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A Extended Proofs919

A.1 Equivariance of Group-Lifting Convolution & Group-Convolution920

We can verify that group convolutional layers given by Equation 3 are equivariant according to921

Equation 2. While these are well-known facts, we re-derive them here in our own notation for922

completeness and to lay the groundwork for our later proofs. First, for the lifting convolution, we923

wish to prove:924

[(ĝ · f) ?̂G Wi](g) = ĝ · [f ?̂G Wi](g) 8 g, ĝ 2 G, f 2 FK(X). (15)

Proof. (Group-Lifting Conv. is Group Equivariant)925

[(ĝ · f) ?̂GWi](g) =
X

x2Z2

KX

k=1

fk(ĝ
�1 · x)Wi

k
(g�1 · x) (by def. action, Eqn. 1) (16)

=
X

x̂2Z2

KX

k=1

fk(x̂)Wi

k
(g�1 · (ĝ · x̂)) (where x̂ = ĝ�1 · x) (17)

=
X

x̂2Z2

KX

k=1

fk(x̂)Wi

k
((g�1 · ĝ) · x̂)) (by associativity) (18)

=
X

x̂2Z2

KX

k=1

fk(x̂)Wi

k
((ĝ�1 · g)�1 · x̂)) (by defn. inverse) (19)

= [f ?̂GWi](ĝ�1 · g) = ĝ · [f ?̂GWi](g) (by Eqn. 3 & defn. action) (20)

926

In line 17, we use the fact that because the group G acts on X by a bijection (see our earlier definition927

of the input representation ⇡X : G ! Aut(X) in §2), the substitution x̂ = g�1 · x is just a relabeling928

of the index set, and hence the sum over x 2 X is the same as the sum over x̂ 2 X .929

Next for the group convolution, the proof is virtually identical. We wish to prove:930

[(ĝ · f) ?G Wi](g) = ĝ · [f ?G Wi](g) 8 g, ĝ 2 G, f 2 FK(X). (21)

Proof. (Group-Conv. is Group Equivariant)931

[(ĝ · f) ?G Wi](g) =
X

h2G

KX

k=1

fk(ĝ
�1 · h)Wi

k
(g�1 · h) (by def. action, Eqn. 1) (22)

=
X

ĥ2G

KX

k=1

fk(ĥ)Wi

k
(g�1 · (ĝ · ĥ)) (where ĥ = ĝ�1 · h) (23)

=
X

ĥ2G

KX

k=1

fk(ĥ)Wi

k
((g�1 · ĝ) · ĥ)) (by associativity) (24)

=
X

ĥ2G

KX

k=1

fk(ĥ)Wi

k
((ĝ�1 · g)�1 · ĥ)) (by defn. inverse) (25)

= [f ?̂GWi](ĝ�1 · g) = ĝ · [f ?̂GWi](g) (by Eqn. 3 & defn. action) (26)

932

Again, we use the fact that the group G is closed under the group action, so the substitution ĥ = ĝ�1 ·h933

is just a relabeling of the index set, and hence the sum over h 2 G is the same as the sum over ĥ 2 G.934
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A.2 Equivariance of Group Equivariant RNN935

We wish to prove that a recurrent neural network built with group-equivariant convolutional layers936

(Equation 4) is equivariant according to Equation 2. If we write the hidden state as a function of937

the input signal ht+1[ft](g) 2 FK0(Y ), where Y = G, then we can write the the equivariance938

condition as:939

ht+1[ĝ · ft](g) = ĝ · ht+1[ft](g) 8 t 2 Z+, f 2 FK(X), ĝ, g 2 G, (27)
where ĝ · ft := {ĝ · fi | i 2 Z+  t}, denotes the input signal generated by applying the same940

group element to each timestep. We prove this by induction for all t 2 Z+:941

Proof. (G-RNN is Group Equivariant)942

We assume (i) ?̂G and ?G are the group-lifting convolution and group convolution defined in Equation943

3, (ii) � is a G-equivariant non-linearity (e.g. pointwise), and (iii) g acts linearly on h-space. Since h944

is defined by the lifting and recurrent convolutions, we see that Y = G. We further assume (iv) h0 is945

initialized to be invariant to the group action, i.e. ĝ · h0(g) = h0(ĝ�1 · g) = h0(g), and (v) the input946

signal is zero before time zero, i.e. f<0 = 0.947

Base Case: We can see that the base case is trivially true from the initial condition, since the initial948

condition is not a function of the input sequence, so:949

h0[ĝ · f<0](g) = h0[f<0](g) (since h0 is indep. of input f<0) (28)

= h0[f<0](ĝ
�1 · g) (by initialization) (29)

= ĝ · h0[f<0](g) (by defn. action) (30)

Inductive Step: Assuming ht[ĝ · f<t](g) = ĝ · ht[f<t](g), we wish to prove this holds also for t+ 1:950

ht+1[ĝ · ft](g) = �
�
[ht[ĝ · f<t] ?G W] (g) + [[ĝ · ft]?̂GU ] (g)

�
(by defn. G-RNN) (31)

= �
�
[[ĝ · ht[f<t]] ?G W] (g) + [[ĝ · ft]?̂GU ] (g)

�
(by inductive hyp.) (32)

= �
�
ĝ · [ht[f<t] ?G W](g) + ĝ · [ft?̂GU ](g)

�
(by equivar. of G-conv.) (33)

= ĝ · �
�
[ht[f<t] ?G W] (g) + [ft?̂GU ] (g)

�
(by equivar. non-lin.) (34)

= ĝ · ht+1[ft](g) (by defn. G-RNN, Eqn 4) (35)
951

We note that the step on the fourth line assumes that the group action is linear, in that it distributes952

over the addition operation between the previous hidden state and the input. Traditionally, group953

equivariant neural network architectures have been constructed to exhibit linear representations in954

the latent space, and therefore this is a natural assumption. However, if one allowed g to act by955

non-linear maps (i.e. dropped the linear-representation assumption), then neither distributivity nor956

�-equivariance would hold in general.957

A.3 Frame-wise Flow Equivariance958

We wish to prove that any G-equivariant map � : FK(X) ! FK0(Y ), that is applied ‘frame-959

wise’ to a space-time function f 2 FK(X,Z) is also flow equivariant according to Definition 3.1.960

Specifically, let �[f ] = [�(f0),�(f1) . . .�(fT )] be a sequence model built by concatenating the961

output of a G-equivariant map � applied to each timestep t of the input signal ft. Furthermore, let �962

be equivariant to the individual group elements generated by vector fields ⌫ 2 V , i.e. �( t(⌫) · ft) =963

 t(⌫) · �(ft) 8t 2 Z, ⌫ 2 V, ft 2 FK(X). Then:964

Proof. (Frame-wise Equivariant Maps are Flow Equivariant)965

�( (⌫) · f) = [�( 0(⌫) · f0),�( 1(⌫) · f1) . . .�( T (⌫) · fT )] (by defn. flow action) (36)
= [ 0(⌫) · �(f0), 1(⌫) · �(f1) . . . T (⌫) · �(fT )] (by G-equivariance of �) (37)
=  (⌫) · [�(f0),�(f1) . . .�(fT )] (by defn. flow action, eqn. 5) (38)
= ( (⌫) · �(f)) (by defn. �) (39)

966
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A.4 Group Equivariant RNNs are not Flow Equivariant967

In this subsection we prove Theorem 3.1, that the group-equivariant RNN as defined in Equation 4,968

with non-zero W , is not flow equivariant according to Definition 3.1, except in the degenerate flow969

invariant case.970

We will prove this in two parts: (i) First we will prove that a G-RNN with constant kernels is indeed971

flow invariant through induction (the degenerate case). Then (ii), we will proceed with a proof by972

contradiction to show that this is the only such flow equivariant G-RNN possible.973

To begin, we recall that the degenerate flow invariant case is defined as a G-RNN where both W and974

U are constant over G. We will denote such kernels Ū and W̄ , such that:975

W̄(g) = W̄(g0), 8 g, g0 2 G & Ū(g · x) = Ū(g0 · x) 8 g, g0 2 G, x 2 X. (40)

We wish to prove that such a network satisfies Definition 3.1, but more specifically that it is actually976

invariant to the flow action, meaning:977

ht[ (⌫) · f<t] = ht[f<t] 8 f 2 FK(X), ⌫ 2 V, t 2 Z+ (41)

We can see that this is a special case of Definition 3.1 where the group action on the output space is978

trivial, i.e. given by the identity:  t(⌫) · ht[f<t] = ht[f<t]. We can prove this by induction as before.979

First we introduce the following lemma for convenience:980

Lemma A.1. (Lifting convolution with Ū is group invariant) The result of applying the lifting981

convolution (?̂G) defined in 3 with a constant kernel Ū to a a signal f 2 FK(X) is invariant to flow982

element action on f , i.e.983

[( t(⌫) · f) ?̂G Ū i](g) = [f ?̂G Ū i](g) 8 ⌫ 2 V, f 2 FK(X). (42)

Proof. (Lemma A.1)984

[( t(⌫) · f) ?̂GŪ i](g) =
X

x2Z2

KX

k=1

fk( t(⌫)
�1 · x)Ū i

k
(g�1 · x) (by def. action, Eqn. 1) (43)

=
X

x̂2Z2

KX

k=1

fk(x̂)Ū i

k
(g�1 · ( t(⌫) · x̂)) (where x̂ =  (⌫)�1 · x) (44)

=
X

x̂2Z2

KX

k=1

fk(x̂)Ū i

k
(( t(⌫)

�1 · g)�1 · x̂)) (by associativity and inv.)

(45)

=
X

x̂2Z2

KX

k=1

fk(x̂)Ū i

k
(ĝ�1 · x̂)) (by closure, ĝ =  t(⌫)

�1 · g 2 G) (46)

=
X

x̂2Z2

KX

k=1

fk(x̂)Ū i

k
(g�1 · x̂)) (by defn Ū(g�1 · x̂) = Ū(ĝ�1 · x̂)) (47)

= [f ?̂GŪ i](g) (by Eqn. 3) (48)

985

We have again used the fact that the group acts on X by a bijection as in §A.1. We can then proceed986

with the proof by induction to prove that the G-RNN with constant kernels is flow invariant:987

Proof. (G-RNN with Constant Kernels is Flow Invariant)988

Let ht[f<t] be defined as in Equation 4 with U = Ū and W = W̄ . We again assume (i) ?̂G and ?G are989

the group-lifting convolution and group convolution defined in Equation 3, (ii) � is a G-equivariant990

non-linearity (e.g. pointwise), (iii) g acts linearly on h-space, (iv) h0 is initialized to be invariant to991

the group action of the individual flow elements, i.e.  t(⌫) · h0(g) = h0( t(⌫)�1 · g) = h0(g), and992

(v) the input signal is zero before time zero, i.e. f<0 = 0.993
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Base Case: We can see that the base case is again trivially true from the initial condition, since the994

initial condition is not a function of the input sequence, so:995

h0[ (⌫) · f<0](g) = h0[f<0](g) (since h0 is indep. of input f<0) (49)

Inductive Step: Assuming the inductive hypothesis that ht[ (⌫) · f<t] = ht[f<t], we wish to prove996

this holds for t+ 1:997

ht+1[ (⌫) · ft](g) = �
�⇥
ht[ (⌫) · f<t] ?G W̄

⇤
(g) +

⇥
[ t(⌫) · ft]?̂GŪ

⇤
(g)

�
(by defn. G-RNN)

(50)
= �

�⇥
ht[f<t] ?G W̄

⇤
(g) +

⇥
[ t(⌫) · ft]?̂GŪ

⇤
(g)

�
(by inductive hyp.)

(51)
= �

�
[ht[f<t] ?G W̄](g) + [ft?̂GŪ ](g)

�
(by Lemma A.1) (52)

= ht+1[ft](g) (by eqn. 4) (53)

998

Finally then, we use a proof by contradiction to show that this degenerate flow invariant case is the999

only possible case for the G-RNN to be flow equivariant.1000

Proof. (Theorem 3.1, G-RNNs are not Generally Flow Equivariant)1001

Assert the converse, that the G-RNN defined in Equation 4 is flow equivariant, and that the kernels1002

W and U , are not constant, i.e. W 6= W̄ & U 6= Ū (as defined in Equation 40). Then, it should be the1003

case that:1004

ht+1[ (⌫) · ft](g) = ( (⌫) · h[ft])t+1(g) = ht+1[ft]( t(⌫)
�1 · g) (54)

For t = 0 we have the following:1005

h1[ (⌫) · f0](g) = �
�
[h0[ (⌫) · f<0] ?G W] (g) + [[ 0(⌫) · f0]?̂GU ] (g)

�
(55)

= �
�
[h0[f<0] ?G W] (g) + [f0?̂GU ] (g)

�
(by defn. h0 &  0) (56)

= h1[f0](g) (57)

For the next step, we get:1006

h2[ (⌫) · f2](g) = �
�
[h1[ (⌫) · f0] ?G W ] (g) + [[ 1(⌫) · f1]?̂GU ] (g)

�
(58)

= �
�
[h1[f0] ?G W] (g) +  1(⌫) · [f1?̂GU ] (g)

�
(by above & g-conv.) (59)

If we look at the action of the flow on the output space, according to flow equivariance, we should1007

have:1008

( (⌫) · h[f2])2(g) = �
�
 1(⌫) · [h1[f0] ?G W] (g) + [[ 1(⌫) · f1]?̂GU ] (g)

�
(60)

= �
�
 1(⌫) · [h1[f0] ?G W] (g) +  1(⌫) · [f1?̂GU ] (g)

�
(by g-conv.) (61)

Setting h2[ (⌫) · f2](g) = ( (⌫) · h[f2])2(g), as per our assumption, we see the input terms1009

match exactly, but the ht�1 terms imply the following equivalence:1010

[h1[f0] ?G W] (g) =  1(⌫) · [h1[f0] ?G W] (g) (62)

= [h1[f0] ?G W] ( 1(⌫)
�1 · g) (by action defn.) (63)

We see this is precisely the ‘lagging’ hidden state that we visualized in Figure 1. In order for this1011

equality to hold for all ⌫ 2 V , the output of the convolution must be constant along the flows1012

generated by all ⌫. We can see that this is only satisfied by W = W̄ , a contradiction.1013

1014

25



A.5 Equivariance of Lifting Flow Convolution1015

In this section we verify that the flow-lifting convolution given by Equation 7 is equivariant to action1016

of the individual flow elements, with the following representation of the action:1017

 t(⌫) · [ft ?̂V⇥G U i](⌫, g) = [( t(⌫) · ft) ?̂V⇥G U i](⌫, g) := [ft ?̂V⇥G U i](⌫, t(⌫)
�1 · g) (64)

Since the flow lifting convolution is a trivial lift, equivalent to the group-lifting convolution with an1018

extra duplicated index, this proof is a trivial replication of the group-lifting convolution proof:1019

Proof. (Flow-Lifting Conv. is Flow Equivariant)1020

[( t(⌫) · ft) ?̂V⇥G U i](⌫, g) =
X

x2X

KX

k=1

fk( t(⌫)
�1 · x)U i

k
(g�1 · x) (by defn. action) (65)

=
X

x̂2X

KX

k=1

fk(x̂)U i

k
(g�1 · ( t(⌫) · x̂)) (where x̂ =  t(⌫)

�1 · x)

(66)

=
X

x̂2X

KX

k=1

fk(x̂)U i

k
(( t(⌫)

�1 · g)�1 · x̂)) (by associativity & inv.)

(67)

= [ft ?̂V⇥G U i](⌫, ( t(⌫)
�1 · g)) (68)

1021

A.6 Equivariance of Flow Convolution1022

In this section, we prove that the flow convolution in Equation 9 is equivariant to the action of the1023

individual flow elements yielding:1024
⇥
( t(⌫) · h) ?V⇥G Wi

⇤
(⌫, g) =  t(⌫) ·

⇥
h ?V⇥G Wi

⇤
(⌫, g) (69)

Proof. (Flow Conv. is Flow Equivariant)1025

⇥
( t(⌫) · h) ?V⇥G Wi

⇤
(⌫, g) =

X

�2V

X

m2G

K
0X

k=1

hk(�, t(⌫)
�1 ·m)Wi

k

�
� � ⌫, g�1 ·m

�
(70)

(where m̂ =  t(⌫)
�1 ·m) =

X

�2V

X

m̂2G

K
0X

k=1

hk(�, m̂)Wi

k

�
� � ⌫, g�1 · ( t(⌫) · m̂)

�
(71)

(by associativity & inverse) =
X

�2V

X

m̂2G

K
0X

k=1

hk(�, m̂)Wi

k

�
� � ⌫, ( t(⌫)

�1 · g)�1 · m̂
�

(72)

(by Eqn. 9) =
⇥
h ?V⇥G Wi

⇤
(⌫, t(⌫)

�1 · g) (73)

(by action) =  t(⌫) ·
⇥
h ?V⇥G Wi

⇤
(⌫, g) (74)

1026

A.7 Equivariance of FERNN1027

In this section, we prove Theorem 4.1 by induction. We restate the theorem below:1028

Theorem. (FERNNs are flow equivariant) Let h[f ] 2 FK0(Y,Z) be a FERNN as defined in Equations1029

7, 9, and 11, with hidden-state initialization invariant to the group action and constant in the flow1030

dimension, i.e. h0(⌫, g) = h0(⌫0, g) 8 ⌫0, ⌫ 2 V and  1(⌫) · h0(⌫, g) = h0(⌫, g) 8 ⌫ 2 V, g 2 G.1031

Then, h[f ] is flow equivariant according to Definition 3.1 with the following representation of the1032

action of the flow in the output space for t � 1:1033

( (⌫̂) · h[f ])t(⌫, g) = ht[f ](⌫ � ⌫̂, t�1(⌫̂)
�1 · g) (75)
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We note for the sake of completeness, that this then implies the follow equivariance relations:1034

ht[ (⌫̂) · f ](⌫, g) = ht[f ](⌫ � ⌫̂, t�1(⌫̂)
�1 · g) =  t�1(⌫̂) · ht[f ](⌫ � ⌫̂, g) (76)

Proof. (Theorem 4.1, FERNNs are flow equivariant)1035

Identical to the G-RNN, we assume that � is a G-equivariant non-linearity, g acts linearly on h-space,1036

h0(⌫, g) is defined constant as above, and the input signal is zero before time zero, i.e. f<0 = 0.1037

Base Case: The base case is trivially true from the initial condition:1038

h0[ (⌫̂) · f<0](⌫, g) = h0[f<0](⌫, g) (by initial cond.) (77)

= h0[f<0](⌫ � ⌫̂, t�1(⌫̂)
�1 · g) (by constant init.) (78)

Inductive Step: Assuming ht[ (⌫̂) ·f ](⌫, g) = ht[f ](⌫� ⌫̂, t�1(⌫̂)�1 ·g) 8 ⌫ 2 V, g 2 G, for some1039

t � 0, we wish to prove this also holds for t+ 1:1040

Using the FERNN recurrence (Eqn. 11) on the transformed input, and letting H = V ⇥G, we get:1041

ht+1[ (⌫̂)·f ](⌫, g) = �
⇣
 1(⌫)·[ht[ (⌫̂)·f<t] ?H W ](⌫, g) + [ ( t(⌫̂)·ft)?̂HU ](⌫, g)

⌘

(79)

(by inductive hyp.) = �
⇣
 1(⌫)·

⇥
( t�1(⌫̂)·ht[f<t]) ?H W

⇤
(⌫ � ⌫̂, g) +

⇥
( t(⌫̂)·ft)?̂HU

⇤
(⌫, g)

⌘

(80)

(by trivial inp. lift) = �
⇣
 1(⌫)·

⇥
( t�1(⌫̂)·ht[f<t]) ?H W

⇤
(⌫ � ⌫̂, g) +

⇥
( t(⌫̂)·ft)?̂HU

⇤
(⌫ � ⌫̂, g)

⌘

(81)

(by equiv. flow-conv) = �
⇣
 1(⌫)· t�1(⌫̂)·

⇥
ht[f<t] ?H W

⇤
(⌫ � ⌫̂, g) +  t(⌫̂)·

⇥
ft?̂HU

⇤
(⌫ � ⌫̂, g)

⌘

(82)

(by flow properties) = �
⇣
 t(⌫̂)· 1(⌫ � ⌫̂)

⇥
ht[f<t] ?H W

⇤
(⌫ � ⌫̂, g) +  t(⌫̂)·

⇥
ft?̂HU

⇤
(⌫ � ⌫̂, g)

⌘

(83)

(by eqiv. non-lin.) =  t(⌫̂)·�
⇣
 1(⌫ � ⌫̂)

⇥
ht[f<t] ?H W

⇤
(⌫ � ⌫̂, g) +

⇥
ft?̂HU

⇤
(⌫ � ⌫̂, g)

⌘

(84)

(by FERNN Eqn. 11) =  t(⌫̂)·ht+1[f ](⌫ � ⌫̂, g) (85)

= ht+1[f ]
�
⌫ � ⌫̂,  t(⌫̂)

�1 · g
�
, (86)

Thus, assuming the inductive hypothesis for time t implies the desired relation at time t+ 1; together1042

with the base case this completes the induction and proves Theorem 4.1.1043
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B Experiment Details1044

In this section we describe the datasets, models, training and evaluation procedures used in §5 of1045

the main text. We additionally include samples from each dataset for visualization. The full code to1046

reproduce these experiments is available at: https://github.com/Neurips-FERNN/FERNN1047

B.1 Flowing MNIST: Dataset Creation1048

As described in the main text, we construct sequences from the Flowing MNIST dataset by applying1049

a flow generators ⌫ randomly picked from an admissible set Vtrain, Vval, & Vtest to samples from the1050

corresponding train / validation / test split of the original MNIST dataset [LeCun et al., 1998]. The1051

training sequences are always composed of T = 20 time-steps, and identically for the test sequences1052

(except in the length-generalization experiments where the test sequence length is increased to 401053

time-steps). We similarly generally set Vtrain = Vval = Vtest, except in the velocity generalization1054

experiments, where we specify the training and test flows explicitly. Note that the set V which defines1055

the set of flows to which the FERNNs are equivariant can be anything, and must not match the Vtrain1056

of the dataset. Explicitly, denoting the value of the ith MNIST training image at pixel coordinate1057

(x, y) as m(i)
train

((x, y)), a sample from the training set can be written as:1058

f (i)
t

((x, y)) =  t(⌫) ·m(i)
train

((x, y)) 8 (x, y) 2 Z2, t 2 Z+  T where ⌫ ⇠ Vtrain (87)
We note that above, as in the main paper, we have written the signals and the kernels on the infinite1059

domain Z2. In practice, however, both are only non-zero on a small portion of this domain (i.e.1060

between (0, 0) & (28, 28) for MNIST digits). We do this to simplify the analysis, analogous to prior1061

work [Cohen and Welling, 2016a].1062

Translating MNIST. For the planar 2D-translation group variant of Flowing MNIST, we consider1063

the group1064

G = T (2) = (Z2,+), with binary operation (x, y) + (x0, y0) = (x+ x0, y + y0). (88)
We use flow generators which are elements of the Lie algebra of this group, ⌫ 2 t(2), which we1065

similarly denote as vectors in Z2, with the Lie bracket [�, ⌫] = 0 8 �, ⌫ 2 t(2), meaning the1066

translations are commutative. We note that in a matrix representation, we embed the elements of1067

T (2) into the affine group with homogeneous 3⇥ 3 matrices:1068

(x, y) 7�!

0

@
1 0 x
0 1 y
0 0 1

1

A , (89)

where the corresponding Lie algebra elements are1069

X(⌫) =

0

@
0 0 ⌫1
0 0 ⌫2
0 0 0

1

A , ⌫ = (⌫1, ⌫2) 2 Z2. (90)

The exponential map is then simply: exp(X(⌫)) = I +X(⌫). We see that the flow is then given as:1070

 t(⌫) = exp(tX(⌫)) = I + tX(⌫), and the action of the flow on a given pixel coordinate g = (x, y)1071

is given as:1072

 t(⌫) · g = t

0

@
1 0 ⌫1
0 1 ⌫2
0 0 1

1

A

0

@
1 0 x
0 1 y
0 0 1

1

A =

0

@
1 0 x+ t⌫1
0 1 y + t⌫2
0 0 1

1

A , (91)

i.e. a shift of the pixel coordinates by velocity ⌫ for t time-steps. In practice, order to be able to1073

generate long sequences without excessively large images, we perform all translations with cyclic1074

boundary conditions on our input and hidden states, i.e.  t(⌫)·(x, y) =
�
(x+t⌫1) mod W, (y+t⌫2)1075

mod H
�
, for image size (H,W ). Since all of our convolutions are also performed with cyclic1076

boundary conditions, this does not impact performance.1077

In our experiments, to define the sets of generators that we are interested in, we always use the integer1078

lattice up to velocities N pixels

step
. We denote these sets with the notation:1079

V T

N
:= {⌫ 2 Z2 | ||⌫||1  N}. (92)

For example V T

2 is the set of all 2D translation vectors with maximal velocity component ±2 in1080

either dimension, i.e. V T

2 = {(�2,�2), (�2,�1), (�2, 0), . . . (2, 2)}.1081
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Rotating MNIST. For the planar rotation variant of Flowing MNIST, we consider the group1082

G = SO(2) = (R, +), with binary operation ✓ + ✓0 =
�
✓ + ✓0

�
mod 2⇡. (93)

Elements of the Lie algebra so(2) are one-parameter generators of in-plane rotations, each of the1083

form ⌫ = ! J , where J =
⇣

0 �1
1 0

⌘
and ! 2 Z denotes the (integer-scaled) angular velocity.1084

Because so(2) is abelian, the Lie bracket [�, ⌫] = 0 8 �, ⌫ 2 so(2).1085

In homogeneous coordinates we embed SO(2) into the affine group with 3⇥ 3 matrices:1086

✓ 7�!

0

@
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

1

A , (94)

whose corresponding Lie-algebra elements are1087

X(⌫) =

0

@
0 �! 0
! 0 0
0 0 0

1

A , ⌫ = !J, ! 2 Z. (95)

Since X(⌫)2 = �!2I2⇥2, the exponential map is the usual matrix exponential for planar rotations:1088

exp
�
X(⌫)

�
= I + sin(!) J +

�
1� cos(!)

�
J2.

Hence the flow generated by ⌫ is  t(⌫) = exp
�
tX(⌫)

�
, and its action on a pixel coordinate g = (x, y)1089

(in homogeneous form) is1090

 t(⌫) · g =

0

@
cos(t!) � sin(t!) 0
sin(t!) cos(t!) 0

0 0 1

1

A

0

@
x
y
1

1

A =

0

@
x cos(t!)� y sin(t!)
x sin(t!) + y cos(t!)

1

1

A , (96)

i.e. a rotation about the image centre by angle t!.1091

Following our experimental protocol, we discretize the angular velocity at �✓ = 10� intervals and1092

collect the set of generators1093

V R

N
:=

�
⌫ = k�✓ J

�� k 2 Z, |k|  N
 
. (97)

For instance, V R

4 = {�40�,�30�,�20�,�10�, 0�, 10�, 20�, 30�, 40�}. In practice, to implement1094

the spatial rotation we use the Pytorch function F.grid_sample with zero-padding and bilinear1095

interpolation. We additionally zero-pad all images with 6-pixels on each side (resulting in images of1096

size (40⇥ 40)) to allow for the rotation to fit within the full image frame.1097

B.2 Flowing MNIST: Models1098

For the Flowing MNIST datasets we compare three types of models: standard group-equivariant1099

RNNs (G-RNNs) as defined in Equation 4, FERNNs with equivariance to a subset of the training1100

flows (i.e. Vmodel = V T

1 and Vtrain = V T

2 ), and FERNNs with full equivariance to the training flows1101

(Vmodel = Vtrain). For all models on each dataset we use the same model architecture, and since1102

there are no extra parameters introduced by the FERNN model, all models have the same number of1103

trainable parameters.1104

Translating MNIST G-RNN. For the translation group, the corresponding group-convolution is1105

the standard 2D convolution. We therefore build a G-RNN exactly as written in Equation 4 with1106

regular convolutional layers in place of the group-convolution. We use kernel sizes of 3 ⇥ 3 for1107

both U and W with no bias terms, strides of 1 and circular padding of 1, resulting in a hidden state1108

with spatial dimensions equal to the input spatial dimensions: 28⇥ 28. We use 128 output channels1109

for our convolutional ‘encoder’ U , and similarly 128 input and output channels for our recurrent1110

kernel W . This results in a hidden state h 2 R128⇥28⇥28. We use a ReLU activation function:1111

�(h) = max(0, h). We initialize all hidden states to zero: h0 = 0, satisfying our equivariance1112

proof assumptions. At each timestep, we decode the updated hidden state to predict the next input1113

through a 4-layer CNN decoder: g✓(ht+1) = f̂t+1. The CNN decoder is composed of three primary1114

convolutional layers each with 128 input and output channels, kernel size 3⇥ 3, stride 1, padding 1,1115

followed by ReLU activations. A final identical convolutional layer, but with 1 output channel, is1116

used to predict f̂t+1.1117
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Translating MNIST FERNNs. For the FERNNs, we use the exact same RNN and decoder1118

architecture, with the only difference being that we extend the hidden state with an extra V dimension1119

for each of the flows in Vmodel: h(⌫, g). Explicitly then, through the trivial lift, the input is copied1120

identically to each of these ⌫ channels, and the flow convolution on the hidden state also operates1121

identically on each ⌫ channel. As stated in the main text, we define the flow convolution to not mix1122

the V channels at all, explicitly: Wi

k

�
⌫, g

�
= �⌫=eWi

k

�
g
�
, thus giving us constant parameter count.1123

Our lifted hidden state is thus h 2 R|Vmodel|⇥128⇥28⇥28. The flow action  1(⌫)· in the recurrence is1124

implemented practically as a Roll of the hidden state tensor by (⌫1, ⌫2) steps along the (x, y) spatial1125

dimensions. To achieve invariance of the reconstruction to the input flows, and thereby achieve the1126

generalization we report, we max-pool over the V dimensions before decoding. Explicitly, the output1127

of the model for each time step is computed as: g✓(max⌫ ht+1(⌫, g)) = f̂t+1.1128

Rotating MNIST G-RNN. For the rotating MNIST models, we use a nearly identical setup to the1129

translation experiments, with the only difference being that we use SE(2) group convolutions in1130

place of the standard convolutional layers to achieve the necessary rotation equivariance. In practice,1131

we use the escnn library to implement the SE(2) convolutions [Cesa et al., 2022]. We discretize the1132

rotation group into �✓ = 10o rotations, yielding a cyclic group with 36 elements: C36. We lift the1133

input to this space and assert a regular representation of the group action on the output. Due to the1134

increased dimensionality of the hidden state from the lift to the discrete rotation group, we decrease1135

the number of hidden state channels to 32 due to hardware limitations. This then yields a hidden1136

state: h 2 R36⇥32⇥40⇥40.1137

Rotating MNIST FERNNs. For the FERNN models, we follow the same procedure as for the1138

translating MNIST FERNNs, except with the action of the group  1(⌫)· in the recurrence now1139

taking the form of the regular representation of rotation in the SE(2) equivariant CNN output1140

space. Explicitly, this means that in addition to rotating the inputs, we also permute along the1141

lifted rotation channel for each angular velocity ⌫. Again this yields a hidden state of size: h 21142

R|Vmodel|⇥36⇥32⇥40⇥40.1143

B.3 Flowing MNIST: Next-Step Prediction Training & Evaluation1144

For the in-distribution next step prediction experiments, (Table 1 and Figure 2) of the main text, we use1145

Vtrain = Vval = Vtest = V T

2 for the translating MNIST experiments, and Vtrain = Vval = Vtest =1146

V R

4 for the rotating MNIST experiments. We set the training sequence length to 20 steps, providing1147

the models with 10 time-steps as input, and computing the next-step prediction reconstruction loss1148

(MSE) of the model output on the remaining 10 time-steps. Explicitly:1149

L =
1

10

20X

t=11

||ft � g✓(ht)||22 (98)

During training, we use ‘teacher forcing’ [Williams and Zipser, 1989] with 50% probability, meaning1150

that at each time-step of the 10 forward prediction steps, the model has a 50% probability of receiving1151

the true input as ft, and a 50% probability of receiving it’s own autoregressive prediction f̂t as input.1152

This technique is designed to improve model convergence of autoregressive prediction models by1153

avoiding loss plateaus induced by poor forward prediction. Note that this procedure is not used during1154

validation or testing, ensuring pure autoregressive next-step performance is evaluated.1155

All models are trained for 50 epochs, with a learning rate of 1 ⇥ 10�4 using the Adam optimizer1156

Kingma and Ba [2017]. For translation flows, we use a batch size of 128, and clip gradient magnitudes1157

at 1 in all models for additional stability. For rotation flows we use a batch size of 32 due to memory1158

constraints, and find gradient clipping not necessary. For evaluation, we save the model with the best1159

performance on the validation set (over epochs), and report its corresponding performance on the1160

held-out test set. For each model we train with 3 random initializations (3 seeds) and report the mean1161

and standard deviation of the test set performance from the best saved models.1162

Length Generalization. For the out-of-distribution length generalization experiments (Figure 3)1163

we again use Vtrain = Vval = Vtest = V T

2 for the translating MNIST experiments, and Vtrain =1164

Vval = Vtest = V R

4 for the rotating MNIST experiments. Where the length of training and validation1165

sequences is again set to T = 20 as before. At test time, we increase the length of the sequences to1166
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T = 40, but continue to only feed the models the first 10 time-steps as input. In Figure 3 we show1167

the loss of the model for each of these remaining 30 time steps ahead.1168

Velocity Generalization. For the out-of-distribution velocity generalization experiments (Figure 4),1169

we leave the train and test sequence length at 20, but we instead set Vtrain = Vval ⇢ Vtest. Explicitly,1170

in Figure 4, for rotating MNIST, we set Vtrain = Vval = V R

1 and Vtest = V R

5 . For translating1171

MNIST, we set Vtrain = Vval = V T

1 and Vtest = V T

2 . This tests the ability of models to generalize1172

to new flows not seen during training, and we see that the FERNNs perform significantly better on1173

this test set when they are made equivariant to these velocities.1174

B.4 Moving KTH: Datasets1175

To test the benefits of flow equivariance on a sequence classification task with real image se-1176

quences, we opted to use the KTH action recognition dataset [Schuldt et al., 2004], obtained from1177

http://www.csc.kth.se/cvap/actions/. The dataset is composed of 2391 videos of 25 people1178

performing 6 different actions: running, jogging, walking, boxing, hand clapping, and hand waving.1179

The original videos are provided at a resolution of 160⇥ 120 with 25 frames per second, and an av-1180

erage clip length of 4 seconds. The training, validation, and test sets are constructed from this dataset1181

by taking the videos from the first 16 people as training, the next 4 people as validation, and the last1182

5 people as test. We split the videos into clips of 32-frames each, downsample to a spatial resolution1183

of 32⇥ 32, and subsample them by half in time, yielding a final set of clips which are 16 steps long.1184

Since the videos from this dataset are taken entirely from a stationary camera viewpoint, there are no1185

global flows of the input space which our model might benefit from. We call this original dataset1186

KTH with V T

0 (no motion). To test the benefits of flow equivariance in an action recognition setting1187

with a moving viewpoint, we construct two additional variants of the KTH dataset, augmented by1188

translation flows from the sets V T

1 and V T

2 . These sets are identical to those described in the Flowing1189

MNIST examples: translation with circular boundary conditions. Again, since we use convolution1190

with circular boundary conditions in all our models, this does not impact model performance.1191

B.5 Moving KTH: Models1192

We compare five models on the KTH dataset: a 3D-CNN, a G-RNN, two FERNN variants, and an1193

ablation of the FERNN (denoted G-RNN+). We describe these in detail below:1194

Moving KTH 3D-CNN. The spatio-temporal 3D-CNN baseline is built as a sequence of five 3D1195

convolution layers, interleaved with 3D batchnorm and ReLU activations. Each layer has kernels of1196

shape (3⇥ 3⇥ 3), no bias, and padding 1. The first layer has 16 output channels, a temporal stride of1197

2, and a spatial stride of 1. Layer 2 has 32 output channels, temporal stride of 1, and spatial stride of1198

2. Layer 3 has 32 output channels, temporal stride of 1, and spatial stride of 1. Layer 4 has 64 output1199

channels, temporal stride of 1, and spatial stride of 2. Layer 5 has 64 output channels, temporal1200

stride of 1, and spatial stride of 1. This final layer is followed by a global average pooling over the1201

remaining (8⇥ 8⇥ 8) space-time feature map dimensions, yeilding a single vector of dimensionality1202

64 which is passed through a linear layer to predict the logits for the 6 classes.1203

Moving KTH G-RNN. For the baseline G-RNN, each grayscale input frame ft 2 R1⇥32⇥32 is1204

passed through a three-layer convolutional encoder that preserves spatial resolution:1205

Conv1!32
5⇥5

BN+ReLU�����! Conv32!64
3⇥3

BN+ReLU�����! Conv64!128
3⇥3

BN+ReLU�����!,

all with stride 1 and circular padding chosen so that the hidden state has the same spatial dimensions1206

as the input (32 ⇥ 32). The output defines the encoder feature map U ⇤ ft. The hidden state1207

ht 2 R128⇥32⇥32 is updated with a single recurrent layer using a circularly padded 3⇥ 3 convolution1208

where W 2 R128⇥128⇥3⇥3 contains no bias terms. The recurrent convolution is also followed by1209

a batch-norm and ReLU non-linearity for added expressivity. The non-linearity � is tanh. Initial1210

states are zero, h0 = 0, satisfying the assumptions of our equivariance proof. At the final timestep of1211

the sequence (t = 16) we take the hidden state of RNN, perform global average pooling to a 1⇥ 11212

spatial dimensions, and feed the resulting 128-dimensional vector through a fully-connected layer:1213

g✓(hT ) = FC128!6

�
SpatialAvgPool(hT )

�
2 R6,

producing logits for the six KTH action classes.1214
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Moving KTH FERNNs. For the FERNNs, we use the exact same architecture, but use the trivial lift1215

to lift the corresponding sets of flows V T

1 for FERNN-V T

1 and V T

2 for FERNN-V T

2 (denoted FERNN-1216

1 and FERNN-2 in Figure 5). Concretely, for every translation velocity ⌫ 2 Vmodel we allocate1217

an additional velocity channel, so that the hidden state becomes ht(⌫, g) 2 R|Vmodel|⇥128⇥32⇥32,1218

where g = (x, y) indexes spatial position. Input frames are trivially lifted by copying the same1219

encoder features into each ⌫-channel. Following Equation 11, the flow action in the recurrence is1220

implemented again as a Roll of the spatial dimensions of the hidden tensor by (⌫x, ⌫y) pixels, and1221

the flow convolution uses weight sharing across velocities, Wi

k
(⌫, g) = �⌫=e Wi

k
(g), so the total1222

number of trainable parameters is identical to the G-RNN. As in the Flowing-MNIST experiments,1223

we consider two settings: (i) partial equivariance with Vmodel = V T

1 ⇢ Vtrain = V T

2 and (ii) full1224

equivariance where Vmodel = Vtrain. To achieve flow-invariant action classification we take the1225

maximum over the velocity dimension after the final FERNN layer, max⌫ ht(⌫, g), followed by the1226

same global-average-pooling and linear classifier used for the G-RNN. This design ensures that any1227

translation-induced shifts present at test time are pooled over, yielding the generalization results1228

reported in Figure 5.1229

Moving KTH G-RNN+. To ensure that the observed performance improvement of the FERNN was1230

not simply due to the increased number of hidden state activations and the associated max-pooling,1231

but instead could be attributed the precise flow equivariant form of the recurrence introduced in1232

Equation 11, we built a third baseline which is as close as possible to the best performing FERNN1233

(FERNN-V T

2 ), while removing precise flow equivariance. Specifically, while keeping all other1234

architectural components of the FERNN-V T

2 identical, we replaced the single-step action of the flow1235

in the recurrence ( 1(⌫)·) with convolution by a separate learned 5⇥ 5 convolutional kernel for each1236

⌫ channel (randomly inititalized). Since the action of  1(⌫) is a simple translation (a local linear1237

operation), this can indeed be represented by such a kernel. However, as we see in practice (Figure1238

5), the model fails to learn such kernels and instead overfits to the training data distribution.1239

B.6 Moving KTH: Action Recognition Training & Evaluation1240

Models are trained to minimize the cross entropy loss between the predicted class and the ground truth1241

label using the Adam optimizer. Due to the small dataset size, all models are trained for 500 epochs,1242

with a batch size of 32. We search over learning rates in the set {3⇥ 10�3, 1⇥ 10�3, 3⇥ 10�4, 1⇥1243

10�4}, for each model, running three random initialization seeds for each. For each random seed of1244

each hyper-parameter setting, we store the model with the best validation loss. We then pick the best1245

performing model based on the mean value of the best validation loss across all three seeds. We then1246

report in Table 2 the mean test loss of the models (3 seeds) saved at the best validation loss epoch for1247

the best identified learning rate. We generally find the lower learning rates (3⇥ 10�4) work better1248

for the RNN models, while the higher learning rates (1⇥ 10�3) work better for the CNNs.1249

B.7 Moving KTH Samples1250

(a) Original KTH dataset V T
0 (b) KTH with V = V T

1 (c) KTH with V = V T
2

Figure 6: Samples of the original KTH dataset and its two motion-augmented variants.
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B.8 Compute1251

All experiments in this paper were performed on a private cluster containing a mixture of NVIDIA1252

A100 and H100 GPUs, each having 40GB and 80GB of VRAM respectively. No parallelization of1253

individual models across GPUs was required, i.e. most models and training paradigms were able to1254

fit on a single A100 GPU, with the larger models on a single H100 GPU. The cluster nodes allocated1255

up to 24 CPU cores and 375GB of RAM per job, although only a small fraction of this was required1256

for training and evaluation. The majority of models were able to train fully in less than 24 hours.1257

For example, the FERNN-V T

2 models on KTH trained in 7 hours, and the FERNN-V T

2 models on1258

MNIST trained in 15 hours, with all other models training faster. The significant exception to this1259

were the FERNN-V R

4 models on Rotating MNIST which took roughly 67 hours to complete 501260

epochs (although they converged much more quickly than this, see Figure 2, we ran them to the same1261

number of epochs as the G-RNN for consistency). The reason for this increased computational time1262

was an inefficient implementation of the rotation operation and our custom recurrence, which could1263

both be accelerated in future work. Specifically, we used a naive vanilla Pytorch implementation of1264

our custom FERNN recurrence (Equation 11) using ‘for loops’, which dramatically slowed down1265

training for all models. In future work, implementation of the model with a scan operation in JAX, or1266

a custom CUDA kernel would dramatically improve runtime performance. Overall, we estimate the1267

computational requirements necessary to develop the models and run all experiments for this paper1268

totaled approximately 30 days of H100 compute time.1269
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C Variations of FERNNs1270

C.1 FERNN with Non-Trivial Lift1271

As noted in §4, it is possible to build a FERNN with a non-trivial lift, such that the lifting convolution1272

itself incorporates the flow transformation for each ⌫ dimension.1273

Explicitly, we can define such a lift as:1274

[ft ?̂V⇥G U i](⌫, g) =
X

x2X

KX

k=1

fk(x)U i

k
(g�1 ·  t(⌫)

�1 · x) (99)

Another way to think of this, is that there is a time-parameterized input kernel defined on the full1275

space V ⇥G, i.e. Û(⌫, g, t) = U( t(⌫)�1 · g); however, we find this viewpoint less elegant given1276

that the kernel then depends on time.1277

We see than when the flow is incorporated into the lifting convolution, the output of the convolution is1278

no longer constant along the ⌫ index (as it was in the trivial lift). Instead, it is now flowing according1279

to the ⌫’th vector field. Therefore, when processing an input undergoing a given flow  (⌫̂), this input1280

flow will combine with the flows of the lifting convolution to yield a shift along the V dimensions,1281

similar to what we previously observed in the hidden state, i.e.:1282

[( t(⌫̂) · ft) ?̂V⇥G U i](⌫, g) =
X

x2X

KX

k=1

fk( t(⌫̂)
�1 · x)U i

k
(g�1 ·  t(⌫)

�1 · x) (100)

=
X

x̂2X

KX

k=1

fk(x̂)U i

k
(g�1 ·  t(⌫ � ⌫̂)�1 · x̂) (where x̂ =  t(⌫̂)

�1 · x)

(101)

= [ft ?̂V⇥G U i](⌫ � ⌫̂, g) (102)

Notably then, keeping the flow convolution from Equation 9 unchanged, we see that we must1283

remove the additional  1(⌫) shift from the original FERNN in order to maintain flow equivariance.1284

Specifically, the new non-trivial-lift recurrence relation is then given simply as:1285

ht+1(⌫, g) = �
�
[ht ?V⇥G W] (⌫, g) + [ft ?̂V⇥G U ] (⌫, g)

�
. (103)

In this setting, the action of the flow on the output space changes to just a permutation of the V1286

dimension, with no corresponding flow on g:1287

( (⌫̂) · h[f ])t(⌫, g) = ht[f ](⌫ � ⌫̂, g) (104)

In a sense, this model can be seen as ‘undoing’ the action of each flow on the input when lifting. We1288

find this to be somewhat analogous to the traditional group-equivariant CNN design choice where1289

the transformation can either be applied to the filter or the input. In the FERNN setting, the ‘filter’1290

is now defined by the full recurrence relation, so we can either apply the flow transformation to the1291

input sequence, or to the hidden state sequence.1292

Overall, we find this to be a slightly less elegant construction since the indexing of the kernel in the1293

convolution is then dependent on the time index explicitly. In the trivial-lift setting introduced in the1294

main text, this time-dependence is rather implicitly imposed by the recurrence of the hidden state1295

itself, therefore allowing us to only require the instantaneous one-step flows during each recurrent1296

update. Regardless, we are interested in future work which may explore this non-trivial lift setting1297

more fully, and other interpretations of the FERNN model as described.1298
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D Related Work1299

In this section we provide an overview of work which is related to flow equivariance and equivariance1300

with respect to time-parameterized symmetries generally.1301

D.1 Flow Equivariance without a Hidden State1302

As mentioned in the main text, it is possible to achieve flow equivariance without an explicitly flow-1303

equivariant sequence model. The two primary methods for accomplishing this are through frame-wise1304

application of an equivariant model (as described in §3) and through group-convolution over the1305

entire space-time block (as described in §6). Both of these methods are verifiably flow-equivariant,1306

however they are fundamentally a different class of model than what we have described in this work.1307

They are not recurrent sequence models, and therefore intrinsically have a finite temporal context or1308

‘receptive field’ which can be used when computing any output. By contrast, recurrent networks can1309

theoretically have an infinite temporal context, if need be, through the maintenance of a hidden-state.1310

Given this is a fundamental distinction between recurrent and non-recurrent networks which is the1311

subject of research beyond the domains of equivariance, we find it to be beyond the scope of this1312

work to compare with these models explicitly. Instead, we propose flow equivariant RNNs as an1313

extension of existing equivariant network theory to this class of models which maintain a hidden state1314

and can operate in the online recurrent setting.1315

The list of prior work which can be included in this category of ‘flow equivariance without a hidden1316

state’ is quite broad, since it encompasses most of the equivariant deep learning literature to date,1317

however we list a few notable examples here. The Lorentz equivariant work of Bogatskiy et al. [2020],1318

Gong et al. [2022] is the most relevant, while other applied work has developed 3-D convolutional1319

networks which are equivariant with respect to Galilean shifts (our translation flows) in the context of1320

event-based cameras [Zhu et al., 2019], or rotations over time in the context of medical imaging [Zhu1321

et al., 2024]. Early work developed Minkowski CNNs [Choy et al., 2019], which are equivariant with1322

respect to 4D translations, thus making them equivariant to axis-aligned motions. Further, Clifford1323

Steerable CNNs [Zhdanov et al., 2024] have also been developed to achieve Poincaré-equivariance1324

on Minkowski spacetime. Related work on equivariance for PDE solving / forecasting has built1325

dynamics models which are equivariant with respect to galilean transformations in the sense that the1326

model is equivariant if the input vector field has a global additive constant [Wang et al., 2021]. While1327

this is valid for neural networks applied to vector field data as input, it is clearly not the same as our1328

method in more general settings. The method of Wang et al. [2021] can be interpreted as viewing a1329

dynamical system which has an unknown global current introduced, while ours is better interpreted1330

as viewing the dynamical system from a moving reference frame – the two concepts are compatible1331

and may even be combined.1332

D.2 ‘Statically Equivariant’ Sequence Models1333

The second broad category of related work includes sequence models which are equivariant with1334

respect to instantaneous static group transformations, but are not equivariant with respect to time-1335

parameterized group transformations, as our FERNN is. Examples in this category include [Azari1336

and Erdoğmuş, 2022, Nguyen et al., 2023, Basu et al., 2023], which introduce equivariance to1337

transformations such as static rotations in sequence models including RNNs. For example, these1338

models train on one frame of reference and then test on a ‘rotated’ frame of reference. Our work1339

can be seen to generalize these models to instead allow them to be tested on ‘rotating’ frames of1340

reference. This class of prior work can most readily be compared to the group equivariant RNN1341

(G-RNN) we describe in §2. Other researchers have developed sequence to sequence models which1342

are equivariant with respect to fixed permutations and demonstrated that this is beneficial in the1343

context of language modeling [Gordon et al., 2020]. Further, recent work has developed an equivariant1344

sequence autoencoder which uses group convolutions in an LSTM to achieve static equivariance for1345

the purpose of PDE modeling [Fromme et al., 2025].1346

D.3 Neuroscience and Biologically Inspired Neural Networks1347

The study of symmetry has also grown increasingly relevant in the computational neuroscience1348

literature. Zhang et al. [2022] have studied equivariant representations in biological systems in1349
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terms of continuous attractor networks. Interestingly, these models also use convolutional recurrent1350

dynamics; however, again, this work only considers static translations and not motion over time.1351

Related work in the domain of neuroscience has studied how waves can be used to represent motion1352

explicitly [Shaw and Kilpatrick, 2023]. Interestingly, these waves can be seen to be instantiations1353

of the regular representation of the group action that is used in the hidden state of our FERNN model1354

(see [Keller et al., 2024b] for a description of the high level intuition for how equivariance, regular1355

representations, and waves are related). Waves have also been shown to model visual illusions [Barch1356

et al., 2010, Chemla et al., 2018], and some models have even demonstrated bow-wave like effects1357

in neural fields [Glaser and Barch, 1999, Barch and Glaser, 2002], arguing that these effects are1358

potentially beneficial for motion detection. Scientists have also measured doppler shifts in neural1359

responses as a function of moving stimuli [Zhang et al., 2016]. Finally, traveling waves in visual cortex1360

are also known to be induced by movement, such as saccades [Zanos et al., 2015], an effect which1361

we believe holds some relation to the representation of the flow action on our FERNN’s hidden state.1362

One class of models which is highly related to the FERNN in both theory and implementation comes1363

from a line of biologically inspired work aiming to learn symmetries from data. One of the first1364

models in this category, the Topographic VAE [Keller and Welling, 2022] can be seen as similar to1365

our FERNN but with an explicitly imposed translation flow of a single velocity in the latent space.1366

This makes these models equivariant to input transformations which are isomorphic to the translation1367

group on the integers modulo the capsule length. Interestingly, the authors find that by simply1368

imposing this translation flow in the latent space, the model learns to encode dataset symmetries1369

into these flows in order to better model the dataset. This seems to imply that simply imposing flow1370

symmetries in sequence models without a priori knowledge of the structure of the flow symmetries in1371

the input may still be beneficial. Similar results were shown with the Neural Wave Machine [Keller1372

and Welling, 2023], where flows in the latent space were implemented implicitly through a bias1373

towards traveling wave dynamics. Finally, perhaps most interestingly, related work on traveling1374

waves in simple recurrent neural networks (the wave-RNN) [Keller et al., 2024a] and SSMs [Keller,1375

2025] has demonstrated that waves implemented through similar ‘roll’ operations have significant1376

benefits for long-term memory in recurrent neural network architectures. Incredibly, these models1377

are identical to translation flow-equivariant RNNs in implementation, but without any mention of1378

equivariance, and applied to an entirely different set of tasks. It is therefore of great interest to study1379

if there is something unique to translation flows which benefit memory performance, or if similar1380

performance benefits may be gained from any latent flow symmetry.1381

D.4 Reference Frames in Neural Networks1382

As mentioned in §4, one way to interpret the flow-equivariant RNN is that its hidden state lives1383

in a number of moving reference frames simultaneously (one for each ⌫ 2 V ). Thus, for moving1384

inputs, the corresponding co-moving hidden state reference frame will see the input as stationary,1385

and process it as normal. This idea of reference frames in neural networks is not new, and significant1386

interesting related work should be noted.1387

Specifically, Spatial Transformer Networks [Jaderberg et al., 2016], and Recurrent Spatial Transformer1388

Networks [Sønderby et al., 2015] can be see to predict a frame of reference for a given input and then1389

switch to that reference frame to gain invariance properties. However, these models do not discuss1390

moving reference frames. Other models have been built in this vein with respect to other symmetries,1391

such as polar coordinate networks which are inherently equivariant with respect to scale and rotation1392

[Esteves et al., 2018]. Related in theory is the idea of Capsule Networks [Sabour et al., 2017, Hinton1393

et al., 2018]. These models do have an explicit notion of reference frames, similar to ours, and use1394

this to gain a structured equivariant representation, but again this is defined only in the spatial context.1395

D.5 Broadly Related Work1396

More broadly, prior work has looked at the integration of recurrence and motion modeling specifically1397

for vision [Wu et al., 2021, Gehrig and Scaramuzza, 2023]. These models do not have any mention of1398

motion equivariance, and therefore are highly unlikely to provide the strong generalization benefits1399

such as those that we present in this paper. Other work has studied ego motion for action recognition1400

[López-Cifuentes et al., 2020]; and relevant work has looked at equivariance in the context of object1401

tracking [Gupta et al., 2020, Sosnovik et al., 2020a].1402
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D.6 Equivariant Dynamical Systems1403

In the dynamical systems literature, equivariance is typically defined for autonomous (or homo-1404

geneous) dynamical systems which have no ‘input’ or ‘driving force’. Abstractly, for a system1405
dx

dt
= f(x), we say the dynamical system is equivariant if f(g · x) = g · f(x) for all g 2 G. Then1406

for any x(t) that solves the differential equation, we also know that g · x(t) solves the differential1407

equation for the full group orbit g 2 G [Moehlis and Knobloch, 2007]. Similar to the equivariant1408

neural network setting, we see that the ‘output’ of an equivariant dynamical system (interpreted as the1409

particular solution) transforms in a predictable well-behaved manner for a given transformation of the1410

input. As the simplest example, dx

dt
= x+ x3, has a sign flip symmetry in x, meaning that if take the1411

sign flipped version of the trajectory x(t), the solution to the equation also inherits a sign flip. It is1412

straightforward to see from the above definition that if the function f(x) defining the time derivative1413

is equivariant with respect to G, then the system is considered equivariant, since the definitions are1414

equivalent.1415

In this work, we are interested in recurrent neural networks, which generally operate in the "forced"1416

or non-autonomous setting. The study of symmetries in non-autonomous dynamical systems has1417

been previously explored in the control theory literature, and has proven highly valuable for the1418

design of robust and high performing equivariant filters [Mahony et al., 2022]. In this setting, the1419

dynamical system is defined as dx

dt
= f(x, u) for some driving force u, and the equivariance property1420

is then defined as g · f(x, u) = f(g · x, g · u). We see that our FERNNs indeed are equivariant1421

non-autonomous dynamical systems by this definition.1422

The difference of our current work with this prior control-observer work, is that Mahony et al. [2022]1423

treats time-parameterised symmetries as known biases inside a hand-written dynamical model and1424

uses lifts/adjoint operators to keep the estimation error autonomous. The FERNN instead learns1425

the dynamics, lifts the hidden state to a group-indexed field, and enforces equivariance by a simple1426

group-convolution weight-sharing rule. This removes the need for handwritten dynamical models and1427

allows learning flexible non-linear dynamics – capabilities not covered by existing observer theory.1428
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E Extended Results: Flowing MNIST1429

E.1 In-Distribution Next-Step Prediction (Table 1 & Figure 2)1430

In Figure 7, we show the sequence predictions of the models presented in Figure 2 & Table 1, trained1431

on Translating MNIST V T

2 and Rotating MNIST V R

4 , and evaluated on the same flows. We see that1432

when tested in-distribution, all models appear to perform well from visual inspection. Full sequences1433

of 20 steps (input and forward prediction steps) are presented, wrapped over 2 lines.1434

Figure 7: In-distribution sequence predictions for the models from Table 1 & Figure 2, trained on
Rotating MNIST V R

4 (left) and Translating MNIST V T

2 (right), evaluated on the same flows.

E.2 Length Generalization Visualizations1435

In Figure 8, we show the length generalization plot, analogous plot to Figure 3 (right), but for1436

Rotating MNIST. We see that the length generalization performance gap is not as significant on1437

Rotating MNIST compared with Translating MNIST. We suspect that this is due to the accumulation1438

of errors induced by repeated interpolation when performing rotation by small angles on a discrete1439

grid. Despite this, we see that the FERNN-V R

4 still achieves strong generalization up to 20-time steps1440

forward, significantly outperforming the non-equivariant model.

Figure 8: MSE vs. Forward prediction horizon for models on Rotating MNIST. Analogous plot to
Figure 3 (right) but for Rotating MNIST.

1441
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In Figure 9 we show the sequence predictions of the same models presented in Table 1 & Figure 2,1442

trained on Translating MNIST V T

2 and Rotating MNIST V R

4 , but tested in the length generalization1443

setting. We plot the 30-forward prediction steps here, subsampled by half in time (giving 15 elements).1444

We plot the ground truth sequences on top, and the forward predictions below, with the error (in1445

blue-red color scheme) on bottom. We see the FERNNs significantly outperform the G-RNNs in1446

length generalization on Translating MNIST, and also appear to perform noticeably better on Rotating1447

MNIST, mirroring the quantitative results in Figures 8 & 3.1448

Figure 9: Samples from models trained on Rotating MNIST V R

4 (left) and Translating MNIST V T

2
(right) with training sequence lengths of 20, tested on sequence lengths of 40. We plot the 30-forward
prediction steps here, subsampled by half in time (giving 15 elements).

39



E.3 Velocity Generalization Visualizations1449

In Figure 10 we show the sequence predictions of the models presented in Figure 4, trained on1450

Translating MNIST V T

1 and Rotating MNIST V R

1 , but evaluated on on V T

2 and V R

4 respectively.1451

These figures show that FERNNs which are equivariant to flows beyond their training distribution are1452

able to automatically generalize to these transformations at test time, achieving near perfect next-step1453

prediction performance where non-flow equivariant RNNs fail.1454

Figure 10: Samples from models trained on Rotating MNIST V R

1 (left) and Translating MNIST V T

1
(right), and tested on sequences with significantly higher velocity flows (V R

4 and V T

2 respectively).
We see that the FERNN (bottom rows) has no problem generalizing to these new velocities despite
never having seen them in training, while the G-RNN (top) fails. The specific flows plotted in this
example are �40 deg

step
for Rotating MNIST (left), and ⌫ = (+2,+1) for Translating MNIST.
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