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Figure 2: Mean estimation algorithms for (a) bounded distributions and (b) univariate Gaussian
distributions. The x-axis is a proxy for degree of contamination of the model.

A Experiments

We investigate the practical performance of our algorithms and compare it with baseline in Figure
For bounded mean estimation, we use the sample mean as the baseline since it is the minimax robust
estimator in the homogeneous setting. For univariate Gaussian mean estimation, we use the sample
median, equivalent to Tukey median in one dimension, as the baseline for the same reason.

We set n = 10* and for a fixed value g, we sample the corruption rates X i.i.d. from the distribution
with cdf given by F(t) = 1 — (1 — t)?. As g increases we can expect a higher corruption rate.
Fixing this sampled A, we sample the dataset 10* times. For bounded distribution, we plot the mean
squared-error and the corresponding standard deviations over the trials at each value of g considered.
For the Gaussian distribution, we plot the empirical %-th quantile of the squared-error along with

%-th and %—g-th quantiles over the trials. For the bounded distribution, we choose = 1 and choose
the true underlying distribution to be the point mass at 0, and the corrupted values to be 1. For
univariate Gaussian distribution, we fix the true distribution to be A'(0, 1) and the corrupted values

sampled i.i.d. from A/(100,1).

Optimal linear method in the plots refer to the reweighing scheme proposed while threshold method
refers to the special case of reweighing that discards samples above a certain corruption threshold
and performs standard homogeneous robust estimation on the sub-sampled dataset.

While unclear for the Gaussian distribution, the reweighing does seem to provide marginal improve-
ment over thresholding method. Further investigation is required to establish whether reweighing
may pose significant advantages in high dimensions.

B Bounded Mean Estimation: Proofs

B.1 Variance Upper Bound

Using E|| X + Y2 < 2E||X||2 + 2E||Y |2, we get

n 2 n n
E Y wi(Z —E[Z])| | =E || wi((l—B)X; — (1= X)up) + »_wi(BiXi = Nipg,)
i=1 9 i=1 i=1
(28)
n 2 n 2
i=1 2 i=1 2
(29)
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14 Since {(1 — B;)X; — (1 — X\;)up} are independent random variables and ||(1 — B;) X;||2 < 7, we
815 can use the crude variance bound E||(1 — B;)X; — (1 — \;)up||3 < 72 to obtain

2

E < 7 |lwlf3- (30)

Y wil(l = B)(X; — up) = (1= X)up)
i=1

2

s16 Inspecting the other term, we use the law of total variance by conditioning on B. In particular,

E (D wi(BiXi = Xing)|| | =E || D wi(Bi(Xi — pq.) + o, (Bi — M) 3D
i=1 2 i=1 2
n 2 2
i=1 2 i 2
(32)
817 For the first term in (32)), use Jensen’s inequality as
n 2 [ n 2
=1 2 1=1 2

- ,
< 4r°E <ZwiBi> (34)
=1

=42 Y " wiXi(1 = N) + 4 (w"N)? (35)

< r2||w||§ +4r2(wT)\)2. (36)

ste  For the second term in (32)), using the fact that ||ug,

2 < r, using Jensen’s inequality we get

2

[V

Z wittg, (Bi — Ai))

2
E <r’E (Zw(&&))) S%lelé- (37)

2

st9  Combining the above, obtain

n 2
E [|> wi(Z —E[Z])|| | < 7r*[w]3 +16r%(w"))? (38)
=1 2
s20 B.2 Upper Bound Solution
821 To solve
min [[w]|* + e(w’ A)?, (39)

wEA,

s22  consider the Lagrangian £(w, 8,7) = ||w|j3 + c(wT\)? +28(1 — 3, wi) — >, 2y;w;. KKT
823 condition on the Lagrangian leads to

w; = B — c(w N + 7 Vi, (40)
g24 where y;w; = 0,7; > 0 Vi. Thus, we can equivalently write

w; = (B — c(w M)A 4. (41)

825 Notice that w; are decreasing in \; thus, order the indices such that \; < A,... < \,. Note that
g26  since this is a strictly convex objective with a convex compact constraint set we are guaranteed a
827 unique solution w.
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Let m such that w; > 0 V¢ < m and w; = 0 V¢ > m; if no such m exists then it is understood
m = n. Since ) w; = 1, use {@1) to obtain the condition

mp — c(w" N|IAP]1 = 1. (42)
Noting that w” A = Y7 | w; \;, we can use to obtain
whA = BIAT 1 — cw XI5 (43)
Solving for w” A and substituting in (#2)), obtain 8 = 6 +Cﬁj\”j‘|||’;%rj|§” s7yz- and
112 111
1+ A7 ( AT [l ) :
w; = — — 1—c\; — Vi € [n]. (44)
m(1+cl|AP][3) — el A7 L+ cllAP(I3 )

Thus, the problem of solving for the weights has been reduced to identifying the index k after which
the weights are zero. This is precisely what Algorithm |I does. In particular, m + 1 = min{j :

w; = 0} by definition and w41 = 0 < Ajpyq > Lel A7llz by (@4). Therefore, if the loop in

cllAT [l
Algorithm |1 runs without termination till index k& = m, then it will correctly terminate at k = m
. 14e| A2
since A1 > %

Thus, we need to show that the algorithm does not terminate before k£ = m to prove correctness.

P12
Assume the contrary that it terminates at k = p < m, i.e., A\p41 > % Observe that
1

1+ | A713 L+ e X3
Apt1 2 —mpr— S Api1 = —— (45)
! clAflh : e AT
L+ e A3
= M2 2> —— T (46)
cIAT
where follows since A(s) are indexed in non-decreasing order. Extending this argument, we get
m |2
A > W Note since w,,, > 0, we have
AT
1 pUL 2
A, < JFC”ml 12 (47)
el ATl
by — a contradiction. This proves that the proposed algorithm solves for w correctly.
B.3 Lower Bound
By Le Cam’s method,
252 n 1 n 1
L(A\r)>r0“(1-TV | ®,Ber 5 € , @ Ber 3 +é , (48)
=7r252(1- 1Zn:KL Ber 1*6- Ber 1+e- (49)
B 2 &~ 2 ') 2
=r22 [1-,]6> €], (50)
i=1

where we used 2¢ log 1£2¢ < 1262 Ve € [0, 1]. Let n(t) = |{i : A; < t}|, then we obtain
8 12 1

L(\,r) > r?s° (1 —1/66%n (1 i‘;é)) (51

> 262 (1 - \/662n(26)) Vo e [0, ﬂ (52)
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C Mean Estimation for Gaussian Distributions: Proofs

C.1 Upper Bound

Recall
n
Dy(n, Z) = mi J{0T(Z; —n) > 0}, 53
(n, 2) }}ég;;w {o"(Zi —n) > 0} (53)
frm(Z,w) := argmax D, (n, Z). (54)
U

Let G = {i: B, =0} and B = [n] \ G. Note that Z; = X for i € G. The depth of the true mean is
lower bounded as

D, (p, Z) > 7Ereugri ;:wi]l{(Xi — ) v >0} (55)

Define the class of indicator functions 7, = {f,(z) = I{(z — u)Tv > 0}[v € S4}. Note that
Elf(X)] =1 Vf € F,. With some abuse of notation, let w(G) = {w;|i € G}. By Proposition E,
we have with probability at least 1 — %
) 1 log4/6
i | f(XG) — 5 —

min i;;w (f (Xy) 2) 5

Y

—62[|w(G)l[21/VC(Fp) = [[w(G)ll2 (56)

Y

s (62\/&+ 1°g24/5>, (57)

where we used VC(F,,) = d; readers may refer to [43] Corollary 4.2.2] for VC dimension of
homogeneous half-space classifiers. Further, with probability at least 1 — §/4, by McDiarmid’s
inequality [28]

> wi = zn: w{B; = 0} (58)

i€G i=1
n log4/6
> wi(l=N) = [Jwll2 g2/ (59)
i=1
1= wTA = fway B2 (60)

2
Thus, with probability at least 1 — 6/2,

1 X 9log4/6
Du(pi, 2) 2 5 = == = |[wls (62x/ﬁ+ \/ °g8/> . (61)

Next, we show that depth of any point far away from the true mean is low. For any 1 € R such that
[n—pllz>r=271(3 +a),letv, = m We shall set the value of o > 0 later.

n

sup  D,(n,Z) < Zwl + sup Zwiﬂ{(Xi —n)Tv, > 0}. (62)

n:ln—pll2=r icB n:lln—plle>r 55

Define the class of indicator functions G,, = {f,,(z) = I{(z — n)Tv, > 0}|||n — pl|> > r}. Since
E[{(X — )"0, > 0}] = ®(— | — pll), we have E[f(X)] < £ — a ¥ € G,

Now, note that G, C {f, () = I{(z — n)Tv, > 0}|n € R?}. By reparameterzing =, we have
VC({fy(z) = L(z — n)Tvy = 0}y € RY}) = VC({fy(x) = I{(z —n)Tn > 0}n € R7}).
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Observe that VC({f,(z) = I{(x — n)Tn > 0}y € R?}) < VC({fyo(e) = [{(x — n)Tv >
0}n,v € R4}) = d + 1. Thus, VC(G,) < d+1 < 2d.

Thus, by PropositionE[, with probability at least 1 — §/4,

sup  Duw(n, Z) < sz’ + sup Zwig(Xi) (63)
n:lln—pll22>r ieB 9€9u ;=1
1 log4/6
§2w1+5704+||w||2 (62\/2d+\/ gz/ ) (64)
i€B
Again, by McDiarmid’s inequality, with probability at least 1 — §/4,
log4/4§
3w < WA w2 %. (65)
icB
Thus, with probability at least 1 — d/2, we have
1 log4/d
sp Du(Z) < > —atwr+ fuwl, ssvd+ 2/ 20 (66)
nilln—pllz>r 2 2

Combining and (66), picking a = 3w A + [|wl|z (150\/&—&— 3.54/ 10g24/5) ensures that no

point 7 such that || — n||2 > ®~!($ + a) can be returned by the Tukey median estimator. Thus,
with probability at least 1 — §, we have

N . 1
mnM—Mzs¢1(2+a> 67)
< 3a, (68)

using the identity @' (1 + ) < 3z Vaz € [0, 3]. The above upper bound is valid as long as

a= 3w+ ||wl. (150\/34— 3.5@) <1
Setting § = 1/5, ensuring Sw? A + ||w]|2 (150\/E+ 4.3) < 3wT A+ 155||w||2v/d < 1 suffices.

Thus, summarizing, let g(w, A) = $w”'\ + 155||w||2V/d. For w and A such that g(w, \) < 1, we
have the guarantee that with probability at least 2,

v — pll2 < 3g(w, A). (69)

To reduce the above condition to the simpler form stated in the main paper, note that

2
g(w,\)? < (ng)\ + 155||w||2\/é) (70)
2
< (15507 A+ 155] wll> V) 1)
< 2 x 155% ((w"'A)? + d||w|3) - (72)

Ensuring the above is less than § suffices. Thus, Vw € A,, such that (w” \)? + d||w||3 < 5315, We
have
sup Prz.,p [laTm(Z,w) — pp|3 > 432450 (T N)? + d||w|3)] < 1/5 (73)
PeD)

Correspondingly, the threshold based estimator satisfies the following — V¢ € [0, 1] such that % +

d 1
N < 1321500 We have
d
sup Przo,p |lis(Z,w(t)) — pp|3 > 432450 (t2 + )} <1/5 (74)
peDy N(t)
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C.2 Lower Bound

We provide a lower bound for Gaussian mean estimation in R? in this section. For a vector v € R\/E,

let e(v) denote a vector in R? with v as the first v/d elements and the last d — v/d elements equal to
0. Define the distribution parameterized distribution Ps(7) = N'(de(7), I) for § > 0 to be specified

later, and let Py = {P5(7)|7 € {—1,1}V4}.

Note: The supremum in our minimax definition is over both the true distribution and the adversarial
strategy. We shall specify the adversarial strategy later for our lower bound argument.

Note that Lpac (A, Dév) > Lpac(A, Ps) Vo and thus, we shall lower bound Lpac(A, Ps).
We begin by lower bounding

Lg(X\, Ps) = 1ansup Ez..p [||M( ) — ,upﬂg}. (75)
€P

For a vector 7, let 77 denote the vector such that 7; = Ti/j Vi# jand 7; = —Tj’.j . Using Assouad’s

lower bound technique [28]],
1
2 . 2
inf sup Bz, [1M(Z) — ppli3] > inf 75 > ﬁE[HM(Z) — de(7)]I3] (76)
Te{-1,1}

d
:iﬁfg% Y. D E[M(2);—se(r)P] a7

re{-1,1}vd j=1

d
> > E[M(Z); —de(r);P]  (78)
= re{-1,1}vd

Vd

> > E[IM(2); -m?]. (79
= re{-1,1}Vvd

Now, note that

E[|M(2); - o7,%] +E [|M(2); - 67’

>, E[M@Z);-mPl= ) 5 vj

re{-1,1}Vvd re{-1,1}Vvd
(830
Thus, we get
E[|M(Z); - 67?] + E ||M(Z); — 677|?
E(A, Ps) >1nfz f Z ’ ’ 5 [ ! ’ } (81)
re{-1,1}vd
v E[|M(2); - o7;%] + B ||M(2); - o7/ |?]
. J
Y T : ®
j=1 re{-1,1}vd
Vd
22 f Y (1= TV(Pzeypy(r) Pry b)) (83)
Jj=1 re{-1,1}vd

where the last line follows by Le Cam’s method and the notation Pz, ps (- refers to the distribution
of Z when the true distribution is Ps(7). We shall now specify a particular adversarial strategy to
lower bound the above.

Adversarial strategy motivation: Consider a particular sample with corruption rate A and let the
underlying true distribution be Ps(7). Denote the perturbed sample as Z(7) and the outlier to be

X (7). Note that Z(7) ~ (1 — A)Px(r) + APg ). For any particular clean sample X () ~ Ps(7),
the adversary’s goal is to ensure the sample Z(7) contains no information about 7. One possible way
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is that the adversary can try to ensure Z(7) ~ %, where the maximum is taken pointwise

over the pdf and 7" is a normalizing constant. Observe the identity

P(r)+ (ITI}SL&)T(P(T') - P(T)) = max P(r), (84)
+

where ()4 = max{-, 0} is pointwise over the pdf. First, note that

/a:eRd (max B(r)() - Psﬁ)(x)) =T

T'#T

(max, /., P(v')—P(r))
T-1

_ max_ P(1))
= o . Thus, for

. max., P(7)

+ is a valid

where Ps(7)(z) is understood to be the pdf of Ps(7) at . Thus,

(max,x;h. P(T/)—P(”'))+
T-1

pdf, and for A = =1, we have (1 — \)P(7) + A

any A > 1 — %, there exists a way for the adversary to make the distribution of Z(7)

T 9
rendering the sample useless for identifying 7.
Now, we find an upper bound on 7 in terms of §.
T / 1 _ nm—azmug d (85)
= max —¢ X
z€Rd T€{—1,1}Vd 4/ (27T)d
/ 1 B um—azmué d (86)
= max e x
ceRd \/(2m)% ref{-1,1}V4
1 i
= / ————= max e 2 T &7
2/ €RVA (27‘()\/8 TE{—l,l}‘/E
) d
ll=" —571I3
= ——— max e =z dz” (88)
[/E’/GR \/ (27‘(‘) TE{—I,l} ]
<2 Vd
_ [2 / L e_y;lzdy} (89)
yER:y>0 V2T
= [20(5)]"", (90)

where ®(-) is the cumulative distribution function of standard normal distribution. Using 2 (x) <
l1+zand 1+ z < e, we obtain

T < eV, 1)

Thus, if A > 1 — e=9V9 then the adversary can ensure that Z(7) ~ %P(T) and contains no
information about 7.

Adversarial strategy: If for sample i, \; > 1 — e 9V9, then independently sample X (1) ~
3 (max## Ps(r )—Ps(r)) T (1 ﬂ)%, where 3 = =00 The constraint \; >
+

T-1 A

1 — e=9V4 ensures 8 € [0, 1] and the above is a valid distribution.

Thus, Z(7) ~ %. If\; < 1—e 9V then adversary does no corruption, or equivalently,
independently sample X (7) ~ Ps(7) so that Z(7) ~ P5(7).
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o919 Thus, using Pinsker’s inequality in (83)), obtain

920

921

922
923
924

925
926

927
928

929

930

931

932

Vd

1 1
Lg(X, Ps) > Z Vi Z 8 (1 - \/2KL(PZNAP5(T)7PZ~AP5(T/J'))> 92)
Jj=1 re{-1,1}vd
Vi o 1
2 n n
- ﬁ o\ 1= \/QKL (®i=1PZi(T)’ ®i=1PZi(T'j))> ©3)
Jj=1 re{-1,1}vd
vd 1 1
— 2 .
=25 1= |5 X K@BEOBE) | o8
Jj=1 re{-1,1}vd A <l—e—0Vd
= Vdo? (1 —\/82n(1 — em)> Vo (95)
Let J, be such that
—5.vd 1 —5.vd 1
Substituting d, in (93)),
7 .
—Vds? <inf sup Ez.,p [|M(Z) - ppl3]. 97)
8 M PePs,

For a random variable K, let Q(K, o) :== inf{t : Pr[K > t] < (1—a«)}, i.e., Q(-, a) is the a-quantile
of the random variable. Note that for a random variable K, EK < Q(K,z)x + (1 — x)ess-supK
Vx € [0, 1], where ess-sup denotes essential supremum. Further, note that in the minimax term
inf s sup pep, , We can restrict ourselves to estimators M which output in [—d., 8,V x {0}d-Vd
almost surely — otherwise the error can be reduced by projected to this region. Thus ess-sup||M (Z) —

wpl|3 < 4+/ds? for any estimator M and any distribution P. Thus, combining the above observations,
we have

. . 4 4\ 4V/dé?
inf sup Ezo,p||M(Z)— ppl|3 <inf sup -Q (HM(Z)—,upH%,) + . (98)
M pepy, M peps, 5 5 5
Using (97), we get
7 4 4\ = 4Vdés?
—Vdé? < —inf M(Z) — ppl3, = x 99
g Vdo? < —int Psel;;;*Q( (Z) up||275>+ - (99)
4 4N/ds?
= 3LPAC()\,7’5*) + 5 (100)
3
= E\/&Sf < Leac(A\, Ps.) < Leac(A, DY). (101)

C.3 Minimax Optimality

. L 2 D NS
For proving Theorem lél, we shall use the weighing w; = N oV

(74), vt € [0, 1] such that t* + % < c for some universal constant ¢, we have

in our upper bound. From

lis(Z,w(0) - I S (24 575 ) (102
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933 Thus, if minte[o’l] (t2 + ﬁ) < ¢ and let the minimum value be attained at ¢*, then we have

d
is(Z,w(t*)) — pl|3 < (2 103
2 d

<(1-etV) e (104)

N (1 — 6*5*\/3)
< d6? + 64d5? (105)
~ dé?, (106)

934 where we used in (103). Combining with (I0I]), when min,c[o 1) (tQ + ﬁ) < ¢, we have
d

d6 <L ADY) < 224+ —— | < db?. 107
Vd pac(A, DY) S tgf(l)nl]( +N(t)) < dé? (107)

935 Thus, when min;¢g 1) <t2 + %) <eg,

1 . (. d ¥ (s d
— t —— | <L ADY) < t — . 108
Ja i, (74 ) S e 28 5 i (¢ 575 (o
o3 D Linear Regression: Proofs
937 D.1 Upper Bound
938 Recall
Dw(n,Z)_neunZwZ]I{Y "Wy (wTW;) > 0}, (109)
939 .
Brc(Z,w) = arg max Dy (1, Z). (110)
neRr?

940 Let the true underlying regression coefficient be 3, i.e., W ~ A(0,) and conditioned on W,
st Y ~ N(BTW,0?). Let G = {i : B; =0}, B = [n] \ G, and Let w(G) = {w;|i € G}. Note that
942 Z; = (W;,Y;) fori € G. The depth of the true coefficient is lower bounded as

D(8,2) = géggwiﬂ{(m — BTWi) (T W) > 0}. (111

a3 Define the class of indicator functions F5 = {f,(w,y) = I{(y — w? B)(vTw) > 0}|v € S4}. Note
oas that F[f(Z)] = % Vf e Fs. By Proposition we have with probability at least 1 — g

. 1 log4/6
i (f(X» - 2) > —62(@) | VC(F) ~ (@) /B )
> —Jlwl (62f+ \/ 10g24/6> , (113)

o5 where we used VC(F3) = d. To see this, notice I{(y — w” 8) (vTw) > 0} = I{vT (w(y — w?B)) >
se 0} = I{vTw > 0}, where 0 = w(y — wT'B) € RZ Thus, it is equal to the VC dimension of
947 homogeneous half-space classifiers, which is d [43, Corollary 4.2.2]. Further, with probability at
948 least 1 — 6/4, by McDiarmid’s inequality [28]]

i€G =1
log4/§
Z ~ w2 % (115)
log4 (5
- — [lel2/ =55 log4/9 (116)



949 Thus, with probability at least 1 — §/2,

T
Du(8,2) > % %A —Jwll2 <62\/&+ 1.5\/10‘524/5> . (117)

950 Next, we show that depth of any point far away from the coefficient is low. For any 7 € R? such that

o1 ||n—plls >, letv, = ﬁ We shall set the value of r > 0 later.
sup  Dy(n,Z) < Zwi +  sup Zwi]l{(Yi — nTWi)ngi > 0}. (118)
n:lin—pll2>r i€B n:lIn—pll2>r i=1

952 Again, by McDiarmid’s inequality, with probability at least 1 — §/4,

log4/é
S < wTA A [l °g2/ . (119)
i€B

953 Define the class of indicator functions Gg = { f,,(w, y) = I{(y — n"w) (v w) > 0}[|[n — plls > r}.
ss4  Thus, by Proposition ] with probability at least 1 — &/4,

n

log4/6
sup S ul(F(Z) < B (Z)) < 020wl [VC(G5) + o[22 120)
#i=1
955  Now, note that
E[f(Z)] =Pr[(Y —n" W)W (n - B) > 0] (121)
956 Using W ~ N(0,%) and Y|W ~ N (BTW, 02), we get that
(Y =" W)W (n — B) ~ M(C — M) (122)

957 where M = WT (n—B) ~ N(0,|n— B||%) and ¢ ~ N(0,?) are independent. Letting T, To ~;;q
9ss N(0,1),

Pr((Y —n W)W (n—B) = 0] =Pr[M(¢— M) >0 (123)

=Pr[¢ > M|M > 0] (124)

=Pr[oTy > |y — Bl T3 |T1 > 0] (125)

—1—Pr {TQ < Mnm > 0] (126)

=1- (1 + — arctan I = ’B”E> (127)

2 0w
=— arctan I - 5”E (128)
2
959 Thus,

E[f(Z)] < % - %arctang Vf € Gs. (129)

960 Thus, with probability at least 1 — §/2, and using VC dimension bound presented in Proposition

1 log4/6
— = arctan — + wTA + [lw]]2 (2\/0g2/ +879\/Zl> . (130)
™ g

961 Combining with (117), setting

r = o tan {w [;wTA + [Jwll2 (3.5\/ log24/§ + 941@)] } (131)

29

sup  Dy(n, Z) <
n:ln—plls>r

l\.’)\»—~
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ensures that the estimator BTC satisfies
1Brc = Blls <r (132)

with probability at least 1 — ¢ as long as [ng)\ + |lw]|2 (3.5 % + 941\/&)} < %

Substitute § = + and let g(w, \) = 3wT\ + 946||w||2v/d. Then, for w such that g(w, \) < 2, we
have with probability at least %,

1Brc = Blls < o tanmg(w, A) < 8og(w, ), (133)
where we used the identity tan mz < 8z Va € [0,2/5].

To reduce the above condition to the simpler form stated in the main paper, note that
2
3 2
(QwTA+946|wllz\/Zi) < (946wTA+946\|w||2\/21) (134)

<2 x 9467 ((w"A)? + d|wlf3) . (135)
Ensuring the above is less than % suffices.

Thus, Yw € A, such that (w"'A)? + d||w(|3 < {15150+ We have

sup Prz-,p [HBTC(Z,w) — up||% > 11454924802 ((w” \)? + d|\w||§)} <1/5 (136
PeD)

Correspondingly, the threshold based estimator satisfies the following — V¢ € [0, 1] such that 2 +
d

_d_ 1
N < TiTseaso- We have

d
sup Prz.,p [HﬂS(Z,w(t)) — pup||% > 11454924802 <t2 + )] <1/5 (137)
PeD) N(t)

Proposition 3. VC(Gg) < 200d.

Proof. Recall Gg = {f,(w,y) = I{(y — nTw)(v};w) > 0}|ln — plls > 7}, where v, = Hnn—;ﬁh
Let G5 = {fy(w,y) = {(y —n"w) (v w) > 0}|n € R%, 7 # p}. Note that for the purposes of VC
dimension calculation, by re-parameterizing y and 7, we can write

G5 = {gn(w,y) ={(y —n"w)(n"w) > 0}n € RY, n # 0}. (138)

We now switch to region notation instead of a functional notation. Let G, = {(w, y)|g,(w,y) = 1}
and define the following

« Hit = {(w,y)ly —n"w > 0},
« Hy” = {(w,y)ly —n"w <0},
« Hyt = {(w,y)[n"w > 0},
« HY” = {(w,y)ln"w < 0}

Note that G, = (H)* N H2*) U (H)™ NH}™). Define G = {Gy|n € R, n # 0}, HT =
{H*NnHXne Re n#0}and H™ = {H,%_ NHX |ne R% n # 0}.
We use the following property related to VC dimension [43]]:

VC{ANBJ|A € A, B € B}) < 10max{VC(A),VC(B)}. (139)
The above holds for union as well.
Noting that G C {G = Hi{UH3|H, € H*,Hy € H™ }. Define T = max{VC(H "), VC(H )} then
VC(Q;) = VC(G) < 10T Similarly, by writing H™ C {H,* N H3],+|77,7]’ € R n,n' # 0}, we
have VC(HT) < 10 max{VC({H,}*}}),VC({H;"})} = 10(d+1), where we used VC({ H,"}) =
d+1and VC({H?"}) = d. Similarly, VC(H ™) < 10(d + 1).

Thus, VC(G) < 100(d + 1) < 200d. O
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D.2 Lower Bound

The lower bound argument we present is similar to Appendix [C.2.

We begin by noting that when true regression coefficient is S then (W,Y) ~
b p]

w0 |Fs i)

For a vector v € RV<, let e(v) denote a vector in R? with v as the first v/d elements and the last d—+/d

elements equal to 0. Let (1) = 6%~ 2¢(r) for § > 0 to be specified later. For 7 € {—1,1}V4,
define the Y|W ~ N (WTB(7), 02). In other words, for 7 € {—1,1}V<, (W, Y) ~ Ps(r) where

Ps(r) =N (0’ [B(TX)]TE B(T)TZZ%((TT)) + UzD

and let Ps = {Ps(7)|r € {-1,1}V}.
We have Lyeg(A, D(X,02)) > Lyeg(X, Ps) V0 and thus, we shall lower bound Lyeg (A, Ps).
We begin by lower bounding

Lg(X, Ps) = inf sup Ez,p [|M(Z) - Bp|3] - (140)
M pep;

For a vector 7, let 77 denote the vector such that 7; = Ti/j Vi # jand 7 = *T]{j . For an estimation

M(Z), define N(Z) = ¥ 2 M(Z) - note that this is a bijective map. Using Assouad’s lower bound
technique [28]],

inf sup Ez.,p [1M(2) - Bp|%] > inf —= f > E[IM(Z) - B3] (141)
PePs Te{— 11}Vﬁ
. 1
=if o= > E[IN(Z) - de(m)3] (142)
Te{-1,1}vd
. 1
=inf 7= > E[IN(Z) - de(r)I3] (143)
re{-1,1}Vvd

1nf2f > ZIE IN(Z); — de(r); )] (144)

re{-1,1}vdj=1

d
Z f S E[IN(Z); - be(r);]?]  (145)
.
Z

re{-1,1}Vvd

> E[IN(2),-é7l%]. (146)

7—6{_111}\/E

Now, note that

E[IN(2); - 67’ +E[IN(2), - 077 ]

Y E[NGZ), -] = ) 5 \Z]

re{-1,1}Vd re{-1,1}Vd

(147)
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Thus, we get

o E[|N(2); — o’ ] + E [|N(Z)j _5Tj<j|2}

A'P§ >1DZ Z 5

E[IN(2); - o] + B [IN(2); - 677

.
1 .
Y ¥ w :

re{-1,1}vd
Vd
>y — f > (= TV(Pzeyps(r)s Pzms Py(r0)):
j=1 re{-1,1}v4

(148)

(149)

(150)

where the last line follows by Le Cam’s method and the notation Pz, p(-) refers to the distribution
of Z when the true distribution is Ps(7). We shall now specify a particular adversarial strategy to

lower bound the above.

Adversarial strategy motivation: Readers can refer to the motivation in Appendix|C.2 for more
details on the main idea behind the strategy described. We need to find an upper bound on the

normalizing constant 7" for the pdf M . Let

sm=[ = S4(r)
B)TE B(r)TEA(T) + 0
Thus,
1 llw, y)HS(T) L
T :/ max —————e dwdy
weRd yeR re{—1,1}Vd /(27)4+1|S(7)|
By Schur’s formula, |S(7)| = |3|o? and by block inversion formula,
- n-1 4 B0 Br)
1 _ o2
S(r)™ = (TQ)F 7
LR
Performing change of variable (w, y) = G(z,y) where G = [ 02 J , we obtain
T = / max —— 1 -afieismTdey %30 dzdy
z€R, yeR re{—1,1}vd (27T)d+1|2‘0'2 0 1
Noting that
T b
QTS -G = e(T)e T) —%e(T)
6= [T )]
we get
=13 _ (Se(r Tl w2
T= / max ;6_72 = : dxdy
z€R4 yeR TE{ 1,13vd (27T)d+1‘72
T 2
_ o llall3 /2/ el T
rcRd \/ 27‘( yeR V 271'0'2 TE{ 1 1}f Y
1 1 (07T e —y)?
= — e lellz2 —— max e 22 dydr
/ze]}wi /(277)\/3 yeR V202 re{-1,1}v4
Let X ~ A (0,I) be a random variable in RV4. We can write

T=Ex

e_ 202

/ 1 ¢rTx y)Qd
max Yy
yeR V2102 re{—1,1}v4
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Note that max a0t X = 6| X||;. Thus,

Te{—1,1}
(. 2 /952
x| 7€ (v 6HXH1)2/2 ) y > 61X,
max e 22 ¢ = WHIXI)T/207 < 0|1 X |1,
TE{-LIT <1 else.
Using the above upper bound, we obtain
25le|1}
T<Ex |1+ — (157)
* [ V2ro?
26E (|| X 1]

=1+—— (158)
V2ro?

=1+ 20Vd (159)
o

< 2 (160)

: va , P(r :
Thus, if A > 1 — e~ %% then the adversary can ensure that Z(7) ~ %P(T) and contains no

information about 7.

Adversarial strategy: If for sample ¢, \; > 1 — 6_%, then independently sample X (1) ~

B (maXT/#T ?57(71—/)_1)5(7'))4» + (1 _ B)%PE(T,)’ Where ﬁ — W. The Constraint Al 2

va . e
1 — e+ ensures B € [0, 1] and the above is a valid distribution.

Thus, Z(1) ~ %. If A\ < 1— e %% then adversary does no corruption, or equivalently,
independently sample X (7) ~ Ps(7) so that Z(7) ~ Ps(7).

Thus, using Pinsker’s inequality in (150), obtain

Vd
1 1
Lg(X,Ps) > Z oV 5 <1 - \/QKL(PZNAPJ(T),PZNAP(;(T'J‘))> (161)
J=1 re{-1,1}vd
vd 1 1
W > <1 - \/2KL (®7_1 Pz,(r), ®;¢_1PZi(T,j))) (162)
J=1 re{-1,1}vd
Vi 1
=> 81— 3 > KL (Ps(r), Ps(7'7)) (163)
7=1 re{-1,1}vd tAi<1—e_2igE
\/F’ 2 62 _28Vd
= VA& {1 -/ (1 — e %) | ¥ (164)
where (164) follows since
KL (Ps5(7), Ps(7")) = Ewno, )KL (N(WTB(7),0%), N (W B(r7),0%)) (165)
S2(r — NI sWWIS =3 (1 — 1
— B ) o ( ) (166)
82| — 712
_ &l =7 6
252
- ;;5*. (168)

1029 Replacing 6 + /0 in (164)), we get

Le(\, Pys) > 02V do? (1 —\/82n(1 — e”ﬂ)> V6, (169)
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1030 Let d, be such that

_285,vd 1 _28.Vd 1
n(l—e "" )_@, andN(l—e T )Z@ (170)
1031 Substituting J, in (169),
7
~Vdo®6? <inf sup Egze,p [|M(Z) - Bp|2]. (171)
8 M PE'P(Hs*

1032 Note that in the minimax term inf s Suppep 5. » We can restrict ourselves to estimators M which

1033 outputin V = {S~2vfv € [=6,0,8.0]V? x {0}4=V4} almost surely — otherwise the error can be

1034 reduced by projected to this region. Thus ess-sup||M(Z) — Bp||% < 4v/dd%c? for any estimator M
1035 and any distribution P. Thus, combining the above observations, we have

4 4 4v/ds%o?
inf sup Ez.,pl|M(Z) - pp|} <inf sup Q1M (2) - ppl3, - +Q- (172)
M pep;s, M peps, O 5 5
1036 Using (171)), we get
4 4 4v/ds%o?
TVaze* < St sup @ (10(2) - el 1) + W (173)
8 5 M PeP,s, ) )
4 4/ ds2o?
AP ¢ DY (174)
) 5
— 43’()\/&5302 < Lieg(A\, Pos,) < Lieg(X, D(X, 0%)). (175)
1037 D.3 Minimax Optimality
_28.vd
1038 For proving Theorem we shall use the weighing w; = % in our upper bound.
—e
1039 From (137), V¢ € [0, 1] such that t? + % < ¢ for some universal constant ¢, we have
. d
Zwlt)—pg <ot (P4 —— ). 176
IAs(Z.0(0) - it £ 0* (¥4 5775 (176

1040 Thus, if minge(o, 1 (t2 + ﬁ) < c and let the minimum value be attained at t*, then we have

) d
Z,w(t") — pl|: <o? (2 177
IBs(Z,0(e") - I S 0% (124 s a7
Va2 d
<o?(1—e ") 402 (178)
( ) N (1 — 6*26*ﬁ>
4d5?
< 02?2* + 640%ds? (179)
~ g2ds?, (180)

1041 where we used (170) in (179). Combining with (175)), when min;¢|o 1 (t2 + %) < ¢, we have

d
262 < Lieg(N, D(2,0?)) < 0% mi 24— ) <do?s2 181
Vdo?6? < Lig(A\, D(2,0%) <o trer[léfll] (t +N(t)) < do*d; (181)

1042 Thus, when min;¢ o, 1 (t2 + %) <eg,

T omin (24 -2 ) < Lo (AD(D.0%) < 0% min [+ -2 ). 182
\/&trerfé%( +N(t)>N A D(E 7)) S0 tg[%ﬂ]( TN e
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E Weighted Generalization Bound

We refer the readers to [43] for an introduction to VC dimension, covering numbers, and packing
numbers.

Define the weighted empirical Rademacher complexity to be R,(F o X) =
E [sup e r > wioi f (Xi)|X]. We first generalize Massart’s lemma to weighted Rademacher
complexity.

Lemma 1 (Weighted Massart’s Lemma). Assume |F| is finite and let

B,, = max (183)
feF
then
Ruw(FoX) < Byy/2In|F]| (184)
Proof.
est(]-‘oX) _ es]E[squGF > wioi f(Xi) X] (185)
<E {e"' suprer 2y wioi f(Xo)| x } (conditional Jensen’s inequality) (186)
<SE|) erziwod (X x (187)
fer
- S IIE [eswmﬂxﬂ X} (188)
feFi=1
< Z H s wif(Xi)?/2 (by Hoeffding’s lemma) (189)
feFi=1
< ‘]:|682Bi,/2_ (190)
Thus,
In|F B2
Ru(FoX) < n|8 |+37“’vs>0. (191)
. 21In | F| .
Setting s = *—5——, we get the claimed upper bound. O

Lemma 2 (Weighted Rademacher Complexity Bound). R, (FoX) < 31|w|2y/VC(F) VX, where
VC(F) is the Vapnik—Chervonenkis dimension of F.

Proof. Much of this proof follows the analysis of Liao [44], Rebeschini [45]], adapted to the weighted
version of our problem.

In the context of this proof, for the realized X and for f € F, define

T 2 -
D1 Wi (Xz)2' (192)

Hf”w =

Let maxer || f|lw < c. For family of functions that we consider, ¢ = 1.

Let 7; C F be the minimal €; = 55 cover of F with respect to || - ||, i.e., F; is the set of least

cardinality such that for any f € F, 3f" € Fj such that || f — f'||l, <€;. Let |F;| = C(F, €, || - [|w)-
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Forany f € F,let f;(f) € F; besuchthat || f — f;(f)]|w < €;. Denoting E[-| X] as E[-], we have
for any m > 1,

Ru(FoX)=Es Jsvlelgzwzaz f (F)(X5) +Z(fj(f)(Xi) - fj—l(f)(Xi))]

” (193)

<]E0' [;ggzw7gz )7f7n(f)( )) +EO’ |:;1€11})_ZU} U’JZI fJ - fJ (f)( )]
(194)

Notice that

0'

sup szaz X;) m(f)(Xi))] < ]Sc‘-elgzwi|f(Xi) — fm ()(X3)] (195)

fer

< sup vallwll2llf = fo(f)llw (196)
feF
< Vnllwlzem. (197)

Now, for the second term, by Lemmal T] we have

bupZu JZZ]‘J — fi—a( <Zsupzwzaz (fi(f — fi-1(/)(X3))

fer 1 feF
(198)
Thus, using Lemmal[T]
Eo supra,ij — [ (HX) ] < (199)
> lwlle sup I115(f) = fj*l(f)”w\/anHfj(f) — fi-1(NIf € F}. (200)
j=1
Note that [{f;(f) — fi—1(/)|f € F}| < |F;||Fj=1] < 2In|F;|. Further, by triangle inequality,
1£5(F) = Fima (Dl < 15 () = fllw + 1 = Fi-2 (Pl (201)
<€ +e€1 (202)
= 3¢, (203)
= 6(6j - 6j+1). (204)
Thus,
Eo {sup Z w;o; ij — (N | < 120wllz Y (6 — g4a)y/In|Fyl. (205)
j=1

Combining the above bounds,

Jj=1
c/2

< lwll2

Rou(F o X) < [l {Memﬂ +123 (6 600y O(F . |- ||w>} (206)

2V + 12/ VInC(F,z, |- Iw)dm}- (207)

For any € € (0, §], 3m € Z> such that 75+ < e < 5% Thus,

/2m+1

Ruw(F o X) < ||wa {2\/716“2/ VInO(F, x| - ||w)dx}. (208)
€/2
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Taking € — 0, obtain

c/2
Ruw(FoX) < 12Hw||2/ VINO(F, .| - ||lw)dz. (209)
0
Setting ¢ = 1 and using Lemma [3|obtain
/2 10 2e
Ru(FoX) < 12\/VC(]-")Hw||2/ o In ﬁdx (210)
0
c/2 20
< 12\/VC(]-")Hw||2/ In —dr usinglnz < z/eVr >e (211)
0 x
< 31/VC(F)||wl|2. (212)
O

Lemma 3. C(F,x, | - ||») < [% In %]VC(}‘)

The readers can refer to the proof of Lemmal[3|presented in [43] 45] which generalizes to our modified
distance || - ||..

Proposition 4. Let F be a family of 0 — 1 valued functions and let X1, ..., X, ¥ p. For a fixed
vector w € RY, with probability at least 1 — 6,

sup {zwxf(Xi) - E[f(X)])} < 62l VCF) + oy 55, @13

%

Proof. By McDiarmid’s inequality, with probability at least 1 — 4,

log L
]Sclelg{zijwi(f(Xi) - E[f(X)])} <E Lsclelg {Ziwi(f(Xi) —E[f(X)])} + [|lwll2 i‘s :
(214)

y
Let X/,..., X/ ~ P then

E (f(X;) —E[f(X =E E J(F(X) — FIX)) X 215
;gg{;wu( )~ Elf( >]>H ;gg{ [;wu’( )= 1060) m @15
E|s (X)) — F(X] 216
< ;gg{;w(ﬂ ) = f( ))H (216)
by Jensen’s inequality. Let o4, . .., o, be i.i.d. Rademacher random variables then
E (f(X) — F(X] =E o (f(X5) — f(X] 217
?22{;“’(“ ) — f( ))H ;gg{zi:wa(f( ) = £ ))H 217)
E 0 f (X (=) f(X]
< Lsctég;’waf( )+;gg;w( ai) f( ))]
(218)
=2E 10 f (X 219
ligg;waf( )] (219)
= 2E [Ry(F o X)]. (220)
The result of Lemma [2] completes the proof. O
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