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Introduction

This supplementary document provides extended explanations and additional results that support the
claims presented in the main paper. The content is organized as follows.

. A comprehensive related work on fractional calculus is detailed in Section A.

. Preliminaries on fractional calculus are presented in Section B.

. Fractional Operators for ac > 0 are discussed in Section C.

. All theoretical proofs in this paper are presented in Section D.

. Nonsingular scenario for the kernel is shown in Section E.

. KatFDE examples are presented in Section F.

. Graph differential equation models are given in Section G.

. Datasets and more experiments on the graph are available in Section H.
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. Datasets and more experiments for traffic forecasting are discussed in Section I.

A Related Work

Our work builds on research in fractional differential equations, neural integer-order and fractional-
order ODE models, and neural network attention mechanisms. We will present the related work from
the following aspects.

A.1 Fractional Differential Equations

Fractional Differential Equations (FDEs) generalize classical differential equations by allowing the
order of differentiation to be a non-integer, thereby providing a powerful framework for modeling
systems with memory and hereditary properties. The mathematical foundations of FDEs have been
rigorously studied, with seminal contributions from [1-3]. Among the most prominent formulations
are the Riemann-Liouville and Caputo derivatives [4], both of which use power-law kernels to encode
memory effects. However, such power-law kernels often impose restrictions when modeling systems
with heterogeneous or scale-dependent dynamics. To address these limitations, alternative definitions
have been proposed, such as the Caputo—Fabrizio derivative with an exponential decay kernel [2],
and the Atangana—Baleanu derivative with a Mittag-Leffler-based kernel [5]. These generalizations
retain the core non-local structure of fractional calculus while enhancing modeling flexibility. More
recently, variable-order fractional derivatives have attracted considerable attention due to their ability
to reflect more flexible and complex dynamic memory mechanism in real-world phenomena [6, 7]. In
these systems, the fractional order « is time-dependent, denoted as «/(t), enabling a more precise
representation of evolving dynamic behaviors.

In addition to the rich theoretical results, FDEs have found broad applicability across a wide range of
fields. For instance, the authors offered a foundational overview of its practical uses in areas such as
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signal processing, system modeling and automatic control [8]. The authors showed that fractional
calculus has emerged as a powerful mathematical framework for modeling complex systems in traffic
forecasting [9]. The authors highlighted its role in viscoelasticity, illustrating how fractional-order
models effectively capture the memory and hereditary characteristics inherent in such materials
[10]. Meanwhile, FDEs have also been widely utilized to improve the performance of graph neural
networks [11-13]. Despite considerable progress in both theory and applications, the design of kernel
functions for fractional calculus remains largely underexplored. Particularly in neural differential
equations, adaptive kernel functions can learn to assign appropriate weights to historical states based
on relevance, which is still in infancy.

A.2 Neural Differential Equations

Neural Differential Equations (NDEs) offer a unified framework that integrates neural networks
with differential equations to model continuous-time dynamic systems, bridging the gap between
deep learning and classical dynamical systems. Among the various types of NDEs, Neural Ordinary
Differential Equations (NODESs) and Neural Fractional Differential Equations (NFDEs) are more
closely related to our work. Introduced by [14], NODEs model the evolution of hidden states by
parameterizing the right-hand side of an ODE using neural networks. This model allows for adaptive
computation in continuous time, offering memory efficiency and interpretability. To enhance the
expressiveness of NODEs, several variants have been proposed. Augmented NODEs [15] expand the
hidden state space with additional dimensions to improve the representational power and alleviate
topological constraints that limit standard NODESs. Neural Controlled Differential Equations (NCDEs)
[16] further generalize the NODEs framework to handle controlled systems in modeling irregular
time series data, such as in finance or healthcare. Graph NODEs [17] have demonstrated strong
performance on graph-structured data by integrating graph convolutional operations with continuous
dynamics. Spatio-temporal graph NCDE [18] achieves significant performance improvements in
traffic forecasting by integrating two NCDEs for temporal and spatial processing.

Despite their flexibility, NODEs-based models are limited by integer-order calculus, restricting their
ability to capture memory and long-range dependencies, thus motivating interest in fractional-order
extensions. Inspired by Graph NODEs, the FROND framework introduces a generalized fractional-
order continuous GNN model using Caputo derivatives to capture non-local, memory-dependent
dynamics, offering improved performance and mitigating oversmoothing in graph learning tasks [12].
Then, the DRAGON framework is proposed, which shows a distributed-order fractional continuous
GNN that learns a superposition of derivative orders, enabling flexible and non-Markovian feature
updating dynamics [19]. Recently, the NvoFDE framework introduces variable-order fractional
differential operators into neural networks, enabling learnable and adaptive derivative orders based on
time and hidden features [13]. However, most existing fractional neural models use fixed kernels with
predefined weights assigned to historical states, limiting their flexibility and adaptability. Our work
addresses this gap by introducing adaptive kernel functions into the fractional differential equation
framework for improved temporal representation.

A.3 Attention Mechanisms in Neural Networks

Attention mechanisms have emerged as a fundamental component of modern deep learning archi-
tectures, enabling models to dynamically prioritize informative parts of the input. The transformer
architecture [20] introduces self-attention, which computes pairwise interactions between elements
in a sequence, allowing for efficient modeling of long-range dependencies. This innovation has had
transformative impacts across a variety of domains, including natural language processing, computer
vision and time-series forecasting [21, 22]. In continuous-time systems, attention mechanisms have
been integrated into neural differential equations to enhance the representational power. For exam-
ple, Continuous Self-Attention Neural ODEs [23] extend Neural ODEs framework by integrating a
lightweight self-attention mechanism, resulting in more flexible and interpretable dynamics. Similarly,
attention-based Neural ODEs have been employed in spatio-temporal prediction tasks [24].

In Graph Neural Networks (GNNs), attention mechanisms have unlocked unprecedented flexibility in
neighbor weighting and hierarchical feature propagation. Graph Attention Networks (GATSs) [25]
use self-attention to assign adaptive weights to neighboring nodes during aggregation, improving
performance in scenarios with heterogeneous node importance. Extensions of GATs, such as multi-
head and hierarchical attention models [26, 27], further enhance the model’s ability to capture
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structural nuances. Despite these advances, the integration of attention with fractional-order models
remains largely underexplored. Fractional calculus, known for its inherent memory and non-local
properties, offers a natural framework to capture long-range dependencies. Combining it with attention
mechanisms could lead to a new class of flexible and adaptive neural operators.

B Preliminaries on Fractional Calculus

This section offers additional material on fractional calculus theory, with key details presented in the
main text of Section 2. Different from [28], we present results in terms of -fractional derivative
that is quite general than previous work (1)(¢) = t). For more detailed information, please refer to
[29, 30]. We begin with the basic definitions.

Definition 1 ()-Caputo Fractional Derivative). Let o > 0, n € N, and I be an interval such that
—o0 <a<b< oo Let f,ip € C™(I) be two functions such that 1 is increasing and ' (x) # 0 for
all x € 1. The left 1-Caputo fractional derivative of f of order « is defined by

CDL @) = g [ VO - vl d

and the right 1-Caputo fractional derivative is given by
—1)" b
CDa,w — ( / / _ n—a—1 ¢[n]
2@ = faa [ OO @

where fl[pn](t) = (ﬁ%)nf(t) n=[o]+1lifaé¢ N andn=aifa €N

For o € (0,1), the left and right 1-Caputo fractional derivatives reduce to

1

CDL @) = pr [ () = v O) ) d

and
CDR @) = iy | (W)~ vle) ) d

respectively. For specific choices of the function 1), the 1-Caputo fractional derivative reduces to
several well-known operators [31]. Throughout this work, we focus on the left-sided fractional
derivative. The corresponding results for the right-sided derivative can be obtained analogously with
appropriate modifications.

To get some intuition, we provide a specific example below.
Lemma 1. Given 8 € R with 8 > n, consider the following function:

fl@) = ((z) —v(),  glz) = $(b) = (=)’

For o > 0, we have:

cDa wf( )= %(zp(g;) — ¢(a))ﬂ—a—17
cpg;wg(x) = F(E(f)a)w)(b) _ %[}(x))ﬁfafl'

Now we present the relation between fractional order derivative and integer order counterparts. This
can be readily seen from the following theorem that is derived mainly using integration by parts.

Theorem B.1. Suppose that f,) € C"*[a,b]. Then, for all o > 0,

W) S 1) + e [ 00— w0y s 0t

ay
“D; ¥ i) = Fn+1-a) F'n+1l-o

and

eDp (a) = (-1 IV i

1

b
e AR RSV CL
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From this theorem, it is found that

lim “DZY f(x) = fi7(1).

a—n—
We next present the relation between integration and differentiation of 1)-Caputo fractional function
that is vital for the equivalent transformation between differential form and its integral form.
Theorem B.2. Given a function f € C"[a,b] and a > 0, we have:
—1 ¢[k]
3 b (a)

150 (ODS f(@)) = fw) = D2 o () — wla))h,

n=1(_1 kf[k] b
1 (9Dt @) = £ - 3 L O
k=0
Theorem B.3. Given a function f € C[a, b] and o > 0, we have

CDIY IS f(a) = fx) and CDYY IV f(z) = f(a).

Obviously, one can simply apply I, 34_“’ on both sides of the differential equations to get its integral

form. On the other hand, we can apply CDgf’ directly to integral equations in order to recover
differential equations.

Lastly, we will show the semigroup law for the )-Caputo fractional derivative. Similar to classical
fractional derivative [30], semigroup law does not hold in general for fractional derivative but it is
indeed true for integrals. In what follows, we present a case that allows semigroup law.

Theorem B4. If f € C™ "[a, b] for some m € N and « > 0, then for all k € N we have

(1) (“De) " ) = (2" pio) - LADZUDE,

)
()" (“op)" #) = (D) f@)- Wfi)(,;& ﬁ(?))ka,

for some c € (a,x) and d € (z,b).

C Fractional Operators for o > 0

A detailed discussion is provided in Section B.

D All theoretical proofs

Proof of Lemma 1. Since

x| < ¢ [ OO VD gy < G ZHOT 1y

it is immediately seen that this operator is bounded.

Proof of Theorem 1. We shall prove the uniqueness as well as stability. To show the uniqueness, we
define the operator as

Tix(0) = x(a) + [ PO o) xo) fo(rx(r)r,

The Lipschitz properties of K and f lead to:

(P(t) — Y(a)”
[T [x1] — T'[x2]|| < Cw

l[x1 — xaf|,
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Again, selecting suitable e > 0 and invoking the Banach fixed-point theorem ensures a unique
solution. To prove the stability, from (Eq. (15).), we shall get

— ()Y (7)
I(a)

Applying fractional Gronwall inequality [30, Lemma 6.19], we derive the stability result.

Ix(0) = %0z < x(a) - %@]2 +C [ W) I(r) — &(r)|ladr-

e Observation and Motivation: The preceding review of various Caputo fractional derivatives
highlights their defining feature: the use of distinct weighting kernels, which can be static or designed
to vary dynamically with time ¢. For high-dimensional states x(¢), we can extend this idea by
introducing a learnable vector ¥(t) = (11(t),. .., ¥n(t)), where each ;(¢t) defines a component-
wise kernel in a 1-Caputo framework, enabling adaptive, dimension-specific memory modeling.
However, since these kernels depend only on ¢ and 7 and not on past states x(7) or the current
state x(t), they cannot adjust their weighting based on the states correlation in the trajectory. In
this paper, we propose to overcome this limitation by developing a more generalizable learnable
attention kernel that extends beyond the capabilities of the 1-based approach. Our framework will
incorporate mechanisms that can adapt memory weightings based on both temporal information and
the contextual relationships between past and current states.

D.1 Solving KatFDE

The integral equation Eq. (15). is a nonlinear equation which can be solved using linearized technique
or iterative method. Here, we adopt the latter one. Taking = = ¢; and approximating the integral in
Eq. (15). using the trapezoidal rule yields

j—1

x(t;) = x(to) + Y K(t;, te, x(t;), X(tx)) fo (te, x(tx)) . (D1
k=0

The iterative method for above nonlinear problems works as follows: taking the initial guess x(tgo)) =
x(t;_1), then we conduct iterations based on

j—1
x(t5) = x(t0) + 3 Kty i x(65" ) x () fo (tr x(te)) . L > 1.
k=0
This procedure will lead to a good approximation of x(¢;) after a few iterations. To address it, define

j—1

x(t;) = (x(t;)), where ¢ (x(t;)) =x(to) + > K (tj,t,x (t;),x (t&)) fo (tr, x (t)) I,

k=0

for the sake of simplicity. The proposed iterative solution to the discretized equation can formulated
as the Basic Iteration method.

Basic Iteration Method. Given an initial guess x(*) (¢;) = x (¢;_1), we iteratively compute

x0) (t;) = ¢ (x@*l) (tj)) . L>1

D.1.1 Convergence Criterion

The convergence of the above iterative method relies on the following condition: If ¢ : R? — R4
satisfies a Lipschitz condition with a Lipschitz constant C' < 1, namely,

lo(x) = o)l < Cllx =y, Vxy € [a,0)7,

then the iterative methods converge for any initial guess x(©) € [a, b]<.

Given that the assumptions of Theorem 1 are satisfied with appropriate generic constant C, it can be
directly verified that basic iteration method proposed here will converge. The essence is to make sure
that the constant is less than 1.
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D.1.2 Convergence Rate

Define the iteration error () = x(£) — x(Z=1) An iterative method has order of convergence p if

there exists a nonzero constant C' such that

i 1

For the Basic Iteration method, applying the Lipschitz property of ¢, we obtain

le ™) _ fle (x=7D) = (x|

(@] = A <O

indicating a linear (first-order) convergence rate.

E Nonsingular scenario for the Kernel

Suppose that the kernal K is bounded, Lipschitz continuous with respect to the last two variables. We
find that the operator is bounded that is immediately seen from the boundedness of K. Besides, the
integral equation is well-posed. The proof is as follows:

Uniqueness. Define operator:

T%Mﬂ=xw%+/lﬂtﬂﬂﬂmﬁ»ﬁhxhﬁwu

Using the Lipschitz assumptions, we obtain
1T [x1] = T [xa]|| < C(t = a) Ix1 — x2f .

Choosing € > 0 small enough that C'e < 1 and applying the Banach fixed-point theorem [32] yields
a unique solution.

Stability. From (Eq. (15).), using the Lipschitz assumptions again as well as boundedness of K, it is
readily seen that

[x(t) = x(B)l]2 < [[x(a) = %(a)ll2 + C/ [%(7) = X(7) |2,

which gives the desired result by classical Gronwall inequality [33, Lemma B.9].

As in singular case, one can also show that the basic iteration method works well for the nonsingular
case, that is, it is convergent with first order.

F KatFDE Examples

Here shows multiple KatFDE variants based on graph learning tasks. Inspired by the models in
[12], we develop two variants, including Kat-GRAND and Kat-CDE. Similar to [34], Kat-GRAND
includes two versions. One is Kat-GRAND-nl:

¢
| By e ((A¥@) - DY) dr = Y0, F2)
where A(Y (t)) = (a;,(t)) is given by a nonlinear attention mechanism. The other version is
Kat-GRAND-I:
¢
[ By ) (1Y) dr =Y. (3)

where L is a time-invariant matrix, which is a linear FDE.



188

189
190
191

192

193
194
195

196
197
198

199
200
201

202

204
205
206
207

208
209
210

211
212

213
214
215

216

217

218

219
220
221

Furthermore, based on the CDE model [35], the Kat-CDE model has the following expression:
t
/ Kt Y () (A(Y (1) = DY(8) + dv(V(t) o Y (1)) d7 = Y (1), (F4)

where the divergence operator div(-) is introduced by [36], and o stands for the element-wise product,
also known as the Hadamard product. This model is crafted to handle heterophilic graphs, where
connected nodes typically belong to different classes or exhibit distinct features.

G Graph Differential Equation Models

To better understand the baseline models, this section primarily introduces several dynamic com-
parison networks based on graph learning tasks, namely GRAND [37], CDE [35], FROND [12],
DRAGON [28] and NvoFDE [13].

GRAND [37]: The Graph Neural Diffusion (GRAND) model is a graph neural network framework
inspired by the heat diffusion process, where information spreads across graph nodes similarly to
how heat diffuses through a medium. Its governing differential equation is given by:

dX(t)

S = (AX(®) - DX (@), (G9)

where A (X(t)) is a learnable attention-based adjacency matrix, and I is the identity matrix. There are
two variants. The update in (G5) defines the GRAND-nl model, where the adjacency matrix A (X(t))
is nonlinear. Let d; = 2?21 W;; and define the diagonal matrix D with D;; = d;. The random walk

Laplacian is L = I — WD ™!, Thus in the simple case, we have the following GRAND-I model:
dX(¢)

e (WD~ ! —D)X(t) = —LX(t). (Go6)

CDE [35]: In heterophilic graph, nodes often have diverse features, posing significant challenges for
graph information processing. To address this issue, the authors introduced the convection-fiffusion
equations (CDE) into GNNs,and then proposed the Neural CDE model. This model adaptively
regulates the rate of information propagation between nodes, enabling selective information sharing
among dissimilar neighbors. The corresponding mathematical formulation is given by:

ax(t)
de

where V (¢) denotes the velocity field, o indicates the element-wise product, and div(-) represents the
divergence operator.

= (A(X(1)) — D)X (1) + div(V(t) o X (1)), (G7)

FROND [12]: The FROND framework extends traditional integer-order graph neural differential
equations to fractional-order dynamics using the Caputo derivative:
DX (t) = F(W,X(8), a>0, (G8)

where F defines the graph dynamics. By leveraging the non-local nature of fractional calculus,
FROND captures long-range dependencies in node features. Similar to (G5), (G6) and (G7), FROND
has the following corresponding variants:

(1) F-GROND-nl

DeX(t) = (AX(H) —DX(t), 0<a<l (G9)
(2) F-GROND-1
D¢X(t) = -LX(t), 0<a<l. (G10)
(3) F-CDE
DX (1) = (AX() — DX(t) + div(V(H) o X(t)), 0<a<l. (G11)

DRAGON [28]: Unlike conventional continuous GNNss that rely on fixed integer or single fractional-
order derivatives, DRAGON adopts a learnable distribution over derivative orders:

/ b DX () du(a) = F(W, X (1)), (G12)
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where [a, b] defines the domain of «, p is a learnable distribution, and F denotes the graph dynamics.
Similar to (GS5), (G6) and (G7), DRAGON has the following corresponding variants:
(1) D-GRAND-nl

/ DX (1) dule) = (AX(1) ~ DX(1). (G13)
(2) D-GRAND-I
1 DX (t) du(e) = LX (). (G14)
(3) D-CDE 1 ’
/O DOX(#) () = (A(X(E)) — T)X(#) + div(V(t) o X(1)). (G15)

NvoFDE [13]: NvoFDE extends neural differential equation models by introducing a learnable
variable-order derivative «(¢, z(¢)) that dynamically adapts over time and feature space.

DYIX (1) = F(W, X (1)), 0<a(t,X(t) < 1. (G16)
where F defines the graph dynamics. Similar to the above, there exist the following variants:
(1) Nvo-GROND-nl

DR (1) = (AX(1) = DX(1), 0 <a(t,X(1) < 1. (G17)
(2) Nvo-GROND-1
DX (1) = _LX(t), 0< a(t,X(t)) < 1. (G18)
(3) Nvo-CDE

DX (1) = (A(X (1)) —DX(t) + div(V(t) 0 X(t)), 0<at,X(#)<1. (G19)

H Datasets and More Experiments on Graph for KatFDE Model

H.1 Datasets and Setting

The datasets used in this paper are provided separately in Table H1 and Table H2.

Table H1: Dataset statistics used in Table 1 of the main text

Dataset Type Classes Features  Nodes Edges
Cora citation 7 1433 2485 5069
Citeseer citation 6 3703 2120 3679
PubMed citation 3 500 19717 44324
Coauthor CS co-author 15 6805 18333 81894
Computers  co-purchase 10 767 13381 245778
Photo co-purchase 8 745 7487 119043
CoauthorPhy  co-author 5 8415 34493 247962
OGB-Arxiv citation 40 128 169343 1166243
Airport tree-like 4 4 3188 3188

The authors revealed critical limitations in the commonly used benchmark datasets for evaluating
models on heterophilic graphs [38]. To address this, they introduced several new datasets, such as
Roman-empire, Wiki-cooc, Questions, Workers and Amazon-ratings. These datasets, sourced from
different fields, have low homophily scores and display a variety of structural properties. We follow
the experimental setup specified in the CDE model [35]. For the Workers, and Questions datasets,we
employ the ROC-AUC score as the evaluation metric, as these tasks involve binary classification.
The performance of our KatFDE-CDE model, is evaluated against several well-known baselines,
including TDE-GNN[39], GRAND [37], GraphBel [36], NSD [40], ACMP[41], CDE [35], F-CDE
[12], D-CDEJ[28] and Nvo-CDE[13].
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Table H2: Dataset statistics used in Table H3

Dataset Nodes  Edges  Classes Node Features
Roman-empire 22662 32927 18 300
Wiki-cooc 10000 2243042 5 100
Minesweeper 10000 39402 2 7
Questions 48921 153540 2 301
Workers 11758 519000 2 10
Amaon-ratings 24492 93050 5 300

H.2 Node Classification on Heterophilic Graph

Performance and Analysis: In Table H3, we present the experimental results on heterophilic graph
datasets. It is evident that our model KatFDE-CDE achieves competitive or better performance,
demonstrating its effectiveness. On the Workers and Amazon-ratings datasets, KatFDE-CDE achieves
the best performance among all compared models, outperforming the Nvo-CDE model by approx-
imately 0.7% on both datasets. This advantage stems from the framework’s flexibility in kernel
function design, enabling it to capture more complex feature-updating dynamics.

Table H3: Node classification results(%). The best and the second-best result for each criterion are
highlighted in red and blue, respectively.

Model Roman-empire ~ Wiki-cooc Questions Workers Amazon-ratings
TDE-GNN[39] 64.29+0.58 84.95+0.78 68.94+1.69 75.13+0.81 40.33+1.37
GRAND-1[37] 69.24+0.53  91.58+0.37 68.54£1.07 75.59+0.86 48.99+0.35
GRAND-nl[37] 71.60+0.58  92.03+0.46 70.67+1.28 75.33+0.84 45.05+0.65
GraphBel[36] 69.47+0.37  90.30+0.50 70.79£0.99 73.02+£0.92 43.63+0.42
NSD[40] 77.50£0.67  92.06+0.40 69.25+1.15 79.81+£0.99 37.96+0.20
ACMP[41] 71.27+£0.59  92.684+0.37 71.18+£1.03 75.03+0.92 44.76+£0.52
CDE[35] 91.64+0.28  97.994+0.38 75.17+£0.99 80.70+1.04 47.63£0.43
F-CDE[12] 93.06+0.55 98.73£0.68 75.17+£0.99 82.68+0.86 49.014+0.56
D-CDEJ[28] 93.87+0.41  98.58+0.12 75.53+0.98 83.02+0.86 49.43+1.26
Nvo-CDE[13] 93424022  99.324+0.28 74.87+0.23 83.33+0.65 50.09+0.40

KatFDE-CDE (ours) 93.46+0.32  98.94+0.12 75.10+0.11 84.02+0.38 50.75+0.45

I Datasets and More Experiments for Traffic Forecasting

I.1 Datasets and Setting

We evaluate the effectiveness of STDDE using six real-world traffic datasets: PeMSD7(M),
PeMSD7(L), PeMS03, PeMS04, PeMS07, and PeMS08. These datasets are sourced from the Caltrans
Performance Measurement System [42], which collects traffic flow data every 30 seconds. For analy-
sis, the data is aggregated into 5-minute intervals, resulting in 288 time steps one day. A summary of
the dataset statistics can be found in Table 14. These datasets are pre-divided into training, validation,
and testing sets using a 6:2:2 ratio. The training procedure and hyperparameter settings are kept
consistent with those reported in [18]. For instance, the model is trained for 200 epochs using the
Adam optimizer.

I.2 Experimental Results

From I5, our model STG-KatFDE achieves generally the best performance on PeMSD7 dataset.
Compared to neural differential equation-based models, it demonstrates a stronger ability to capture
complex dynamics. Figure 11 illustrates the predicted traffic flow from STG-KatFDE in comparison
with STG-NCDE and the ground truth on PeMSD4 and PeMSD8 datasets. The horizontal axis denotes
the time steps (5-minute intervals), and the vertical axis represents the traffic flow. A total of 288 time
steps are selected, covering an entire 24-hour period.
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Table 14: Datasets for Trafffic Forecasting

Datasets Sensors Edges Time Steps
PeMS04 307 340 16992
PeMSO07 883 866 28224
PeMSO08 170 295 17856

PeMS07(M) 228 1132 12672
PeMSO07(L) 1026 10150 12672

Table I5: Forecasting error on PeMSD7

PeMSD7
MAERMSE MAPE

HA[43] 45.12 65.64 24.51%
VAR[43] 50.22 75.63 32.22%
TCNI[44] 32.72 42.23 14.26%
DSANet[45]  31.36 49.11 14.43%
AGCRNI[46]  22.37 36.55 9.12%
STFGNN[47] 23.46 36.60 9.21%
Z-GCNETs[48] 21.77 35.17 9.25%

STGODE[49] 22.59 37.54 10.14%
STG-NCDE[18] 20.53 33.84 8.80%
STG-KatFDE (ours)20.46 33.70 8.94%

Model

Each subfigure corresponds to a specific node and is annotated with a zoomed-in region to highlight
prediction differences in more dynamic or complex traffic periods. Overall, both models demonstrate
a strong ability to follow the ground truth trends. However, the proposed STG-KatFDE consistently
achieves closer alignment with the ground truth, especially in rapidly changing regions.

Particularly in Figure 11:

* Node 211 and Node 111 in PeMSD4 (top row) show that STG-KatFDE better captures
sudden increases and local peaks, maintaining smoother yet accurate transitions.

* Node 167 and Node 123 in PeMSDS (bottom row) further validate STG-KatFDE superiority,
with visibly reduced error margins in congested and fluctuating segments, as shown in the
zoom-in windows.

These results support the quantitative findings discussed in the main text and demonstrate the
robustness and generalization capacity of STG-KatFDE across different traffic environments.

1.3 Parameter Analysis

Hidden Dimension Analysis: Figure I2 presents the performance of STG-KatFDE on the PeMSDS8
dataset with varying input feature dimensions: 16, 32, 64, and 128. It can be observed that as
the feature dimension increases, the model’s performance improves consistently across all three
metrics. In particular, the lowest RMSE and MAE are achieved at dimension 128, indicating that
higher-dimensional representations help capture more complex spatiotemporal patterns in traffic data.
Notably, the improvement becomes more pronounced when increasing the dimension from 32 to
64, and then stabilizes between 64 and 128. These findings suggest that while increasing feature
dimensionality benefits performance, the marginal gain diminishes beyond a certain point.

Step Size Analysis: Table 16 reports the forecasting error metrics of STG-KatFDE on the PeMSD4
and PeMSDS datasets, evaluated with varying step sizes. As the step size increases, MAE increases
from 19.48 to 19.88, and RMSE from 31.34 to 31.83 on PeMSD4; while on PeMSDS8, MAE changes
marginally from 17.45 to 17.10 and RMSE slightly decreases from 27.55 to 26.83. The experiments
suggest that a moderately larger step size contributes to improved performance on PeMSDS, while it
has the opposite effect on PeMSD4.
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Figure I1: Traffic forecasting visualization in PeMSD4 and PeMSDS§
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Table 16: Forecasting error metrics (MAE, RMSE,
MAPE) for different step sizes on PeMSD4 and
PeMSDS8 datasets.

PeMSD4 PeMSD8
MAE RMSE MAPE MAE RMSE MAPE

0.5 19.48 31.34 12.94% 17.45 27.55 11.07%
1.0 19.88 31.83 13.14% 17.10 26.83 10.66%

Step size

Figure 12: Performance comparison of STG-
KatFDE with varying feature dimensions on the
PeMSD8 dataset.
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