))π(dx)P(dω)

(11)

Since σ is measure-preserving for P due to the i.i.d. assumption, and x 7→ fω(x) is π-measure-preserving by897

hypothesis, we obtain that898

Φ(P× π)(ξ) =

∫
Ω

∫
X
ξ(ω, fω(x))π(dx)P(dω)

=

∫
Ω

∫
X
ξ(ω, x)(fωπ)(dx)P(dω)

=

∫
Ω

∫
X
ξ(ω, x)π(dx)P(dω)

=

∫
Ω×X

ξ(ω, x)P× π(dω, dx)

=: (P× π)(ξ).

This concludes that (Ω×X ,FN ⊗ B,P× π,Φ) is a measure-preserving dynamical system.899

We further show that (Ω×X ,FN ⊗ B,P× π,Φ) is an ergodic dynamical system. Morita [33, Theorem 4.1]900

shows that it is equivalent to show the ergodicity of the shift dynamical system—
(
X N,B⊗N,Pπ, τ

)
—induced901

by the Markov process associated to Eq. (2). Here Pπ is the unique probability measure on (X N,B⊗N) so902

that the coordinate process (X1, X2, . . . ) is a Markov chain with kernel P (Eq. (3)) and initial distribution903

π, and τ is the shift operator on X N, i.e., τ(X0, X1, . . . ) = (X1, X2, . . . ). Douc et al. [45, Theorem 5.2.6]904

further guarantees that if π is the unique invariant probability measure of P , then
(
X N,B⊗N,Pπ, τ

)
is both905

measure-preserving and ergodic. Hence, the second assertion of Assumption 2.1 guarantees the ergodicity of906

(Ω×X ,FN ⊗ B,P× π,Φ).907
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Finally, we apply Theorem 4.2 in Xu et al. [26] to finish the proof. Given that Φ is measure-preserving and908

ergodic for P× π, it remains to show that q � π implies that P× q � P× π. For all B ∈ B and F ∈ FN,909

0 = (P× π)(F,B) = P(F )× π(B) =⇒ P(F ) = 0 or π(B) = 0.

Since (P× q)(F,B) = P(F )× q(B), if P(F ) = 0, then P(F )× q(B) = 0, and if π(B) = 0, then q(B) = 0910

by hypothesis and P(F ) × q0(B) = 0 as well. Therefore, Xu et al. [26, Theorem 4.2] yields the desired911

result.912

D.2.2 From the joint convergence to Theorem 3.1913

Finally, we justify why Eq. (10) is sufficient for Eq. (4).914

Proof of Theorem 3.1. We first derive the explicit expression of Φ(P× q0) and examine its conditional proba-915

bility measure. Following the same derivation as Eq. (11), for all ξ ∈ L1(P× q0),916

Φ(P× q0)(ξ) =

∫
Ω

∫
X
ξ(σω, fσω(x))q0(dx)P(dω)

=

∫
Ω

∫
X
ξ(ω, fω(x))q0(dx)P(dω)

=

∫
Ω

∫
X
ξ(ω, x)(fωq0)(dx)P(dω), (12)

where the second equality is by the fact that σ is measure-preserving for P. Eq. (12) demonstrates that Φ(P×q0)917

can be disintegrated into the marginal distribution P(dω) on Ω and the conditional distribution (fωq0)(dx),918

yielding that919

Xn|(θi)i∈N ∼ fθn−1 ◦ · · · ◦ fθ0q0.

Hence, disintegration of 1
N

∑N−1
n=0 Φn(P× q0) on the slice (θ0, θ1, . . . ) ∈ Ω is920

1

N

N−1∑
n=0

fθn−1 ◦ · · · ◦ fθ0q0.

Then we show that the total variation convergence of the joint distribution (Theorem D.4) implies the total921

variation convergence of the conditionals (Theorem 3.1). For all N ∈ N,922

TV

(
1

N

N−1∑
n=0

Φn(P× q0),P× π

)
=

∫
Ω

∫
X

∣∣∣∣∣ 1N
N−1∑
n=0

dΦn(P× q0)

d(P× π)
− 1

∣∣∣∣∣π(dx)P(dθ)
Notice that for all n ∈ N, the Radon-Nikodym derivative dΦn(P×q)

d(P×π)
always exists given that P × q0 � P × π923

and Φ is P× π-measure-preserving. And explicitly, since P× q0 and P× π have same marginal distributions924

on Ω, we have925

dΦn(P× q0)

d(P× π)
=

fθn−1 ◦ · · · ◦ fθ0q0
π

.

Hence,926

TV

(
1

N

N−1∑
n=0

Φn(P× q0),P× π

)
=

∫
Ω

∫
X

∣∣∣∣∣ 1N
N−1∑
n=0

fθn−1 ◦ · · · ◦ fθ0q0(x)
π(x)

− 1

∣∣∣∣∣π(dx)P(dθ)
= E

[
TV

(
1

N

N−1∑
n=0

fθn−1 ◦ · · · ◦ fθ0q0, π

)]
, (θn)n∈N ∼ P

Since TV (·, ·) is always non-negative, the left-hand side converges to 0 as N → ∞ yields that the following927

convergence holds in probability P:928

TV

(
1

N

N−1∑
n=0

fθn−1 ◦ · · · ◦ fθ0q0, π

)
→ 0, as N →∞. (13)

One may notice a subtle difference on the indices of θ’s between Eq. (13) and Eq. (10). Due to the i.i.d.929

assumption on (θn)n∈N,930

TV

(
1

N

N−1∑
n=0

fθn−1 ◦ · · · ◦ fθ0q0, π

)
d
= TV

(
1

N

N−1∑
n=0

fθn ◦ · · · ◦ fθ1q0, π

)
,

which completes the proof.931
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D.3 Convergence of the backward IRF MixFlow932

Proof of Theorem 3.2. The pointwise density convergence is the direct consequence of Eq. (5) via Theorem 2.2.933

The total variation convergence is then established using identical strategy as the proof of Theorem C.1 via934

Scheffé’s lemma Lemma D.3.935

D.4 Convergence of the ensemble IRF MixFlow936

Proof of Theorem 3.3. By the definition of the total variation,937

TV
(
q̃
(M)
T , π

)
=

∫ ∣∣∣∣∣ q̃(M)
T

π
(x)− 1

∣∣∣∣∣π(dx)
=

∫ ∣∣∣∣∣ 1M
M∑

m=1

q0
π

(
f−1

θ
(m)
1

◦ · · · ◦ f−1

θ
(m)
T

(x)

)
− 1

∣∣∣∣∣π(dx).
By the triangle inequality,938

≤
∫ ∣∣∣∣∣ 1M

M∑
m=1

q0
π

(
f−1

θ
(m)
1

◦ · · · ◦ f−1

θ
(m)
T

(x)

)
−RT

(q0
π

)
(x)

∣∣∣∣∣π(dx) +
∫ ∣∣∣∣∫ q0

π
(y)RT δx(dy)− 1

∣∣∣∣π(dx).
(14)

We derive upper bounds for two terms on the right-hand side separately.939

For the first term, taking the expectation with respect to the randomness of θ ∼ µ, and interchange the order of940

integrations,941

E

[∫ ∣∣∣∣∣ 1M
M∑

m=1

q0
π

(
f−1

θ
(m)
1

◦ · · · ◦ f−1

θ
(m)
T

(x)

)
−RT

(q0
π

)
(x)

∣∣∣∣∣π(dx)
]

= E

[∫ ∣∣∣∣∣ 1M
M∑

m=1

q0
π

(
f−1

θ
(m)
1

◦ · · · ◦ f−1

θ
(m)
T

(X)

)
−RT

(q0
π

)
(X)

∣∣∣∣∣µ(dθ(1:M)
1:T

)]
, X ∼ π

Notice that ∀x ∈ X ,
{
f−1

θ
(m)
1

◦ · · · ◦ f−1

θ
(m)
T

(x)

}M

m=1

iid∼ RT δx, where the randomness comes from the inde-942

pendent realization of θs, where R is the induced the Markov process of f−1
θ . Therefore, applying Jensen’s943

inequality yields944

≤ 1√
M

E
[√

Varθ1:T

[q0
π

(
f−1
θ1
◦ · · · ◦ f−1

θT
(X)

)
| X
] ]

,

For the second term of Eq. (14), since q0
π

is globally bounded by constant B <∞, we have that945 ∫ ∣∣∣∣∫ q0
π
(y)RT δx(dy)− 1

∣∣∣∣π(dx)
=

∫ ∣∣∣∣∫ q0
π
(y)RT δx(dy)−

∫
q0
π
(y)π(dy)

∣∣∣∣π(dx)
≤ B

∫
TV(RT δx, π)π(dx)

= B · E
[
TV(RT δX , π)

]
, X ∼ π.

This completes the proof.946

947

D.5 Proof of Proposition 4.1948

Proof of Proposition 4.1. We first verify that the map defined in Algorithm 2 is π̄-measure-preserving, invoking949

the second part of Proposition 4.1. The algorithm has four steps (see Section 4); we compute the Jacobian of950

each step. Steps 3-4 involve a discrete accept/reject decision, so we treat the two branches separately—within951

a branch the transformation is a diffeomorphism, making the Jacobian well defined.952

1. Step 1 describes constant shifts applied to uniform random variables, which preserves Unif [0,1](duv)953

and Unif [0,1](dua) with Jacobian 1.954
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2. Step 2 is the CDF/inverse-CDF transformation of ρ(·|x). As long as the CDF F (·|x) is well-defined,955

this step describes a diffeomorphism in V × [0, 1]. The corresponding Jacobian is given by:956

ρ(ṽ|x)
ρ(v|x)

3. We analyze step 3 and 4 together. In the rejection branch, no additional transformation is applied, so957

the Jacobian is 1. In the acceptance branch, step 3 involves the involution mapping, with Jacobian958

| ∂g(x,ṽ)
∂x,ṽ

|−1, and step 4 rescale ua by the MH-ratio r, yielding a combined Jacobian with step 3959

π(x′,v′)
π(x,ṽ)

.960

Hence, in the rejection branch, the combined jacobian of step 1-4 evaluated on s′ = (x, ṽ, u′
v, ua) is961

ρ(ṽ|x)
ρ(v|x) =

π(x, ṽ, u′
v, ua)

π(x, v, uv, ua)
.

In the acceptance branch, the combined jacobian of step 1-4 evaluated on s′ = (x′, v′, u′
v, u

′
a) is962

ρ(ṽ|x)
ρ(v|x)

π(x′, v′)

π(x, ṽ)
=

π(x′, v′, u′
v, u

′
a)

π(x, v, uv, ua)
.

Both satisfy the criterion of Proposition 4.1; the map is therefore π-measure-preserving.963

Finally, we show uniqueness of the invariant distribution. By Douc et al. [45, Corollary 9.2.16], an irreducible964

kernel has at most one invariant distribution. Because each fθ preserves π̄, the induced Markov kernel P must965

admit π as an invariant distribution. If P is irreducible, then π is its unique invariant distribution.966

967
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E Additional experimental details968

For all deterministic MixFlows variants, the uniform-shift parameters were fixed to θv = π/8 and θa = π/7.969

For NUTS benchmarks, we the Julia package AdvancedHMC.jl [64] with default settings throughout. The nor-970

malizing flow architectures were implemented as follows. In RealNVP, the affine coupling layers consist of971

two separate multilayer perceptrons (MLPs)—one for scaling and one for shifting—each with three fully con-972

nected layers and LeakyReLU activations. For Neural Spline Flows (NSF), we set the spline bandwidth973

to B = 30, and used K = 11 knots. For synthetic examples, the hidden dimension in each MLP was set to 32974

for RealNVP and 64 for NSF. For real-data examples, the hidden dimension was set to min(d, 64), where d is975

the dimensionality of the target posterior distribution.976

We conducted experiments on two computing platforms: a local machine equipped with an AMD Ryzen 9977

5900X CPU and 64 GB of RAM, and a high-performance computing cluster (details to be provided upon978

acceptance). All code used in the experiments is included in the submitted .zip file.979

E.1 Synthetic experiments980

The four target distributions used in this experiment are as follows:981

1. the banana distribution [55]:982

y =

[
y1
y2

]
∼ N

(
0,

[
100 0
0 1

])
, x =

[
y1

y2 + by2
1 − 100b

]
, b = 0.1;

2. Neals’ funnel [56]:983

x1 ∼ N
(
0, σ2) , x2 | x1 ∼ N

(
0, exp

(x1

2

))
, σ2 = 36;

3. a cross-shaped distribution: in particular, a Gaussian mixture of the form984

x ∼ 1

4
N
([

0
2

]
,

[
0.152 0
0 1

])
+

1

4
N
([
−2
0

]
,

[
1 0
0 0.152

])
+

1

4
N
([

2
0

]
,

[
1 0
0 0.152

])
+

1

4
N
([

0
−2

]
,

[
0.152 0
0 1

])
;

4. and a warped Gaussian distribution985

y =

[
y1
y2

]
∼ N

(
0,

[
1 0
0 0.122

])
, x =

[
‖y‖2 cos

(
atan2 (y2, y1)− 1

2
‖y‖2

)
‖y‖2 sin

(
atan2 (y2, y1)− 1

2
‖y‖2

)] ,
where atan2(y, x) is the angle, in radians, between the positive x axis and the ray to the point (x, y).986
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E.1.1 Relative performance of deterministic, IRF, and backward IRF MixFlows987

Total-variation error for deterministic, IRF, and backward IRF MixFlows built on RWMH kernels, plotted
against flow length T for the most performant step sizes among {0.05, 0.2, 1.0}. Each curve is the mean over
32 independent runs; shaded bands (±1 SD) show run-to-run variability.

Running mean estimates over 3000 iterates from different IRF and MCMC dynamics based on RWMH, eval-
uated on the Cross distribution across 32 independent runs. Each line represents the trajectory of a single run.
From top to bottom, the rows show the running mean of the test functions (x1, x2) 7→ x1, (x1, x2) 7→ x2, and
(x1, x2) 7→ q0

π
(x1, x2). From left to right, the columns correspond to the dynamic of inverse IRF f−1

θ , the
backward process of the inverse IRF, time-homogeneous dynamics fθ⋆ , and the standard RWMH MCMC.

Per-sample MCMC effective sample size (ESS) estimates on the test function q0
π

, computed from trajectories
generated by various IRF and MCMC dynamics based on HMC, MALA, and RWMH kernels. The trajectory
lengths are set to 300 for HMC-based dynamics, 2000 for MALA, and 4000 for RWMH. Each ESS value is
computed from a single trajectory, and the boxplots summarize the ESS estimates over 32 independent runs per
method. The per-sample ESS for i.i.d. samples will be 1.

Figure 5: Results showing difference between deterministic, IRF, and backward IRF MixFlows

Fig. 5a compares the total variation (TV) errors of Deterministic, IRF, and Backward-IRF MixFlows con-988

structed from RWMH kernels. Overall, Deterministic and Backward-IRF MixFlows perform similarly, though989

the latter exhibits slightly improved accuracy at longer flow lengths. IRF MixFlow consistently outperforms990

both, achieving faster TV convergence and lower variability across runs. As discussed in Section 3.4, this im-991

provement stems from differences in the convergence behavior of the series 1
K

∑K
k=1

q0
π
(Tk(x)), where Tk992

represents the sequence of transformations used in the density computation of each MixFlow variant.993

Fig. 5b further illustrates this effect by showing running mean estimates over 3000 iterations for the Cross994

distribution. From top to bottom, each row shows the mean of the test functions (x1, x2) 7→ x1, (x1, x2) 7→ x2,995

and (x1, x2) 7→ q0
π
(x1, x2). From left to right, the columns correspond to the inverse IRF f−1

θ (Backward-996

IRF MixFlow), the backward process of the inverse IRF (IRF MixFlow), the time-homogeneous flow fθ⋆997

(deterministic MixFlow), and standard RWMH MCMC. The backward process exhibits significantly faster998

convergence in all cases, consistent with the superior TV performance of IRF MixFlows under equal flow999

lengths. This advantage arises from reduced autocorrelation in the backward iterates.1000
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Fig. 5c reports the per-sample MCMC effective sample size (ESS) for the test function q0
π

, estimated from1001

trajectories generated using various IRF and MCMC dynamics based on HMC, MALA, and RWMH. This1002

metric captures the degree of autocorrelation in q0
π
(Tk(x)) across iterations. Backward process dynamics1003

consistently yield ESS values orders of magnitude higher than other methods—often approaching the ideal of1004

independent sampling, with relative ESS close to 1 in some cases.1005

E.1.2 Ensemble IRF MixFlows: scaling up M or T1006

Fix ensemble size M = 30 increase flow length.

Fix flow length T = 100 increase ensemble size.

Figure 6: TV error of ensemble IRF MixFlows based on HMC over increasing ensemble size M
and flow length T . Each curve is the mean over 32 independent runs; shaded bands (±1 SD) show
run-to-run variability.
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E.1.3 Additional results for synthetic examples1007

(a) ELBO: (from left to right) funnel, cross, warped Gaussian.

(b) ELBO in full range: (from left to right) Banana, funnel, cross, warped Gaussian.

(b) logZ estimates: (from left to right) funnel, cross, warped Gaussian.

(c) Per-sample importance sampling ESS: (from left to right) funnel, cross, warped Gaussian.

Figure 7: Variational approximation quality of IRF Flows versus RealNVP and NSF. Box plots for
IRF flows are based on 32 independent runs, and 10 runs for the normalizing flows.
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E.2 Additional results for real-data experiments1008

To approximate the ground truth, we ran an AIS procedure with 4096 particles with adaptive schedule selection.1009

The initial temperature schedule was generated via mirror descent [65] with a small step size of 0.005; the1010

schedule was then refined for five rounds using the adaptive scheme of Syed et al. [66], yielding more than 10001011

annealing steps for each data set. All reference values are taken as the median estimates across 10 independent1012

runs of the above procedure.1013

ELBO in full range.

Per-sample ESS.

Maximal absolute error of the coordinate mean estimation against NUTS

Figure 8: Results on real-data benchmarks (columns, from left to right): TReg(d = 4),
Brownian(d = 32), SparseReg (d = 83), LGCP (d = 1600)
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