Supplementary Material for Online Learning under Adversarial
Nonlinear Constraints

A Polyhedral Intersection
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Figure S1: Illustration of polyhedral intersection.

We present here a simplified geometric setting of the Assumption 1.2 Part 2, where the time-varying
constraints are linear g ;(x) = g,/ ;.

In the interaction protocol of Assumption 1.2, the learner first commits a decision 1 € Bg. Then
the environment selects a feasible set C; C Q; = Bpr (by Assumption 1.1 Part 3) and reveals to
the learner a cost value f1(z1), a gradient V f1(z1), and information for all violated constraints
(g1,i(z1), Vg1 ,i(z1))3_,. This constraint violation information restricts the adversary to selecting
successive feasible sets Cy, for all / > 2, from a polyhedral intersection Q> = Q7 N Sy, where
the cone intersection S; = {z € R" : Gy(z1)" (2 — z1) > 0} and the gradient matrix Gy (z1) =
[Vgri(z)]iy.

In the next iteration, the learner makes an update and commits a decision 2 = x; + n;v1. Then,
the process is repeated: the environment selects Co C Qo, reveals a cost value fo(x2), a gradient
V f2(x2) and constraint violation information gz 1 (z2), Vge,1(z2). All successive feasible sets Cy,
for all £ > 3, are restricted to belong to a polyhedral intersection Q3 = Qs N S, where the cone
intersection Sy = {z € R" : Go(w2) " (2 — ) > 0} and the gradient matrix G (22) = [Vga,1(71)].

B Further Applications

We consider here a system identification and optimal control application where an agent must predict
a sequence of actions to minimize costs and satisfy constraints. Many real-world systems are subject
to wear, tear and drift (e.g., sensors), which naturally leads to non-stationary costs and constraints,
corresponding to slowly time-varying functions f;, and {g; ;}*,, respectively. Furthermore, it is
common in optimal control to know analytically both the dynamics model and the cost and constraint
functions, so the gradients are naturally available. Assuming access to a constraint violation oracle,
the above scenario can be cast into our online problem formulation. More specifically, in each episode
t, an agent ¢ parameterized by weights 6; € R™ generates a sequence of actions {x g}f: 1 and upon
their deployment in the environment, receives a cost value f;(6;), gradient V f;(6;) and information
for all violated constraints {(gy,i(0¢), Vgr,i(0t) }icr(o,)-



C Contrasting CVV-Pro and OGD: A Comparative Study

In this section, we compare the runtime performance and regret guarantee of the standard Online
Gradient Descent (OGD) algorithm and our (CVV-Pro) algorithm in the two-player game setting
(defined in Section 4). More concretely, we consider shared constraints of the form Cpz + Cyy < b.
We report results from numerical simulations with decision dimension n = 1000, m = 100 shared
resource constraints, capacity b = 1.3, T" = 2000 iterations, and 5 independently sampled instances
of the two-player game. We report below the results:

Regret: The 25th percentile of OGD has a higher regret around iteration 1400 than the function
51/t and stays above it. In contrast, CVV-Pro achieves better regret, with the 75th percentile being
strictly bounded by the function 5+/%, see Figure S2a.

% Constraints Violation In each iteration, CVV-Pro requires an oracle access only to the currently
violated constraints. The percentage of violated constraints first increases from 0.01% to 57% in the
first four iterations, and then decreases rapidly to plateau at 20%, see Figure S2b.

Runtime: In Figure S2c, we report the average runtime per iteration for computing a projection.
Since CVV-Pro solves the velocity projection problem with a decreasing number of constraints, it
achieves a faster average runtime of 0.11 £ 0.01s compared to OGD, which requires solving the full
projection problem each time and runs in 0.18 &= 0.01s. Thus, for the two-player game with shared
constraints, our algorithm CVV-Pro achieves a runtime improvement of around 60% over OGD.
Further, we report in Figure S2d the total caumulative runtime of CVV-Pro and OGD for computing
the projection.

The amount of improvement in execution time is likely to be greater for higher-dimensional problems,
where fewer constraints tend to be active at each iteration. Moreover, there are important situations,
for example if constraints are non-convex, where projections are very difficult to compute (and/or
might not even be well defined). In contrast, the velocity projection step in CCV-Pro is always a
convex problem, regardless of whether the underlying feasible set is convex or not.
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Figure S2: The figure contrasts CVV-Pro and OGD by comparing the resulting regret (a) and
execution time (c,d). Panel (b) shows how the number of violated constraints evolves over time.



D Proof of Theorem 2.1

In this section, we consider an online optimization problem with time-invariant constraints and
a bounded iterate assumption. The bounded iterate assumption will be removed subsequently in
Section E, which however, will require a more complex analysis.
We restate Theorem 2.1 below for the convenience of the reader.

Theorem D.1 (Structural). Suppose Assumption 1.1 holds and in addition x; € Bg for all t €
{1,...,T}. Then, on input « = Lx/R, Algorithm I with step sizes 1y = a%/i guarantees the

following for all T > 1:
(regret)  S°1, fiz,) — mingec Yp, filx) < 18LFRVT;
. oy 2 .
(feasibility) gi(z;) > —8 [%@ + wg] B forallt€{l,....Tyandic {1,....m}.

The rest of this section is devoted to proving the preceding statement.

D.1 Structural Properties

Lemma D.2. Suppose g; is concave for every i € {1,...,m}. Then, for any & > 0 and all x € C
the following holds
maxjve]| < aflz — @l +2[[V fe(zo)]-

In particular, when fy satisfies |V fi(2)|| < Lz for all z € Beg, it follows that ||Jv|| < (¢ + 1)aR +
2L for any x € By, x; € B.g, and ¢ > 0.

Proof. By Claim 2.2, we have a(x — x;) € V,(z:) for every x € C. Combining the triangle
inequality with the fact that v; is an optimal solution of the velocity projection problem in Step &,
yields

[oell = IV fe(x)l < flor + V fi(a)]
< la(e —20) + Vi (2]
< allz =@l + IV fil)]-
Using © € Bg, x+ € B.r and |V f¢(x:)|| < Lz, we conclude

lorll < allz — ]| + 21V filx) | < (c+ DR + 2L

O

D.2 Cost Regret

Lemma D.3. Suppose Assumption 1.1 holds and x; € B.g for allt € {1,...,T} with ¢ € (0,4].
Let d > 0 be a constant. Then, Algorithm | applied with o = Lz /R and step sizes 1; = —=

avVt+d’
guarantees the following for all T > 1:

T
Ry =Y filz) - manft )< Vd+1|(c+3)%+ 2(c+1)2 LrRVT.

i

In particular, for c = 1 and d = 0 we have Ry < 18L]:R\/T.

Proof. We denote an optimal decision in hindsight by 2* € arg min Zthl f+(x). For any points
x*, x; we have fi(z) — fi(z*) < [Vfi(x)]T (v, — 2*), since f; is convex. Summing over the
number of rounds ¢ results in

T
th xt) ZVft x¢)] xtfx*).

We proceed by upper bounding the expression [V fi(x)] T (z¢ — 2*). Using z441 = 24 + n0; and
vy =1y — V fi(z), we have

lzt41 — I*HQ = |l +ne (re — Vie(zr)) — I*H2
= lwe — 2* |2+ 02llre — Vel + 20 [re — Vilz)] " (2 — 2*).



Then, Lemma 2.3 gives r,/ (z; — 2*) < 0 and thus

T _x* 2 _ T _x* 2
[V e(we)] (me —2*) = r)(ze—2*)+ = ” 2” = | 4‘@”WHQ
ul 2
xe —z*||2 = ||z —x*||?
< H t || 2” t+1 ” +%||Ut”2~
Ui

Since 2* € Br and x; € B.g forall¢t € {1,...,T}, by Lemma D.2 it follows forall t € {1,...,T}
that

[lve]] < (e+1)aR+ 2Ly = (c+ 3)Lr =: V,. (S1)
Summing over the whole sequence, using the fact that n, = ﬁ is a decreasing positive sequence
and applying Claim D.4, x* € Bg, x;: € B:g, and (S1), yields

d - \ 2 e — 2*))? = [lwe — 2]
2) [Vfilw)] (2 —2%) < Z
t=1

+ mel|ve]|?
Tt

c 2
< (Zm) %)R
< (e+3)PLE 2 T d+ (c+ 12 LrRVT+ d

[2(c+3)? (c—|—1)2] LrRVT +d,
where last inequality uses

T+d

T
2
dom= ;\/tT Z < VT +d

The statement follows by combining the fact that /T +d < v/d + 1v/T for any d > 0 and all
T >1,and

T T
S filw) = fula*) < (Vi) (@ — 2*) < Vd + [(c+3) ;(ch 1)?| LrRVT.

O

Claim D.4 (Series). For any positive sequence {at}zzﬁl and any decreasing positive sequence
{ne}i_y, it holds that

T oa—a A
Z ot Tl < —, where A:= max ay.
= ™ nr t={1,....T}
Proof. Observe that
T
Zat*atﬂ _ 01*02+a2*a3+03*a4+'”+aT*aT+1
=1 Mt m "2 3 nr

a a il 1 1
N (_ | >

m nr i—2 i Mhi-1
A

nr

where the last inequality follows by

T T
1 1 1 1 1 1 A
s N Mi-1 iy \Thi 71 nrm nrMm

<




D.3 Convergence Rate of Constraint Violations

Lemma D.5 (Convergence Rate of Constraint Violations). Suppose Assumption 1.1 holds and
{zt}1>1 € Beg with 1 € Br and ¢ € (0,4]. Then, for any o« > 0 and d > 0, step sizes
ne = 1/(avt+d)and V, > 0 such that ||ve|| <V, forallt > 1, it follows for everyi € {1,...,m}
andt > 1 that

gi(zt) > —cing,

where
ﬁGV(x:| ( 1 ) |:Lg :| 2
c1=Vo |2Lg+——|+2Z4 and Z4=1|1- d+2|—=+ 2aR”.
1 [ g . d d NZEST % 7 Bg
In particular, when Assumption 1.1 holds, {x1}1>1 € Br, o = Ly /R and d = 0, it follows that
Lg R?
i > -8 |—=+4+2 — It > 1.
o) = =8 | 52 4 280| T poraie >

Proof. The proof is by induction on ¢. We start with the base case ¢ = 1. The proof proceeds by case
distinction.

Case 1. Suppose @ € {1,...,m}\I(x1), i.e., g;(x1) > 0. Then, by Claim D.6 Part ii) we have
Valg ]

—| > —C17)2.

ovitd] = P

Case 2. Suppose @ € I(x1), i.e., g;(x1) < 0. By combining x1 € B and g; is concave 3g-smooth,
it follows for every = € C C B that

gi(ozg) > —n2Vq |:2Lg +

B
gim) > gi(@) + Vgi(a) (o1 — ) = T flar —
> —2LgR—2BgR*

L
= —mvd+1 {R‘f +ﬁg} 20R? > —c11s.

Using 1y = 1/(av/t +d), m /2 < /2 and n%% <n3V2Bg = o O}i;i%, it follows by Claim
D.6 Part 1) that

va
gilas) > (1 am)gi(er) -t 22
1 Lg 2, Vabg ]
> — 1-— d+2|—= 2aR —a = | > .
z ’72[( \/m)v * [3”4 M i) T T

Our inductive hypothesis is g;(x;) > —cyn; for all i. We now show that it holds for ¢ + 1.

Case 1. Suppose @ € {1,...,m}\I(x1), i.e., g;(x¢) > 0. Then by Claim D.6 Part ii)
BgVa :|

——| > —cC .

avari) -

Case 2. Suppose ¢ € I(x), i.e., gi(x;) < 0. Combining Claim D.6 Part ii) and the inductive
hypothesis we have

9i(Ti11) > —nt41Va {QLQ +

QVC%BQ
gi(zep1) > (1 —am)gi(xy) —n; 9
V24
>~ + v} —np =7
V24
= —C1M+1+C1M41 — 1M + 61(17%2 - 7]152 a2 g
2
1 VB
= —Ci1M41 +C1ny Mgy any — 229
Nt 2c1



Since c1n; > 0, it suffices to show that

_ 2
e T e > ValBg (S2)

2
un C1

«

or equivalently (using 1, = ﬁ fort > 1)

t+d VaBg
Y L - > YaPg
a—a t+d+1(\/t+d+ \/t+d>_ o

Straightforward checking shows that max;>1 |/ 747 (Vt+1—+/t) < 3. Hence, inequality (52) is
implied for ¢; > BgV2/a and thus g;(z¢41) > —c1mi11-

Furthermore, for c = 1 and & = Lz /R, by Lemma D.2, we can set V,, = 4L z. Then, for d = 0 we
have g;(x;) > —8 [%’ + QBQ} % forallt > 1. O

Claim D.6 (Constraint Violation). Suppose g; is concave, Bg-smooth and satisfies ||V g;(z)|| < Lg
forallx € Begandi € {1,...,m}, where ¢ > 0 is a constant. Suppose further that there exists a
constant Vo, > 0 such that x; € Beg and ||v¢|| < V,, for all t > 1. Then, for all t > 1 we have

i) gi(zeg1) > (1 — amy)gi(2e) —niV3Bg/2  foreveryi € I(xy);
ii) gi(x111) = —Ney1Va [2Lg + VaBs/(aVT+d)]  foreveryi e {1,...,m}\I(x;).

Proof. The proof proceeds by case distinction.

Case 1. Suppose i € I(x),i.e., gi(x;) < 0. By combining the facts that g; is concave and Sg-smooth,
Tir1 = 2 + nevg and [V (z¢)] "oy > —ag;(z¢), it follows that

gi(mip1) > gi(m) + [Vai(@)] " [wepr — 2] — %H%H — x5

> ufmwmwfﬁ%%n (83)

Case 2. Suppose ¢ & I(xy), i.e., g;(z¢) > 0. Using || Vg;(z)|| < Lg for x; € B.r, we have
[Vgi(xe)] w41 — we) < [[Vgilze)[lze41 =zl < neLgVa.

Hence,

Gilwe) > gilw) + Ve e — o] — Ll -zl

ng%mfﬁ%%
=~ —Va [Lg + T Vafio]
Me+1 2

VaBg }
avi+d]’

where the last inequality follows by 7 < 1y = 1/(av/1 + d) and

> =41 Va [QLQ +

{+1
max e §maf< %:\/5



E Guaranteeing a Bounded Decision Sequence

We now show that the second assumption in Theorem 2.1, namely, “x; € Bg forallt € {1,...,T}”
can be enforced algorithmically. We achieve this by introducing an additional hypersphere constraint
gm+1(z¢) = §[R* — ||z4]|?] that attracts the decision sequence {z;};>1 to a hypersphere Bz and
guarantees that it always stays inside a hypersphere B, with a slightly larger radius. Technically, we
modify the velocity polyhedron in Step 3 of Algorithm 1 as follows: V! (x:) = V() if ||z|| < R,
and otherwise

Va(xe) = {v € Val@) | [Vgmar(2)] v > —agmi ()}
We are now ready to state our main algorithmic result for the setting of time-invariant constraints.
Theorem E.1 (Algorithm). Suppose Assumption 1.1 holds. Then, on input R, Ly >0, « = L F /R

and x1 € Bg, Algorithm 1 with augmented velocity polyhedron V. (-) and step sizes 1y = f+1

guarantees the following for all T > 1:

(regret)  S1_ fi(:) — mingecc p_ -, fe(@*) < 246 LrRVT;
(feasibility) g;(x;) > 21[L9 + 3Bc] A T forallt € {1,....,T}andi € {1,...,m};

(attraction) g, 1(x;) > —27 wl% forallt € {1,...,T}.

In addition,

forallt > 1.

To ensure convergence of the hypersphere constraint — min{g,, 1 (x;),0} at a rate of O(1/+/%), we
use an inductive argument similar to Lemma D.5. We note that compared to the simplified setting of
Appendix D, our analysis requires an additional refined inductive argument, which is summarized in
Lemma E.5.

E.1 Hypersphere constraint

Definition E.2. We consider the following hypersphere constraint, parameterized by R > 0,

1
g1 (2) = 3 [R2 = ]|
By construction, g,,,+1 is concave and 1-smooth.

Claim E.3. Suppose g; is concave for every i € {1,...,m} such that C C Bg and f; is convex such
that ||V fi(x)|| < Lz for all © € B.r, where ¢ > 0 is a constant. Then for any decision x; € B.g, it
holds that

1
[log]l < afjze]| + (R + 2L F) and 5||th2 < —20%gmy1(2) + [a2R2 + (aR+2Ly)?

Proof. Due to the fact that g,,11 and g; are concave for every i € {1,...,m}, it follows by
Lemma D.2 that
ol < 2V ()l + all™ — 2]

< oz + aR+2Lg.
Further, by definition of g,,,+1(z) we have

A

1 1
Sl < L ol + (et 20
o?||z))? + (aR + 2LF)*

= —2a2gm41(2) + |a®R? + (aR + 2Lf)2] .

IN

O

Claim E.4. Suppose the assertions in Claim E.3 hold. Let the step sizes be {n; = ﬁ}tzl and
a = Lx/R. Then, we have

D)If gmy1(xe) > 0 then gpy1(wi41) > =1 - 6LrR; and
”) Ifgm+1(xt) < 0 then gm+1(xt+1) (1 - 277t)gm+1(xt) 210L2]-‘



Proof. The proof is by case distinction.
Case 1. Suppose gp,+1(x) > 0. Using ||2¢|| < R it follows by Claim E.3 that
Jor < 2(aR+ Ly) = AL.

Using ¢,n+1 is concave and 1-smooth, g, 1(xt) > 0, Vgmy1(xt) = —a¢ and ||z¢]| < R, we have

1
Im+1(Te1) = a1 (@) + Vmar (@) T (w1 — 20) — §th+1 —z)?

1
> —neR[jve]| - gnfllvtll2
> —n-6LrR
> —m1- TLFR,
where we used 1 8
—m16L% = ———LrR < 2LrR.
g ME T s T T

Case 2. Suppose g 41(2;) < 0, ie., ||z;]| > R. Using o2R2 4+ (aR + 2L7)? = 10LZ, it follows
by Claim E.3 that

1
§||vt||2 < —20%gm41(7) + 10L%.

Combining g,,, 11 is concave and 1-smooth, and Vg, +1(2¢) Tv¢ > —agmy1(z;) yields
1
Im+1(Te41) > gmr(xe) + V9m+1($t)T(fUt+1 — ) — §H33t+1 - $t||2

1
(1= ) g1 () = 5777 or]|”

(1 — ame + 20°07) g1 (ze) — 071003

(0%
(1 - 57775) gm+1($t) - 77t210L§-"7

where the last inequality follows by: —n;a+ 2nfa® < —n, &, which is implied by 17, = ﬁ O

AV VAR V)

Lemma E.5 (Main). Suppose the assertions in Claim E.3 hold for ¢ = 4. Given « = Lx /R, step
sizes {1 = <=z }e>1 and an arbitrary initial decision x1 with ||21|| < R, then it holds that

RQ
Wa

Proof. The proof is by induction on ¢t > 1.

Imt1(ze) > =27 |z || < 4R, [lve]] < 7L, forallt > 1. (S4)

Part I) We show first that g,,,+1(2¢41) > —cone41, for some ¢y > 0. The proof proceeds by case
distinction.

Case 1. Suppose g,,+1(x¢) > 0, then by Claim E.4 we have
Gm+1(Ze41) > —n¢ - 6LFR, (implying co > 6L R).

Case 2. Suppose g, 11(7;) < 0. Let A := 10L%, then by combining Claim E.4 and the inductive
hypothesis, we have

«Q
Im+1(Te41) > (1 - ntg) gm+1(ze) — NP A
(0%
> - (1 - 77t§) cone — M A
«
= —come — (A — 560) in
« 2
= —CoMt+1 — CoMt + CoNe+1 — (A - §CO> un
A «
= —CoNt+1 + Come [—1 + Iy, ( - )} :
U co 2



Since con; > 0, it suffices to show that

A — A
—1+m“—m<—a>zo = ST 2
i co 2 2 n; co

The previous condition is equivalent to (using 7, = ﬁ fort > 1)

1 Vi+15 A
0{2— m[\/t+16—\/t+15ﬂ >

Straightforward checking shows that max;>1¢ 4/ t-%l (\/t +1- \/f) < 0.12 and thus

A
Co > 275 = 27L]:R

Hence, for ¢ = 27L xR it holds that g,,+1(x¢1+1) > —coner1. We set ¢g to the maximum over the
preceding two case, i.e.,
co :=max{7LrR, 27LrR},

and obtain
27TR?

Gm41(xe) > —comy = —m~

Part II) We now show that ||z:11]] < 4R. Combining Part I) and the definition of step size

Nt = m, we have
1 2 2 Co
3 [R? = ||lzt41]1?] = gmr1 (T41) > —coneyr > —com = ~ia

and thus
C
|z:11]2 < R? + 270 < 15R? < (4R)>.
«

Part IIT) By Claim E.3, it follows that

Lr
el < fllxmll +3Lr <TLpF.

E.2 Concluding Remarks

By Lemma E.5, the decision sequence {x; };>1 is attracted to the hypersphere B and always stays
inside a slightly larger hypersphere Byr.

Then, by Lemma D.3 applied with ¢ = 4, d = 15, « = Lz /R and step size n, = 1/(av/t + d) we
obtain

1
Regret; < V1541 {(4 +3)% + 5(4 + 1)2] LrRVT
= 246LrRVT.

Moreover, by Lemma D.5, we have Z; = %\/17[%‘{’ + Bg|LFR and

Va L
c1 =V, [2Lg + BGa ] + Z5 <21 [Rg + 3BG:| LrR.
Hence, the convergence rate to the feasible C satisfies for every ¢ > 1and i € {1,...,m}
Lg R?
i > — > 21 |1—=+3 _—
gi(wy) c1ny {R 5(;] T



F Proof of Theorem 3.3

In this section, we consider an online optimization problem with adversarially generated time-varying
constraints. More precisely, at each time step ¢, the learner receives partial information on the current
cost f; and feasible set C;, and seeks to minimize (1). To make this problem well posed, we restrict
the environment such that each feasible set C; is contained in Q; (see Section 1) and the rate of
change between consecutive time-varying constraints decreases over time. We quantify a sufficient
rate of decay in Assumption 3.1, which we restate below for the convenience of the reader.

Assumption F.1 (TVC Decay Rate). We assume that the adversarially generated sequence {g; };>1
of time-varying constraints are such that for every © € Bygr and all ¢ > 1, the following holds

lge+1(2) = ge(@) e < 75 [ 55 + 360 B>

We note that Assumption F.| essentially only requires ||gi+1(z) — g:(2)]lc0 < O(1/t), as R can
be chosen large enough such that the bound is satisfied. Of course, R will appear in our regret and
feasibility bounds, but it will not affect the dependence on ¢ or T' (up to constant factors).

‘We restate Theorem 3.3 below for the convenience of the reader.

Theorem F.2 (Time-Varying Constraints). Suppose the functions {f;, gi}1>1 satisfy Assump-
tions 1.1, 1.2 and F.1. Then, on input R, Ly > 0 and x1 € Bg, Algorithm I applied with « = L /R,
augmented velocity polyhedron V() and step sizes n; = ﬁ guarantees the following for all

T>1:
(regret)  |_, fi(z;) — ming.ee Y1, fi(a*) < 246LrRVT;
(feasibility) gy:(z;) > —265 [%@ +4ﬁg} A forallte{l,... Tyandi€ {1,...,m}

(attraction) gp,1(z¢) > —27\/5_2715f0r allte {1,...,T}.

Outline This section is organized as follows. In Subsection F.1, we introduce a key geometric
property that allows us to generalize the standard online gradient descent analysis to the setting
of time-varying constraints. In Subsection F.2, we give an overview of our proof approach for
Theorem 3.3. In Subsection F.3, we present the analysis that quantifies the convergence rate to the
feasible set for the setting of slowly time-varying constraints. Finally, in Subsection F.4, we give an
important special case, slightly generalizing Lemma 3.2, for which Assumption F.1 is satisfied.

F.1 Key Geometric Property

Our regret analysis builds upon the following key geometric property that generalizes Lemma 2.3 to
time-varying constraints. We show that for any subset Cy of the polyhedral intersection Qr, every
decision = € Cr satisfies the normal cone constraint —r," (z — x;) < 0, for every pair (x4, 7;) in the
decision sequence {(z,7:)}7_, up to step T. As a result, a similar argument as in (2) yields O(v/T)
regret in the time-varying constraint setting.

Lemma F.3 (Polyhedral Intersection). Let Cp be any subset of the polyhedral intersection Q. Then,
every decision x € Cr satisfies the normal cone constraint —r| (x — x;) < 0, ¥Vt € {1,...,T}.

Proof. Using Sy = R™, C is contained in N/ ' {z € R" | G(x;) " (¢ — =) > 0}. Since = € Cr,
it follows by Lemma 2.3 that - (z — 27) < 0. The proof proceeds by case distinction. Let t €
{1,...,T—1} be arbitrary. Suppose z; € C;, then by Part 1 in the proof of Lemma 2.3 we have r; = 0.
Suppose x; & Cy, then 2 € Cr implies G () " (x — ;) > 0 or equivalently Vgt7i(xt)T(z —x¢) >0
for all i € I(x;). Since vy € V,(xy), it follows that v(z) = vy + © — x4 € V(). Moreover,
the vector —r; belongs to the normal cone Ny, (4, (v¢), which implies —r, (v — v;) < 0 for all
v € Vi (x¢). In particular, for v(z) we have —7," (z — x;) < 0. O

10



F.2 Proof Overview of Theorem 3.3

By Assumption 1.1, the slowly time-varying constraints g; ;(x) are concave and Sg-smooth such
that ||Vg; ;(x)|| < Lg forall x € Byg,t > land i € {1,...,m}. By construction, see Lemma E.5,
ne =1/(av/t+15),« = Ly/R and V,, = 7Lz implies that 1V, = TR/+/t + 16. We note that
Lemma E.5 still holds for time-varying constraints, which implies ||z;|| < 4R and ||v¢|| < 7L .

Further, by Assumption F.1 we have for every x € Byg,t > landi € {1,...,m} that

98 | Lg 2 > |Lg 2
ilT) = Gt <——|—=+3 R =2 — +3 V. S5
vs1400) = 0040 < g | 52 90| B = |0 4380 02 o9
Then, applying the preceding inequality and using similar arguments as in Part 2) of Section 2.5, we
give in Corollary F.5 bounds on the slowly time-varying constraints g ;(z) from below. In particular,
we show that

L .
G1,i(@eg1) > (L —amy)gei(we) — nf {25 + 754 V2 forall i € I(xy),

and

BZ;}Q] foralli € {1,...,m}\I(z).

Ge41,i(Te41) > —Mi417Vs {Lg +

Using a similar inductive argument as in Lemma D.5, we show in Lemma F.4 that in the setting of
slowly time-varying constraints, the following feasibility convergence rate holds

2

VEF15

Then, the regret and the attraction to the feasible sets follow as in Theorem E. 1.

L
gri(z) > — [265g + 927Bg] forallt € {1,...,T}andi € {1,...,m}.

R

F.3 Slowly Time-Varying Constraints
Lemma F.4 (Slowly TVC). Suppose Assumption 1.1 holds, 1 € Br, « = Lx/R and step sizes

e = 1/(av/t 4+ 15). Then, for everyi € {1,...,m} and T > 1 we have
2

Lg
i > — |265— + 927 _—
gt, (iUt) = [ R + Bg} T T 15

, forallte {1,...,T}andi € {1,...,m}.

Proof. The proof is by induction on ¢. We start with the base case ¢ = 1. The proof proceeds by case
distinction.

Case 1. Suppose i € {1,...,m}\I(x1),i.e., g1,;(x1) > 0. Then, by Corollary F.5 Part ii) we have

ﬂgVa
4o

L
92.i(x2) > —12TVs [Lg + } >y {495 + 86ﬁg] L#R.

Case 2. Suppose i € I(z1), i-e., g1,i(x1) < 0. By combining x; € Bg and g, ; is concave
Bg-smooth, it follows for every x € C; C Bp, that

gie) 2 91a(a) + Vari@) (1 — )~ 2wy —a?
> —2LgR — 2BgR?

L
—m [85 + 8ﬁg] LrR.

Using ; = 1/(a/t + 15) and 1y /ne < /2, it follows that
L L
(1 —=am)gri(r1) > —m {Rg + 54 6LrR > —12 {95 + 95@} LrR
and

L L L
0 [25 + wg} V2 <} [415 + 1459} V2 < {49]%9 + 17254 LrR.
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Then, by Corollary F.5 Part i) we have

L
go,i(z2) > (1 —am)gri(z1) — n {QRQ + 7/39] V2

Y

L
—na {58Rg + 181@] LrR.

> —cany for all 2. We now show that it holds for ¢ + 1.

Our inductive hypothesis is g; ;(x¢)
Case 1. Suppose @ € {1,...,m}\I(x1), i.e., g;(x¢) > 0. Then by Corollary F.5 ii)

5gVa
4o

Lg
Gt11,i(Te41) = =M1 TVa [ } > =Myl {49 i +8659] LrR.

Case 2. Suppose i € I(xy),1.e., gi(x¢) <0.Let A = {2% + 7Bg} V2. By combining Corollary F.5

Part i), the inductive hypothesis and using similar arguments as in the proof of Lemma E.5 Case 2,
yields

A L
gt—i-l,i(xt-i-l) > —C2Mt+1, where Co = 27— = |:265]%g + 927ﬁg:| L]:R.
(e

The feasibility convergence rate is then given by

2

L
ge,i(Te) > — {265g + 92769}

R t+15

O

Corollary F.5. Suppose Assumptions 1.1 and Assumption F.] hold. Let « = Ly /R, Vo, = TLx and
step sizes iy = 1/(a/t + 15). Then, for every t > 1 we have

i) ge1,i(@er1) > (1 — ame)gei(ze) — n? [2%’ + 7Bg]V§for alli € I(xy); and
i) ge41,i(Te41) > —Ne41"Va [Lg + %] foralli € {1,...,m}\I(x).

Proof. Combining Assumption F.1 and (S5) gives
L
9141,i(Teg1) > gri(Tesr) — 2074 [Rg + 33@} V2.
Then, by Claim D.6, it follows for every ¢ € I(x) that
2 Lg 2
Gr+1,i(Ter1) > gri(Tep1) — 204 T T38| Va-

23 oL
> (U= anguila) 20— o 252

+ Gﬂg} V2
2 Lg 2
> (L= an)geiwe) —n; |25 +Thg |V
and for every ¢ € {1,...,m}\I(x;) that

L
Git1,i(Teg1) > Gri(@pgr) — 2771624-1 [Rg + 359} V2

5g o LgVa | 3BgVa
> - 2L -
> —Nt1Va { g+ meVe |50k T 24
Bgva
> - Vo .
Z =N TV [ o
where we used that « = Lr/Rand V,, = 7Lr implies £¢Ye — =TLg. O
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F.4 Average Time-Varying Constraints

An important special case where Assumption F.1 is satisfied, is summarized in the following slightly
more general version of Lemma 3.2.

Lemma F.6. Suppose the functions g; ; satisfy Assumption 1.1 and in addition there is a decision

X1 € Br such that |y i (v ,)| < %[% + 35g]R2, foreveryt > landi € {1,...,m}. Then the
following average time-varying constraints, satisfy Assumption 1.1 and Assumption F.I:

gt,i(x) = — ggﬂ‘(l‘) c R™. (S6)

The rest of this subsection is devoted to proving Lemma F.6. We achieve this in two steps. We start
by showing in Lemma F.7 that the average time-varying constraints satisfy Assumption 1.1, and then
in Lemma F.8 we demonstrate that they also satisfy Assumption F.1.

Lemma FE.7. Suppose g, ; is concave Sg-smooth such that |Vg ;(x)|| < Lg forall x € Bap, t > 1
and i € {1,...,m}. Then, the average function

gt, 7, . Z ge, z
is concave and Bg-smooth and |V gy ;(2)|| < Lg holds for all z € Byp, t > 1 andi € {1,...,m}.
Proof. By assumption, each gy ; is concave and Sg-smooth, which implies

. - - B
Gei(Ter1) > Gei(Te) + [ng,i(xt)]T[th —x] — 7g||$t+1 - CUt||2~
Summing over all £ € {1, ...,t} yields
1< 1< B
- Zgz i(Te41) de i(zt) [z ; Vﬁe,z‘(xt)} (w41 — @] =3 ; 7g||33t+1 —z4])?,

since 1 S, Viei(z) = Vgq.i(x), which is equivalent to

9t,¢($t+1) > gt,i(mt) + [VQt,i(x)]T[$t+1 - xt} - %Hﬂftﬂ - xt”%

Hence, g;; is concave and g-smooth.

Moreover, since ||Vg:;(z)|| < Lg for all z € Byg, we have

1V ge.i(x E:HVWZ )| < Lg-

We show next that the average time-varying constraints satisfy Assumption F.1.

Lemma F.8 (Average TVC). Suppose gy ; is concave Bg-smooth such that |V, ;(z)|| < Lg for all
x € Byg, t > landi € {1,...,m}. Further, suppose for everyt > 1l andi € {1,...,m}, there
exists a decision x;; € Br such that

~ 1[L
[Gri(eea)| < 5 { — + 30 ] (87)
Then, for « = Lx /R, step sizes iy = 1/(av/t + 15) and V,, = 7Lz, it holds for every x € By that

L
|gt41,i(2) — gri(2)] < 2n7y [g + 359} V2.

R
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Proof. Using the inequality —— < 221 forevery ¢ > 1 and 77 =1 t +16)), it follows
g q y t+1 2 t+16 Yy t+1
by construction that

1 t
e410) ~ s = | Tenn) + (o) - a0
1
= m|gt+1z() gt.i(x)]

t
—1; > Gerri(@) = Geilz)
=1

t
17 1 - -
< 77f2+12 o E [9t+1,i(z) — ge.i(z)]. (S8)
t i3

By triangle inequality |g;+1,;(z) — Ge.i(x)] < [G1+1,:(x)| + |ge,: ()| and thus it suffices to bound the
term |g; ;(«)| foreveryt > 1,4 € {1,...,m} and z € Bag

By assumption, z € Byr and there is x; ; € B satisfying inequality (S7). Further, g ; is concave,
which implies

Gi(®) = Gri(wei) < [Vri(wes)) ' [z — 2] <5LgR
and the fact that g, ; is concave Jg-smooth yields

- _ - B
Gei(2) = Gri(@es) > [Vari(we)] o — 2] — 7g||$t,i —z|?

V

Lg 2
-5 | = R
> =5 { 7 +3ﬁg}

Further, by combining |§“(x) — §“(z“)| < 5[% + BBQ]RQ, triangle inequality and assump-
tion (S7), we obtain for every = € B,g that

19¢:(x)] = [9,:(x) — g.i(e,0) + Ge.i(Te.4)]
< @t (@) = Gri(xe i)+ gei(zes)]
Lg
< 3
< 4 [ 9 4 35 }

The statement follows by combining « = Lx/R, V, = 7Lz, (S8) and

17 5 1= - _
|9t+1,i(%) — gri2)] < 77t2+12 a’- Z‘gt+1,i(x)_gl,i(x)|

L
M [ -+ 3ﬁg] 1702R?

N

L
ot | 52+ 36] V2
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