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Here you may find parts of proofs omitted in the main article. The numbering herein
employed is the same as in the main article.

We remind the reader that K ⊂ Rm is compact, f : K → R is ℓ-Lipschitz, and

f̃(x) = ρ
(
|f(a)| − ℓ|x− a|

)
sg f(a);

g(x) = (2π)−m

∫
F (v) exp(i⟨v, x⟩ − |v|2/2Ý2)Ψ(v/Ý) dv;

h(x) = (2π)−m/2ÝmE
(
|F (Ý𝓃)|Ψ(𝓃)

[
|𝓃| > ϑ

]
c(Ý𝓃, x)

)
.

Furthermore, H1, . . . , Hp are iid copies of G(𝓌,𝒷)ρ(⟨𝓌,♢⟩+ 𝒷)) defined in Lemma 4
of the main paper.

Lemma 1. f̃ is a compactly supported ℓ-Lipschitz extension of f.

Proof. All that remains to be shown is that f̃ is ℓ-Lipschitz; the rest was shown in the
main paper.

Let x1, x2 ∈ Rm. Following [4] suppose WLOG that |f̃(x1)| ⩾ |f̃(x2)|. In other words,

ρ
(
|f(a1)| − ℓ|x1 − a1|

)
⩾ ρ
(
|f(a2)| − ℓ|x2 − a2|

)
.
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If f(a1)f(a2) > 0, then

|f̃(x1)− f̃(x2)| =
∣∣∣ρ(|f(a1)| − ℓ|x1 − a1|

)
− ρ
(
|f(a2)| − ℓ|x2 − a2|

)∣∣∣
= ρ

(
|f(a1)| − ℓ|x1 − a1|

)
− ρ
(
|f(a2)| − ℓ|x2 − a2|

)
(1)

⩽ ρ
(
|f(a1)| − ℓ|x1 − a1|

)
− ρ
(
|f(a1)| − ℓ|x2 − a1|

)
⩽
∣∣∣ρ(|f(a1)| − ℓ|x1 − a1|

)
− ρ
(
|f(a1)| − ℓ|x2 − a1|

)∣∣∣
⩽
∣∣∣ (|f(a1)| − ℓ|x1 − a1|

)
−
(
|f(a1)| − ℓ|x2 − a1|

)∣∣∣
= ℓ
∣∣∣|x2 − a1| − |x1 − a1|

∣∣∣ ⩽ ℓ|x1 − x2|,

since ρ is evidently nondecreasing and 1-Lipschitz.

If f(a1)f(a2) ⩽ 0, however, we must distinguish three further cases.

If additionally |f̃(x2)| > 0, i.e., |f(a2)| − ℓ|x2 − a2| > 0, then

|f̃(x1)− f̃(x2)| = ρ
(
|f(a1)| − ℓ|x1 − a1|

)
+ ρ
(
|f(a2)| − ℓ|x2 − a2|

)
=
(
|f(a1)| − ℓ|x1 − a1|

)
+
(
|f(a2)| − ℓ|x2 − a2|

)
= |f(a1)|+ |f(a2)| − ℓ|x2 − a2| − ℓ|x1 − a1|
= |f(a1)− f(a2)| − ℓ|x2 − a2| − ℓ|x1 − a1|
⩽ ℓ|a1 − a2| − ℓ|x2 − a2| − ℓ|x1 − a1|
⩽ ℓ|x2 − a1| − ℓ|x1 − a1| ⩽ ℓ|x1 − x2|.

If additionally |f̃(x1)| > 0 and |f(a2)| − ℓ|x2 − a2| ⩽ 0, that is, f̃(x2) is zero, then

|f̃(x1)− f̃(x2)| = |f̃(x1)| = |f̃(x1)| − |f̃(x2)|

= ρ
(
|f(a1)| − ℓ|x1 − a1|

)
− ρ
(
|f(a2)| − ℓ|x2 − a2|

)
,

which is (1). Lastly, if both f̃(x1) and f̃(x2) are zero, then |f̃(x1)− f̃(x2)| = 0, whence
the desired Lipschitz continuity of f̃ readily follows.

Lemma 2.
∥∥f̃ − g

∥∥
∞ ⩽

ℓ

Ý

(
2− 21/3am−2/3

)√
m.
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Proof. Using various substitutions yields that

(2π)−m

∫
F (v) exp(i⟨v, x⟩ − |v|2/2Ý2)Ψ(v/Ý) dv =

(2π)−m

∬
f̃(u) exp(−i⟨v, u⟩) exp(i⟨v, x⟩ − |v|2/2Ý2)Ψ(v/Ý) du dv =

(2π)−m

∬
f̃(u) exp(i⟨v, x− u⟩ − |v|2/2Ý2)Ψ(v/Ý) dv du =

(2π)−m

∫
f̃(x− t)

∫
exp(i⟨v, t⟩ − |v|2/2Ý2)Ψ(v/Ý) dv dt =

(2π)−m

∫
f̃(x− s/Ý)

∫
exp(i⟨w, s⟩ − |w|2/2)Ψ(w) dw dt =

∫
f̃(x− s/Ý)(δZ ∗ ψ)(s) ds,

where the second equality follows readily from Fubini’s theorem because f̃ and Ψ are
compactly supported. In the main article it was shown that∥∥f̃ − g

∥∥
∞ ⩽

ℓ

Ý

∫
|s|(δZ ∗ ψ)(s) ds,

so all that remains to be shown is that
∫
|s|(δZ ∗ ψ)(s) ds ⩽

(
2− 21/3am−2/3

)√
m.

Since ψ is a pdf, ψ = δX for some random variable X. Thus,
∫
|s|(δZ ∗ ψ)(s) ds =

∫
|s|(δZ ∗ δX)(s) ds = E|Z +X| ⩽ E|Z|+ E|X|.

Since |Z| is chi distributed with m degrees of freedom, Wendel’s inequality [6] yields that

E|Z| = Γ((m+ 1)/2)

Γ(m/2)

√
2 ⩽

√
m.

By Jensen’s inequality and [3, thm 5.1],

E|X| ⩽

√∫
|x|2ψ(x) dx = 2jν/

√
m.
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Indeed, as follows from the scaling property of the Fourier transform,
∫
|x|2F −1

!

(ω ∗ ω)
(
♢/

√
m
))

(x) dx =

mm/2

∫
|x|2F −1

tω ∗ ωu

(
x
√
m
)
dx =

1

m

∫
|u|2F −1

tω ∗ ωu(u) du = 4j2ν/m.

We now claim that 2jν/
√
m <

√
m− 21/3am−1/6. In [5], it has been proven that

jν < ν − a(ν/2)1/3 + 3
20
a2(ν/2)−1/3

for all ν > 0. If m ⩾ 3, then ν = m/2− 1 > 0, so

2jν/
√
m <

√
m− 2/

√
m− 22/3a(m/2− 1)1/3/

√
m+ 6

20
a2(ν/2)−1/3/

√
m

<
√
m− 22/3a(m/2)1/3/

√
m+ ( 6

20
a2(ν/2)−1/3 − 2)/

√
m

=
√
m− 21/3am−1/6 + ( 6

20
a2(ν/2)−1/3 − 2)/

√
m.

Since (ν/2)−1/3 is clearly decreasing in m and m = 3 ⇒ 6
20
a2(ν/2)−1/3 < 2, as can be

verified numerically, the last term will always be negative and can thus be discarded to
yield our claim for all m ⩾ 3. One can verify the cases m = 1, 2 numerically. Putting
everything together yields the desideratum.

Lemma 3.
∥∥g − h

∥∥
∞ ⩽

2ℓR√
πm

Vm

"

RϑÝ√
2π/e

*m

.

Proof. In the main article we has already shown that∥∥g − h
∥∥
∞ ⩽ (2π)−m/2Ým

∥∥f̃∥∥
1
P

!

|𝓃| ⩽ ϑ
√
m

)

,

so all that remains is to bound
∥∥f̃∥∥

1
and (2π)−m/2ÝmP

!

|𝓃| ⩽ ϑ
√
m

)

.

Starting with the former, since |f̃(x)| = ρ
(
|f(a)| − ℓ|x− a|

)
,

∥∥f̃∥∥
1
=

∫

K̃

|f̃ | =
∫

K

|f̃ |+
∫

K̃−K

|f̃ | ⩽M |K|+
∫

|u|⩽M/ℓ

(
M − ℓ|u|

)
du.
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Now,

∫
|u|⩽M/ℓ

(
M − ℓ|u|

)
du = Vm

M/ℓ∫
0

(M − ℓy)ym−1 dy =
VmM

m+1

ℓmm(m+ 1)
.

In conjunction with the previous display, this yields that

∥∥f̃∥∥
1
⩽M

(
|K|+ Vm

(M/ℓ)m

m(m+ 1)

)
⩽M

(
VmR

m + Vm(M/ℓ)m
)
⩽ 2ℓRVmR

m,

because M ⩽ ℓR. Indeed, since K has circumradius R, it follows that diam(K) ⩽ 2R,
so 2M = max f −min f ⩽ ℓ diam(K) = 2ℓR because f is ℓ-Lipschitz.

As for the latter, |𝓃| has a chi distribution with m degrees of freedom, so the cdf of |𝓃|
may be expressed as P (m/2,♢2/2) [2, §8.2(i)]. If x ⩾ 0, then [2, (8.6.3)]

P (a, x) =
xa

Γ(a)

∞∫
0

exp(−at− xe−t) dt ⩽
xa

Γ(a)

∞∫
0

exp(−at) dt = xa

aΓ(a)
.

Additionally aΓ(a) > (a/e)a
√
2πa for all a > 0 [2, (5.6.1)]. Ergo,

(2π)−m/2ÝmP
!

|𝓃| ⩽ ϑ
√
m

)

= (2π)−m/2ÝmP (m/2,mϑ2/2)

< (2π)−m/2Ým 1√
πm

(
mϑ2/2

m/2e

)m/2

=
1√
πm

(
ϑÝ√
2π/e

)m

.

Multiplying the obtained bounds readily yields the desideratum.

Lemma 4. h = E(G(𝓌,𝒷)ρ(⟨𝓌,♢⟩+ 𝒷)) on K, where

• G(w, b) = −2ãR
√
mΛ2(2π)−m/2Ým|F (Λw)|Ψ(w/ã)[

|w| ⩾ ϑã
√
m
]
cos(Λb− argF (Λw));

• 𝒷 being uniformly distributed on
[
−ãR

√
m, ãR

√
m
]
;

• 𝓌 ∼ N(0, ãIm).
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Proof. Letting N ∼ N(0, ãIm) and φ(v) = argF (v) allows us to write

(2π)−m/2ÝmE
(
|F (Ý𝓃)|Ψ(𝓃)

[
|𝓃| ⩾ ϑ

√
m
]
c(𝓃, x)

)
=

(2π)−m/2Ým

∫
|F (Ýu)|Ψ(u)

[
|u| ⩾ ϑ

√
m
]
c(Ýu, x)δZ(u) du =

(2π)−m/2Ým

∫
|F (Λw)|Ψ(w/ã)

[
|w| ⩾ ϑã

√
m
]
c(Λw, x)δN(w) dw =

∫(
(2π)−m/2Ým|F (Λw)|

[
|w| ⩾ ϑã

√
m
]
Ψ(w/ã)

)
cos(φ(Λw) + Λ⟨w, x⟩)

[
|⟨w, x⟩| ⩽ ãR

√
m
]
δN(w) dw,

since |⟨w, x⟩| ⩽ |w|.|x| and the support of Ψ is
!

w ∈ Rm : |w| ⩽
√
m

)

.

Now, using the fundamental theorem of calculus and integration by parts,

cos(φ+ Λz)
[
|z| ⩽ B

]
= −Λ

z∫
−∞

sin(φ+ Λy)
[
|y| ⩽ B

]
dy

= −Λ

∫
sin(φ+ Λy)

[
|y| ⩽ B

]
ρ̇(z − y) dy

= −Λ2

∫
cos(φ+ Λy)

[
|y| ⩽ B

]
ρ(z − y) dy

= −Λ2

∫
cos(φ− Λb)ρ(z + b)

[
|b| ⩽ B

]
db.

Upon plugging back in, this yields that

h(x) =

∬
G(w, b)ρ(⟨w, x⟩+ b)

1

2ãR
√
m

[
|b| ⩽ ãR

√
m
]
δN(w) db dw,

which is the expanded form of desired expectation.

Lemma 5. Let Nn = 1
n

∑n
p=1Hp and t > 0. Then

P
!∥∥Nn − E(H)

∥∥
K
> t

)

⩽

2 exp

(
−n
2

(
t

2R2
√
m(2π)−m/2Ým+1(1 + 1/ϑ)ℓ|K̃|

)2
)
.
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Proof. We first prove the existence of the measurable selector Xn.

To that end, let (Ω,Σ) be the measurable space underlying P. We define

ξ : Ω×K ∋ (ω, x) 7→
∣∣Nn(x)(ω)− E(H(x))

∣∣;
Ξ(ω) = argmax

x∈K
ξ(ω, x) =

!

x ∈ K : ξ(ω, x)−max
u∈K

ξ(ω, u) = 0
)

⊂ K.

Note that H(♢)(ω) and E(H(♢)) are Lipschitz continuous for all ω ∈ Ω, and
!

max
u∈K

ξ(♢, u) ⩽ c
)

=
⋂
u∈K

tξ(♢, u) ⩽ cu =
⋂
q∈S

tξ(♢, q) ⩽ cu,

where S is a countably dense subset of K, whence max
u∈K

ξ(♢, u) is measurable. Ergo,

Ω×K ∋ (ω, x) 7→ ξ(ω, x)−max
u∈K

ξ(ω, u)

is a Carathéodory function [1, def. 4.50]. Since K is a compact subset of Rm, it follows
that Ξ is a (weakly) [1, lem. 18.2] measurable [1, cor. 18.8] correspondence [1, def. 17.1]
with nonempty closed values from a measurable space into a Polish space. Thus Ξ admits
a measurable selector [1, thm 18.13], that is, there exists a random variable

Xn : Ω ∋ ω 7→ Xn(ω) ∈ Ξ(ω)

such that
∣∣Nn(Xn)− E(H(Xn))

∣∣ = ∥∥Nn − E(H)
∥∥
K
.

In order to apply Hoeffding’s inequality to

P
!∥∥Nn − E(H)

∥∥
K
> t

)

= P
!∣∣Nn(Xn)− E(H(Xn))

∣∣ > t
)

,

we need to bound H(Xn) a.s., which we can do as follows.

|H(Xn)| = |G(𝓌,𝒷)ρ(⟨𝓌, Xn⟩+ 𝒷)| ⩽

2ãR
√
mΛ2(2π)−m/2Ým|F (Λw)|.|Ψ(w/ã)|

(
⟨𝓌, Xn⟩+ ãR

√
m
)[

|w| ⩾ ϑã
√
m
]
⩽

2ãR
√
mΛ(2π)−m/2Ým

(
Λ|F (Λ𝓌)|

)
R(1 + 1/ϑ)|𝓌| ⩽

2R2
√
m(2π)−m/2Ým+1(1 + 1/ϑ)

∥∥∥|Λ♢|.|F (Λ♢)|
∥∥∥
∞

=

2R2
√
m(2π)−m/2Ým+1(1 + 1/ϑ)

∥∥∥|♢|.|F (♢)|
∥∥∥
∞
,
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because |Ψ| ⩽ 1 and Xn(ω) ∈ K. Now, using the fact that
∥∥F t♢u

∥∥
∞ ⩽

∥∥♢∥∥
1

and
utilizing Minkowski’s integral inequality twice yields that∥∥∥|♢|.|F (♢)|

∥∥∥
∞

=
∥∥∥|t♢pF (♢)ump=1|

∥∥∥
∞

⩽
∣∣∣!∥∥♢pF (♢)

∥∥
∞

)m

p=1

∣∣∣
=
∣∣∣!∥∥F t∂pf̃u

∥∥
∞

)m

p=1

∣∣∣ ⩽ ∣∣∣!∥∥∂pf̃∥∥1)m

p=1

∣∣∣
⩽
∥∥∥|t∂pf̃u

m
p=1|
∥∥∥
1
=
∥∥∇f̃∥∥

1
⩽ ℓ|K̃|,

so H(Xn) is (a.s.) bounded by 2R2
√
m(2π)−m/2Ým+1(1 + 1/ϑ)ℓ|K̃|. Here, |t♢pu

m
p=1|

denotes the Euclidean norm of the vector t♢pu
m
p=1 ∈ Rm.

Above we implicitly used Rademacher’s theorem to conclude that ∇f̃ exists a.e. We also
used that

∥∥∇f̃∥∥∞ ⩽ ℓ, which can be seen as follows.

It suffices to show that |∇f̃(x)| ⩽ ℓ for all x ∈ K̃ for which ∇f̃(x) exists. Suppose
x ∈ K̃ is such that ∇f̃(x) exists. If ∇f̃(x) = 0, there is nothing to prove, so we may
additionally assume that ∇f̃(x) ̸= 0. For almost every such x it holds that

lim
h→0

∣∣∣∣ |f̃(x+ hu)− f̃(x)|
h

− |∇f̃(x)|
∣∣∣∣ ⩽ lim

h→0

∣∣∣∣ f̃(x+ hu)− f̃(x)

h
− |∇f̃(x)|

∣∣∣∣
= lim

h→0

|f̃(x+ hu)− f̃(x)− ⟨hu,∇f̃(x)⟩|
|hu|

= 0,

where u =
∇f̃(x)
|∇f̃(x)|

and h > 0. As such,

|∇f̃(x)| = lim
h→0

|f̃(x+ hu)− f̃(x)|
h

⩽ ℓ,

because u is a unit vector.

The claim of the lemma then follows from directly applying Hoeffding’s inequality.
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