
(a) Bounded Mean Estimation (b) Univariate Gaussian Mean Estimation

Figure 2: Mean estimation algorithms for (a) bounded distributions and (b) univariate Gaussian
distributions. The x-axis is a proxy for degree of contamination of the model.

A Experiments791

We investigate the practical performance of our algorithms and compare it with baseline in Figure 2.792

For bounded mean estimation, we use the sample mean as the baseline since it is the minimax robust793

estimator in the homogeneous setting. For univariate Gaussian mean estimation, we use the sample794

median, equivalent to Tukey median in one dimension, as the baseline for the same reason.795

We set n = 104 and for a fixed value q, we sample the corruption rates ω i.i.d. from the distribution796

with cdf given by F (t) = 1 → (1 → t)q. As q increases we can expect a higher corruption rate.797

Fixing this sampled ω, we sample the dataset 104 times. For bounded distribution, we plot the mean798

squared-error and the corresponding standard deviations over the trials at each value of q considered.799

For the Gaussian distribution, we plot the empirical 4
5 -th quantile of the squared-error along with800

15
20 -th and 17

20 -th quantiles over the trials. For the bounded distribution, we choose r = 1 and choose801

the true underlying distribution to be the point mass at 0, and the corrupted values to be 1. For802

univariate Gaussian distribution, we fix the true distribution to be N (0, 1) and the corrupted values803

sampled i.i.d. from N (100, 1).804

Optimal linear method in the plots refer to the reweighing scheme proposed while threshold method805

refers to the special case of reweighing that discards samples above a certain corruption threshold806

and performs standard homogeneous robust estimation on the sub-sampled dataset.807

While unclear for the Gaussian distribution, the reweighing does seem to provide marginal improve-808

ment over thresholding method. Further investigation is required to establish whether reweighing809

may pose significant advantages in high dimensions.810

B Bounded Mean Estimation: Proofs811

B.1 Variance Upper Bound812

Using E↑X + Y ↑
2
2 ↓ 2E↑X↑

2
2 + 2E↑Y ↑

2
2, we get813

E




∥∥∥∥∥

n∑

i=1

wi(Zi → E[Zi])

∥∥∥∥∥

2

2



 = E




∥∥∥∥∥

n∑

i=1

wi((1→Bi)Xi → (1→ ωi)µP ) +
n∑

i=1

wi(BiX̃i → ωiµQi)

∥∥∥∥∥

2

2





(28)

↓ 2E




∥∥∥∥∥

n∑

i=1

wi((1→Bi)Xi → (1→ ωi)µP

∥∥∥∥∥

2

2



+ 2E




∥∥∥∥∥

n∑

i=1

wi(BiX̃i → ωiµQi)

∥∥∥∥∥

2

2





(29)
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Since {(1→Bi)Xi → (1→ ωi)µP } are independent random variables and ↑(1→Bi)Xi↑2 ↓ r, we814

can use the crude variance bound E↑(1→Bi)Xi → (1→ ωi)µP ↑
2
2 ↓ r2 to obtain815

E




∥∥∥∥∥

n∑

i=1

wi((1→Bi)(Xi → µP )→ (1→ ωi)µP )

∥∥∥∥∥

2

2



 ↓ r2↑w↑22. (30)

Inspecting the other term, we use the law of total variance by conditioning on B. In particular,816

E




∥∥∥∥∥

n∑

i=1

wi(BiX̃i → ωiµQi)

∥∥∥∥∥

2

2



 = E




∥∥∥∥∥

n∑

i=1

wi(Bi(X̃i → µQi) + µQi(Bi → ωi))

∥∥∥∥∥

2

2



 (31)

↓ 2E




∥∥∥∥∥

n∑

i=1

wiBi(X̃i → µQi)

∥∥∥∥∥

2

2



+ 2E




∥∥∥∥∥
∑

i

wiµQi(Bi → ωi))

∥∥∥∥∥

2

2



.

(32)

For the first term in (32), use Jensen’s inequality as817

E




∥∥∥∥∥

n∑

i=1

wiBi(X̃i → µQi)

∥∥∥∥∥

2

2



 = E



E




∥∥∥∥∥

n∑

i=1

wiBi(X̃i → µQi)

∥∥∥∥∥

2

2

∣∣∣∣B







 (33)

↓ 4r2E




(

n∑

i=1

wiBi

)2


 (34)

= 4r2
∑

i

w2
i ωi(1→ ωi) + 4r2(wTω)2 (35)

↓ r2↑w↑22 + 4r2(wTω)2. (36)

For the second term in (32), using the fact that ↑µQi↑2 ↓ r, using Jensen’s inequality we get818

E




∥∥∥∥∥
∑

i

wiµQi(Bi → ωi))

∥∥∥∥∥

2

2



 ↓ r2E




(
∑

i

wi(Bi → ωi))

)2


 ↓
r2

4
↑w↑22. (37)

Combining the above, obtain819

E




∥∥∥∥∥

n∑

i=1

wi(Zi → E[Zi])

∥∥∥∥∥

2

2



 ↓ 7r2↑w↑22 + 16r2(wTω)2 (38)

B.2 Upper Bound Solution820

To solve821

min
w→!n

↑w↑2 + c(wTω)2, (39)

consider the Lagrangian L(w,ε, ϑ) = ↑w↑22 + c(wTω)2 + 2ε(1 →
∑

i wi) →
∑

i 2ϑiwi. KKT822

condition on the Lagrangian leads to823

wi = ε → c(wTω)ωi + ϑi ↔i, (40)

where ϑiwi = 0, ϑi ↗ 0 ↔i. Thus, we can equivalently write824

wi = (ε → c(wTω)ωi)+. (41)

Notice that wi are decreasing in ωi thus, order the indices such that ω1 ↓ ω2 . . . ↓ ωn. Note that825

since this is a strictly convex objective with a convex compact constraint set we are guaranteed a826

unique solution w.827
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Let m such that wi > 0 ↔i ↓ m and wi = 0 ↔i > m; if no such m exists then it is understood828

m = n. Since
∑

wi = 1, use (41) to obtain the condition829

mε → c(wTω)↑ωm
1 ↑1 = 1. (42)

Noting that wTω =
∑m

i=1 wiωi, we can use (41) to obtain830

wTω = ε↑ωm
1 ↑1 → cwTω↑ωm

1 ↑
2
2. (43)

Solving for wTω and substituting in (42), obtain ε = 1+c↑ωm
1 ↑2

2

k(1+c↑ωm
1 ↑2

2)↓c↑ωm
1 ↑2

1
, and831

wi =
1 + c↑ωm

1 ↑
2
2

m(1 + c↑ωm
1 ↑

2
2)→ c↑ωm

1 ↑
2
1

(
1→ cωi

↑ωm
1 ↑1

1 + c↑ωm
1 ↑

2
2

)

+

↔i ↘ [n]. (44)

Thus, the problem of solving for the weights has been reduced to identifying the index k after which832

the weights are zero. This is precisely what Algorithm 1 does. In particular, m + 1 = min{j :833

wj = 0} by definition and wm+1 = 0 ≃ ωm+1 ↗
1+c↑ωm

1 ↑2
2

c↑ωm
1 ↑1

by (44). Therefore, if the loop in834

Algorithm 1 runs without termination till index k = m, then it will correctly terminate at k = m835

since ωm+1 ↗
1+c↑ωm

1 ↑2
2

c↑ωm
1 ↑1

.836

Thus, we need to show that the algorithm does not terminate before k = m to prove correctness.837

Assume the contrary that it terminates at k = p < m, i.e., ωp+1 ↗
1+c↑ωp

1↑
2
2

c↑ωp
1↑1

. Observe that838

ωp+1 ↗
1 + c↑ωp

1↑
2
2

c↑ωp
1↑1

≃ ωp+1 ↗
1 + c↑ωp+1

1 ↑
2
2

c↑ωp+1
1 ↑1

(45)

=⇐ ωp+2 ↗
1 + c↑ωp+1

1 ↑
2
2

c↑ωp+1
1 ↑1

, (46)

where (46) follows since ω(s) are indexed in non-decreasing order. Extending this argument, we get839

ωm ↗
1+c↑ωm

1 ↑2
2

c↑ωm
1 ↑1

. Note since wm > 0, we have840

ωm <
1 + c↑ωm

1 ↑
2
2

c↑ωm
1 ↑1

(47)

by (44) – a contradiction. This proves that the proposed algorithm solves for w correctly.841

B.3 Lower Bound842

By Le Cam’s method,843

L(ω, r) ↗ r2ϖ2
(
1→ TV

(
⇒

n
i=1Ber

(
1

2
→ ϱi

)
,⇒n

i=1Ber
(
1

2
+ ϱi

)))
, (48)

= r2ϖ2



1→

√1

2

n∑

i=1

KL

(
Ber

(
1

2
→ ϱi

)
,Ber

(
1

2
+ ϱi

))

 (49)

= r2ϖ2



1→

√6
n∑

i=1

ϱ2i



 , (50)

where we used 2ϱ log 1+2ε
1↓2ε ↓ 12ϱ2 ↔ϱ ↘ [0, 1

4 ]. Let n(t) = |{i : ωi < t}|, then we obtain844

L(ω, r) ↗ r2ϖ2
(
1→



6ϖ2n

(
2ϖ

1 + 2ϖ

))
(51)

↗ r2ϖ2

1→


6ϖ2n(2ϖ)


↔ϖ ↘


0,

1

4


(52)
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C Mean Estimation for Gaussian Distributions: Proofs845

C.1 Upper Bound846

Recall847

Dw(ς,Z) = min
v→Sd

n∑

i=1

wiI{vT (Zi → ς) ↗ 0}, (53)

848
µ̂TM(Z, w) := arg max

ϑ→Rd
Dw(ς,Z). (54)

Let G = {i : Bi = 0} and B = [n] \G. Note that Zi = Xi for i ↘ G. The depth of the true mean is849

lower bounded as850

Dw(µ,Z) ↗ min
v→Sd

∑

i→G

wiI{(Xi → µ)T v ↗ 0}. (55)

Define the class of indicator functions Fµ = {fv(x) = I{(x → µ)T v ↗ 0}|v ↘ Sd}. Note that851

E[f(X)] = 1
2 ↔f ↘ Fµ. With some abuse of notation, let w(G) = {wi|i ↘ G}. By Proposition 4,852

we have with probability at least 1→ ϖ
4853

min
f→Fµ

∑

i→G

wi

(
f(Xi)→

1

2

)
↗ →62↑w(G)↑2


VC(Fµ)→ ↑w(G)↑2


log 4/ϖ

2
(56)

↗ →↑w↑2

(
62
⇑

d+


log 4/ϖ

2

)
, (57)

where we used VC(Fµ) = d; readers may refer to [43, Corollary 4.2.2] for VC dimension of854

homogeneous half-space classifiers. Further, with probability at least 1 → ϖ/4, by McDiarmid’s855

inequality [28]856

∑

i→G

wi =
n∑

i=1

wiI{Bi = 0} (58)

↗

n∑

i=1

wi(1→ ωi)→ ↑w↑2


log 4/ϖ

2
(59)

= 1→ wTω→ ↑w↑2


log 4/ϖ

2
. (60)

Thus, with probability at least 1→ ϖ/2,857

Dw(µ,Z) ↗
1

2
→

wTω

2
→ ↑w↑2

(
62
⇑

d+


9 log 4/ϖ

8

)
. (61)

Next, we show that depth of any point far away from the true mean is low. For any ς ↘ Rd such that858

↑ς → µ↑2 ↗ r = !↓1( 12 + φ), let vϑ = ϑ↓µ
↑ϑ↓µ↑2

. We shall set the value of φ > 0 later.859

sup
ϑ:↑ϑ↓µ↑2↔r

Dw(ς,Z) ↓
∑

i→B

wi + sup
ϑ:↑ϑ↓µ↑2↔r

n∑

i=1

wiI{(Xi → ς)T vϑ ↗ 0}. (62)

Define the class of indicator functions Gµ = {fϑ(x) = I{(x→ ς)T vϑ ↗ 0}|↑ς → µ↑2 ↗ r}. Since860

E[I{(X → ς)T vϑ ↗ 0}] = !(→↑ς → µ↑2), we have E[f(X)] ↓ 1
2 → φ ↔f ↘ Gµ.861

Now, note that Gµ ⇓ {fϑ(x) = I{(x → ς)T vϑ ↗ 0}|ς ↘ Rd
}. By reparameterzing x, we have862

VC({fϑ(x) = I{(x → ς)T vϑ ↗ 0}|ς ↘ Rd
}) = VC({fϑ(x) = I{(x → ς)T ς ↗ 0}|ς ↘ Rd

}).863
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Observe that VC({fϑ(x) = I{(x → ς)T ς ↗ 0}|ς ↘ Rd
}) ↓ VC({fϑ,v(x) = I{(x → ς)T v ↗864

0}|ς, v ↘ Rd
}) = d+ 1. Thus, VC(Gµ) ↓ d+ 1 ↓ 2d.865

Thus, by Proposition 4, with probability at least 1→ ϖ/4,866

sup
ϑ:↑ϑ↓µ↑2↔r

Dw(ς,Z) ↓
∑

i→B

wi + sup
g→Gµ

n∑

i=1

wig(Xi) (63)

↓

∑

i→B

wi +
1

2
→ φ+ ↑w↑2

(
62
⇑

2d+


log 4/ϖ

2

)
. (64)

Again, by McDiarmid’s inequality, with probability at least 1→ ϖ/4,867

∑

i→B

wi ↓ wTω+ ↑w↑2


log 4/ϖ

2
. (65)

Thus, with probability at least 1→ ϖ/2, we have868

sup
ϑ:↑ϑ↓µ↑2↔r

Dw(ς,Z) ↓
1

2
→ φ+ wTω+ ↑w↑2

(
88

⇑

d+ 2


log 4/ϖ

2

)
. (66)

Combining (61) and (66), picking φ = 3
2w

Tω + ↑w↑2

(
150

⇑
d+ 3.5


log 4/ϖ

2

)
ensures that no869

point ς such that ↑µ → ς↑2 ↗ !↓1( 12 + φ) can be returned by the Tukey median estimator. Thus,870

with probability at least 1→ ϖ, we have871

↑µ̂TM → µ↑2 ↓ !↓1

(
1

2
+ φ

)
(67)

↓ 3φ, (68)

using the identity !↓1

1
2 + x


↓ 3x ↔x ↘ [0, 1

3 ]. The above upper bound is valid as long as872

φ = 3
2w

Tω+ ↑w↑2

(
150

⇑
d+ 3.5


log 4/ϖ

2

)
< 1

3 .873

Setting ϖ = 1/5, ensuring 3
2w

Tω+ ↑w↑2

150

⇑
d+ 4.3


< 3

2w
Tω+ 155↑w↑2

⇑
d ↓

1
3 suffices.874

Thus, summarizing, let g(w,ω) = 3
2w

Tω + 155↑w↑2
⇑
d. For w and ω such that g(w,ω) ↓ 1

3 , we875

have the guarantee that with probability at least 4
5 ,876

↑µ̂TM → µ↑2 ↓ 3g(w,ω). (69)

To reduce the above condition to the simpler form stated in the main paper, note that877

g(w,ω)2 ↓

(
3

2
wTω+ 155↑w↑2

⇑

d

)2

(70)

↓


155wTω+ 155↑w↑2

⇑

d
2

(71)

↓ 2⇔ 1552

(wTω)2 + d↑w↑22


. (72)

Ensuring the above is less than 1
9 suffices. Thus, ↔w ↘ ”n such that (wTω)2 + d↑w↑22 ↓

1
432450 , we878

have879

sup
P→DN

d

PrZ↗ωP


↑µ̂TM(Z, w)→ µP ↑

2
2 ↗ 432450


(wTω)2 + d↑w↑22


↓ 1/5 (73)

Correspondingly, the threshold based estimator satisfies the following – ↔t ↘ [0, 1] such that t2 +880
d

N(t) ↓
1

432450 , we have881

sup
P→DN

d

PrZ↗ωP


↑µ̂S(Z, w(t))→ µP ↑

2
2 ↗ 432450

(
t2 +

d

N(t)

)
↓ 1/5 (74)
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C.2 Lower Bound882

We provide a lower bound for Gaussian mean estimation in Rd in this section. For a vector v ↘ R
↘
d,883

let e(v) denote a vector in Rd with v as the first
⇑
d elements and the last d→

⇑
d elements equal to884

0. Define the distribution parameterized distribution Pϖ(↼) = N (ϖe(↼), I) for ϖ > 0 to be specified885

later, and let Pϖ = {Pϖ(↼)|↼ ↘ {→1, 1}
↘
d
}.886

Note: The supremum in our minimax definition is over both the true distribution and the adversarial887

strategy. We shall specify the adversarial strategy later for our lower bound argument.888

Note that LPAC(ω,DN
d ) ↗ LPAC(ω,Pϖ) ↔ϖ and thus, we shall lower bound LPAC(ω,Pϖ).889

We begin by lower bounding890

LE(ω,Pϖ) = inf
M

sup
P→Pω

EZ↗εP


↑M(Z)→ µP ↑

2
2


. (75)

For a vector ↼ , let ↼ ≃j denote the vector such that ↼i = ↼ ≃ji ↔i ↖= j and ↼j = →↼ ≃jj . Using Assouad’s891

lower bound technique [28],892

inf
M

sup
P→Pω

EZ↗εP


↑M(Z)→ µP ↑

2
2


↗ inf

M

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

↑M(Z)→ ϖe(↼)↑22


(76)

= inf
M

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

d∑

j=1

E

|M(Z)j → ϖe(↼)j |

2


(77)

= inf
M

d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

|M(Z)j → ϖe(↼)j |

2


(78)

↗ inf
M

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

|M(Z)j → ϖ↼j |

2

. (79)

Now, note that893

∑

ϱ→{↓1,1}
→

d

E

|M(Z)j → ϖ↼j |

2

=

∑

ϱ→{↓1,1}
→

d

E

|M(Z)j → ϖ↼j |2


+ E


|M(Z)j → ϖ↼ ≃jj |

2


2
↔j

(80)
Thus, we get894

LE(ω,Pϖ) ↗ inf
M

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

|M(Z)j → ϖ↼j |2


+ E


|M(Z)j → ϖ↼ ≃jj |

2


2
(81)

↗

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

inf
M

E

|M(Z)j → ϖ↼j |2


+ E


|M(Z)j → ϖ↼ ≃jj |

2


2
(82)

↗

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2(1→ TV(PZ↗εPω(ϱ), PZ↗εPω(ϱ ↑j))), (83)

where the last line follows by Le Cam’s method and the notation PZ↗εPω(ϱ) refers to the distribution895

of Z when the true distribution is Pϖ(↼). We shall now specify a particular adversarial strategy to896

lower bound the above.897

Adversarial strategy motivation: Consider a particular sample with corruption rate ω and let the898

underlying true distribution be Pϖ(↼). Denote the perturbed sample as Z(↼) and the outlier to be899

X̃(↼). Note that Z(↼) ↙ (1→ ω)PX(ϱ) + ωPX̃(ϱ). For any particular clean sample X(↼) ↙ Pϖ(↼),900

the adversary’s goal is to ensure the sample Z(↼) contains no information about ↼ . One possible way901

25



is that the adversary can try to ensure Z(↼) ↙ maxϑ↑ P (ϱ ↑)
T , where the maximum is taken pointwise902

over the pdf and T is a normalizing constant. Observe the identity903

P (↼) +

(
max
ϱ ↑ ⇐=ϱ

P (↼ ≃)→ P (↼)

)

+

= max
ϱ ↑

P (↼ ≃), (84)

where (·)+ := max{·, 0} is pointwise over the pdf. First, note that904



x→Rd

(
max
ϱ ↑ ⇐=ϱ

Pϖ(↼
≃)(x)→ Pϖ(↼)(x)

)

+

dx = T → 1,

where Pϖ(↼)(x) is understood to be the pdf of Pϖ(↼) at x. Thus,
(maxϑ↑ ↓=ϑ P (ϱ ↑)↓P (ϱ))

+

T↓1 is a valid905

pdf, and for ω = T↓1
T , we have (1 → ω)P (↼) + ω

(maxϑ↑ ↓=ϑ P (ϱ ↑)↓P (ϱ))
+

T↓1 = maxϑ↑ P (ϱ ↑)
T . Thus, for906

any ω ↗ 1→ 1
T , there exists a way for the adversary to make the distribution of Z(↼) ↙ maxϑ↑ P (ϱ ↑)

T ,907

rendering the sample useless for identifying ↼ .908

Now, we find an upper bound on T in terms of ϖ.909

T =



x→Rd

max
ϱ→{↓1,1}

→
d

1
(2↽)d

e↓
↔x↗ωe(ϑ)↔22

2 dx (85)

=



x→Rd

1
(2↽)d

max
ϱ→{↓1,1}

→
d
e↓

↔x↗ωe(ϑ)↔22
2 dx (86)

=



x↑→R
→

d

1
(2↽)

↘
d

max
ϱ→{↓1,1}

→
d
e↓

↔x↑↗ωϑ↔22
2 dx≃ (87)

=



x↑↑→R

1
(2↽)

max
ϱ→{↓1,1}

e↓
↔x↑↑↗ωϑ↔22

2 dx≃≃

]↘
d

(88)

=


2



y→R:y↔0

1
⇑
2↽

e↓
↔y↗ω↔22

2 dy

↘d

(89)

= [2!(ϖ)]
↘
d , (90)

where !(·) is the cumulative distribution function of standard normal distribution. Using 2!(x) ↓910

1 + x and 1 + x ↓ ex, we obtain911

T ↓ eϖ
↘
d. (91)

Thus, if ω ↗ 1 → e↓ϖ
↘
d then the adversary can ensure that Z(↼) ↙

maxϑ↑ P (ϱ ↑)
T and contains no912

information about ↼ .913

Adversarial strategy: If for sample i, ωi ↗ 1 → e↓ϖ
↘
d, then independently sample X̃(↼) ↙914

ε


maxϑ↑ ↓=ϑ Pω(ϱ
↑)↓Pω(ϱ)

T↓1



+
+ (1 → ε)maxϑ↑ Pω(ϱ

↑)
T , where ε = (T↓1)(1↓ω)

ω . The constraint ωi ↗915

1→ e↓ϖ
↘
d ensures ε ↘ [0, 1] and the above is a valid distribution.916

Thus, Z(↼) ↙ maxϑ↑ Pω(ϱ
↑)

T . If ωi < 1→ e↓ϖ
↘
d, then adversary does no corruption, or equivalently,917

independently sample X̃(↼) ↙ Pϖ(↼) so that Z(↼) ↙ Pϖ(↼).918
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Thus, using Pinsker’s inequality in (83), obtain919

LE(ω,Pϖ) ↗

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2
(
1→


1

2
KL(PZ↗εPω(ϱ), PZ↗εPω(ϱ ↑j))

)
(92)

=

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2
(
1→


1

2
KL


⇒

n
i=1PZi(ϱ),⇒

n
i=1PZi(ϱ ↑j)


)

(93)

=

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2



1→

√
1

2

∑

i:ωi<1↓e↗ω
→

d

KL (Pϖ(↼), Pϖ(↼ ≃j))



 (94)

=
⇑

dϖ2
(
1→


ϖ2n(1→ e↓ϖ

↘
d)

)
↔ϖ (95)

Let ϖ⇒ be such that920

n(1→ e↓ϖ↘
↘
d) ↓

1

64ϖ2⇒
, and N(1→ e↓ϖ↘

↘
d) ↗

1

64ϖ2⇒
. (96)

Substituting ϖ⇒ in (95),921

7

8

⇑

dϖ2⇒ ↓ inf
M

sup
P→Pω↘

EZ↗εP


↑M(Z)→ µP ↑

2
2


. (97)

For a random variable K, let Q(K,φ) := inf{t : Pr [K ↗ t] ↓ (1→φ)}, i.e., Q(·,φ) is the φ-quantile922

of the random variable. Note that for a random variable K, EK ↓ Q(K,x)x + (1 → x)ess-supK923

↔x ↘ [0, 1], where ess-sup denotes essential supremum. Further, note that in the minimax term924

infM supP→Pω↘
, we can restrict ourselves to estimators M which output in [→ϖ⇒, ϖ⇒]

↘
d
⇔ {0}d↓

↘
d925

almost surely – otherwise the error can be reduced by projected to this region. Thus ess-sup↑M(Z)→926

µP ↑
2
2 ↓ 4

⇑
dϖ2⇒ for any estimator M and any distribution P . Thus, combining the above observations,927

we have928

inf
M

sup
P→Pω↘

EZ↗εP ↑M(Z)→ µP ↑
2
2 ↓ inf

M
sup

P→Pω↘

4

5
Q

(
↑M(Z)→ µP ↑

2
2,

4

5

)
+

4
⇑
dϖ2⇒
5

. (98)

Using (97), we get929

7

8

⇑

dϖ2⇒ ↓
4

5
inf
M

sup
P→Pω↘

Q

(
↑M(Z)→ µP ↑

2
2,

4

5

)
+

4
⇑
dϖ2⇒
5

(99)

=
4

5
LPAC(ω,Pϖ↘) +

4
⇑
dϖ2⇒
5

(100)

=⇐
3

40

⇑

dϖ2⇒ ↓ LPAC(ω,Pϖ↘) ↓ LPAC(ω,D
N
d ). (101)

C.3 Minimax Optimality930

For proving Theorem 4, we shall use the weighing wi =
I{ωi⇑1↓eω↘

→
d}

N(1↓eω↘
→

d)
in our upper bound. From931

(74), ↔t ↘ [0, 1] such that t2 + d
N(t) ↓ c for some universal constant c, we have932

↑µ̂S(Z, w(t))→ µ↑22 ↭
(
t2 +

d

N(t)

)
. (102)
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Thus, if mint→[0,1]


t2 + d

N(t)


↓ c and let the minimum value be attained at t⇒, then we have933

↑µ̂S(Z, w(t⇒))→ µ↑22 ↭
(
t⇒2 +

d

N(t⇒)

)
(103)

↓


1→ e↓ϖ↘

↘
d
2

+
d

N

1→ e↓ϖ↘

↘
d
 (104)

↓ dϖ2⇒ + 64dϖ2⇒ (105)

∝ dϖ2⇒, (106)

where we used (96) in (105). Combining with (101), when mint→[0,1]


t2 + d

N(t)


↓ c, we have934

⇑

dϖ2⇒ ↭ LPAC(ω,D
N
d ) ↭ min

t→[0,1]

(
t2 +

d

N(t)

)
↓ dϖ2⇒. (107)

Thus, when mint→[0,1]


t2 + d

N(t)


↓ c,935

1
⇑
d

min
t→[0,1]

(
t2 +

d

N(t)

)
↭ LPAC(ω,D

N
d ) ↭ min

t→[0,1]

(
t2 +

d

N(t)

)
. (108)

D Linear Regression: Proofs936

D.1 Upper Bound937

Recall938

Dw(ς,Z) = min
v→Sd

n∑

i=1

wiI{(Ŷi → ςT Ŵi)(v
T Ŵi) ↗ 0}, (109)

939

ε̂TC(Z, w) := arg max
ϑ→Rd

Dw(ς,Z). (110)

Let the true underlying regression coefficient be ε, i.e., W ↙ N (0,#) and conditioned on W ,940

Y ↙ N (εTW,⇀2). Let G = {i : Bi = 0}, B = [n] \ G, and Let w(G) = {wi|i ↘ G}. Note that941

Zi = (Wi, Yi) for i ↘ G. The depth of the true coefficient is lower bounded as942

Dw(ε,Z) ↗ min
v→Sd

∑

i→G

wiI{(Yi → εTWi)(v
TWi) ↗ 0}. (111)

Define the class of indicator functions Fς = {fv(w, y) = I{(y → wTε)(vTw) ↗ 0}|v ↘ Sd}. Note943

that E[f(Z)] = 1
2 ↔f ↘ Fς . By Proposition 4, we have with probability at least 1→ ϖ

4944

min
f→Fϖ

∑

i→G

wi

(
f(Xi)→

1

2

)
↗ →62↑w(G)↑2


VC(Fς)→ ↑w(G)↑2


log 4/ϖ

2
(112)

↗ →↑w↑2

(
62
⇑

d+


log 4/ϖ

2

)
, (113)

where we used VC(Fς) = d. To see this, notice I{(y→wTε)(vTw) ↗ 0} = I{vT (w(y→wTε)) ↗945

0} = I{vT w̃ ↗ 0}, where w̃ = w(y → wTε) ↘ Rd. Thus, it is equal to the VC dimension of946

homogeneous half-space classifiers, which is d [43, Corollary 4.2.2]. Further, with probability at947

least 1→ ϖ/4, by McDiarmid’s inequality [28]948

∑

i→G

wi =
n∑

i=1

wiI{Bi = 0} (114)

↗

n∑

i=1

wi(1→ ωi)→ ↑w↑2


log 4/ϖ

2
(115)

= 1→ wTω→ ↑w↑2


log 4/ϖ

2
. (116)

28



Thus, with probability at least 1→ ϖ/2,949

Dw(ε,Z) ↗
1

2
→

wTω

2
→ ↑w↑2

(
62
⇑

d+ 1.5


log 4/ϖ

2

)
. (117)

Next, we show that depth of any point far away from the coefficient is low. For any ς ↘ Rd such that950

↑ς → µ↑” ↗ r, let vϑ = ϑ↓ς
↑ϑ↓µ↑2

. We shall set the value of r > 0 later.951

sup
ϑ:↑ϑ↓µ↑2↔r

Dw(ς,Z) ↓
∑

i→B

wi + sup
ϑ:↑ϑ↓µ↑2↔r

n∑

i=1

wiI{(Yi → ςTWi)v
T
ϑ Wi ↗ 0}. (118)

Again, by McDiarmid’s inequality, with probability at least 1→ ϖ/4,952

∑

i→B

wi ↓ wTω+ ↑w↑2


log 4/ϖ

2
. (119)

Define the class of indicator functions Gς = {fϑ(w, y) = I{(y→ ςTw)(vTϑ w) ↗ 0}|↑ς→ µ↑” ↗ r}.953

Thus, by Proposition 4, with probability at least 1→ ϖ/4,954

sup
f→Gϖ

n∑

i=1

wi(f(Zi)→ E[f(Zi)]) ↓ 62↑w↑2


VC(Gς) + ↑w↑2


log 4/ϖ

2
(120)

Now, note that955

E[f(Z)] = Pr

(Y → ςTW )WT (ς → ε) ↗ 0


(121)

Using W ↙ N (0,#) and Y |W ↙ N (εTW,⇀2), we get that956

(Y → ςTW )WT (ς → ε) ↙ M(⇁ →M) (122)

where M = WT (ς→ε) ↙ N (0, ↑ς→ε↑2”) and ⇁ ↙ N (0,⇀2) are independent. Letting T1, T2 ↙iid957

N (0, 1),958

Pr

(Y → ςTW )WT (ς → ε) ↗ 0


= Pr [M(⇁ →M) ↗ 0] (123)
= Pr [⇁ ↗ M |M ↗ 0] (124)
= Pr [⇀T2 ↗ ↑ς → ε↑”T1|T1 ↗ 0] (125)

= 1→ Pr

T2 ↓

↑ς → ε↑”
⇀

T1|T1 ↗ 0


(126)

= 1→

(
1

2
+

1

↽
arctan

↑ς → ε↑”
⇀

)
(127)

=
1

2
→

1

↽
arctan

↑ς → ε↑”
⇀

(128)

Thus,959

E[f(Z)] ↓
1

2
→

1

↽
arctan

r

⇀
↔f ↘ Gς . (129)

Thus, with probability at least 1→ ϖ/2, and using VC dimension bound presented in Proposition 3,960

sup
ϑ:↑ϑ↓µ↑!↔r

Dw(ς,Z) ↓
1

2
→

1

↽
arctan

r

⇀
+ wTω+ ↑w↑2

(
2


log 4/ϖ

2
+ 879

⇑

d

)
. (130)

Combining with (117), setting961

r = ⇀ tan

{
↽


3

2
wTω+ ↑w↑2

(
3.5


log 4/ϖ

2
+ 941

⇑

d

)]}
(131)
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ensures that the estimator ε̂TC satisfies962

↑ε̂TC → ε↑” ↓ r (132)

with probability at least 1→ ϖ as long as

3
2w

Tω+ ↑w↑2

(
3.5


log 4/ϖ

2 + 941
⇑
d

)
↓

2
5 .963

Substitute ϖ = 1
5 and let g(w,ω) = 3

2w
Tω+ 946↑w↑2

⇑
d. Then, for w such that g(w,ω) ↓ 2

5 , we964

have with probability at least 4
5 ,965

↑ε̂TC → ε↑” ↓ ⇀ tan↽g(w,ω) ↓ 8⇀g(w,ω), (133)
where we used the identity tan↽x ↓ 8x ↔x ↘ [0, 2/5].966

To reduce the above condition to the simpler form stated in the main paper, note that967
(
3

2
wTω+ 946↑w↑2

⇑

d

)2

↓


946wTω+ 946↑w↑2

⇑

d
2

(134)

↓ 2⇔ 9462

(wTω)2 + d↑w↑22


. (135)

Ensuring the above is less than 4
25 suffices.968

Thus, ↔w ↘ ”n such that (wTω)2 + d↑w↑22 ↓
1

11186450 , we have969

sup
P→DN

d

PrZ↗ωP


↑ε̂TC(Z, w)→ µP ↑

2
” ↗ 114549248⇀2


(wTω)2 + d↑w↑22


↓ 1/5 (136)

Correspondingly, the threshold based estimator satisfies the following – ↔t ↘ [0, 1] such that t2 +970
d

N(t) ↓
1

11186450 , we have971

sup
P→DN

d

PrZ↗ωP


↑µ̂S(Z, w(t))→ µP ↑

2
” ↗ 114549248⇀2

(
t2 +

d

N(t)

)
↓ 1/5 (137)

Proposition 3. VC(Gς) ↓ 200d.972

Proof. Recall Gς = {fϑ(w, y) = I{(y → ςTw)(vTϑ w) ↗ 0}|↑ς → µ↑” ↗ r}, where vϑ = ϑ↓ς
↑ϑ↓ς↑2

.973

Let G+
ς = {fϑ(w, y) = I{(y→ ςTw)(vTϑ w) ↗ 0}|ς ↘ Rd, ς ↖= µ}. Note that for the purposes of VC974

dimension calculation, by re-parameterizing y and ς, we can write975

G
+
ς = {gϑ(w, y) = I{(y → ςTw)(ςTw) ↗ 0}|ς ↘ Rd, ς ↖= 0}. (138)

We now switch to region notation instead of a functional notation. Let Gϑ = {(w, y)|gϑ(w, y) = 1}976

and define the following977

• H1+
ϑ = {(w, y)|y → ςTw ↗ 0},978

• H1↓
ϑ = {(w, y)|y → ςTw ↓ 0},979

• H2+
ϑ = {(w, y)|ςTw ↗ 0},980

• H2↓
ϑ = {(w, y)|ςTw ↓ 0}.981

Note that Gϑ =

H1+

ϑ ′H2+
ϑ


∞

H1↓

ϑ ′H2↓
ϑ


. Define G = {Gϑ|ς ↘ Rd, ς ↖= 0}, H+ =982

{H1+
ϑ ′H2+

ϑ |ς ↘ Rd, ς ↖= 0} and H
↓ = {H1↓

ϑ ′H2↓
ϑ |ς ↘ Rd, ς ↖= 0}.983

We use the following property related to VC dimension [43]:984

VC({A ′B|A ↘ A, B ↘ B}) ↓ 10max{VC(A),VC(B)}. (139)
The above holds for union as well.985

Noting that G ⇓ {G = H1∞H2|H1 ↘ H
+, H2 ↘ H

↓
}. Define T = max{VC(H+),VC(H↓)} then986

VC(G+
ς ) = VC(G) ↓ 10T . Similarly, by writing H

+
⇓ {H1+

ϑ ′H2+
ϑ↑ |ς, ς≃ ↘ Rd, ς, ς≃ ↖= 0}, we987

have VC(H+) ↓ 10max{VC({H1+
ϑ }}),VC({H2+

ϑ })} = 10(d+1), where we used VC({H1+
ϑ }) =988

d+ 1 and VC({H2+
ϑ }) = d. Similarly, VC(H↓) ↓ 10(d+ 1).989

Thus, VC(Gς) ↓ 100(d+ 1) ↓ 200d.990
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D.2 Lower Bound991

The lower bound argument we present is similar to Appendix C.2.992

We begin by noting that when true regression coefficient is ε then (W,Y ) ↙993

N

(
0,


# #ε

εT# εT#ε + ⇀2

)
.994

For a vector v ↘ R
↘
d, let e(v) denote a vector in Rd with v as the first

⇑
d elements and the last d→

⇑
d995

elements equal to 0. Let ε(↼) = ϖ#↓ 1
2 e(↼) for ϖ > 0 to be specified later. For ↼ ↘ {→1, 1}

↘
d,996

define the Y |W ↙ N (WTε(↼),⇀2). In other words, for ↼ ↘ {→1, 1}
↘
d, (W,Y ) ↙ Pϖ(↼) where997

Pϖ(↼) = N

(
0,


# #ε(↼)

ε(↼)T# ε(↼)T#ε(↼) + ⇀2

)

and let Pϖ = {Pϖ(↼)|↼ ↘ {→1, 1}
↘
d
}.998

We have Lreg(ω,D(#,⇀2)) ↗ Lreg(ω,Pϖ) ↔ϖ and thus, we shall lower bound Lreg(ω,Pϖ).999

We begin by lower bounding1000

LE(ω,Pϖ) = inf
M

sup
P→Pω

EZ↗εP


↑M(Z)→ εP ↑

2
”


. (140)

For a vector ↼ , let ↼ ≃j denote the vector such that ↼i = ↼ ≃ji ↔i ↖= j and ↼j = →↼ ≃jj . For an estimation1001

M(Z), define N(Z) = #↓ 1
2M(Z) – note that this is a bijective map. Using Assouad’s lower bound1002

technique [28],1003

inf
M

sup
P→Pω

EZ↗εP


↑M(Z)→ εP ↑

2
”


↗ inf

M

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

↑M(Z)→ ε(↼)↑2”


(141)

= inf
M

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

↑N(Z)→ ϖe(↼)↑22


(142)

= inf
N

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

↑N(Z)→ ϖe(↼)↑22


(143)

= inf
N

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

d∑

j=1

E

|N(Z)j → ϖe(↼)j |

2


(144)

= inf
N

d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

|N(Z)j → ϖe(↼)j |

2


(145)

↗ inf
N

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

|N(Z)j → ϖ↼j |

2

. (146)

Now, note that1004

∑

ϱ→{↓1,1}
→

d

E

|N(Z)j → ϖ↼j |

2

=

∑

ϱ→{↓1,1}
→

d

E

|N(Z)j → ϖ↼j |2


+ E


|N(Z)j → ϖ↼ ≃jj |

2


2
↔j

(147)
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Thus, we get1005

LE(ω,Pϖ) ↗ inf
N

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

E

|N(Z)j → ϖ↼j |2


+ E


|N(Z)j → ϖ↼ ≃jj |

2


2
(148)

↗

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

inf
N

E

|N(Z)j → ϖ↼j |2


+ E


|N(Z)j → ϖ↼ ≃jj |

2


2
(149)

↗

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2(1→ TV(PZ↗εPω(ϱ), PZ↗εPω(ϱ ↑j))), (150)

where the last line follows by Le Cam’s method and the notation PZ↗εPω(ϱ) refers to the distribution1006

of Z when the true distribution is Pϖ(↼). We shall now specify a particular adversarial strategy to1007

lower bound the above.1008

Adversarial strategy motivation: Readers can refer to the motivation in Appendix C.2 for more1009

details on the main idea behind the strategy described. We need to find an upper bound on the1010

normalizing constant T for the pdf maxϑ Pω(ϱ)
T . Let1011

S(↼) =


# #ε(↼)

ε(↼)T# ε(↼)T#ε(↼) + ⇀2



Thus,1012

T =



w→Rd,y→R
max

ϱ→{↓1,1}
→

d

1
(2↽)d+1|S(↼)|

e↓
↔(w,y)↔2

S(ϑ)↗1

2 dwdy (151)

By Schur’s formula, |S(↼)| = |#|⇀2 and by block inversion formula,1013

S(↼)↓1 =


#↓1 + ς(ϱ)ς(ϱ)T

φ2 →
ς(ϱ)
φ2

→
ς(ϱ)T

φ2
1
φ2

]
.

Performing change of variable (w, y) = G(x, y) where G =


#

1
2 0
0 1


, we obtain1014

T =



x→Rd,y→R
max

ϱ→{↓1,1}
→

d

1
(2↽)d+1|#|⇀2

e↓
(x,y)T GT S(ϑ)↗1G(x,y)

2

∣∣∣∣
#

1
2 0
0 1

∣∣∣∣ dxdy (152)

Noting that1015

GTS(↼)↓1G =


1 + ϖ2

φ2 e(↼)e(↼)T →
ϖ
φ2 e(↼)

→
ϖ
φ2 e(↼)T

1
φ2


,

we get1016

T =



x→Rd,y→R
max

ϱ→{↓1,1}
→

d

1
(2↽)d+1⇀2

e↓
↔x↔22

2 ↓ (ωe(ϑ)T x↗y)2

2ϱ2 dxdy (153)

=



x→Rd

1
(2↽)d

e↓↑x↑2
2/2



y→R

1
⇑

2↽⇀2
max

ϱ→{↓1,1}
→

d
e↓

(ωe(ϑ)T x↗y)2

2ϱ2 dydx (154)

=



x→R
→

d

1
(2↽)

↘
d

e↓↑x↑2
2/2



y→R

1
⇑

2↽⇀2
max

ϱ→{↓1,1}
→

d
e↓

(ωϑT x↗y)2

2ϱ2 dydx (155)

Let X ↙ N (0, I) be a random variable in R
↘
d. We can write1017

T = EX



y→R

1
⇑

2↽⇀2
max

ϱ→{↓1,1}
→

d
e↓

(ωϑT X↗y)2

2ϱ2 dy

]
(156)
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Note that maxϱ→{↓1,1}
→

d ϖ↼TX = ϖ↑X↑1. Thus,1018

max
ϱ→{↓1,1}

→
d
e↓

(ωϑT X↗y)2

2ϱ2






= e↓(y↓ϖ↑X↑1)
2/2φ2

y ↗ ϖ↑X↑1,

= e↓(y+ϖ↑X↑1)
2/2φ2

y ↓ →ϖ↑X↑1,
↓ 1 else.

Using the above upper bound, we obtain1019

T ↓ EX


1 +

2ϖ↑X↑1
⇑

2↽⇀2


(157)

= 1 +
2ϖE[↑X↑1]
⇑

2↽⇀2
(158)

= 1 +
2ϖ
⇑
d

↽⇀
(159)

↓ e
2ω

→
d

ςϱ . (160)

Thus, if ω ↗ 1 → e↓
2ω

→
d

ςϱ then the adversary can ensure that Z(↼) ↙ maxϑ↑ P (ϱ ↑)
T and contains no1020

information about ↼ .1021

Adversarial strategy: If for sample i, ωi ↗ 1 → e↓
2ω

→
d

ςϱ , then independently sample X̃(↼) ↙1022

ε


maxϑ↑ ↓=ϑ Pω(ϱ
↑)↓Pω(ϱ)

T↓1



+
+ (1 → ε)maxϑ↑ Pω(ϱ

↑)
T , where ε = (T↓1)(1↓ω)

ω . The constraint ωi ↗1023

1→ e↓
2ω

→
d

ςϱ ensures ε ↘ [0, 1] and the above is a valid distribution.1024

Thus, Z(↼) ↙ maxϑ↑ Pω(ϱ
↑)

T . If ωi < 1→ e↓
2ω

→
d

ςϱ , then adversary does no corruption, or equivalently,1025

independently sample X̃(↼) ↙ Pϖ(↼) so that Z(↼) ↙ Pϖ(↼).1026

Thus, using Pinsker’s inequality in (150), obtain1027

LE(ω,Pϖ) ↗

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2
(
1→


1

2
KL(PZ↗εPω(ϱ), PZ↗εPω(ϱ ↑j))

)
(161)

=

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2
(
1→


1

2
KL


⇒

n
i=1PZi(ϱ),⇒

n
i=1PZi(ϱ ↑j)


)

(162)

=

↘
d∑

j=1

1

2
↘
d

∑

ϱ→{↓1,1}
→

d

ϖ2



1→

√
1

2

∑

i:ωi<1↓e↗
2ω

→
d

ςϱ

KL (Pϖ(↼), Pϖ(↼ ≃j))



 (163)

=
⇑

dϖ2
(
1→


ϖ2

⇀2
n(1→ e↓

2ω
→

d
ςϱ )

)
↔ϖ (164)

where (164) follows since1028

KL

Pϖ(↼), Pϖ(↼

≃j)

= EW↗N (0,”)KL


N (WTε(↼),⇀2),N (WTε(↼ ≃j),⇀2)


(165)

= EW
ϖ2(↼ → ↼ ≃j)T#↓ 1

2WWT#↓ 1
2 (↼ → ↼ ≃j)

2⇀2
(166)

=
ϖ2↑↼ → ↼ ≃j↑22

2⇀2
(167)

=
2ϖ2

⇀2
. (168)

Replacing ϖ ∈ ϖ/⇀ in (164), we get1029

LE(ω,Pφϖ) ↗ ⇀2
⇑

dϖ2
(
1→


ϖ2n(1→ e↓

2ω
→

d
ς )

)
↔ϖ, (169)
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Let ϖ⇒ be such that1030

n(1→ e↓
2ω↘

→
d

ς ) ↓
1

64ϖ2⇒
, and N(1→ e↓

2ω↘
→

d
ς ) ↗

1

64ϖ2⇒
. (170)

Substituting ϖ⇒ in (169),1031

7

8

⇑

d⇀2ϖ2⇒ ↓ inf
M

sup
P→Pϱω↘

EZ↗εP


↑M(Z)→ εP ↑

2
”


. (171)

Note that in the minimax term infM supP→Pω↘
, we can restrict ourselves to estimators M which1032

output in V = {#↓ 1
2 v|v ↘ [→ϖ⇒⇀, ϖ⇒⇀]

↘
d
⇔ {0}d↓

↘
d
} almost surely – otherwise the error can be1033

reduced by projected to this region. Thus ess-sup↑M(Z)→ εP ↑
2
” ↓ 4

⇑
dϖ2⇒⇀

2 for any estimator M1034

and any distribution P . Thus, combining the above observations, we have1035

inf
M

sup
P→Pω↘

EZ↗εP ↑M(Z)→ µP ↑
2
” ↓ inf

M
sup

P→Pω↘

4

5
Q

(
↑M(Z)→ µP ↑

2
”,

4

5

)
+

4
⇑
dϖ2⇒⇀

2

5
. (172)

Using (171), we get1036

7

8

⇑

dϖ2⇒⇀
2
↓

4

5
inf
M

sup
P→Pϱω↘

Q

(
↑M(Z)→ µP ↑

2
”,

4

5

)
+

4
⇑
dϖ2⇒⇀

2

5
(173)

=
4

5
Lreg(ω,Pφϖ↘) +

4
⇑
dϖ2⇒⇀

2

5
(174)

=⇐
3

40

⇑

dϖ2⇒⇀
2
↓ Lreg(ω,Pφϖ↘) ↓ Lreg(ω,D(#,⇀2)). (175)

D.3 Minimax Optimality1037

For proving Theorem 5, we shall use the weighing wi =
I{ωi⇑1↓e↗

2ω↘
→

d
ς }

N(1↓e↗
2ω↘

→
d

ς )
in our upper bound.1038

From (137), ↔t ↘ [0, 1] such that t2 + d
N(t) ↓ c for some universal constant c, we have1039

↑ε̂S(Z, w(t))→ µ|2” ↭ ⇀2

(
t2 +

d

N(t)

)
. (176)

Thus, if mint→[0,1]


t2 + d

N(t)


↓ c and let the minimum value be attained at t⇒, then we have1040

↑ε̂S(Z, w(t⇒))→ µ↑2” ↭ ⇀2

(
t⇒2 +

d

N(t⇒)

)
(177)

↓ ⇀2

1→ e↓

2ω↘
→

d
ς

2

+ ⇀2 d

N

1→ e↓

2ω↘
→

d
ς

 (178)

↓ ⇀2 4dϖ
2
⇒

↽2
+ 64⇀2dϖ2⇒ (179)

∝ ⇀2dϖ2⇒, (180)

where we used (170) in (179). Combining with (175), when mint→[0,1]


t2 + d

N(t)


↓ c, we have1041

⇑

d⇀2ϖ2⇒ ↭ Lreg(ω,D(#,⇀2)) ↭ ⇀2 min
t→[0,1]

(
t2 +

d

N(t)

)
↓ d⇀2ϖ2⇒. (181)

Thus, when mint→[0,1]


t2 + d

N(t)


↓ c,1042

⇀2

⇑
d

min
t→[0,1]

(
t2 +

d

N(t)

)
↭ Lreg(ω,D(#,⇀2)) ↭ ⇀2 min

t→[0,1]

(
t2 +

d

N(t)

)
. (182)
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E Weighted Generalization Bound1043

We refer the readers to [43] for an introduction to VC dimension, covering numbers, and packing1044

numbers.1045

Define the weighted empirical Rademacher complexity to be Rw(F ∋ X) =1046

E

supf→F

∑
i wi⇀if(Xi)

∣∣X

. We first generalize Massart’s lemma to weighted Rademacher1047

complexity.1048

Lemma 1 (Weighted Massart’s Lemma). Assume |F| is finite and let1049

Bw = max
f→F

√
n∑

i=1

w2
i f(Xi), (183)

then1050

Rw(F ∋X) ↓ Bw


2 ln |F| (184)

Proof.

esRw(F⇓X) = e
sE

[
supf≃F

∑
i wiφif(Xi)

∣∣X
]

(185)

↓ E

es supf≃F

∑
i wiφif(Xi)

∣∣X


(conditional Jensen’s inequality) (186)

↓ E




∑

f→F
es

∑
i wiφif(Xi)

∣∣X



 (187)

=
∑

f→F

n∏

i=1

E

eswiφif(Xi)

∣∣X


(188)

↓

∑

f→F

n∏

i=1

es
2w2

i f(Xi)
2/2 (by Hoeffding’s lemma) (189)

↓ |F|es
2B2

w/2. (190)

Thus,1051

Rw(F ∋X) ↓
ln |F|

s
+

sB2
w

2
↔s > 0. (191)

Setting s =
⇑

2 ln |F|
Bw

, we get the claimed upper bound.1052

Lemma 2 (Weighted Rademacher Complexity Bound). Rw(F ∋X) ↓ 31↑w↑2

VC(F) ↔X , where1053

VC(F) is the Vapnik–Chervonenkis dimension of F .1054

Proof. Much of this proof follows the analysis of Liao [44], Rebeschini [45], adapted to the weighted1055

version of our problem.1056

In the context of this proof, for the realized X and for f ↘ F , define1057

↑f↑w =

∑n
i=1 w

2
i f(Xi)2

↑w↑2
. (192)

Let maxf→F ↑f↑w ↓ c. For family of functions that we consider, c = 1.1058

Let Fj ⇓ F be the minimal ϱj = c
2j cover of F with respect to ↑ · ↑w, i.e., Fj is the set of least1059

cardinality such that for any f ↘ F , △f ≃
↘ Fj such that ↑f →f ≃

↑w ↓ ϱj . Let |Fj | = C(F , ϱj , ↑ ·↑w).1060
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For any f ↘ F , let fj(f) ↘ Fj be such that ↑f → fj(f)↑w ↓ ϱj . Denoting E[·|X] as Eω[·], we have1061

for any m ↗ 1,1062

Rw(F ∋X) = Eω



sup
f→F

∑

i

wi⇀i(f(Xi)→ fm(f)(Xi) +
m∑

j=1

(fj(f)(Xi)→ fj↓1(f)(Xi))





(193)

↓ Eω


sup
f→F

∑

i

wi⇀i(f(Xi)→ fm(f)(Xi))

]
+ Eω



sup
f→F

∑

i

wi⇀i

m∑

j=1

fj(f)(Xi)→ fj↓1(f)(Xi)



.

(194)

Notice that1063

Eω


sup
f→F

∑

i

wi⇀i(f(Xi)→ fm(f)(Xi))

]
↓ sup

f→F

∑

i

wi|f(Xi)→ fm(f)(Xi)| (195)

↓ sup
f→F

⇑
n↑w↑2↑f → fm(f)↑w (196)

↓
⇑
n↑w↑2ϱm. (197)

Now, for the second term, by Lemma 1, we have1064

sup
f→F

∑

i

wi⇀i

m∑

j=1

fj(f)(Xi)→ fj↓1(f)(Xi) ↓
m∑

j=1

sup
f→F

∑

i

wi⇀i (fj(f)(Xi)→ fj↓1(f)(Xi)) .

(198)

Thus, using Lemma 1,1065

Eω



sup
f→F

∑

i

wi⇀i

m∑

j=1

fj(f)(Xi)→ fj↓1(f)(Xi)



 ↓ (199)

m∑

j=1

↑w↑2 sup
f→F

↑fj(f)→ fj↓1(f)↑w


2 ln |{fj(f)→ fj↓1(f)|f ↘ F}|. (200)

Note that |{fj(f)→ fj↓1(f)|f ↘ F}| ↓ |Fj ||Fj↓1| ↓ 2 ln |Fj |. Further, by triangle inequality,1066

↑fj(f)→ fj↓1(f)↑w ↓ ↑fj(f)→ f↑w + ↑f → fj↓1(f)↑w (201)
↓ ϱj + ϱj↓1 (202)
= 3ϱj (203)
= 6(ϱj → ϱj+1). (204)

Thus,1067

Eω



sup
f→F

∑

i

wi⇀i

m∑

j=1

fj(f)(Xi)→ fj↓1(f)(Xi)



 ↓ 12↑w↑2

m∑

j=1

(ϱj → ϱj+1)


ln |Fj |. (205)

Combining the above bounds,1068

Rw(F ∋X) ↓ ↑w↑2




2
⇑
nϱm+1 + 12

m∑

j=1

(ϱj → ϱj+1)

lnC(F , ϱj , ↑ · ↑w)




 (206)

↓ ↑w↑2

{
2
⇑
n

c

2m+1
+ 12

 c/2

c/2m+1


lnC(F , x, ↑ · ↑w)dx

}
. (207)

For any ϱ ↘ (0, c
2 ], △m ↘ Z↔1 such that c

2m+1 ↓ ϱ ↓ c
2m . Thus,1069

Rw(F ∋X) ↓ ↑w↑2

{
2
⇑
nϱ+ 12

 c/2

ε/2


lnC(F , x, ↑ · ↑w)dx

}
. (208)
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Taking ϱ ▽ 0, obtain1070

Rw(F ∋X) ↓ 12↑w↑2

 c/2

0


lnC(F , x, ↑ · ↑w)dx. (209)

Setting c = 1 and using Lemma 3 obtain1071

Rw(F ∋X) ↓ 12

VC(F)↑w↑2

 c/2

0


10

x2
ln

2e

x2
dx (210)

↓ 12

VC(F)↑w↑2

 c/2

0


ln

20

x4
dx using lnx ↓ x/e↔x ↗ e (211)

↓ 31

VC(F)↑w↑2. (212)

1072

Lemma 3. C(F , x, ↑ · ↑w) ↓

10
x2 ln

2e
x2

VC(F)
1073

The readers can refer to the proof of Lemma 3 presented in [43, 45] which generalizes to our modified1074

distance ↑ · ↑w.1075

Proposition 4. Let F be a family of 0 → 1 valued functions and let X1, . . . , Xn
iid
↙ P . For a fixed1076

vector w ↘ Rd, with probability at least 1→ ϖ,1077

sup
f→F

{
∑

i

wi(f(Xi)→ E[f(X)])

}
↓ 62↑w↑2


VC(F) + ↑w↑2


log 1

ϖ

2
, (213)

Proof. By McDiarmid’s inequality, with probability at least 1→ ϖ,1078

sup
f→F

{
∑

i

wi(f(Xi)→ E[f(X)])

}
↓ E


sup
f→F

{
∑

i

wi(f(Xi)→ E[f(X)])

}]
+ ↑w↑2


log 1

ϖ

2
.

(214)

Let X ≃
1, . . . , X

≃
n

iid
↙ P then1079

E

sup
f→F

{
∑

i

wi(f(Xi)→ E[f(X)])

}]
= E


sup
f→F

{
E

∑

i

wi(f(Xi)→ f(X ≃
i))

∣∣∣∣X
]}]

(215)

↓ E

sup
f→F

{
∑

i

wi(f(Xi)→ f(X ≃
i))

}]
(216)

by Jensen’s inequality. Let ⇀1, . . . ,⇀n be i.i.d. Rademacher random variables then1080

E

sup
f→F

{
∑

i

wi(f(Xi)→ f(X ≃
i))

}]
= E


sup
f→F

{
∑

i

wi⇀i(f(Xi)→ f(X ≃
i))

}]
(217)

↓ E

sup
f→F

∑

i

wi⇀if(Xi) + sup
f→F

∑

i

wi(→⇀i)f(X
≃
i))

]

(218)

= 2E

sup
f→F

∑

i

wi⇀if(Xi)

]
(219)

= 2E [Rw(F ∋X)] . (220)

The result of Lemma 2 completes the proof.1081
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