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Abstract

In many applications, e.g. in healthcare and e-commerce, the goal of a contextual
bandit may be to learn an optimal treatment assignment policy at the end of the
experiment. That is, to minimize simple regret. However, this objective remains
understudied. We propose a new family of computationally efficient bandit al-
gorithms for the stochastic contextual bandit setting, where a tuning parameter
determines the weight placed on cumulative regret minimization (where we estab-
lish near-optimal minimax guarantees) versus simple regret minimization (where
we establish state-of-the-art guarantees). Our algorithms work with any function
class, are robust to model misspecification, and can be used in continuous arm set-
tings. This flexibility comes from constructing and relying on “conformal arm sets"
(CASs). CASs provide a set of arms for every context, encompassing the context-
specific optimal arm with a certain probability across the context distribution. Our
positive results on simple and cumulative regret guarantees are contrasted with a
negative result, which shows that no algorithm can achieve instance-dependent sim-
ple regret guarantees while simultaneously achieving minimax optimal cumulative
regret guarantees.

1 Introduction

Learning and deploying personalized treatment assignment policies is crucial across domains such
as healthcare and e-commerce [29, 25]. Traditional randomized control trials (RCTSs), while foun-
dational for policy learning [4, 7], can be inefficient and costly [30]. This motivates the study of
adaptive sequential experimentation algorithms for the stochastic contextual bandit (CB) settings.
The algorithm interacts with a finite sequence of users drawn stochastically from a fixed but unknown
distribution. At each round, the algorithm receives a context (a user’s feature vector), selects an
action, and gets a corresponding reward. At the end of this adaptive experiment, the algorithm outputs
a learned policy (mapping between contexts and actions).

Our algorithms are designed with the dual objectives of minimizing simple regret and cumulative
regret. Simple regret quantifies the difference between the expected rewards achieved by the optimal
policy and the policy learned at the conclusion of the experimental process. In contrast, cumulative
regret encapsulates the summation of differences between the expected rewards generated by the
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optimal policy and the exploration policies employed at each sequential round of decision-making.'
Although there are many settings where simple regret is an important consideration, the majority
of research in the contextual bandit field has focused on the minimization of cumulative regret. To
the best of our knowledge, there is no general-purpose computationally efficient algorithm for pure
exploration objectives like simple regret minimization in the contextual bandit setting. Further, there
has been relatively little work so far into algorithms that explore the trade-off between multiple
objectives like cumulative regret and simple regret (though see [3, 9, 37] for studies that address
this empirically or juxtapose minimizing cumulative regret with estimating treatment effects or arm
parameters). Our work seeks to address these gaps. We show that there is a trade-off between
simple and cumulative regret minimization (formalized later in a lower-bound result). To navigate
this trade-off, we proposes a new algorithm called Risk Adjusted Proportional Response (RAPR)
with a tuning parameter w € [1, K|, which governs the weight placed on the two objectives.> The
algorithm is general-purpose (in that it can address any user-specified reward and policy classes),
ensures near-optimal guarantees, and is also computationally efficient.

Types of guarantees. In our analysis, we consider two different types of bounds on simple and
cumulative regret, worst-case and instance-dependent guarantees. Here instance-dependent guarantees
refer to bounds that surpass worst-case rates by exploiting instances with large gaps between the
conditional expected rewards of the optimal and sub-optimal arms. Recent work by [11] has shown
that it is not possible for contextual algorithms to have instance-dependent guarantees on cumulative
regret (without suffering an exponential dependence on model class complexity); the authors instead
develop algorithms that achieve minimax optimal (worst case optimal) cumulative regret guarantees
(with square-root dependence on model class complexity). [26] developed the first general-purpose
contextual bandit algorithm for pure exploration, and their algorithm achieved instance-dependent
guarantees. They also show that instance-dependent best policy identification guarantees must come
at the cost of worse than minimax optimal cumulative regret (discussed in detail later). We show a
similar lower bound on cumulative regret for algorithms that achieve better instance-dependent simple
regret guarantees, and propose the first family of algorithms that flexibly navigate such trade-offs.

Overview of our guarantees. The simple regret guarantees of RAPR are never worse than the
minimax optimal rates (Theorem 2). Depending on the instance, RAPR achieves simple regret
guarantees that are up to O(1//w) times smaller compared to minimax optimal rates (Theorem 2).
This improvement factor of O(1/y/w) over minimax optimal rates is asymptotically achieved for
instances where realizability holds (the reward model class is well specified) and the gap between
the best and second best arm in terms of conditional expected reward is at least A > 0 at every
context (best-case instance in Theorem 2). RAPR provides these instance-dependent guarantees
without the knowledge of any instance information. Unfortunately, the corresponding cumulative
regret for the above instances is a factor of O(y/w) times larger compared to minimax optimal rates
(Theorem 1). The cumulative regret guarantees of our algorithm only degrade relative to the minimax
optimal rate if the instance allows for better simple regret guarantees. Our lower bound (Theorem 3)
considers the instances described above with A = 0.24 (the gap between best and second best arm
in terms of conditional expected reward). Theorem 3 shows that, for any algorithm that bounds the
simple regret on these instances to O(1/+/w) of the minimax optimal rates, its cumulative regret will
be at least 2(y/w) times the minimax optimal rates. RAPR thus achieves a near-optimal trade-off
between guarantees on simple vs cumulative regrets when 7' is large enough. The trade-off contrasts
with non-contextual bandits, where successive elimination ensures improved (compared to minimax)
instance-dependent guarantees for both simple and cumulative regret [10, 35].

Types of CB algorithms. Contextual bandit algorithms broadly fall into two categories: regression-
free and regression-based. Regression-free algorithms create an explicit policy distribution, randomly
choosing a policy for decision-making at any time-step [2, 5, 8, 26]. While these algorithms provide
worst-case cumulative regret guarantees [2, 5, 8] or instance-dependent PAC guarantees for policy
learning [26] without additional assumptions, they can be computationally intensive [11]: they require
solving and storing the output of (poly(T")) cost-sensitive classification (CSC) problems [21] at
every epoch (or update step). In contrast, regression-based algorithms [e.g., 1, 11, 34] construct a

'Our formal definition of simple regret compares against the best policy in our policy class, while our
cumulative regret definition compares against the global optimal policy (induced by the true conditional
expected reward model). The reason for this discrepancy is because we use a regression based approach (due to
computational considerations) for constructing our exploration policies.

2K is the number of arms for the finite arm setting.



conditional arm distribution using regression estimates of the expected reward, allowing for methods
that need only solve O(1) regression or CSC problems at every epoch (or update step). Traditionally,
these algorithms relied on realizability assumptions for optimal regret guarantees, but recent advances
allow for misspecified reward model classes [6, 12, 22]. We develop regression-based algorithms
and do not assume realizability. RAPR is the first general-purpose regression-based algorithm with
attractive pure exploration (simple regret) guarantees.

Overview of our algorithm. We now describe the RAPR algorithm in more detail. We first define
a surrogate objective for simple regret, the optimal cover, which is inversely proportional to the
probability that the bandit exploration policy chooses the arm recommended by the unknown optimal
policy. The optimal cover bounds the variance of evaluating the unknown optimal policy under
our exploration policy. This surrogate objective can be minimized by appropriately designing our
exploration policy/action selection kernels. To maintain the attractive computational properties
of regression-based algorithms, RAPR does not construct an explicit distribution over policies as
that distribution would have large support and would be computationally and memory intensive
to maintain. Instead, the goal of minimizing the optimal cover is attained by directly constructing
a distribution over arms for each arriving context. This in turn builds on a novel general-purpose
uncertainty quantification at each context. Much of the existing literature constructs confidence
intervals with point-wise guarantees, but existing approaches to constructing them rely on assumptions
like linear realizability. For general function classes, these intervals may be too wide and are often
computationally expensive to construct. To overcome this issue, we develop Conformal Arm Sets
(CASs), which are a set of potentially optimal arms at each context. This uncertainty quantification is
regression-based and computationally efficient to construct; it’s general-purpose and shrinks at “fast
rates” (with square-root dependency on expected squared error bounds for regression). Unfortunately,
these sets come with some risk of not containing the arm recommended by the optimal policy at every
context. Nevertheless, we can use this uncertainty quantification to construct a distribution over arms
at each context that helps us minimize the optimal cover by balancing the benefits and risks of relying
on these CASs. The unavoidable trade-off between our simple and cumulative regret guarantees is an
artifact of these risky sets. Beyond allowing us to trade off simple and cumulative regret guarantees,
the flexibility of the approach also helps us extend to continuous arm settings and allows us to handle
model misspecification.

Other Related Work. Our work connects to the literature on pure exploration, extensively studied in
MAB settings (see overview in [24]). [10, 15] study elimination-based algorithms for fixed confidence
best-arm identification (BAI). [19, 32] study variants of Thompson Sampling with optimal asymptotic
designs for BAI. [18] propose sequential halving for fixed budget BAIL. Our algorithm provides fixed
confidence simple regret guarantees and can be seen as a generalization of successive elimination [10]
to the contextual bandit setting. The key technical difference is that it is often impossible to construct
sub-gaussian confidence intervals on conditional expected rewards. The uncertainty quantification we
use is similar to the notion of conformal prediction (see [36] for a detailed exposition). Until recently,
pure exploration had been nearly unstudied in contextual bandits. [38] provide a static exploration
algorithm that achieves the minimax lower bound on sample complexity for linear contextual bandits.
[26] then provided the first algorithm with instance-dependent (e, 6)-PAC guarantees for contextual
bandits. This algorithm is regression-free (adapts techniques from [2]) and requires a sufficiently
large dataset of offline contexts as input. Hence, unfortunately, it inherits high memory and runtime
requirements [See 11, for a more detailed discussion]. However, these costs come with the benefit
that their notion of instance dependence leverages structure not only in the true conditional expected
reward (as in Theorem 2) but also in the policy class (similar to policy disagreement coefficient
[13]). They also prove a negative result, showing that it is not possible for an algorithm to have
instance-dependent (0, §)-PAC guarantees and achieve minimax optimal cumulative regret guarantees.
Our hardness result is similar but complementary to their result, for we show a similar result for
simple regret (rather than their (0, §)-PAC sample complexity).> Our work also recovers some
cumulative regret guarantees for the continuous arm case [27, 40], with new guarantees on simple
regret and robustness to misspecification. Note that our restriction to “slightly randomized" policies
for the continuous arm case results in regret bounds with respect to a “slightly randomized" (smooth)
benchmark [see 40, for smooth regret].

*In (¢, §) PAC sample complexity results, given an input (¢, &), the objective is to minimize the number of
samples needed in order to output an e-optimal policy with probability at least 1 — § (a "fix accuracy, compute
budget" setting). In contrast, in our simple regret case, we consider how to minimize the error € as the number of
samples increases.



1.1 Stochastic Contextual Bandits

We consider the stochastic contextual bandit setting, with context space X', (compact) arm space A,
and a fixed but unknown distribution D over contexts and arm rewards. D y refers to the marginal
distribution over contexts, and 7" signifies the number of rounds or sample size. At each time ¢ € [T]*,
the environment draws a context x; and a reward vector 7; € [0, 1] from D; the learner chooses an
arm a; and observes a reward 7;(a;). To streamline notation for discrete and continuous arm spaces,
we consider a finite measure space (A, ¥, 1) over the set of arms, with K shorthand for x(.A).> For
ease of exposition, we focus on the finite/discrete arm setting. Here A = [K] and  is the count
measure, and p(S) = |S| for any S C A. A (deterministic) policy 7 maps contexts to singleton
arm sets X1 = {ala € A}®. With some abuse of notation, we also let 7 refer to the kernel given
by 7(a|z) = I(a € w(x)). An action selection kernel (randomized policy) p: A x X — [0,1] isa
probability kernel that describes a distribution p(-|x) over arms at every context 2. We let D(p) be
the induced distribution over X’ x A x [0, 1], where sampling (x, a,r(a)) ~ D(p) is equivalent to
sampling (z,7) ~ D and then sampling a ~ p(-|z).

A reward model f maps X x A to [0,1], with f*(z,a) := Ep[r:(a)|x: = z| denoting the true
conditional expected reward model. Our algorithm works with a reward model class F and a policy
class II. For a given model f and an action selection kernel p, we denote the expected instantaneous
reward of p with f as R;(p). We write R+ (p) as R(p) to simplify notation when no confusion
arises. The optimal policy associated with reward function f is defined as 7.

Rs(p) = E E [f(z,a)], and 7y € argm;LXRf(w).

z~Dx a~p(-|z)

The policy 7y induced by f € F is assumed to be within policy class IT without loss of generality.®
For any S C A, with some abuse of notation, we let f(z, S) = [, _q f(x,a)du(a)/p(S). Note that
7¢(z) € argmaxgey, f(x,S) for all z. The regret of a policy m with respect to f is the difference
between the optimal value and the actual value of , denoted as Reg;(m) := Ry(my) — Ry(m).
Finally, we let 7* denote the optimal policy in the class II and let Reg;(-) denote the regret with
respect to 7*. That is, 7* € arg max,c R(7) and Regy(7) := R(7*) — R(7).

Objectives. Contextual bandit algorithms adaptively construct action sampling kernels (exploration
policies) {p: }+c|7) used to collect data over the 7" rounds. At the end of the adaptive experiment, the
adaptively collected data is used to learn a policy 7 € II. We study two main objectives to measure
quality of these outputs: [Objective 1] Cumulative regret minimization. Cumulative regret (CReg) is

given by CReg := Zthl Reg;. (pt). It compares the cumulative expected reward obtained during
the experiment with the expected reward of the policy (7« ) induced by the true conditional expected
reward (f*). We seek to minimize cumulative regret which is equivalent to maximizing cumulative
expected reward during the experiment. [Objective 2] Simple regret minimization. Simple regret is
given by Regp (7). It compares the expected reward of the learnt policy 7 € II against the value
of the optimal policy in the class II. We seek to minimize simple regret which is equivalent to
maximizing expected reward of the policy learnt at the end of the experiment. To understand the
kind of exploration kernels ({p; }+c|7)) that help with policy learning, we now identify a surrogate
objective for simple regret (called optimal cover) that is in terms of the kernels used for exploration.

Definition 1 (Cover). Given a kernel p and a policy m, we define the cover of policy w under the
kernel p to be,
7T(aIﬂC)}

xND)c',(lNTI'("x) |:p(a|x)

Additionally, for any pair of kernels (p, q), we let V (p, q) := EzmD a~q(-|o)[a(al2)/p(alz)]. Finally,
we use the term optimal cover for kernel p to refer to V (p, 7*).

Vip,7):=

(D

The cover measures the quality of data collected under the action selection kernel p for evaluating
a given policy 7 and bounds the variance of commonly used unbiased estimators for policy value

*For any n € NT, we use notation [n] to denote the set {1,...,n}

Here ¥ is a o-algebra over A and p is a bounded set function from ¥ to the real line.
®The introduction of X1 is to allow for easy generalization to the continuous arm setting.
"subject to any tie-breaking rule.

8Note that IT may contain policies that are not induced by models in the class F.



[e.g., 2, 14, 39]. In particular, the cover under optimal policy % Zthl V(pt, 7*) can be treated as a
surrogate objective for simple regret minimization (proven in Appendix E.2), which is particularly
instructional in designing our algorithm to minimize simple regret.

Extending notation to continuous arms. In the continuous arm setting, evaluating arbitrary
deterministic policies can be infeasible without extra assumptions [28]. Thus, we focus on “slightly
randomized” policies by generalizing X1 to be the arm sets with measure one (X := {S € X|u(S) =
1}).° The granularity of these sets can be adjusted by scaling the finite measure j, which also affects
the value of K = p(A). We then continue defining policies be maps from X to 3; and II is a class
of such policies. We overload notation and define the induced kernel as 7 (a|z) = I(a € w(x)),
which is a valid definition since [ I(a € 7(z))du(a) = p(m(x)) = 1. All the remaining definitions,
including R¢(m), ¢, 7* and V (p, ), relied on these induced kernels and continue to hold. While
there are some measure theoretic issues that remain to be discussed, we defer these details to
Appendix A.

Uniform sampling. Our algorithm frequently selects an arm uniformly from a constructed set of
arms. In the context of a set S C A, uniform sampling refers to selecting an arm from the distribution
q(a) := I(a € S)/p(S). This constitutes a probability measure since its integral over A equals 1. In
the discrete arm setting, uniform sampling from a set S C .4 implies selecting an arm according to
the distribution I(a € S)/|S|.

1.2 Oracle Assumptions

Our algorithm relies on two sub-routines. For generality, we abstract away these sub-routines by
stating them as oracle assumptions, for which we describe two oracles, EstOracle and EvalOracle, in
Assumptions 1 and 2 respectively. The EstOracle sub-routine is for estimating conditional expected
reward models (Assumption 1), and the EvalOracle sub-routine is for estimating policy values
(Assumption 2) according to the true and estimated reward models.

These sub-routine tasks are supervised learning problems. Hence, the average errors for the corre-
sponding tasks can be bounded in terms of the number of samples (n) and a confidence parameter
(0"). The oracle assumptions specify the estimation rates. We let £ : N x [0, 1] — [0, 1] denote the
estimation rate for these oracles. For simplicity, we assume that they share the same rate and that
&(n, d") scales polynomially in 1/n and log(1/4”). In order to simplify the analysis, we also require
£(n/3,8" /n?) be non-increasing in n.!° We now formally describe these oracle assumptions, starting
with EstOracle.

Assumption 1 (Estimation Oracle). We assume access to a reward model estimation oracle
(EstOracle) that takes as input an action selection kernel p, and n independently and identically
drawn samples from the distribution D(p). The oracle then outputs an estimated model f € F such
that for any §' € (0, 1), the following holds with probability at least 1 — ¢§':

E [(f(z,a) = f*(z,0))’] < B+£&(n, )
x~Dx ar~p(-|z)
Where B > 0 is a fixed but unknown constant that may depend on the model class F and distribution
D, but is independent of the action selection kernel p.

In Assumption 1, the parameter B measures the bias of model class F; under realizability, B equals
0. The function £ characterizes the estimation variance, which decreases with increasing sample
size. As long as the variance term (which shrinks as we gather more data) is larger than the fixed
unknown bias (B), we have from Assumption 1 that the expected squared error for the estimated
reward model is bounded by 2£. We use this bound on expected squared error to further bound how
accurately the estimated reward model evaluates policies in the class II (Lemma 6). However, since
B is unknown, we need a test to detect when this policy evaluation bounds starts failing (which can
only happen after the variance term gets dominated by the unknown bias term). To construct this test,

“Note that our restriction to “slightly randomized" policies for the continuous arm case results in regret
bounds with respect to a “slightly randomized" (smooth) benchmark. Hence for the continuous arm case, our
cumulative regret bounds translate to smooth regret bounds from [40] with K = 1/h. Where h is the measure
of smoothness in smooth regret (a leading objective for this setting).

!0This ensures that &,, defined in Lemma 1 is non-increasing in m for any epoch schedule with increasing
epoch lengths.



our algorithm relies on EvalOracle, which provides consistent independent policy value estimates
and helps compare them with policy value estimates with respect to the estimated reward model.

Assumption 2 (Evaluation Oracle). We assume access to an oracle (EvalOracle) that takes as input
an action selection kernel p, n independently and identically drawn samples from the distribution
D(p), a set of m models {g;|i € [m]|} C F, and another action selection kernel q. The oracle
then outputs a policy evaluation estimator R of true policy value, and a set of m policy evaluation
estimators {Ry,|i € [m]}} that estimate policy value with respect to the models g1, ga, - . . , gm
respectively. Such that for any §' € (0,1), the following conditions simultaneously hold with
probability at least 1 — (m + 1)§':

. |]:2(7r) — R(m)| < 2V (p,m)&(n,0") 4 2&(n, ") /(min g o) cx x4 p(a|z)) for all m € TTU {q}.
. |Rf(7r) — Ry(m)| < \/2&(n,d") forall m € I1U {q} and for all f € {g;|i € [m]}.

When F and IT are finite, one can construct oracles such that Assumptions 1 and 2 hold with £ (n, 6") =
O(log(max(|F|,|II])/6")/n). One example of such a construction is given by using empirical
squared loss minimization for EstOracle, using inverse propensity scores (IPS) for estimating R(7)
in EvalOracle, and using the empirical average for estimating R (7) in EvalOracle. The guarantees
of these assumptions can be derived using Bernstein’s inequality and union bounding. When F has
pseudo-dimension [20] bounded by d and II has the Natarajan-dimension bounded by d [17, 16], one
can construct oracles such that Assumptions 1 and 2 hold with £(n, ¢") = O(dlog(nK/d")/n).

2 Algorithm

Algorithm 1 w Risk Adjusted Proportional Response (w-RAPR)
input: Trade-off parameter w € [1, K], proportional response threshold Sy.x = 1/2, and confidence
parameter § (used in definition of £,,).

1: Let py(alz) = 1/u(A) = 1/K, fi =0, oy = 3K, 7, = 3, and safe = True.

2: forepochm =1,2,... do

3: T = 2Tm—1- > Doubling epochs.
4 if safe then
5: forroundt =7,_1+1,...,7, do
6: Observe context x, sample a; ~ pp,(+|x+), and observe r:(az).
7 end for
8: Let S, denote the data collected in epoch m.
9: We split S,,, into three equally sized sets Sy, 1, .Sm, 2 and Sy, 3.
10: Let fmﬂ « EstOracle(p,, Sm,1). and let Cy,, 41 be given by Definition 2.
11: Let 7,,+1 be the solution to (5) and let v, 11 := 3K /Nyt1- > Sp,2 is used here.
12: Now let p,,,+1 be given by (4).
13: Let Rint1,{R,, ,; j,|i € [m+ 1]} < EvalOracle(pm, Sp,3, { fili € [m + 1]}, pmt1).
14: if (2) does not hold. then
15: m, safe <+ m, False.
16: end if
17: else
18: forroundt =7, _1+1,...,7, do
19: Observe context x, sample a; ~ py,(+|2+), and observe r:(az).
20: end for
21: Let S, denote the data collected in epoch m.
22: Let Rpy1, {Rerl,fi |Z € [T?L]} A EvalOracle(pm, S, {fz‘z € [m]},pm)
23: end if
24: end for

At a high level, our algorithm operates in two modes, indicated by a Boolean variable “safe". During
mode one (safe = True), where estimated reward models are sufficiently accurate at evaluating
policies in the class IL,!' we use our estimated models to update our action selection kernel used

"Where the estimated reward models pass the misspecification test.



during exploration. During mode two (safe = False), where the condition for mode one no longer
holds, we stop updating the action selection kernel used for exploration. Operationally our algorithm
runs in epochs/batches indexed by m. Epoch m begins atround ¢ = 7,,,_; + 1 and ends at ¢t = 7,,,,
and we use m(t) to denote the epoch index containing round ¢. We let 7in denote the critical epoch, at
the end of which our algorithm changes mode (with “safe" being updated from “True" to “False");
we refer to m as the algorithmic safe epoch. For all rounds in epoch m < m, our algorithm samples
action using the action selection kernel p,,, defined later in (4). For m > m, our algorithm samples
action using p,; —the action selection kernel used in the algorithmic safe epoch m.

We now describe the critical components of our algorithm. These include (i) data splitting and using
oracle sub-routines; (ii) misspecification tests, which we use to identify the safe-mode switching
epoch m; and (iii) conformal arm sets, which presents a new form of uncertainty quantification that
is critical in constructing p,, 1 at the end of each epoch m € [n]. Finally, we use these components
to describe our final algorithm.

Data splitting and oracle sub-routines. Consider an epoch m € [1n]. Let S, denote the set of
samples collected in this epoch: Sy, = {(2¢, a¢, 7e(ar))|t € [Tim—1,Tm]}. Our algorithm splits .S,,,
into three equally-sized subsets: Sy, 1, m,2 and Sy, 3. Algorithm 1 outlines using these subsets
and the oracles (described in Section 1.2) to estimate reward models and evaluate policies. Based
on Assumptions 1 and 2, we bound the errors for these estimates in terms of &,,,+1 = 2£((7yn, —
Tm—-1)/3,0/(16m3)), where § is a specified confidence parameter. As we will see later, our algorithm
relies on these bounds to test for misspecification and construct action selection kernels.

Misspecification test. We first discuss the need for our misspecification test. Note that Assumption 1
is flexible and allows our reward model class F to be misspecified. In particular, the squared error of
our reward model estimate may depend on an unknown bias term B. To account for this unknown
B, it is useful to center our analysis around the safe epoch m* := arg max{m > 1|&,,+1 > 2B},
which denotes the last epoch where variance dominates bias. We show that for any epoch m € [m*],

the estimated reward model f,,41 is “sufficiently accurate” at evaluating the expected reward of any
policy in ITU {py,+1}. This property is critical in ensuring that the constructed action selection kernel
Pm-+1 has low exploration regret Reg . (pm+1) and a small optimal cover (V (py,+1,7*)). Since B
and m™ are unknown, we need to test whether the estimated reward model is sufficiently accurate at
evaluating these policies. When the test fails, the algorithm sets the variable “safe” to False and stops
updating the action selection kernel used for exploration. The core idea for this test comes from [23]
although its application to simple regret minimization is new, and the form of our test differs a bit.
We now state our misspecification test (2). At the end of each epoch m, the test is passed if (2) holds:

R (ms ) — R 1,fm (m)
max R . ) — /a 77L+1 fm, fm m+ 7fm,
me€lU{pm 11} | m“"f"”“( ) m+1 méme+1 Z 40m2\/am_1€m

< 2.05v/m&mit + 1.1/ Emr1,
()

where «; empirically bounds V (p, 7*), the optimal cover for the action selection kernel used

in epoch m (see (49)). The first term in (2) measures how well the estimated reward model me
evaluates the policy 7, and the second term accounts for under-explored policies (policies that have

high regret under the reward model fm would be less explored in epoch m).

Conformal arm sets. We proceed to introduce the notion of conformal arm sets (CASs), based on
which we construct the action selection kernels employed by our algorithms. At the beginning of
each epoch m, we construct CASs, denoted as {Cy,(z, )|z € X,( € [0,1]}; here ¢ controls the
probability with which the set C,,, contains the optimal arm. The construction of these sets rely on

the models ( fl, ey fm) estimated from data up to epoch m — 1, as defined below.

Definition 2 (Conformal Arm Sets). Consider ¢ € (0,1). At epoch m, for context x, the arm set
Cn(z, C) is given by (3).

Cr(z,Q) : UC (2,¢), Cm(,() = 7ﬂ C'm<x,2iﬁ12),



Similar to conformal prediction (CP) [36, 33], CASs have marginal coverage guarantees. We show
that with high probability, we have 7*(z) lies in C,, (z, ) with probability at least 1 — ¢ over the
context distribution. That is, Pry.p, (7*(z) € Cy(z,¢)) > 1 — ¢ with high-probability (see
Appendix E.1). However, there is also a key technical difference. While CP provides coverage
guarantees for the conditional random outcome, CASs provide coverage guarantees for 7* () —
which is not a random variable given the context x. Hence, intervals estimated by CP need to be wide
enough to account for conditional outcome noise, whereas CASs do not. CASs also have several
advantages compared to pointwise confidence intervals used in UCB algorithms. First, CASs are
computationally easier to construct. Second, CAS widths have a polynomial dependency on model
class complexity, whereas pointwise intervals may have an exponential dependence for some function
classes [see lower bound examples in 13]. Third, pointwise intervals require realizability, whereas the
guarantees of CASs hold even without realizability (as long as the misspecification test in (2) holds).
However, it’s important to remember that these benefits of CASs come with the risk of only covering
7*(x) marginally over the context distribution — that is, these sets may not contain 7*(z) at all .

Risk Adjusted Proportional Response Algorithm. We now describe the design of our algorithm,
which is summarized in Algorithm 1. The algorithm depends on the following input parameters:
w € [1, K| which controls the trade-off between simple and cumulative regret, the proportional
response threshold S,.x = 1/2, and confidence parameter §. The algorithm also computes 7,41
(risk adjustment parameter for p,,41), a,+1 (empirical bound on optimal cover for p,,+1), and
Am+1(+) (empirical bound on average CAS size). At the end of every epoch m € [1n], we construct
the action selection kernel p,,,+1 given by (4).

(1 - ﬂmax)l[a S Cm+1(xa 6max/7]m+1)] + /Bmax I[a S Cerl(xaﬁ/nnLJrl)]d
M(Cm+1(xa5max/77m+1)) 0 N(Cm+1($75/nm+1))

At any context x, sampling arm a from p,,, 1 (-|x) is equivalent to the following. Sample 3 uniformly
from [0, 1], then sample arm a uniformly from the set C,,, 11 (2, min(Bmax, 8)/Mm+1)- A small 8
results in a larger CAS and a higher probability of containing the optimal arm for the sampled context.
However, uniformly sampling an arm from a larger CAS also implies a lower probability on every
arm in the set. Sampling 3 uniformly allows us to respond proportionately to the risk of not sampling
the optimal arm while enjoying the benefits of smaller CASs. We refer to this as the Proportional
Response Principle.

pm+1(a|$) -

Similarly note that, a larger risk-adjustment parameter 7,,,+1 encourages reliance on less risky albeit
larger CASs. We want to choose 7,11 to tightly bound the the optimal cover (surrogate for simple
regret), subject to cumulative regret constrains imposed by the trade-off parameter w. To do this,
we first let A, 11 () be a high-probability empirical upper bound on E,p . [14(Crt1(2, Bmax/M))]-
Hence, using (49), we can upper bound the optimal cover (V (p,,+1,7*)) by ’\f_l ézlajl) + n:li =
Our choice of 7,,,+1 approximately minimizes this upper bound on the optimal cover, by choosing
the largest feasible ) € [1),,,, /WK /] such that A\, 1 (n) < % (see (5)). Note that this choice of

>\m+1(?7))
1—Bmax ’"

. 1 . Brmax K2 In(8[Sm,2|(m +1)2/9)
Am+1(n) :m1n<1+|5m72| Z ,u(CmH(x, ” ))+\/ n ol(m ,K)7

tESm,2 2|Sm’2|

Nm-+1 balances the risk of a small n (large %) with the benefits of a small A,,,11(n) (small

‘Sm,Q
n

wKk K
ne HSm,QHﬂ? < 77>\m+1(7]) < }}
@ n

m

Nm4+1 < Inax {nm, max {7] =
&)

With 7,,,41 chosen, the action selection kernel p,,, 1 is decided. Now let ;41 = 3K /141, which
is a high-probability empirical upper bound on V (p,, 41, 7*). We then use v, 11 at the end of epoch
m + 1 to construct CASs, compute the risk-adjustment parameter, and test for misspecification.

Computation. We have O(log(T)) epochs. At the end of any epoch m € [m], we solve three
optimization problems. The first is for estimating f;,+1, which often reduces to empirical squared
loss minimization and is computationally tractable for several function classes . The second is for
computing the risk-adjustment parameter in (5) which can be solved via binary search. The third is
for the misspecification test in (2), which can be solved via two calls to a cost-sensitive classification
(CSC) solver (don’t need this when assuming realizability, further if we only care about cumulative



regret, sufficient to use the simpler test in [22]). Finally, to learn a policy 7 at the end of T" rounds, we
need to solve (8) using a CSC solver (under realizability we can set 7 = 7 ; oty 1) Hence, overall,
w-RAPR makes exponentially fewer calls to solvers compared to regression-free algorithms like [26].

3 Main Results

Our algorithm/analysis/results hold for both the discrete and continuous arm cases. As discussed
before, minimizing optimal cover helps us ensure improved simple regret guarantees. Hence a.,, €
[1,3K] (the high-probability empirical upper bound on the optimal cover V (p,,,7*)) will play a
crititcal role thoughout this results section. We start with stating our cumulative regret bounds.
Theorem 1. Suppose Assumptions | and 2 hold. Then with probability 1 — §, w-RAPR attains the
following cumulative regret guarantee. Here &, 1 = E((Trm, — Tm—1)/3,6/(16m3) for all m.

T
~ K am@- 1<
CReg < O vK +\/Kfmt) (6a)
’ (tg;ﬂ Qm(t) () “
< O| VwKBT + Z «/wKﬁm@))- (6b)
< t=71+1

Where we use O to hide terms logarithmic in T, K, £(T, 6).

We start with discussing (6b). The first part vwK BT comes from the bias of the regression
oracle with model class F and will vanish under the realizability assumption. The second part

Zthﬁ 1V WK & (1), when setting w = 1, recovers near-optimal (upto logarithmic factprs) minimax
cumulative regret guarantees for common model classes, as demonstrated by the following examples.

Corollary 1. We consider w-RAPR with appropriate oracles in the following cases and let B
denote the corresponding bias terms. When F and 1l are finite, CRegp < @(\/wK BT +
VwKT log(max(|F|, [1I])/8)) with probability at least 1 — 5. When F has a finite pseudo di-
mension d, 11 has a finite Natarajan dimension d, and A is finite, CRegp < @(\/wK BT +

VwKTdlog(TK/$)) with probability at least 1 — 6. Note that under realizability (B = 0), 1-
RAPR achieves near-optimal minimax cumulative guarantees.

In (6a), we observe that the multiplicative y/w cost to cumulative regret is only incurred if the
empirical bound on optimal cover (o, € [1,3K]) can get small. That is, our cumulative regret
bounds degrade only if our algorithm better bounds the optimal cover and thus ensures better simple
regret guarantees. '> We now provide instance dependent simple regret guarantees for our algorithm.
Theorem 2. Suppose Assumptions 1 and 2 hold. For some (A, A, A) € [0,1] x (0,1] x [1, K],
consider instances where for 1 — X fraction of contexts at most A arms are A optimal (i.e. (7) holds).

PonDa (u({a e A: [ (a,mp () = f*(z,a0) <A}) < A) >1-\ )

Let m' = min(rh, m(T)) — 1. Let the learned policy 7 be given by (8) (equivalent to variance
penalized policy optimization).

f )= R 4 (7)
7 € ar mame - 7m m(T) T m(D)dm 7 8
g () (7 Em(r) Z 40m2 /16 ®

mE m’

Then with probability 1 — §, w-RAPR has the following szmple regret bound when T samples.

Regp(7) < O(\/am/fm(T)>
K K3/2 1/2
<\/€m(T) min (K A+K)\+ — \/ min(m*,m(T)—1)—[log, logz(K)‘\>>>'

2For large ¢, once our bounds on optimal cover can’t be significantly improved, we have ap (1) /Qum(t)—1 =

O(1). Hence for large T, our cumulative regret is a factor of /K /o, (r)+1 larger than the near optimal
minimax guarantees. As we will see in Theorem 3, this multiplicative factor is unavoidable.




Under (7), we can only argue that the expected (over context distribution) measure of A optimal
arms is at most (1 — \)A + KA = O(A + K\). Hence for large T, the best we can hope for
is instance-dependant simple regret guarantees that shrink/improve over minimax guarantees by a

factor of O(\/(A + K\)/K). We show that this is guaranteed by Theorem 2. Suppose w = K,
F has a finite pseudo dimension bounded by d, and II has a finite Natarajan dimension bounded

by d. The simple regret guarantee of Theorem 2 reduces to O(min((y/Kd/T, /(A + K\)d/T +
(K/V/A)\/d/T{/B +d/T)). When the reward model estimation bias B is small enough, the term
(K/VA)\/d/T{/B +d/T) is dominated by the remaining terms for large 7. Hence, in this case,
we get a simple regret bound of O(y/(A + K\)d/T) for large T. As promised, this improves upon
the minimax guarantees by a factor of O(y/(4 + K\)/K).

Note that Theorem 1 guarantees are better for w closer to 1 whereas Theorem 2 guarantees are better
for w closer to K. Hence these theorems show a tradeoff between the cumulative and simple regret
guarantees for w-RAPR. Theorem 3 shows that improving upon minimax simple regret guarantees for
instances satisfying (7) may come at the unavoidable cost of worse than minimax optimal cumulative
regret guarantees. This contrasts with non-contextual bandits, where successive elimination ensures
improved (compared to minimax) gap-dependent guarantees for both simple and cumulative regret.

Theorem 3. Given parameters K, F,T € N and ¢ € [1,00). There exists a context space X and a
function class F C (X x A — [0,1]) with K actions such that |F| < F and the following lower
bound on cumulative regret holds:

it =p E [iww IE (ﬁﬂ(*)

A€V, pep D

Here (a1, . ..ar) denotes the actions selected by an algorithm A. D denotes the set of environments
such that f* € F and (7) hold with (A, \,A) = (1,0,0.24). II denotes policies induced by F.
U, denotes the set of CB algorithms that run for T' rounds and output a learned policy with a

simple regret guarantee of \/¢log F/T for any instance in D with confidence at least 0.95, i.e.,

Uy = {A:P(Reg(7ta) < \/dlog F/T) > 0.95 for any instance in D}. Finally, Q(-) hides factors
logarithmic in K and T.

Near optimal trade-off of RAPR. Note that the environments constructed in Theorem 3 satisfy f* €
F with max(|F|, |TI]) < F and also satisfy (7) with (A, A\, A) = (1,0, 0.24). With appropriate ora-
cles, Assumptions 1 and 2 are satisfied with B = 0 (i.e. m* = o) and £(n, 6") = O(log(F/d")/n).
Hence for large enough 7', w-RAPR achieves a simple regret bound of O(\/(K /w)log F/T') with

probability at least 0.95 and thus is a member of ¥, for some ¢ = @(K /w). Theorem 3 lower bounds

the cumulative regret of such algorithms by Q(y/K/¢/KT log F) = Q(v/wv/KTlog F). Up to

logarithmic factors, this matches the cumulative regret upper bound for w-RAPR. Re-emphasizing
that the trade-off observed in Theorems 1 and 2 is near optimal for large T'.

Simulations. To demonstrate the computational tractability of our approach, we ran a simulation on
setting within a R2context space, eight arms, linear models, and an exploration horizon of 5000. Our
algorithms ran in less than 9 seconds on a Macbook M1 Pro. We also compare with other baselines
on simple/cumulative regret. See Appendix E.4 for details.

Conclusion. We develop Risk Adjusted Proportional Response (RAPR), a computationally efficient
regression-based contextual bandit algorithm. It is the first contextual bandit algorithm capable of
trading-off worst-case cumulative regret guarantees with instance-dependent simple regret guarantees.
The versatility of our algorithm allows for general reward models, handles misspecification, extends
to finite and continuous arm settings, and allows us to choose the trade-off between simple and
cumulative regret guarantees. The key ideas underlying RAPR are conformal arm sets (CASs) to
quantify uncertainty, proportional response principle for cumulative regret minimization, optimal
cover as a surrogate for simple regret, and risk adjustment for better bounds on the optimal cover. '3
Limitations. A limitation of our approach is that we do not utilize the structure of the policy
class being explored. Further refining CASs with other forms of uncertainty quantification that
leverage such structure can lead to significant improvements, and potentially avoid trade-offs between
simple/cumulative regret when policy class structure allows for it.

3S.A. and S.K.K. are grateful for the support provided by Golub Capital Social Impact Lab and the ONR
grant NO0014-19-1-2468. E.B. is grateful for the support of NSF grant 2112926.
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A Expanded Notations

We start with expanding our notation from Section 1.1 to include notation helpful for our proofs and
expand to the continuous arm setting.

Measure over arms. To recap, our algorithm and analysis adapt to both discrete and continuous arm
spaces, where we consider a finite measure space (A, ¥, ;1) over the set of arms (i.e. 11(.A) is finite)
to unify the notation.'* As short hand, we use K in lieu of 1(A). We let 1 be a set of arms in
with measure one, i.e. 1 := {S € X|u(S) = 1}.

Policies. Let II denote the universal set of policies. That is, II is the set of all functions from X to
31. The policy class IT is a subset of II. We use m(z) to denote the set of arms given € X" and
use pr(alr) = I(a € m(z)) to denote the induced probability measure over arms at x.'> With some
abuse of notation, we use the notation 7(a|x) in lieu of p,(a|x). Below is the elaboration of our
notation to both discrete and continuous arm spaces.

* Discrete arm space. We choose p to be the count-measure, where p(S) = | S| for any S C A and
u(A) = K. In this case, X1 contains singleton arm sets, and II denotes deterministic policies from
X to A where each policy maps a context to an action.

* Continuous arm space. We choose p to any finite measure, where (S) = [g du(a) for any
S C A, and in particular ;(A) = K. In this case, &1 contains arm sets that may have an infinite
number of arms but with total measure be 1 with respect to .

Space of action selection kernels. In this paper, we will always define our action selection kernels
with respect to the reference measure p, that is p(S|z) = [, _p(a|z)dy forany S € X and z € X.

a

Based on the notation in Section 1.1, for any kernel p, we let Reg(p) = Ry (my) — Ry (p).

Now let P denote the set of action selection kernels such that p(a|z) < 1 forall (z,a) € X x A, and

in particular, we have the policy class II C P. We note that all action selection kernels (p) considered
in this paper belong to the set P, allowing our analysis to rely on the fact that p(+|-) < 1.

Note that, Reg; (p) is non-negative for any p € P. To see this, consider any context z. Re-
call that (z) € argmaxgeyw, f(x,S) for all . Since p(-|-) < 1 for any p € P, we have
Joe aplalz) f(z, a)dp is maximized when p(a|z) = 1 forall a € 7¢(z). Thatis, f(z,7f(x)) =
maxyep Eqnp(|2) [f* (2, @)]. Hence, max,ep Ry(p) = Ry(7y), so Reg(p) is non-negative for any
peP.

Connection to smooth regret [40]. Recall that we define cumulative regret as CReg, :=

S Reg . (pt), which measures regret w.r.t the benchmark Ry« (7m+) = maxpep Ry« (p). As
discussed earlier, [40] shows that smooth regret bounds are stronger than several other definitions
of cumulative regret in the continuous arm setting [e.g., 27]. Hence to show that our bounds are
comparable/competitive for the continuous arm setting, we argue that our definition of cumulative
regret (CReg) is equivalent to the definition of smooth regret in [40].

Let the loss vectors [; in [40] be given by —r;. Let the smoothness parameter h in [40] be given
by 1/K. And, let the base probability measure in [40] be given by 1/ K. Then, our benchmark
(maxpyep R+ (p)) is equal to the smooth benchmark (E[Smoothy, (x)]) considered in [40]. Hence,
our definition of cumulative regret (CReg,) is equal to smooth regret (Regqg ;, (7)) when the loss,
smoothness parameter, and base probability measure are given as above. This shows the equivalence
in our definitions.

Hence our near-optimal cumulative regret bounds (with w = 1) recover several existing results for
the stochastic contextual bandit setting up to logarithmic factors using only offline regression oracles.
Our algorithm also handles reward model misspecification and does not assume realizability. We also
provide instance-dependent simple regret bounds (for larger choices of w). The parameter w allows
us to trade-off between simple and cumulative regret bounds.

Measure theoretic issues with continuous arms. To avoid measure-theoretic issues, we require that
for all models f € F U {f*}, all contexts x € X, and all real numbers z € R, we have the level set
of arms {a|f(x,a) < z} must lie in 3. That is the reward models f € F U {f*} are measurable at

“Here X is a o-algebra over A and . is a bounded set function from X to the real line.
'*Note that for any 7 € T, we have Joeapr(alz)dp = p(n(z)) = Latany z € X.
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Environment distribution

X, A set of contexts and set of arms (respectively).

D joint distribution over contexts and arm rewards.

Dy marginal distribution over contexts.

D(p) distribution over X x A x [0, 1] induced by action selection kernel p.
I true conditional expected reward, f*(x,a) := Ep[ri(a)|z: = x].

Measure space over arm sets
(A, %, 1) | measure space over the set of arms with K := p(A).

¥ set of measurable arm sets with measure one, 31 := {S € X|u(S) = 1}.
I set of all policies (functions from X to X1).
P set of kernels such that p(a|z) < 1 forall (x,a) € X x A.
Algorithm inputs
Bmax proportional response threshold (Bax = 1/2).
w trade-off parameter (w € [1, K]).
1) confidence parameter (§ € (0, 1)).
F. I give reward model class and policy class.
Policy value and optimal policy
R;(p) := Ex~Dy Eanp(-|n)[f (2, a)], denotes the value of kernel p under model f.
R(p) := Ry-(p), denotes the true value of kernel p.
T € argmax__ Ry (), denotes the best universal policy under model f.
T € arg max ¢ R(m), denotes the best policy in the class II.
Regret and cover
Reg,(p) := Ry(ny) — Ry(p), denotes the regret of kernel p under model f.
R(p) := Ry-(p), denotes the true value of kernel p.
Reg(p) = Ry(ny) — Ry(p), denotes the regret of kernel p under model f.
V(p,q) cover V(p, q) := EonpDy.amq(lx) [9(alz)/plalz)].
Epochs
m epoch index.
Em+1 = 26((Ty, — Tm—1)/3,6/(16m?)), where ¢ is given in Section 1.2.
m* safe epoch, last epoch where &,,, 11 > 2B (variance dominates bias).
m last epoch that starts with safe set as True.

Algorithmic parameters
fm+41 € F | fitted reward model via regressions on samples collected in epoch m.

Crt1 conformal arm set defined in Definition 2.

Nm+1 risk adjustment parameter (5).

Q41 empirical bound on optimal cover (a1 = nii -).

Dm+1 action selection kernel corresponding to epoch m + 1 defined in (4).

Unz+1 =20 \V Oém,fm+1~

Table 1: Table of notations

every context x with the Lebesgue measure on the range of f(z, -) and the measure (A, 2, 1) on the
domain of f(x,-). We note that this isn’t a strong condition and usually trivially holds.

Moreover, we require an additional condition as follows to simplify our arguments and allow for easy
construction of our uncertainty sets (see Definition 2). We require that for all models f € F and
all contexts x € X, we have f(z,7¢(x)) is equal to max,c 4 f(2, a). This condition trivially holds
for the finite-arm setting with p as a count measure. For the continuous arm setting, this condition
follows from requiring arg max, ¢ 4 f(, a) lies in ¥ and has measure of at least one.

Additional notation. For notational convenience, we let U,, = 204/ ,,—1&,, for any epoch m.
Note that by construction ((5) and «,,, = 3K/1,,) @y, is non-increasing in m. Further, from the
conditions in Section 1.2, we have &, 11 = 26((Ty — Tim—1)/3,6/(16m?)) is non-increasing in m.
Hence U,, is also non-increasing in m. We also let o := a3 = 3K, and let o, := a3, for any
epoch m > m. Similarly, we let ny := 1, = 1, and let n,,, := 1,3, for any epoch m > m. Sometimes,
we use use Cy, (x, 8,n) in lieu of Cy, (z, B/17).
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B Bounding Cumulative Regret

This section derives the cumulative regret bounds for w-RAPR. We start with analyzing the output of
oracles described in Assumptions 1 and 2. Note that we do not make the “realizability" assumption
in this work — i.e., we do not assume that f* lies in F. Hence, as in Assumption 1, the expected
squared error of our estimated models need not go to zero (even with infinite data) and may contain
an unknown non-zero irreducible error term (B) that captures the bias of the model class F. It is
useful to split our analysis into two regimes to handle this unknown term B, similar to the approach
in [22]. In particular, we separately analyze oracle outputs for epochs before and after a so-called
“safe epoch". Where we define the safe epoch m™* as the epoch where the variance of estimating
from the model class F (¢,,) is dominated by the bias of estimating from the class F (B). That is,
m* := arg max{m > 1|&,,+1 > 2B}.

B.1 High Probability Events

We start with defining high-probability events under which our key theoretical guarantees hold. The
first high probability event characterizes the accuracy of estimated reward models and the policy
evaluation estimators, the tail bound of which can be obtained by taking a union bound of each

epoch-specific event that happens with probability 1 — 47‘;2 under assumptions in Section 1.2.

Lemma 1. Suppose Assumption 1 and Assumption 2 hold. The following event holds with probability
1-4/2,

Wy = {Vm,Vﬂ' ety {pm-ﬁ-l}vvf € {f17~ . ~afm+1}7

E E [(fm+1(x7a‘)_f*(x7a))2] §B+§m+1/2
z~Dx arvpm(-|z) 9)

|Rpps1,7(m) — Rp(m)] < /€,
|Ryt1(m) = R(m)| < \/V (P, T)émst + Emer/( min Pm(a\m))-) }

(z,a)EX XA
Where &1 = 26((To — Tim—1)/3,6/(16m3)).'°

The second high probability event characterizes the measure of conformal arm sets, which directly
follows from Hoeffding’s inequality and union bound.

Lemma 2. The following event holds with probability 1 — § /2,

Sm
Ws i= {Vm, Vn € {%In € [|Sm-2”}’

~ Bmax 1 ~ /Bmax
a:NEDX [M (Oerl (907 " ))] - S s teszmg H (Cm+1 <$t> 77)) ' (10)
< K21n(8|S,,2/m?/9)
- 2|Sm,2| '

Together both W, and W, hold with probability 1 — &. The rest of our analysis works under these
events.

B.2 Analyzing the Cover

In this sub-section, we upper bound the cover (V (py,, -)) for the action selection kernel used in epoch
m."" To upper bound V (p;,,, ), we first lower bound p,, (-|). Recall that in Appendix A, we define

1%Our epoch schedules will always be increasing in epoch length. Under such conditions, we have &, is
non-increasing in m.

"Recall that V (p, q) := Eon by ama(-) [2(alz)/p(a]z)].
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Up = 20/ ay—1&, for any epoch m. Starting from here, our lemmas and proofs will use U,,, and

204/ —1&m, interchangeably.

Lemma 3. For any epoch m, we have (11) holds.

17ﬂmax Bmax 7
) (a|1’) - {M(Cm(z,ﬁmaxﬂzm)) + M(é)—72U ifa € Om(xvﬁmaxanm)
m - Nm n _ m M I
(A s m)] Fa(@m; (@)—Fm(@a)’ ifa ¢ Cm(xaﬂmamnm) an
> ﬁy ifa S Cnb(xwgmaxan'm)
= i NNz, ¢ () 2772 Uy, .
i WSl 2V Gl (2, B )
Proof. Recall that p,,, given by (12).
1- max I Cvm y Mmax 'fm Pma I Cm y My lim
/J/(Cm(xaﬁmax7 nm)) 0 M(C’m(xaﬁ?nm))

We divide our analysis into two cases based on whether a lies in C,,, (2, Bmax, 7m ), and lower bound
pm(a|z) in each case.

Case 1 (a € Cpy (2, Brnax, Mm))- Note that Cy, (2, Bmax; Mm) € Cm(x, B,mm) € Aforall 3 €
[0, Bmax)- Hence, a € Cy,(z, B, M) and u(Ch (x, B,1m)) < p(A) for all 8 € [0, Bimax|. Therefore,

. . M Bmax _1
in this case, py, (alz) > (O @) + A 2 Ay

Case 2 (a ¢ C,(x, Bmax, Nm ). For this case, the proof follows from (13).

. Buax I[a € Co(, By 1)
Pm(al )2/0 (Con(, B, 0m)) v

@ 1

Bmax
ey /0 I[a € C(x, B,1m)dp
(@) I(a ¢ Con (@, Bmaxs ) [
g L /O Ia € Cou(w, B, 1|45
(@)I(a ¢ Crn (T, Bmax, Mm)) '
i s /0 Ia € Cou(, B9 ]dB
(ﬂ)l(a ¢ Cm(l'yﬁmaxanm)) ! P _— _F QanmUﬁl
- 1 A) /o i Il g, () = ) < =548
I(a’ ¢ Cm, (:Ca Bmaxa Um)) ! 277127]mUm
= 1<~ ~ dg
pA / A o) - Fua)
_ nml(a ¢ Cm(xa Bmaxa nm)) min 2m2Um
u(A) W) fon( (@) — Fn(r )
(;) UmI(CL ¢ Cm (.’IJ, Bmaxv ﬁm)) min 2T_TL2Um

- p(A) me(m]

(13)
where (i) is because the measure of the conformal set C},, can be no larger than the measure of the
action space A; (ii) follows from I(a ¢ Cy, (2, Bmax, m)) < 1; (iii) follows from the fact that if
a & Cp (2, Bmax, Mm) then a & Cp, (z, B,nyy,) for all 8 > Bax; (iv) follows from Definition 2; and
(v) follows from . O

Using Lemma 3, we get an upper bound on V (p,,,, ¢) in terms of E[x(Ch, (2, Bmax, 1m )]s K/Mm,
and expected regret with respect to the models f1, ..., fm.

"8Note that if a € m; (z) then I(a & Cin (T, Bmax, Mm)) = 0.
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Lemma 4. For any epoch m and any action selection kernel q € P, we have (14) holds.

E[1(Con (@, Bunax )] | K~ Res, (9)
V(pmsq) < = —Cm 14
(p q) 1- 6max N Tm _ QmQUﬁL ( )
me([m)]
Proof. From Lemma 3, we have (15) holds.
I(a S Cm(1'7 ﬁmaxv 77m)) < M(Cm(xa Brmaxs 7]77;))
pm(a|x) o 1 - ﬁmax ’ (15)
wr,m: (7)) — fml(z,a
a1 O o) _ pA) | @7, @) — a0
pm(alz) N mE[m] 2m2Upy,
We now bound the cover V' (py,, ¢) as follows,

V(pm-q) = alal) }

z~Dx,a~q(:|z) |:pm (alz)

—
.
=

O T L ]
z~Dx,a~q(-|T) _pm(a|x)
_ E —I[a € Cm(ﬂf, Bmax; nm)] + I[a ¢ Cm(xv Brmax; nm)]:|
z~Dyx,a~q(-|z) | pm(a‘x)
(i) [ Cm s Pmaxs Tlm fm Ty, Tp \T _fm T, a
s . 1(Con (@, Brnax ))} P {ﬂ(A) a7 fm(72)) (,a)
x~Dx,a~q(-|z) | 1- ﬁmax z~Dyx,a~q(:|z) Nm  mE[m] 2m Um
<E[M(Cm(w, Bumax> ) )] N u(A) 3 Reg; (q)
- 1- Bmax Nm ﬁze[m] 2m2Um ’
(16)
Here (i) follows from the fact that ¢ € P and (ii) follows from (15). O

Having bounded the cover for the kernel p,,, in terms of E[u(Cy,(z, Bmax, m))] and K/n,,. We
now bound these terms with a,,.

Lemma 5. Suppose W5 holds. Then for any epoch m, we have (17) holds.

E[1(Con (2, Brmax: )] | K < 3K

+ — <o, < . 17
1 — Bmax Tim Nim

Proof. Since pu(Chy (2, Bmax, Mm)) < K and Bnax = 1/2, the bound trivially holds if 7, = 1.
Suppose 7,, > 1. Note that 7,5 is non-decreasing in /m by construction. Let m’ be the smallest epoch
index such that 7,,,» = 1,,,. We now have the following holds.

E[M(Cm(xaﬁmamnm))] £

1 — Bmax Tm

(2 min{1 —&—]E[M(C’m(%ﬁmaxﬂ?m))]aK} K

_— + o
1-— Bmax m

(2) min{l + E[,U(Cm’ (177 Bmaxs nm))]a K} + E

_ 1- Bmax hm (18)

2 A im) K

- 1 - /Bmax 77m

(iv) K

< 200 () + —
Tim

(v) 3K

< =

im,

'"Note that we require f(z, 7¢(x)) > f(z,a), forallz € X,a € A,and f € F.
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Here (i) follows from the definition of CASs. (ii) follows from C,, C C,,, which follows from the
fact that C,,, = = Nimelm C and m’ < m. (iii) follows from W, and the definition of A,/ in (5). (iv)
follows from the fact that Bmax = 1/2. (v) follows from (5) and 7, —1 < 7y = 7y, — NOte that
Nm/—1 7 Ny gives us that 7),,,, was set using the constrained maximization procedure in (5), hence
the constraint A,/ (n) < K /n is satisfied at n = 0,y = 1. O

B.3 Evaluation Guarantees Under Safe Epoch

This sub-section provides guarantees on how accurate R Foia is at evaluating policies when we are
within the safe epoch.

Lemma 6. Suppose W, holds. For all epochs m € [m*), for any q € P, we have,
R, .. (@) = R(q)] < V'V (Pm, @)Ema1- (19)
Proof. Consider any epoch m € [m*] and policy ¢ € P. We then have,

IRj (@ -R@I=] E [fai(z,0) = f*(z,a)]

z~Dx,a~q
glalz) 2

x~DX@~pm[pm(apﬁ(fm+1@%a)—‘f*@ga»}’

q(alz)

=
S

i)

fsr(w,a) = £ (2,a)

IN

z~Dx,a~pm [pm (alx)

alalz) \2 7
oD [\/ (oo faly)
(2) \/waXIE,:aNPm Kpnf( o | )))2} \/meEaanL [(fm+1($, @) = e, a))2]

(ig) \/zNDIE,zwq [sz?tﬁjf))} \/QTNDEGNPM [(fm-t-l(xa a) = f*(z, a))2]

(z,0) = *(@,0)|]

(iv)
S V(pnu q)§77z+1a
(20
where (i) and (iii) follow from change of measure arguments, (ii) follows from Cauchy-Schwartz
inequality, and (iv) follows from W;. O
By combining the guarantees of Lemma 4 and Lemma 6, we get Lemma 7.
Lemma 7. Suppose Wi and W5 hold. Then for any action selection kernel q € P, we have:
1 Reg; (q)
|Rfm+1(Q) - R(Q)| < \/am§m+1 + 5\/am€m+1 ; | m 21

Proof. From Lemma 4, we have (22) holds for any ¢ € P.

V(pm,q)

< E[M(Cm(xvﬁmamnm))] 4 K ReLﬁL(Q)
N 1 — Bmax Nm mepm] 22Uy,

(E[N(Cm(xaﬂmamnm))] K) n (E[M(Cm(xvﬁmaxﬂ?m))] K) Z Regfﬁl(q)

+— =
1- ﬁmax NIm 1- Bmax Tim 2m2 Urh

IN

me[m]

= m + am Z *QU,

me[m]

(22)
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Combining (22) with Lemma 6 we have:
[R; . (a) — R(q)|

<V V(pm, q)§m+1

(i )]- fm 1
2 am€m+1 + 5 Oé»,: V(pmv Q) (23)
Reg;
T IR
< ambmy1 + 5 \/ Um&m+1 ; | 2m2U
m
Where (i) follows from AM-GM inequality and (ii) follows from (22). O

B.4 Testing Safety

The misspecification test (2) is designed to test if we are within the safe epoch. In principle, it
works by comparing the accuracy of R Frois (Lemma 7) and Rm+1 (Lemma 8). Formally, Lemma 11
shows that the misspecification test in (2) fails only after m*. Hence, /n > m* 4+ 1. Lemma 12
then describes the implication of (2) continuing to hold. In what follows, we let ie\gm 1 (m) :=

l?m g (T ) = Rm 1.4, (). We start with Lemma 8 which provides accuracy guarantees for
R,,+1 in any epoch.

Lemma 8. Suppose Wy and Wy hold. Then for any epoch m and all m € TLU {py, 11}, we have,

. 1 Reg; (m) K&
Rm m™) — R T S am m + = am m — e + . . (24)
| Rpy1 () (M) < Vamémi 3 Vm&mi m%;n] 22U, | Ny Wil [y U

Proof. From Lemma 3, we have (25) holds, which provides a worst-case lower bound on p,,.

1 N Milge(m, ](2m2)Um> S N Ml e () U,

25
K’ K K (23)

i >
(m,aI)IélngpM(a‘ ) min (

Where the last inequality follows from U,,, < 1. Now from W, we have,

A (Wh) Kf L
|Rpms1(m) — R(m)| < V(pm, ™)&mt1 + m

()1 [€m+1 K&m11
<z m&m V m> .
—2 “ 6 i + 2 (6799 (p 7T) * T M5 [n)] Unm (26)

- Reg; () K&t
< \/amferl +35 \/Oémngrl Z Qﬁ’szUm N Nim minme[m] Un,

me[m]

Where (i) follows from AM-GM inequality, and (ii) follows from (22) in the proof of Lemma 7. [J

Lemmas 9 and 10 provide useful inequalities that help construct the misspecification test (2).

Lemma 9. For any epoch m, policy m € P, and model | € {fl, fg, cee fm+1}. We have,

1Ry (m) = R(m)| = [Rony 1,7 (%) = Ry ()|

< [Risa(m) = R(m)| + Ry (m) = Ryny1, 4 (7).
Proof. The proof follows from noting that,
| Ry (m) — R(m)]
=[R2 () = R(7) + Ry(7) = By, (%) + R, 1 (1) = B ()] 27)
< NRmia(m) = R(m)| + |Rp () = Ry, (7)] + [Ringr, 5 (1) = Binga ()]
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and from noting that,

|Rm+1(77) - Rm-&-l,f(ﬂ')‘
= |Rint1(m) = R(m) + Ry(7) = Ry g () + R(7) — Ry ()] (28)
< |Rmga1(7) = R(7)| + [Rp (%) = Ry, ()| + | Ry(m) — R()].

L]

Lemma 10. Suppose Wy and Ws, hold. Then for any epoch m, any model f € { fl|z € [m+1]},
and any policy m € ILU {pp 41}, we have,

|Regf (7'(') - Reg’rrL+1,f(7T)| < 2 V €m+1
Proof. Follows from triangle inequality and W1,
[Reg(m) — Reg,,, 41 (7]

R 29)
< |Rf(77f) - Rm+1,f(7Tf)| + |Rf(7T) - m+1 f )| < 2v/Emy1

O

As discussed earlier, Lemma 11 shows that the misspecification test in (2) fails only after m*. Hence,
m>m* + 1.
Lemma 11. Suppose Wy and Ws, hold. Now for any epoch m € [m*] we have that,

; Reg )
max |Rm+1,fm+1(77)* m+1 m Z Rm+1,4m \T)

TENU{pm+1} 2m2U— (30)

< 2.05\/ Oémfm+1 + 1~1\/§m+1'

Proof. For any epoch m € [m*] and for any m € II U {p;, 41}, we have,
R; ()~ Runya ()|

—~
.
N2

(m) — Ry

< |Rm+1(7r) ( )| + |Rfm+1 (ﬂ-) - R(ﬂ-)| + |Rf fmt1 (ﬂ-)|

m—+1

) Reg; () K&,
< 2\/am§m+1 + \/am§m+1 Z me;lt]* + . g 2 + V €m+1

N Ml e (m) Um

me[m]

(i43) Reg P (71') mlm
< 2V ammat + Vom€mt Z Qm.);nlUi +aU§ 11 T VEm

me[m]

(i) lié\ngrl (T 20/ @mbmit | Qmmit —
< 2 mSm mSm — — m
< 2V0nEnn +Vonbni D o2y U U, Ve

me[m]

(v) Regm
< 2.05v/0mEmi1 + vV OmEmr1 Y %[j +1.1vEm

me[m]

31
Where (i) follows from Lemma 9. (ii) follows from Lemma 7, Lemma 8, and W;. (iii) follows f(ronz
Equation (17) and the fact that Uy, is non-increasing in m (giving us ming ¢y Un = Up). (iv)
follows from Lemma 10, the fact that U, is non-increasing in m, and the fact that >~ _, 1/(2m?) <
1. (v) follows from U,,, = 20/ am—1&m, m < @1, and &1 < & O]

Lemma 12 now describes the implication of (2) continuing to hold.

Lemma 12. Suppose W, and Ws hold. Now for any epoch m € [ — 1] and any policy m €
ITU {pm+1}, we then have that,

Reg ;
1By, (1) = RG] < 2.2y/Es + 3.1V anEmm + o \/anGor Y g;mU 32)

me[m]
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Proof.

R} (%)~ R(x)|

(2

< Runa (1) = R| + 1R, () = R (W] + R, () = Ry ()]

(i) 3 Reg; (m)
< 3'1\/avrz§m+1 + 5\/O‘m£m+1 Z ﬁ +2.2v/&m+1

me[m]

—~
a2

(33)

Where (i) follows from Lemma 9. And (ii) follows from Equation (2), Lemma 8, Lemma 10, and
Wi. O

B.5 Inductive Argument

This sub-section leverages the guarantee of Lemma 12 and applies it inductively to derive Lemma 14.
This lemma bounds Regp;(7) in terms of Reg Foir (m) and vice-versa for any policy 7w € II. The

proof of Lemma 14, relies on the following helpful lemma.

Lemma 13. Consider any class of policies II' D 11 and consider any fixed constants 11, 13,13, C" > 0.
At any epoch m, suppose the policy evaluation guarantee of Equation (34) holds.

lg Z Zm7m+1R€gf”m (ﬂ-)

c’ Ryl 21m2

Vﬂ- c H/a |Rfm+1( ) ( | < ll \/fm—i—l + l2\/a7n€’m+1 +

(34
Now consider fixed constants C,Cy > 0. As an inductive hypothesis, suppose Equation (35) holds.

_ 4
Vm € [m],Vr € I, Reg; (m) < gRegH(ﬂ') + CivVem + Cov/am—1&m. (35)
We then have that Equation (36) holds.

I3Cy

o ) Em+1+ — (l2 + 136?2>\/ Am&m1-

(36)

6
V€ I, Regyy () < =Regj ,(m) + (11 +

Now consider C3 > 0 and further suppose Equation (37) holds.

Vm € [m],Reg; (w7 ) < Csv/om_16m. 37)
We then also have that Equation (38) holds,

7 I5Cy I3(Cy+ Cs)
\Z = H/’RngrrL+1(7T) < éRegH( ) + (211 + el ) Emy1 + (212 + T) V mm1-

(38)
Where C' > 8ls, zm m+1 := ,/;"(7’:57’;‘5“ <1, and oy < a1 forall m € [m].
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Proof. Consider any policy m € II'. Suppose (34) and (35) hold. We first show (39).
Regy(v) — Reg; _ (7)
= R(n*) = R(r) —R; _ (7; )+Rj (7)
< R(x*) = R; () +(R;, () — R(r))

lS Zm ,m—+1 *
< 211\/§mi+252 mémt1 + —=; o Z 22 (Regj_ () +Reg;_ (7))

me[m|

(44)
< 2l V §m+1 + 21y V am§m+1

39)
13 Zrm,m+1 4 (
+ ol %: | 2m2+ (3Regn(7r) +2C1/E&m + 202/ Oém—lﬁm)
=2l1v/Emy1 + 2lzm
I3 1 (4Zm m+1 2C, V4 Emt1
+= — | — % Regp(m) + ————= + 202/ am&m+1
¢’ mez[m] 2m? 3 Vam—_1/am

(744) 203C 20305
<
< (211 + o ) Emt1 + (212 + el ) Omémt1 + 5 3 C,Regn( ),

Where (i) follows from (34), (ii) follows from (35) and from Reg(7*) = 0, and finally (iii) follows
from 23, m41 < 1, @ < a1, and Zme[m] 1/(2m?) < 1. Now (39) immediately implies (40).

4l3 213C1
- < ~
(1 3O/>Regn(7r) < Regf (m) + (211 +

ol ) §m+1 + (212 + 212(,72)\/ AmEm+1
13Cy

6 I3C:
% Regy(m) < gRegp (1) + o (1 + 50 ) Ve + 5 (b + 252 ) Vamaa

Where (i) follows from the fact that C’ > 8I3. Similar to (39), we will now show (41).
Reg; () —Regy(m)
=R; (m; . )—R; (7)) —(R(m") - R(m))
< (Rfm+1 (75,..0) = R(xp,. ) + (B(m) = By (7))

lS Zm,m4+1
2/ Ener 2o+ 7 D 75 Ia (Regy, (m7, )+ Regy, (m))

(40)

me[m]
(i)

< 20/ Emi1 + 2o/ Ot
I3 Zim,m41 (4
+to D Tooa <3Regn(7r>+01 fm+(02+og)m)

me[m]

=21/ &mt1 + 2l2/ mmt

I3 1 <4Zm ma1 Civ/Emt1
+ — =5 ’7Reg (’/T) T+ (C2 + C3) am£m+1
R AN B N v "

(i) 13C1 lg(CQ + Cg) 4l3

< (2l1 + o ) Emt1 + (212 + T) Amém+1 + @Regn(ﬁ)

Where (i) follows from (34), (i) follows from (35), (37), and (iii) follows from zm my1 < 1,
U < Qq,and Yo o 1/(2m2) < 1. Now (41) immediately implies (42).

Regj .. (m) < (1 + ;C,)Regn( ) + (251 + lgcc,:l) Emt1 + (2l2 + lg(c’%i—i_cﬂ)m

(i) 7 l3Ch I3(C2 + Ca)\ f——
= Regf7n+1 (71—) < ERegH( ) (211 + C’ ) ngrl + <2l2 + T) Oémfm#*;‘.z)
Where (i) follows from the fact that C’ > 83. O

(41)
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Lemma 14. Suppose Wy and W, hold. Now for any epoch m € [ — 1], we then have that (43)
holds.

4
Vr € I1, Regp () < gRegfij(ﬂ') +6.5v/Emr1 + 120/ @mbomia,
( (43)

4
(71') < gRegH(ﬂ') + 65\/§m+1 + 12\/05m£m+1-

Moreover when m € [m*], we have (43) holds for all policies T € P.

Reg 7

m—+1

Proof. Note that (43) trivially holds for m = 0. We will now use an inductive argument. Consider
any epoch m € [rn]. As an inductive hypothesis, let us assume (44) holds. (i.e. (43) holds for epoch
m—1.)

V€ I, m € [m],

4
Regyy(m) < gReg; () + 6.5v/6m + 12v/am 16, 44)
4
Reg; (m) < gRegp(m) + 6.5v/6m + 12/ 16

Hence from (44), we have (35) holds with C; = 6.5 and Cy = 12. Since m € [ri], from Lemma 12,
we have (45) holds.

vV € MU {pm+1}s

31 3 zmmiRegy (1) (45)
Vot gy 2 g

me[m]

22
Ry, (1) = RO < 2= VEmy +

Hence from (45), we have (34) holds with [; = 2.2, ls = 3.1, I3 = 1.5, C’ = 20, and IT = II. Hence
from Lemma 13, we have (46) holds.

vV e I,
6 12 /22  1.5%6.5 12 /31 1.5%12
Regp(m) < 5Regfm+l(7r) T (ﬁ + T) VEm+1+ = (E +—55 )\/ Am&m+1

6
= 7Regfm+1 (ﬂ-) +6.45 V Em-‘rl +9.6 V Olmfm+1

5
4
< gReg]am+1 () + 6.5/ Em+1 + 12/ @m&m+1
(46)
Now from (44) and (46), we have (47) holds.
Vi € [m],
4
Reg; (meH) < gRegH(ﬂ'me) +6.5v&m + 12v/ am—1&m
“47)

4
< 3 (0 +6.5v/Emr1 + 12\/Oém§m+1> +6.5v&m + 124/ am—1&m
< 43-2\/ am—1&m

Hence from (47), we have (37) holds with C3 = 43.2. Therefore from Lemma 13 we have (48).

v e 1l

7 I3C 13(Co + C
Reg;, |, (7) < Regn(m)+ (20 + B0 ey + (n + M) ae o

7 1.5%6.5 1.5(12 + 43.2)

7
= gRegn(m) + 4.8875/En i1 + 1034/ 0 En

4
< SRegp(m) + 6.5/ &1 +12v/ i

From (46) and (48), we have (43) holds for epoch m. This completes our inductive argument. O
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An immediate implication of Lemma 14 is that we have Reg; (7*) < U, for all m € [17]. Hence,
from Lemma 4 and Lemma 5, we have (49) holds.

V(pm,’ff*) < ]E[M(Crr{(f>§max7nm))] _,’_n£ < Qs Ym € [Th] (49)

B.6 Bounding Exploration and Cumulative Regret

This sub-section leverages the structure of the kernel p,,, 1, and the guarantees in Lemmas 12 and 14
to bound the expected regret during exploration (Lemma 17). Then, summing up these exploration
regret bounds, we get our cumulative regret bound in Theorem 1. We start with Lemma 15 which
leverages structure in p;, to bound Reg; _ (pm ) for any m € [m].

Lemma 15. For any pair of epochs m € [1h + 1] and m € [m), we have that (50) holds.

1 max
Regf (pm) < 15.24/&5 + 28v/ am—1&m + 2m> Nm, m( + In s > 50)

IBmax 2m277m U'r?z
Proof. We first make the following observation.

E E [Ha¢n; (@) (falz,m; (@) = falz,a))]

e~Dy armpon (ale)

:xi%m[ / NG fmm,a))pm(amdu(a)}

e N (ra Ifa € Cyy(x, min(8, Bmax)/Mm)] .
/‘16«4\# / 01] (0, () = () 11(Co (2, min (B3, Brnasc) /Tm ) ) aaud )]

(i) (2 Un, )I[a € Cyn (&, min (B, funas) 1m) }
< 1 d d
= .3, [/66[0,1] /aeA\ﬂfm<z> mm( (B, Bunw) )~ (O, (B, o) ) Y

22N U > 22N U Brmax 221, Um,
< min (1, —— |d8 < (1 — Bpax) ————— +/ min (1 >dﬂ
\/BE[O,I] ( Hlll’l(ﬁ, ﬁmax) ( ) Bmax 0 ﬁ
(51)

where (i) follows from the definition of p,, given in (4). (ii) follows from the fact that for any

¢€(0,1)anda € Cp(x,C) \ 7, (x) wehave fiz (2,7 (2)) — fim(x,a) < min(l, 2m?/(), since

Cm(z, )\ 7; (x) € Co(,¢) C Co(z,¢/(2m2)) by Definition 2, . We now bound Reg; (pm).
Reg; (m)= E E [fal@.7; (@)~ fnlw,a)]

x~ Dy arvpm (alz)

—
.
=

E
x~Dg

= E B [Uaen; (@) +I(afn; (@) (fale,m; (@)= fule,a))]

x~Dy ar~vpp, (alx)
Q) 2m277mUm Bmax ] 2m T]m -
< Regj, (mj,) + (1—Bmax)57+/ min (1, =" )dg
) ) max 0

p
2m m m max _ _ Brmax
< Regfm (ﬂ-fm) + ( 1 6 ( ﬂ ) + 2m277mUm + 2m277mUm/2 - ﬂd6>
max 20
=R 1 1 /Bmax

(i1) 4

1 max
< 3RegH T )+ 6.5v/&m + 124/ 16m + 2> Nm m( + In b )

ﬂmmx 2m277m Ufn
(#47)

< 7(6 5V Em + 12y Qm_1&m) + 6.5\ Em + 12y/am—16m

1 Prnax
+ 2m? NMmUm (ﬁmax +1n 2m2n;Um>

1 max
< 15.24/&m + 28/ am—1Em + 230, m( +1In Bina )

ﬁmax sznm Um
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where (i) follows from (51), (ii) follows from Lemma 14, (iii) follows from Lemma 14 and
Reg; (m; ) =0,and (iv) follows from m < m. O

Now from the guarantees in Lemmas 12, 14, and 15 we get the following bound on Reg; (P, +1)-

Lemma 16. Suppose W, and W, hold. Now for any epoch m € [ri — 1], we have that (53) holds.

1 Bmax
Reg(Pma1) < 100(m + 1)* 01 v/ mbmat < + In (53)
5max 4077m+1 Y\ am§m+1

Proof. Since m € [m], from Lemma 12, we have (54) holds.
Vo ellu {pm+1},

Rpy () = RO S 12 v/ Er + 5 @i + 3 > s
We will now bound Reg;(pp41) in terms of Regy  (pm+1) for m € [m +1].

Regp(pm+1) —Reg; - (Pm+1)

= R(7") = R(pm+1) —R; (7 )+ Rj . (Pms1)

SR(m") = R;  (77)+ (R; . (Pm+1) — R(pm+1))

(_2 Y/ (13(2) mémi1 + 430 m%;n] Z’;’ﬁ’j:;l (Reg; (pm+1) +Reg;, (7))

(“) 62

> 10 gm-&-l + — 10 V am£m+1
3 2, m+1 o oo 16m) (55)
+ E Z m (R gf p7n+1 + 6 5 gm + 12 Qo — 1€m

me[m ]

(Lu) 44
0V Emt1 + 10 V omEm+1
3 1
0 > 33 ZmmiRegg (Dmt1) +6.5v/Emnr1 + 12y ambnr1)

me[m]

( 3 Zm m—+1
< 4.9Em1 + 7.1 am£m+1+40 Z ) Regf (perl)

me[m]

Where (i) follows from (54), (ii) follows from Lemma 14 and from Reg (7*) = 0, (iii) follows from

am,£7n+1

Zmmt1 =\ aore and am < a1, finally (iv) follows from > mem] 1/(2m?) < 1. We now
simplify the last term in the upper bound of (55).

Zm ,m—+1
Z 2m2 R gfm (pm+1)

me[m]

(i) Zmm +1 1 Bmax

<

< GE[ | s (15 2V Em + 28/ um_1Em + 212 Nm+1Um (Bmax +In S, AU

< Z _2(152\/£m+1+28\/am£m+1

— 1 BHI&X

—|—4Om217 1V amén 1< +In >>
m momE ﬁmax 4077m+1 A/ amfm+1

(i37)

1 5max
< 1524/ &mpt + 28V &yt + 20mnm g1/ amimg < +1In >
6max 4077m+1 vV amfm—i—l
(56)
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Where (i) follows from Lemma 15, (ii) follows from zp, ;41 = \/%’E}, choice of U,,,, and
am < am-1, finally (iii) follows from >°_ . , 1/(2m?) < 1. By combining (55), (56), and
Lemma 15, we get our final result.

Regl’[ (pm-i-l)

(1)

< Regj . (Pmt1) +6.04y/&mp1 + 9.2V mmia
1 max
+ 1.5m0m+1vV @mm+1 ( +1 2 )

n
ﬁmax 4077m+1 V am£m+1 (57)
(i)
< 21.3v/Emi1 + 372/ mbm i
]. ﬂmax
+41.5(m+ 1)27lm+1\/04m§m+1< + In )
Bmax 4077m+1 V amngrl
Where (i) follows from (55) and (56), and (ii) follows from Lemma 15. ]

The earlier bound on Reg; (py,+1) now immediately gives us the following bound on Reg fx (Pm—+1)-
Lemma 17. Suppose Wy and Wy hold. Now for any epoch m € [rh — 1], we have that (58)
1 6max
Reg 1. (Pmi1) < 2VEK B +100(m + 1)*0m 117/ @mémi1 ( +1In )
d 6max 4077m+1 \/ Oszerl

(58)

Proof. From Assumption 1 (properties of EstOracle), we know the bias of the model class F is
bounded by B. In particular, we know there exists g € JF such that E,p, a~unif(A) [(g(x, a) —

f*(x,a))?] < B. Hence, we have, the following.

(@)
Regf*(ﬂ'*) < Reg;. (mg) = R(my+) — R(my)

= (R(mp«) — Ry(mp-)) — Regg(ﬂ'f*) + (Ry(mg) — R(my))

(1)
< [R(mp-) — Ry(ms+)

+ [Ry(my) — R(mg)|

@ my-(alz) m(alx) (59)
S <\/$NDXI%1NWJ-*[ 1/K ]+\/x~D/\I»E,a~7rg|: 1/K :|
\/ E [lg(.a)~ f*(z,a))?]
z~D x,a~Unif(A)
(2) 2V KB.

Here (i) follows from the fact that w, € II since g € F. (ii) follows from triangle inequality and
the fact that Reg, (ms«) > 0. (iii) follows from the proof of Lemma 7. And (iv) follows from

EmNDX,aNUnif(.A) [(g(x’ a) - f*(x’ a)>2] < Band 7Tf(CL|.’L‘) = I(a’ € 7Tf($>).

Since Reg. (pm+1) = R(my+) — R(7*) + R(7*) — R(pm+1) = Regp. (7*) + Regp(pm1), the
result follows from combining the above with Lemma 16. O

We now get our final cumulative regret bound by summing up the exploration regret bounds in
Lemma 17.

Theorem 1. Suppose Assumptions 1 and 2 hold. Then with probability 1 — 0, w-RAPR attains the
following cumulative regret guarantee. Here &, 1 = E((Tr, — Tm—1)/3,6/(16m3) for all m.

T
~ K am(t)—l( )
CReg; < O — W= (VKB + /K¢, (6a)
o <t—;+1 Cm(t) Om(t) o)
T
<O(VwKBT+ ) ,/ngm(t)) (6b)
< t=71+1
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Where we use O to hide terms logarithmic in T, K, € (T,6).

Proof. From Appendix B.1, both W, and W, hold with probability 1 — §. We prove our cumulative
regret bounds under these events. Under W, from Lemma 11, we have m > m* + 1. Further, from
conditions in Section 1.2, we have &, is non-increasing in m. Since £(n, ') scales polynomially in
1/n and log(1/4"), there exists a constant ()g > 1 such that the doubling epoch structure ensures
Em < Qo&ma1 for all m. Hence &z, < Qoépmt1 < Qo&mr+2 < 2QoB. Let m/(t) = min(m(t), 7).
Hence, &4y < max(&n 1), &m) < 2QoB + &m). Therefore, by summing up the bounds in
Lemma 17, we have the following cumulative regret bound.

T
CRegy < ) Reg;. (D (1)
t=1

<7+ XT: (2@

t=71+1

1 Bmlx
+ 100(7’)’1/ (t))Qnm’ \/ A (t)— fm' ( +1In - ) (60)
© OO B 407 (1) v/ Qo (1) ~1Em (1)

T T
~ ~ Am(t)—1
SO( Z <nm’(t) am/(t)lgm’(t))> :O< Z Mhm(t) K ( Kfm’(t)))
t=71+1 t=T11+1
T
~ « _
<0 32 /2 (B + i) )
t=71+1

Now the theorem follows from the fact that we have:

m—1 Lemmab K «,,_1 Lemmas m—1 &
M [ L S 3\/Tl < By 2L < 3V, (61)
K A Oy K

C Bounding Simple Regret

In this section, we prove our simple regret bound (Theorem 2). Our analysis starts with Lemma 18,
which provides instance dependent bounds on E.~p, [u (Cm(x, B, 77))} . We will later use

Lemma 18 to derive instance-dependent bounds on «,,. This bound then helps us derive instance-
dependant bounds on simple regret.

Lemma 18. For some environment parameters A € (0,1), A > 0, and A € [1, K], consider an
instance where (7) holds.

PimDoy (u({a €A: f* (@, (x) — f*(z,a) < A}) < A) >1- A (62)

Suppose Wi and Wy hold. For all epochs m, suppose the action selection kernel is given by eq. (4),
and suppose (2) holds for all m € [m]. Then for any epoch m € [m™*], we have (63) holds.

E_ [M(om(x,ﬁ,n))} < (1+A+K)\) +25§% 1l (63)
Forany 8 € (0,1/2] and ny € [1, K].

Proof. Consider any epoch m € [m*]. In this proof, for short-hand, let C' := E[u(C\,(z, 8,1))].
‘We then have,

C =E[Cn(z,8,1))]
< (A+1D)P(u(Cn(z,B,n) < A+1) + KP(u(Cp(z,B,1)) > A+1)
<A+ 1+ KP(u(Cn(x,8,m) > A+1)
<A+1+ K- KP(u(Cn(z,B8,m) < A+1)

27



The above immediately implies (64).

P(u(Cp(x,8,m) < A+1) < AH;—K_C. (64)

Let o € II be defined by (65).

Ve e X, mo(z) € arg min f(z,9). (65)
S€X|SCCm (x,8,m)

Since 7 only selects arms in C,, (x, 5, 7), from Definition 2, we have (66).

Reg; (mo) < %Um. (66)

We can lower bound the regret of 7y as follows,
Regf*(wo)
>P(f*(z,mp(2)) — f*(z,m0(2)) > A) - A
WpEsesi|SCCnlz,Bin), f(amp(@)—f (S >A) A
(?P(u(cm@,@,n)) > At Land p({a: (f* (2. 7p (@) = [(2,0) > A}) = K = A4) - A
=P (u(Cm(w,Bm) = A+ Land p({a: (f* (@, 7y () = [ (2.0) < A}) < 4) - A

:<1 - P(,u(Cm(x,ﬁ,n)) <A+1lorp({a: (f*(@,mp () — f*(2,0) < A}) > A)) A

(@)<1—P<M(Cm(x,ﬁ,77))<A+1)—P(,u({a:(f*(:c,ﬂf*(x)) f*(x,0) < A}) >A) A

<p(ﬂ({a (g (@) — fH(@a) < A}) < A) - P(;L(C’m(x,ﬁ,n)) <A+ 1)> A

(iv) A+14+K-C C—-A-1
S(1-a-ST T2 TP A= (22T A A
e L o S

(67)
where (i) is because by construction mo(z) C Cy,(z, 8, 1) for all z, (ii) is by the fact that y is a finite
measure with (. A) =: K, (iii) follows from union bound, and (iv) follows from (64) and (7).

We will now work towards upper bounding Reg ;. (7o), and use this bound in conjunction with (67)
to obtain our desired bound on C'. To upper bound Reg . (7o) using Lemma 14, we will upper bound
Reg; (o) and Reg; (mfs).

@) 4

Regy, ,(m0) < 3Regn 70) + 124/ @m—2€m1 + 6.5/Em—1

(zz) 4

3<3Regf 7T-0 + 12\/ Ay — 1£m+6 5\/ §m> +12\/ Oy — 2€m 1 + 6. 5\/ gm 1
(#47) 16
< gRegf (mo) + 28y/m—2Em—1 + \/ Em—1
259
gRegfm (mo) + 5 Vv Qm—2&m—1-
(68)

Where (i) and (ii) follow from Lemma 14, (iii) follows from z,,_1 = 4/ _Om=1&m < 1, and (iv)

Am—2&m—1
follows from «,,,_o > 1.

(i)
Reg; () < 12/ 2&m—1+6.5v/Em1

() 7
S 32 V Cm— 2§m 1.

Where (i) follows from Lemma 14, (ii) follows from «,,,_o > 1.

(69)
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Reg ;. (o)

= R(mg+) — R(mo)

= (R(r-) — R; (ﬂ'f*)) — (R(mo) — Ry, (m0)) + (Rj, (mf+) — Ry (m0))
(1)

IN

1
2/ 016 + 5 V= > e (Regfmfl (mg) +Regf <7TO)) +Reg; (mo)

me[m]
D a3 et (Wpee )k (3741850 D) Vs + Reg ()
> Am—1Gm 40 2m?2 9 gf 7o ’ 3 Am—26m—1 gfm o

me[m)

(44%) (iv) 47
< 3.6/ — 1£m+45Regf (m0) < Vam-1&m (3.6—1—45*2()Z> §25% Am—1&m

(70)
Where (i) follows from Lemma 7. (ii) follows from (68), (69), and U,,, _1 = 20~/ _2&m—_1, (iii)

follows from z,,—1 < 1, and (iv) follows from (66) and U,,, = 204/, —1&,,. Finally, combining
(67) and (70), we have,

(C_KA_l _ )\)A < Reg;. (mo) < 25%,/%,1@”

(71)
K
— O <A+ 1+K/\+25K%w/am_1§m.

O

In Lemma 19, we use the bound from Lemma 18 to derive instance-dependent bounds on a,,.
Corollary 2 is an immediate implication of Lemma 19, and provides a bound on «,,, that doesn’t

depend on av,,—1. Finally, Corollary 2 is used to derive our instance-dependant bound on simple
regret.

Lemma 19. For some environment parameters A\ € (0,1), A > 0, and A € [1, K], consider an
instance where (7) holds. Suppose W, and W, hold, and n,, is chosen using (5). For all epochs m,
suppose the action selection kernel is given by eq. (4), suppose eq. (17) holds, and suppose (2) holds
for all m € [m)]. Then for any epoch m € [m*], we have (72) holds.

/T3
Ozmg(’)(max< Ka;n_l,A—l—K)\—&-KAw&n)) (72)

Proof. Suppose 7, < , /% — 1/]Sm—1.2], we then have,
(1)
K v |Sm—1,2] +1 K

nm - |Sm—1,2| nm+ |Sm 12'

) Sy 1] +1 |

D Smoral+1, (nm N )
| S — |Sm—1,2]

(i) | S, _ 1 1 2K?1In(8[S,,— 2/8
Q) Bmal 1 <1+E {u<cm (xt,ﬁmax,nm+ ))} + 0(8|Sm—1,2lm"/ ))
|Sm—1,2| |Sm—1 2| |Sm—1,2|

() |Sm71 2

Mm 2 2
< ((2+A+K)\) 4os I T el + ol Vm_1€m + 2K2 n(8|Sm1,2|m /5))
|Sm—172| A Bm’mx |Sm_1,2|

2K? 1n(8|5’m_1)2|m2/5)>
|Sm—1,2|

(v)
v |Sm—1,2] +1
S IS

((1+A+K)\)+5A0 K3w§m+\/

(73)
Where (i) follows from 7,, > 1, (ii) follows from (5), (iii) follows from W, (iv) follows from
Lemma 18, and (v) follows from (5) and the fact that 8, = 0.5. Finally, the result now follows
from Lemma 5. O
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Corollary 2. For some environment parameters A € (0,1), A > 0, and A € [1, K|, consider an
instance where (7) holds. Suppose W, and W, hold. For all epochs m, suppose the action selection
kernel is given by eq. (4), suppose eq. (17) holds, and suppose suppose (2) holds for all m € [m].
Then for any epoch m € [m*], we have (74) holds.

K3 m—| 10, (0]
am§O<K+A+K)\+\/ we A“gzlgz(K”) (74)
w

Where for notational convenience, we let £; = 1 fori < 0.

Proof. By repeatedly applying Lemma 19, we have:

O
l+l+4..+é

< (9<max <(K) Pt lmebosalOT g ghess P01 4R VEWEn—[10g, log, (K)] )>

w A
2 0 e ( ()05 4 VE i )

w A
(Z) O| max E A+K)\ + \/szé."”_“OgQ log, (K)]
= o) A
< O< A+ KN+ \/K3w£m_r1052 Ing(K)])

A
(75)

where (i) follows from 3°°, 1/2 = 1, and (i) follows from J1/2/'*%2 5201 < pe1/atealtosato
Kl/ log, K _ [logx2 — 9 O

We now re-state and prove Theorem 2. As discussed earlier, this result relies on the bound in
Corollary 2.

Theorem 2. Suppose Assumptions 1 and 2 hold. For some (\, A, A) € [0,1] x (0,1] x [1, K],
consider instances where for 1 — X fraction of contexts at most A arms are A optimal (i.e. (7) holds).

P, (u({a €A [ (@) — [H(z,0) < AY) < A) >1- A\ )

Let m' = min(ri, m(T)) — 1. Let the learned policy 7 be given by (8) (equivalent to variance
penalized policy optimization).

n T, fm Am) - Rn T ,hm (ﬂ-)
7 € argmax Ryn(ry(m \/ OmrEn(r) D ot J:lOmQ\/Orlgﬁz @

me[m/’]

Then with probability 1 — §, w-RAPR has the following simple regret bound when T samples.

Regp () < O (\/ Oémffm(T)>

) K K3/2,1/2
<0 <\/€77L(T) nmin (K7 A+ KX+ Z + T \/Smin(’m*,7n(T)—1)—ﬂog2 log, (K)] > >> .
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Proof. From Appendix B.1, both W; and W, hold with probability 1 — §. We prove our simple
regret bounds under these events. Let m = m(T'), we then have the following bound.
Q

. Reg ; K¢,
R() 2 B() = VamGn — 5 VamEn 3 me;;]_ K

Ny Mg, ¢ [m] Uiy

—~

melm’]
@ & Y il m 3 Reg;;z,;}nﬁ) B 2@7: m ag/s/m
me[m/’] m "

Y )~ Vit~ s © Doy W el

mem] '
2 e~ VG — sV Y Ranf;éZ) - Spmln _ St

mem’] ’
Y (7) = 2v/ Qi bn — Vambm Y R;if;gr*) - 4\/(0;71,’ - - Qa&n//ﬁm

mem/] m m m

(vi)

> R(7*) — 3.3V amém.

Here (i) follows from Lemma 8. (ii) follows from Lemma 10, Lemma 5, and the fact that U,,,» < Uz,
for any m € [m/]. (iii) follows from (8). (iv) follows from Lemma 10. (v) follows from Lemma 8,
Lemma 3, and the fact that U, < Uy, for any m € [m/]. Finally, (vi) follows from Lemma 14 and
Un < 200/ Qs & Hence Regp () < O(Vaum &) Now the final bound follows from the fact
that o < 1 = 3K, amr < Qmin(m=,m(T)—1) and Corollary 2. O]

D Lower bound

Theorem 3. Given parameters K, F,T € N and ¢ € [1,00). There exists a context space X and a
function class F C (X x A — [0,1]) with K actions such that |F| < F and the following lower
bound on cumulative regret holds:

A, s E [é (re(m* (1)) —n(at))] > Q(ﬁW)

Here (a1, .. .ar) denotes the actions selected by an algorithm A. D denotes the set of environments
such that f* € F and (7) hold with (A, X\, A) = (1,0,0.24). II denotes policies induced by F.
W, denotes the set of CB algorithms that run for T rounds and output a learned policy with a

simple regret guarantee of \/¢log F/T for any instance in D with confidence at least 0.95, i.e.,
Wy = {A:P(Reg(ta) < \/dlog F/T) > 0.95 for any instance in D}. Finally, Q(-) hides factors
logarithmic in K and T.

We prove theorem 3 in the following sub-sections.

D.1 Basic Technical Results

The following result is established in [31], with this version taken from the proof of Lemma D.2 in
[13].

Lemma 20 (Fano’s inequality with reverse KL-divergence). Let
H = (z1,a1,71(a1)), - - ., (x1, ar,r7(ar)),

and let {IP’( )}16 ] be a collection of measures over H, where M > 2. Let Q be any reference
measure over H, and let P be the law of (m*, H) under the following process:

* Sample m* uniformly from [M].
o Sample H ~ P(™"),
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Then for any function m(H), if P(rh = m*) > 1 — 6, then
1 1
(1 ) log(1/4) —log2 < ;:1 Dk (Q||PY). (77

D.2 Construction

If K <10or T < 152°K log F' or ¢ > K, our lower bound directly follows from the cumulative
regret lower bound in [13]. Hence, without loss of generality, we can assume K > 10,7 >
152K log F, and ¢ < K.

The following construction closely follows lower bound arguments in [13]. Let A =
{aM a® ... a®)} be an arbitrary set of discrete actions. Let & = | 1/¢|, and d be parameters that
will be fixed later. With € € (0, 1), note that 1/(2¢) < k < 1/e. We will now define the context set X
as the union of d disjoint partitions XY X X where X() = {z(0:0) (1) 20k
for all i € [d]. Hence, we have X = UX'() and |X| = d(k + 1).

For each partition index i € [d], we construct a policy class TI() C (X(®) — A) as follows. First
we let 7(49) : X — A be the policy that always selects arm a(D), and let 7(%5?) : X — A be
defined as follows for all [ € [k] and b € Ay := A\ {aV},

aM, ifj#1,

b, ifj =1. (78)

(i) @ 3O, glld) (z(00)) {

Construct TT®) := {7101 € [k] and b € Ag} U {79 }.20 Finally, we let IT := TI() x I(?) x
-+ x T19) | We will now construct a reward model class F that induces II.

Let A := 1/4. For each partition index i € [d], we construct a reward model class F() C
(X® x A — [0,1]) as follows. First we let f(#:0) : X x A — [0, 1] be defined as follows,

. ) . . LA ifa=aqO®
(i.9) x (0.0 (4(0d) o) = 2 T4 Ha=a’?, 7
Vi) 0) € A0 x4, 0000 = {3 TR TG 79)
Forall [ € [k] and b € Ao, we define f(10) - X x A — [0, 1] as follows,
e s ey o ETA iTa=d®
V(@) a) € XD x A, fOI0) (209 q) = {1427, ifj=landa =", (80)

1

27
Note that f(:1?) differs from f(“0) only at context (z(*!) b). Construct F(*) := {f:Lb)|] ¢
[k]and b € Ao} U {f*9}. Finally, we let F := F(I) x F) x ... x F(4) Hence, we have,

: log | 7| log | 7|
Fl = | FO14 < (k- K) — d> >
FI= 1720 < k- K) ~ log(K - k) — log(K/e)

We choose d to be the largest value such that F' > (k - K)?. Hence we choose d = |log F/log(K -
K)] > log F/(2log(K - k).

To use lemma 20, we will describe a collection of environments that share a common distribution

over contexts and only differ in the reward distribution. The context distribution Dy is given by

Dy = é Zl DX(i), where DX(i) is a distribution over X9, with € probability of sampling each

context in X'\ {29}, and 1 — ke probability of sampling the context z:(:0).

otherwise.

. (81)

For each block X, we let P(*) denote the law given by the reward distribution r(a) ~
Ber(f#9 (x,a)) for all z € X, Further, for any I € [k] and b € Ay, we let P(:1) denote
the law given by the reward distribution 7(a) ~ Ber(f(*?)(z,a)) for all z € X, For any pol-
icy m € TI), we let RUHY) (1) = Epei.ie [r(m(2))] denote expected reward under P(+1-?) | and let
Reg(#10) (1) = ROLD) (r(ihb)y — R(:LD) (1) denote expected simple regret under P(-10),

PHere [k] = {1,2,...,k}
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We use p to index environments. Here p = (p1,. .., pq), where p; = (I;,b;) for [; € {0,1,...,k}
and b; € Ay. We let P, denote an environment with the law P(:!:) for contexts in X'(?).?! Finally

let 7, denote the optimal policy under IP,, and let Wp(i) denote its restriction to X' (). Let E,[-] denote
the expectation under P,,. Let R,(7) = E,[r(7(x))] denote the expected reward of 7 under P,,, and
let Reg,(m) = R,(m,) — R,(m) denote the simple regret of 7 under P,,.

D.3 Lower bound argument

We sample p from a distribution v defined as follows. For each i € [d], set [; = 0 with probability
0.5, otherwise [; is selected uniformly from [k]. Select b; uniformly from 4. Note that when I; = 0,
we disregard the value of b;.

We let ma € I denotes the policy recommended by the contextual bandit algorithm A at the end of T’
rounds, and let 7%1(() € I be the restriction of 74 to block X (*). Note that the policy recommended
by A will depend on the environment p.

Let 7 := {i € [d]|Reg(®!i:t) (14 (D) < 191/¢log F/T}. Since we only consider algorithms that
guarantee the following with probability at least 19/20,

d
1 L b : R
- } “Reg!lot) (7)) = Reg,(7ta) < \/plog F/T. (82)

i=1

Under this event, we have that at most d/19 block indices satisfy Reg(#!i:ti)(mp(®) >

194/¢log F/T. Therefore, we have |Z| > 18d/19.
Define event M; = {i € Z}. We have

d

d
Y PO = S BN € T 2 0 BIT[Ree, (7a) < VOl F/T] 2 3. (89)

i=1
Consider any fixed index ¢, under the event M;, we have the following. First observe for any
(1,b) # (I, 1), we have Reg(“?) (x5 > ¢A. Let (I;, b;) be indices such that 7rp () = (ilibi)

We now choose € such that,
¢ og o, /91og F og 84)

Hence from definition of Z, we have Reg(i’li’bi) (ﬂA(i)) < €A /2. Further since Reg("!:%) (1) > eA
for all 7 € TI() \ {7 ("0} we have (I;,b;) = (I}, b%).

177

Restating the above result, we have the following. For any ¢ € Z, with probability 1 — 1/16, we have
(I;,b;) = (IF,bF). Hence from lemma 20, we have,

177

(1 — ﬁ) log (1/P(ﬁ1)> —log 2

=T kZ D Drcr (PO |RE)

=1 beAy

k
i 1
@ mz > Dicr(Ber(1/2)||Ber(1/2 + 24)) B [{tle = 20D a, =bY]]  (85)

=1 EA() '
(“) : 2 )

WDk 2 2 487 B, [t =200, =)

=1 beAp )
4N2 ; N

= (K — 1)k st . [Htlee € XN\ (20}, a; € A} |l.

2l Here P00 = PEOD) forall b € A,.
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Where (i) follows from the fact that P(»?) and P(¢:1:?) are identical unless z; = (") and a; = b, and
(ii) follows from A < 1/4. Clearly we have:

>AEE [iiﬂ({xt e XD\ {20:0) q, € Ag,l; = 0})}

d
> ?Z} (‘ (1 - ﬁ) log (P(T;)) _1Og2> _%
_ é ( - (1 - ﬁ) log (1 — P(M;)) — 1ng) _ (KS—Tl)k )
: 2: <(1 k(Kl— 1))P(M> logz) (K8—Al>’f

(iv) 1 9 (K —1)kd

> (1 log2 ¢ - ~——t—

= {( k(K — ))10 ©8 } 8A

(g) Kkd (v>i) dK  (vii) 1 Td2K? (vgi) 1 K2Tlog F
~ 100A T 200Ae 7600\ ¢logF ~ 15200\ ¢log*(K - k)

(i;) 1 K2TlogF
= 15200\ ¢log*(K -T)

Where (i) follows from the fact that v(I; = 0) = 1/2, (ii) follows from (85) and that |Z| > d/2,
(iii) uses log(1 + z) < «, for x > —1,, (iv) uses (83), (v) follows from k£ > 1 and K > 10, (vi)
follows from k>1 / (2€), (vii) follows from choice of ¢, (viii) follows from (81), and (ix) since

kE<1/ 2 51/ ¢>1og + < T This completes the proof of theorem 3.

E Additional Details

E.1 Conformal Arm Sets

The below lemma shows that, for any given policy 7, the conformal arm sets given in definition 2
can be probabilistically relied on (over the distribution of contexts) to contain arms recommended
by 7, with low regret under the models estimated up to epoch m. Recall we earlier define U,,, =

20 \V4 amflgm-

Lemma 21 (Conformal Uncertainty). For any policy m and epoch m, we have:

Reg ; P

2m2

Pr (a € Cp(x, —¢ Z

z~Dx,a~vm(c|x)

(87)

m E m
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Proof. For any policy 7, we have (88) holds.
Pr = (a¢ Cn(z,0))

z~Dyx,a~7(¢|x)
LJm¢c (z,¢/(2m2)})

m]
S P (faley, )~ ) > B0 -

s (
z~Dy, (L~7r( |z)

mepm] z~Dyx,a~m(-|x) C
(1) Reg;: (m
Y _gfm( ) .
nefml (2m2)Un /¢
Where (i) follows from union bound and (ii) follows from Markov’s inequality. L]

Recall that right after Lemma 14, we show that Reg fn S U, with high-probability for any m € [rh].

Hence, Lemma 21 gives us that with high-probability we have Pr,p, ar+ () (@ € Crn(z,¢)) >
1 — ¢. While we don’t directly use Lemma 21, this lemma helps demonstrate the utility of CASs.

E.2 Argument for Surrogate Objective

Lemma 22 is a self-contained result proving that guarantying tighter bounds on the optimal cover
leads to tighter simple regret bounds for any contextual bandit algorithm. Hence the optimal cover
is a valid surrogate objective for simple regret. This lemma is not directly used in the analysis of
w-RAPR, however similar results (see Theorem 2) were proved and used. Note that the parameters
below (including «) are not directly related to parameters maintained by w-RAPR.

Lemma 22 (Valid Surrogate Objective). Suppose 11 is a finite class and suppose a contextual bandit

algorithm collects T' samples using kernels (p;)ic(r) such that py(-|-) > 1/ ln(i%. Further
suppose that the following condition holds with some o € [1,00):

1 T
72 Vb < (89)
t:l

Then we can estimate a policy T € 11 such that with probability at least 1 — J, we have:

aln(4|H|/5))-

T (90)

(") - ()| < O
Proof. WOLG we assume T > In(4|TI|/§), since otherwise the result trivially holds. Now consider
rillm(@)=at) Now note that:

pe(m(xe)|ze) *
r21(m(xs) = as) 1
VaIySEy2: E {f]SE[
ol D(pt)[ t} (ze,ae,me)~D(pe) P?(W(ﬂft”xt) z~Dx Pt(W(xt”iUt)

any policy 7. Let y; :=

] = V(p, ).

€2Y)
Then from from a Freedman-style inequality [See theorem 13 in 8], we have with probability at least
1 — 6/(2/I1]) that the following holds:

i(yt—R(W))’ SZmaX{ ZT: ar(y,) In(4|T1]/6), MHV‘S)}

=1 /In(4|11]/§)
aT (92)

) T rd(m(xy) = a; n &
%’;«ZHE;))_R(W)’<2 Wmax{;ZV(]ﬂt7ﬂ)7a}




Here (i) follows from (91). Similarly with probability at least 1 — §/(2|II|) the following holds:
Y F
T T\ T¢ |5Et T Pis T

t=1 pe(m(

7

2 In(4[11]/5)
=T { EV”( () xt>)1“<4'“/‘”>¢m} ©3)
aT

(i4) (idi) (iv)
< ;max{\/Tl(len(4|H|/5), aTln(4H|/6)} < 2va < 2a.
n

—~
=

)

Here (i) follows from Freedman’s inequality, (ii) follows from the lower bound on p, (iii) follows
from T > In(4/11|/6), and (iv) follows from e > 1. Hence the above events hold with probability at
least 1 — ¢ for all policies m € II. Now let 7 be given as follows.

T
s argmax% Z rell(m(ze) =ar) 9 In(4[I1]/5) <2 L1 Z 1> 04)

mell =1 pe(m(@e)|e) T m(zy)|xe)

We then have the following lower bound on R(7#) using the definition of 7% and the above to high-
probability events.

) rd(7(z) = ap) In(4[1| /6) 1 & )
LOEEDY (Glle) T maX{T;V(pt’”)’a}

@) 1 o= (7 (2e) = ar) In(4[T1| /6) 1 & 1
zfz ) -2 T <2a+TZ>

pe(7(2e)|74)

<z§>1iw_z 4H|/5)<2 +7 Zl>

T & py(w*(w)|z:) T (2¢)|z)

95)

@ ln(4|H/5)< 1« ) . 5o In(4[T1] /)
> R(r*) — 4| — 2 4o+ STV (py, ) | > R(r) — 4/ 22D
T T; P T

Here (i) follows from (92), (ii) follows from (93), (iii) follows from (94), and (iv) follows from (92)
and (93). This completes the proof. O

E.3 Testing Misspecification via CSC

We restate the misspecification test that is used at the end of epoch m and argue how this test can be
solved via two calls to a cost sensitive classification solver. First, let us restate the test in (96).

- (m5,) = Ry 7, ()
max R 2 mT) — o m+1 fm mA41, fm
TFEHU{perl} | m+1, frt1 ( ) 7n+1 m§7n+1 mez[m] 407’77,2 ,7(1771_15%

< 2.05v/ am&mt1 + 1.1/ Em,
(96)

We are interested in calculating the value of the maximization problem in (96). To calculate this
maximum, we need to fix our estimators. Let R,,41 s(7m) := \Silsl Dotesns f (@ m(@e)) =

T}M‘ Ztesm,g Eann(-|z:) f (x4, a) for any policy 7 and reward model f, which is the only obvious
estimator we could think off for Ry (). Also let us use IPS estimaton for policy evaluation (the same
argument works for DR), Ry, 11 (m) = ﬁ DS, s %)”(3”) 2223 Note that the value of

Pm (at ‘zf

2When evaluating a general kernel ¢, we use the natural extension of these estimators of policy value. In
particular, simply replace 7(-|x) with g(-|x) in their formulas.

BUp to constant factors, these estimators give us the best rates in Assumption 2 with finite classes. These
estimators are also used in several contextual bandit papers [e.g., 2, 26].
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the maximization problem in (96) is equal to max(L1, Le, L3), where {L;|i € [3]} are defined as
follows.

— B N m+1,fm (ﬂ-fm) - Rm+17fm (ﬂ-)
Ly = 216312[( Rm+1,fm+1 (77) - m+1 — vVam&mt ; ] 40m2m
me[m

) R (m7,) = By 7, (7)
Ly :==max Rp41(m) — R f m St T vl
Tell m+1’fm+1 mg[;n] 40m? m

¢ +1, Am (7'(' A—m) B R +1, Am (p"H’l)
L3 = ‘Rm+1af7n+1 (pm+1> Rm+1 pm+1 m Z m f f m f

mem 40m2\/am—1&m
Ch)

Note that L3 doesn’t involve any optimization and can be easily calculated. Substituting value of
these estimators for Ly and Lo, we get.

L= E{lgx Z | 1 (fm+1(xt,7r(xt))_7f(at|%)7”t(at)

tesn Sm 3| pm(at|$t)

fm L, T ( ))*fm(xtﬂf(xt))
\/Oémé-m-‘rl Z 4Om2m )

Ly = 1 ((at|xt)7’t(at)

— max
mell |Sm.3] pm(ac|ze)

tESm,3

(98)

- fm+1(xt’ ﬂ-(xt))

fm Ty, T 1, ( ))_fﬁl(‘rtvﬂ-(xt)))
— 4/ Oémgm.—i-l mez[m] 40m2 ,7am_1§m

Clearly, both Ly and Lo are cost-sensitive classification problems [see 21, for problem definition].In
both, we need to find a policy (classifier) that maps contexts to arms (classes), incurring a score (cost)
for each decision such that the total score (cost) is maximized (minimized). Hence the misspecification
test we use only requires two calls to CSC solvers.

E.4 Simulation

We ran uniform RCT, LinUCB, LinTS, 1-RAPR, and 4-RAPR with linear function classes and an
exploration horizon of 5000 on a synthetic data generating process (DGP).>*

Data generating process. We consider four arms, i.e., A = [8]. The context z = (z1,x2) is
uniformly sampled from four regions on the two-dimensional unit ball; and in specific, x is generated
via the following distribution:

1. &, ~ Uniform(0.8, 1.0)
2. Ty = /1 — 2% - z, where z ~ Uniform{—1,1}.

3. Sample region index r ~ Uniform{0, 1,2, 3}:
e ifr =0: {xl,xg} = {:%1,:32}.
e ifr =1: {(El,xz} = {‘%2,.’31}.
o ifr =2: {371,.’172} = {—5}1, —.’1~72}.
e ifr=3: {1‘1,.132} = {—i‘l, —i‘g}.
4. The reward for each arm is 0.4 plus a linear function of the contexts. The linear parameters
for the 8 arms are {(a, b)||a| + |b| = 1,]al,|b| € {0,0.4,0.6,1}}. Hence, the conditional

expected rewards lies in the range [0.2, 0.6]. Finally, the noise was sampled uniformly at
random from [—0.4, 0.4].

*The LinUCB scaling parameter was set to a default of 0.25, we similarly let /(T 0.5) = 0.25 x +/d/T.
We also set the bloated constant of 20 in Definition 2 to be 1.
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A simulation run takes less than 9 seconds for
any of these algorithms on a laptop with 16GB
RAM and an Apple M1 Pro chip, demonstrating 0.561 +
the computational tractability of this approach.
We provide a scatter plot (aggregating results
from 50 runs) showing (i) the value of the av-
erage reward during exploration (as a proxy for
cumulative regret, x-axis) and (ii) the value of
the learned policy at the end of the experiment e
(as a proxy for simple regret of learned policy, LinTs
y-axis). On simple regret, we see that 4-RAPR 1 o oharr
~ 1-RAPR > RCT > LinUCB > LinTS. On — 1-LinRAPR
cumulative regret, we see that LinUCB > 1- 040 042 044 046 048 050 052
RAPR > 4-RAPR > LinTS > RCT. The RAPR Avg Exploration Policy Value

algorithms achieve the best simple regret perfor-

mance and achieve competitive performance on cumulative regret for this DGP. However, the fact
that both RAPR algorithms learn policies of similar values suggests that our CASs are larger than
necessary for at least some risk levels on this DGP. Further refining CAS is an important direction of
future work.
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