Supplementary Material

“Lossless” Compression of Deep Neural Networks:
A High-dimensional Neural Tangent Kernel Approach

A Proofs of theorems and auxiliary results

A.1 Proof of Theorem[T]

In this section, we provide the detailed proof of Theorem [I] Before going into details of the proof,
we first recall our system model and working assumptions as follows.

We consider n data vectors Xy, . .., X, € RP independently drawn from one of the K-class Gaussian
mixtures Cy, ...,Ck and denote X = [xy1,...,X,] € RP*", with class C, having cardinality n,;

that is, for x; € C, we have
xi ~ N(#a/v/p; Ca/p), (19)
for mean vector p, € R? and non-negative definite covariance C, € RP*P associated with class C,,.

We position ourselves in the high-dimensional and non-trivial classification regime as stated in
Assumption that is: As n — oo, we have, fora € {1,..., K} that,

(i) p/n — ¢ € (0,00) and ny/n — ¢, € (0,1); and
(i) [lpall = O(1); and

(iii) for C° = Z 1 C,and C; = C, — C°, we have |[C,|| = O(1), tr C; = O(,/p) and
tr(CoCp) = psbfora be {1 ., K};and

(iv) 790 = /tr C°/p converges in (0, oo).

Remark 4 (Beyond Gaussian mixture data). Despite derived here for Gaussian mixture data, we
conjecture that our results hold more generally beyond the Gaussian setting. As concrete examples,
many results in random matrix theory and high dimensional statistics such as the popular Marcenko-
Pastur law [43|], the semicircular law [58|], as well as the circular laws [55)], have all been shown
universal in the sense that they do not depend on the distribution of the (independent entries of the)
data, as long as they are normalized to have zero mean and unit variance. In a machine learning
(ML) context, such universal behavior are observed to hold beyond the above models, and extends to
nonlinear models such as kernel matrices [51|] and neural nets [50], in that, say, for data drawn from
the family of concentrated random vectors [33, |41] (so not necessarily Gaussian), the performance
on those ML models are the same, in the larger n, p setting, as if they were mere Gaussian mixtures
with the same means and covariances. We refer the interested readers to [|12) Chapter 8] for more
discussions on this point.

We consider the fully-connected neural network model of depth L and of successive widths dy, . .., dr,
as defined in (2), and denote W, € R4 *d¢-1 a5 well as () the weight matrix and activation at
layer £ € {1, ..., L}, respectively.

We assume that the following conditions hold for the random weight matrices W s and the activation
function oys for £ € {1,..., L}, as demanded in Assumption[2]and [3}

(i) The weight matrices W s are independent and have i.i.d. entries of zero mean, unit variance,
and finite fourth-order moment.

(i1) The activations oys are at least four-times differentiable with respect to standard normal dis-
tribution, in the sense that maxk6{0717273,4}{\E[aék) (&)]1} < C for some universal constant

C>0and &~ N(0,1).

In this section, we focus on the Conjugate Kernel (CK) matrix defined via the following recursive
relation [128, 8]

[KCK,AU = ]Eu,v [O’g(u)(jg (U)]a KCK,O = XTXa (20)
with [ ] [ ]
Kcexe—1lii  [Kek,e—1lij
wv~ N (0’ {[ch,zﬂzj [KCK,[l]j;':|) ' @D
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The derivation and discussion of the closely related neural tangent kernel (NTK) matrix is given in
Section

Let Assumptions [IH3] hold, and let 79, 7,...,7, > 0 be a sequence of non-negative numbers

recursively defined via
7 = \E[o} (7e-18)); (22)

as in (7). Further assume that the activation functions oy(-)s are “centered” such that E[o(7¢—1£)] =
0. (This assumption, as we shall see, plays a central role in our proof.)

Then, to prove Theorem [I]it suffices to show that,
(i) the CK matrix K¢k ¢ of layer ¢ € {0,1, ..., L} defined in (@) satisfies
IKck,e — Kex.el = 0, (23)
almost surely as n, p — oo, with KCK’g taking the “universal” form
KCK’g = amXTX + VAV + (72 — oo — Toap3)n, (24)

forall¢ € {1...,L},J = [j1,...,jx] € R"*E, random vector ¢ = {||x; — E[x;]||* —
Ellxi —Ex][*]}io, € R™ ¢ = {trCf/ypliy € RE, T = {tr CaCy/plypmy €
REXK and

ttT + 3T apat
V=[] , c RnX(K+1), A, = Q.2 4,3 0,2 c R(K+1)><(K+1)
/P, ¥ ¢ apatT s

;
(25)
(ii) the coefficients a1, a2, a3 are non-negative and satisfy the following recursive relations

1
a1 = Eloj(re—1)Par—11, ara =Elop(re—18)Pa1,2 + ZE[UZ/(TZ—lg)Pa%—lAv

1
ars = E[op(re-18) 13 + §E[02/(72715)]204571,1o

with a4 = ay—1 4E [(02(7'4_15))2 + ag(Tg_lf)UZ(Tg_lf)] for £ ~ N(0,1).

We will prove the above results by inductionon ¢ € {0,1,...,L}.

We first introduce the following notations that will be consistently used in the proof: for x;,x; € R?

with i # j, let
X; = /P +2i /Dy X5 = p;/\/P+2i/\/Ds (26)
so that z; ~ N(0,C;), z; ~ N(0,C;), and

1 1 - 1 .
Aij = PR L E(M zj + ;i)
N——
O(p=1/2) o(p=1)
1. _ 1 1 _
ti=—trC =0~ Y?), Wy ==z — = tr C; = O(p~/?),
p p p
1
7o =4/ —trC° =0(1),
p

Xi = ti+ ¢+ ll? o+ 20 2 /p = |xil]* = 70%,
——
O(p=1/2) Oo(=")

where we note that the notations 79, ¥; and ¢; (with a slight abuse of notation to denote C; = C,, for
X; € C,) are in line with those defined in Assumptionm and Theoremm and we denote S;; terms of
the form

1
Sij = Sij(n,72) = 523%‘ (1 (ti + i) + 72ty +5)) (27)

for random or deterministic scalars 1, y2 = O(1) (with high probability when being random). We
have S;; = O(p_l) and more importantly, it leads to, in matrix form, a matrix of spectral norm order
O(pfl/ 2), see [[I1]]. This spectral norm result will be exploited in the remainder of the proof.
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Then we give the process of induction as follows.
For ¢ = 0, we have Kck o = XTX so that
Kcxo = Koo = XX, (28)
with g1 = 1, g2 = 0, and g 3 = 0.
We then assume ||Kck -1 — KCK,e—l || = 0 holds at layer £ — 1 with
Keko1=ar 11X X+ VA VT 4+ (72, — 211 — map—1.3)Ln,

fOI‘ A(—l = |:Oéé_1’2tt—r + a€_173T a£_172t

T , and work on the CK matrix K¢k ¢ at layer £.
ap_1,t Q1,2

By definition in (5)), using the Gram-Schmidt orthogonalization procedure for standard Gaussian
random variable as in [18} 4], we write

(Kck, - 1}” [Kck,e-1]3;
u=/[Kcke-1]ii - &, v= Kcke-1ljj — 70— &, 29
VIKck,e—1lii 7 Kokl
for independent &;,&; ~ N (0, 1). As such, we have, for layer ¢ that
Kck i =E [U? ( (Kck,e—1]i '§i>:| (30)
Kck,e)ij = E [0’4 ( [Kck,e—1)ii 'fi)
K . K
ot Kcx,o— 1]3 Kcxk,e-1]3; o L I

Kcke-1]jj — 77—
VI Kcexk,e—1lii =1l = Kok, e—1)ii

where the expectations are now taken with respect to the independent random variables &; and &;, and
conditioned on the random vectors x; and x;.

Based on the induction hypothesis on the layer £ — 1, we have

2
1
Kok, i—1]ij = ar—11 4 +ae—1,2(E+9:) (8 +05) Fa—13 (pzisz) +8:5+0(p~%?), (32)
for ¢ # j, and

Kok o—1]is = Teq + @u_1.axi + a5t + )% + O(p~3/%). (33)

(Note that the introduction of the term S;; does not alter the form of K or Kina spectral norm
sense.)

The objective is then to derive the approximation of [Kck ¢|i; and [Kck ¢i; at layer £, both to terms
of order O(p~?/2), and to subsequently derive the recursive relations between the key coefficients of
layer £ — 1:
{ae—11, 0012, 00013, 01,4, 0015}, (34)
and those of layer ¢
{ow 1, 0u 0,003, 04,005} (35)

To this end, we first focus on the diagonal entries and evaluate [Kck (], then on the off-diagonal
terms [Kcx ¢];; for i # j, and finally we conclude the proof by putting everything in matrix form.

On the diagonal. We start with the diagonal entries of K¢k ¢, which, as per its expression in (30),
depends on the diagonal entries [Kck ¢—1]s; at layer £ — 1 as defined in (33). By Taylor-expanding

\/t around the leading order term t ~ 72, = O(1), one gets

\/[KCK,eq]u‘ = \/722_1 + a—1,4Xi + a—1,5(t + )%+ O(p=3/2)

aj_ _
=Te—1+ 3 (Oéz—l,4Xi +oap_15(ti + ¢i)2) et (ti + i)+ O(p 3/2)
To—1 8 Te—1
AT} o1 —af g 4 2
— _ i » 2 (t; ; 10) -3/2 .
Te-1+ 27_6_1@4 1,4Xi + 875 (ti + )" +O(p~'7)
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Further Taylor-expand U?(\/[KCK’gfl]“‘ &) = f(v/[Kck, e—1]i - &) around 7p_1&;, we get

Kcklii =E [U? (\/ Kok, e—1]i 5)] =E [f (\/ Kck,e—1]i f)}

4 2 B A2
=E f(Te—1§)+f/(Te—1§)f( ! Ou—_1,4Xs + Teoafeets a£174(ti+1/%)2>]

2701 873,

2
+B [0 10| T 007+ 007

2 2
ATi 015 —Qf_g y

=E[f(re-1&)] + E[f" (1¢-18)] <1a€1,4Xi +

5 (ti + ¢i)2>

87'[2_ 1
1

2
51108 S5 04 0+ 0l )

;4

= E[f(re18)] + =5 Elf” (re-16)]i
o B (€] + ody B (6]

8

+E|

(ti +3)* + O(p™/?),
where we denote the shortcut f(z) = o7(x) and use the facts that

E[f' (t-1€)€] = me—1E[f" (1e=18)],  E[f"(1e—1&)(€% = 1)] = 7, B[f""(1e=18)],  (36)

for £ ~ N(0,1), as a consequence of the Gaussian integration by parts formula.

As a consequence, we obtain the following relation

70 = \/Elo}(1-1€)],  ua = a1 4B [(0)(10-1€))* + oe(re—18)07 (Te-16)]

aps = 15K [(0(10-18))? + oe(1e-1€) 0} (10-1€)]

0457 1,4 E " / " " 2
1 [o0(re-18)0}" (Te-18) + 40y (Te-18) 0] (Te-1€) + 3(07 (T¢-1£))?] .

Off the diagonal. 'We now move on to the more involved non-diagonal entries of K¢k ¢. First note,
for i # j, that

Kck,e—1]ij Kck,e—1]ij

= P 3
ATy g ae—15—Qp_q 4

575, (ti + i) + O(p=/?)

- 1
[KCK,K—l]w Te—1 + 7, X—1,4Xi +

:[KCK,Z_l]ij<1 _ (a€_1’4(ti+¢i)—|—0(p1))>+O(p3/2)

To—1 722_1 2Tp_1

1 Qp—1,400-11

= —K ], = T e
7471[ CK,t—1)ij 27

1 _ _

= K[KCK,E—l]ij + S +0(p~%%) = 0(p~1/?),

1 »
(t: + 11[}71)];22—2]' +0(p~??)

with

2
1
Kok, i—1]ij = av—1,1 4 + o120t + i)t + ¥5) + au—13 <pZiTZj) + 84+ 0(p~3/?)
— O(p—1/2)7

as in Equation (32), where we recall that S;; = O(p~!) denotes a matrix of the form

%zisz (71 (t; + ;) + 72(t; + 1)) and of vanishing spectral norm as defined in (27).
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Then,

Kck,o-1)%;
\/[KCK,Z—l]jj -

Kok, e—1]i

2 2
Qy 1 .
B \/Tzz—l +ap—1ax; + 15t +¥5)? - — n (pzisz) oW

Ti—1
2 2 2 2
11 (1 1 ap_14(tj +v5)
=T-1+ Qp_1,4X5 + op_15(t; + ‘2—’(Z‘Z- -
271 ( ,AX 5 (J %) Te2—1 P J 87’5’_1
+0(p3/?)
1 ;41 (1 T 2 AT7 Jou1s —af gy 9
=Ty_ oy ;= : —Z.Z; — (¢ i
Te—1+ 270, < 0—1,4X5 7'@271 pli i + 87‘?71 (tj + ;)
+0(p~3/?).

As a consequence, we get, again by Taylor expansion that

ij K 112
oy (\/M@) oy \[/% &+ Kok, e-1lj5 — Werce- il &5

Kok, e—1]i
1 47‘2_ 15— a?_ i
=0y <T€—1§i t3 ap—1,aXi&i + ! 3 Lt + )26+ O(p3/?)
Te—1 8Ty 4
1 1 a%—l,l 1 4 2
X o <T£ Kck,e—1]ij&i + 1e-1& + Y (ae—1,4Xj Tz Ezi Z; &5
4Te2—10‘27175 - a%—l 4 _
3 =t +15)%¢ + O(p~*/?)
817 4
1 A7 o5 — ]y
= —1&i o(Te-1&i)&s —1,4Xi : = (b + i)
(04(7'@ 1) + oy(Te-1&)€ (2”_104@ 1,4Xi + R77 (ti + i)
04571 4
+07 (T0-1&) €7 3 (i + 1)
Ti—1

Kck e—1]ij 1 a; 41 (1 T 2
X _ . ! _ . 2 i _ PR ? —r! . .
(UZ(TE 15]) + O'Z(TE 15]) ( o1 f + 27, Qp—1,4X5 7-4271 pzz Z; 5]

2 2
Ay o1 — Ay 14

(t; + ?/’j)zfj)

3
8Tp 4

1.7 2
1 Qp—1,1,2; Zj op—1.4(t; + _
+§0-2/(T€71§j) < p &+ ( J J)fj) + O(p 3/2)

To—1 271

= (00(Te-16) + Tvi + Toi) (00(Te-1&) + T35 + Tsj + Taij + Taj + Sij) + O(p~3/?),
where we denote the shortcuts:

Qp—1.4 _
T, = op(Te-1&)&; - 51 xi =0,

T, = (Oée1,502(741§i)§i

’ 27'@_1

o) (T-1&)E20—1 — o)p(Te—1&)&i
87'@3_1

2
+oy_14

) (b + ) = O,

19



that only depend on &;; and

Kck,e—1lij _
Tsij = oy(Te-16;)&: - M =0(p 1/2)
Te—1
a? 1 2
T, ii = 2 £=-1,1 iy =0 —1
4,ij 2 (7'4 1&5)&7 Te . pzz Z; ().

that depend on both &; and ;; and

2 2 2 2
p_14 a1 (1 AT 15 — gy
T35 = oy(1e-1&5)8; - < —=Xj ~ 53 ( Z7sz> + 3 (tj + %)2)

2Tp_1 217 1 \p 8754
=0(p~'/?),

f14

Ty; = (t +1;)>=0@p"),

S0t (r1)Es - S5

that only depend on ;, where we panicularly note that the cross terms are of the form S;;.

As such, we have

K Kek,e—1]%;
o < Kk, e—1lii 'fi) oy Kol Kok, e-1ljj — mm———2 &5

VIKcek,e—1lii Kck,e—1]ii

= 0y(T0-1&)0e(T0-1&5) + 00(T0-1&) (T3,55 + Tuij) + 00(10-1&) (T35 + T4, ;)
+ 00(Te165)(Th i 4 Toi) + Ty i(Tsi5 + T ) + Sij + O(p~3/?),

with in particular

1,T
Qr—1,1,2; Zj

[0/
Th,i(Ts,5 + T5,5) = op(Te—1&)& - 1 (ti + i) - op(Te-1&5)&i

27'@,1 Te—1
+‘ﬁz(ﬁ-1&)§r%( + ;) - 0p(T0-1&5)&; ; 14(t‘+¢j)
+0(p3?)

o2

= UZ(TE 1fz)fog(Tz 1§J)§]471( +¢z)(t +¢J) + Sij +O(p _3/2)-

We thus conclude, for E[o,(74_1£)] = 0 with £ ~ N(0, 1), that
Kok, i

[Kexe-1lij Kok e-1l3;

Kok — o g,
VIKck,e—1lii cx.=1lis [Kck,e—1)ii &

= Elog(re—1&)(Ts,ij + Tui)) + E o} (re—1&)&0(Te-1£5)€;] ZMG+MW+WJ
471

=F |oy ( Kck,e—1]ii 'fi) oy

+ Sij + O(p_3/2)

2
oo(T—1&)0) (Te-1&;)E7 7211 (;Z;rzj) ]

=E [Uz(nﬁi)oz(nlgj)&m} L1
-1

Te—1

+ Elop(me-1&) &l Elog(Te-185)§;] ZT - (t + i) (t; + ¥5) + Sij + O(p~>/?)
l—

2
= E[oy(r0-18)]*[Kcex,e—1]ij + aé;lE[aé’(Te—lﬁ)lz (;Z;ZJ’)

2
* 0‘4211,41[_3[02,(7[716)]2(“ + ) (t; + ) + Sij + O(p~*/?),
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where we used again the fact that
Elgf(r6)] = TEIf'(r€)], E[E*f(r€)] = E[(€* — 1) f(r)] = T°ELf"(r€)], 37
for E[f(7¢)] =0

This allows us to conclude that

1
ary = Elop(re18)Par1,1,  are = Eloy(re16)Par12 + ZE[UE/(Te—lf)]Qa?—Lm (38)

1
aps = E[op(re-18) P13 + QE[UE'(Te—lf)]Qaf_m- (39)

Assembling in matrix form. Following the discussion above, we have, uniformly for all ¢ # j €
{1,...,n} that,

1 2 ‘
Kck,elij = a1 Aij + apo(ts + i) + ;) + aus (pZiTZj> +Si; +0(p~3/%),  (40)

and

Kexdi =17 +0(p™ ), (41
so that in matrix form (by using the fact that ||A[| < n||Al/, for A € R™*” with |[All =
max;; |A];; and {S;;}i; = O (p™ %), see [I1]):

Kcko = a1 XX+ VAV + (12 — 1801 — 1gaps)L, + O\I-\I(p_%)v (42)

where Oy (p~2) denotes matrices of spectral norm order O(p~2 ), with

.
_ nx(K+1) _ |agett’ +ap3T oyt
3/ 9] e R, g, = [00atl? E e aat] @)
and
1 K 1 K
T-{luc cb} , t::{trCO} , (44)
{p ‘ a,b=1 \/ﬁ ¢ a=1

as in the statement of Theorem T] This concludes the proof of Theorem [I]

Lemma 1 (Consistent estimation of 7g). Let Assumption I hold and let 19 = +/tr C°/p. Then, as
n,p — oo withp/n — ¢ € (0,00), we have,

1 n
=D Ixill* =75 =0, (45)
n -
=1
almost surely.

Proof of Lemmall] 1t follows from (26) that

n K n

1 = 1

Yl = 250 (Gl - 2uTa+ pzin?). (6)
=1

a=11i=1
From Assumption we have ||1,|| = O(1) so that 2 35K S~ 5 Ll l? = O(p~"). Since
E[z;] = 0, the second term 2 uz; of [@6) is a weighted sum of 1ndependent zero mean random
P

variables and vanishes with probability one as n,p — oo by a mere application of Chebyshev’s
inequality and the Borel-Cantelli lemma. Finally, using the strong law of large numbers on the third
term of equation (@6)), we have almost surely,

K ng
ZZ Jz]* = Zitrca +0(1) = tr C°/p + o(1), 47
a=11=1 a=1

where in the last line we use tr C;, = O(,/p) from Assumptlonl and thus L 3% llz:]|> =72 — 0
almost surely. This concludes the proof of Lemmal} O
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A.2  Proof of Theorem[2]

In this section, we provide detailed proof of Theorem[2] We follows the same notations and working
assumptions as in the proof of Theorem [I]in Appendix

As already mentioned in (6], the NTK matrices Knrx ¢ of layer £ can be defined, again in an iterative
manner, via the CK matrices Kck ¢ and K’CK , as follows [28]]:

.
Kntr,0 = Kek,o = X' X,

i
Kntk,e = Kok ¢ + KnTk -1 0 Kok -

where ‘A o B’ denotes the Hadamard product between two matrices A, B, and K , € R"*"
denotes a CK matrix with nonlinear activation o7(-) instead of o;(-) as for Kcxk ¢ in (), that is

’ _ ’ / [K/CK,Z—l]ii [K/CK,Z—l]ij

Kok s = Bunlor(@op(v)], w,o~ N <O’ [[K,()Kll]ij [KICK,fl]jj:|> @
To evaluate the eigenspectral behavior of the NTK matrix KNk ¢, it is crucial to assess the behavior
of the CK matrix K'CK’ , With activation 02. This is, however, far from trivial, since one cannot apply
Theorem 1] directly (which relies on the key assumption E[oy (7,—1£)] = 0) by simply assuming that
both E[o (74-1€)] and E[o), (7,—1£)] are zero. In fact, as shown in the statement of Theorem [2} the
evaluation of the CK matrices K , leads to the different sequence 7 that needs to be carefully
studied. In the sequel, we extend, in Section[A.2.1] the result in Theorem [I]to the general case of
E [o¢ (1¢-1€)] # 0, which will play a key role in the proof of Theorem [2] presented in Section

A.2.1 Assessment of CK matrix Kck ¢ with E [0, (7,-1§)] # 0

In this subsection, we will extend Theoremto the case of possibly non-zero E oy (1-1£)], & ~
N(0, 1), which will be the key ingredient in the proof of Theorem[2)in Section

In the following, we recall some notations introduced in Section[A.T|and will be used in the remainder
of the proof: For x;,x; € RP with ¢ # j, we have

X = pi/\P+2i/\P, X =w;/\/D+2//D, (49)
with z; ~ ./\/'(07 Cz)’ Zj ~ N(O, Cj), and

1 1 1
Aij = *Z;-I—Zj + *H;r,uzj + *([J/,—L-I—Zj + M}—Z,‘), (50)
b p p
——
O(p—1/2) O(p~1)

1 o _ 1 1 _
t;=—-trC; =0(p 1/2)7 wiZEHZiHQ—;trCi:O(p 1/2),

bS]

Xi = ti+ o+ |lll® /o + 20 7 /p = |xil* — 0%,
——
O(p~1/2) O(p—1)
/1
T0O = *tI“CO:O(l).
p
Let )
Sij (71,72) = ];ZiTZj (v (ti + i) +72(t; +95)), (5D
and

Pij (p1,-..,p6) = p1Xi + pax; + p3(ti + )% + palty +15)° + ps(ti + 1) (t; + ;)

1 ? _
+ pe (pz?zj> =07 (52)
for random or deterministic scalars 1,2, p1, P2, P3, P4, P5, P6 = O(1) (with high probability when
being random) with respect to n, p. We will simply denote them S;; and P;;, respectively.

We have already known from [11]] and have used in the proof of Theorem [I]in Section [A.T] that
Sij = O(p~!) and it leads to a matrix of vanishing spectral norm as n, p — oo.

In the following remark, we present a few results on the products of P;;, S;;, and A;;.
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Lemma 2 (Products between P;;, S;;, and A;;). We have, for random or deterministic scalars
01, P2, P3, P4, P5, Pe of order O(1) (with high probability when being random), that

Pij(p1,...,p6) - Pij(p1,- ... pe) = Pij(0,0, p1p1, p2pa, p1pz + papr,0) + O(p~3/3).
We have similarly that

Pij(p17p23p3ap4a ,057/?6) ' Aij = Sij + O(p73/2)7
as well as

Ay - Aij = P;j(0,0,0,0,0,1) + O(p~3/3).

With Lemma[2] we are ready for the following result that generalizes the characterization in Theorem[T]
to (possibly) non-centered activations.

Theorem 3 (Asymptotic behavior of CK matrix: general case). Let Assumptions hold, let
T05T1, -, 7r > 0 be the non-negative sequence defined in (7). Then, for the CK matrix Kck ¢ of
layer ¢ € {0,1, ..., L} defined in @), we have, as n,p — oo, the following entry-wise result:

(i) on the diagonal, fori € {1,...,n} that,

[Kck i = 72 + Pij + O(p~3/?); (53)

(ii) off the diagonal, for i # j that,

[Kck olij = de + o1 Aij + Sij + Pij + O(p~3/%), (54)

almost surely, for A;j, Si;, and P;; of the form in B0), (51, and (52), respectively, as well as dg, o 1
satisfying

de =Eg, ¢, [04 (Te-1€1) 00 (de_I §1+ Ae—lfz)] ;

To—
dy_ 7 1 dy_qay_

g = Ee, ¢, |00 (Te-161) 0 e+ Vi e ‘ 122 Ble ).
Te—1 Te—1 Ar—1 Ti—1

withdy =0, 1 =1, and \g—1 = 7}_| —d?_,/7}_, for independent &, & ~ N(0,1).

Proof of Theorem[3} We prove Theoremby inductionon ¢ € {0,1,..., L} as follows.
For ¢ = 0, we have K¢k o = XX, so that
[Kek.ol; =76 +xi + (8 +90)? + 0(p~*%) = 75 + Py + O(p~*),
and
[Kckolij = Aij + O(p~*/?),
withdy = 0, g1 = 1.
We then assume it holds for layer ¢ — 1 that
Kok .e-1lii = 771 + Py + O(p~*/?), (55)

and for ¢ # j,

[Kcx,o—1lij = de—1 + ar—1,14ij + Pij + Sij + O(p~3/?). (56)

Then, it suffices to show that [Kck ¢]:; and [Kcxk ¢];; for layer £ take the same form, with coefficient
d, and «y ; satisfying the recursive relation in Theorem@
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Diagonal entries [Kck ¢];;. Similar to the proof of Theorem we have, by Taylor-expansion that

\/[KCK,Z—I]ii = \/Tf,l + P +O(p=3/?)

1 1
Py——

=T_1+ Pfj +0(p~?/?)

2Tp_1 87’5’_1

=71+ Py + O(p~%/?),
where we used the property on the product P;; x P;; in Lemma in the last line. We thus have

Kok i =E [03 ( Kk e-1]ii 5)] =E [f ( [Kex 1l 5)}

— B | (ra€) + 1 (1§ 6Py + 31 (s €72 +0677)
=E[f (r18)] + Py + O(p~*/?)
=70+ Py +0(p~*?),

with f(t) = o2(t) and £ ~ N(0, 1).

Non-diagonal entries [Kc ¢]i;. Since /[Kck.o—1]ii = Te—1 + Pij +O(p~3/2), we have, similar
to the proof of the diagonal entries [Kck ¢]:; above that

Kok, e—1]ij _ Kok, e—1]ij
Kk 1) -1+ Pij +0(p=3/2)

1 1 2 _

= —[Kck,-1)ij — 5—Pij - [Kex,e—1]ij + TPZ-QJ- Kex1i +O@3?)

Te-1 Ti—1 Ti—1

1

= ;[KCK,zq]ij + S5 + Pij + O(p~3/?)

_ e

Qy_
+ = Ay o+ Sij + Py + O™,
Te—1 Te—1

for [Kck ¢—1)i; of the form as defined in (56) by induction hypothesis, and

Kk, e—1)7
K PN P L
\/[ oK. -1l Kok, i—1)i

i 2d¢_1 - op—
:\/TEI—FPM—( ZQ L= 12 ‘ 171Aij+Pz‘j+Sij)+O(p_3/2)

Ti—1 Ti—1

dz_ 2dy_1 -y
\/(sz—l : 1) R Ay + Sy + Py + O(p3/?)

T To—1
— 1 dé—1'04£—1,1A Pt S 4 O(p32
= -1~ 3 ij + Pij +Si; +O(p )-
Ar—1 Ti—1

d2
where we denote the shortcut A,y = 77 | — 5= = O(1).
£—1

We thus get, for non-diagonal entries [Kcxk ¢]i;, ¢ # J, that
[Kck olij

Kck,e—1]ij [I<CK7E_1]ZZJ'
:EU K l—1lii "Ci | O _ z+ K 1l — = {3
¢ (\/[ CK,0—1] 5) ¢ Koo 1l 13 Kok e—1]5; Korr 1 &;

de—1 o1
n ,
Te—1 Te—1

=E

oy (Tg_lfi + Pij&) X oy (< A,’j + Sij + Pij) &

+0(p~3/?)

1 doeoq oy
+ (\/ Ap—1 — = QQE 1’1Az‘j + Sij +Pij> §j>

Ae—1 Ti—1
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E[(Oe T0-1&) + 0y (T0-1&) Pij&i + ;Uz (Te-1&) P; §2>

X <Uz <d31& + v/ )\elfj)
, [ de—1 01,1 1 de—1- a1

+ oy < &+ V- 15;) (( & — 5 §j> 'Aij+Sij+F)ij>

Te—1 Ae—1 Ti—1

+0(p~%?)

+; o (d‘ Lei+ 1,5]) S”+PU)>

=E|(o¢ (1¢-1&) + Pij)

X <0e <d€_1§1: + Ae—lfj)
Tr—1

1 dy—q-ap_
+U£< “ 1&"’ Ar-1 ]> (az 11 & — el 204@ l’lfj> 'Aij+Sij+Pij>

-1 Ae—1 Ti—1

+0(p~%?)

=E

do_
o¢ (Te-1&i) XG@( L+ Ve j>
Te—1

do_ _ 1 dp_q-ay_
+ 00 (Te-1&i) X 0y <Tji§i + A1 j) (046 1,1& _ 0—1 20412 ij) Ay

Te—1 Ae—1 Ti—1

+Si; + P | + O(p_3/2)

=E [Ue (Te—1&i) x 00 (jl_j_i &+ Ve ]>:|

1 dp_q1- oy
o0 (e 1&)X0Z<41&+ )\£1j><az Ll 412ae ij)

+E - Ay

-1 Ae—1 Ti—1

+Sij + Py + 0(p~"?)
=de+ a1 dij +Si; + Pij + O(p_3/2),

where we recall the followings recursive relation

ti=E ortrs8) o0 (226 v ).

and
1 de—q-au-
aer = E |00 (7’@151‘)02( o 1&_'_ v j) <ae Ll -1 2Oée 1,1§j>] 7
Te—1 Ae—1 T
with \p_y =77 | — d?_, /77, and for independent &;,&; ~ N (0, 1). This concludes the proof of
Theorem[3 O

Note that in the defining equation of d,, one needs to take the square root of \,. In the following, we
show that TZ‘ > df holds for all ¢ € {0,1,..., L} and the sequence d; above is well-defined.

Remark 5 (On the existence of dy). Note in Theorem E| that the sequence dy, ¢ € {1,...,L}, is
defined in a recursive manner, and needs to take the square root \/ A1 = \/ TP —d?/ 7'52 which may

not be well defined. Here, we prove that TE — d% / 7'52 > 0 holds for all £, which further guarantees the
existence of the sequence d.
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By definition, we have

dy_
de = Ee, ¢, [Uz (Te—1&1) 00 ( e+ Ve 2>} , (57)

Te—1

for independent &1, &5 ~ N (0, 1), which takes a form similar to the Gram—Schmidt orthogonalization
performed in the proof of Theorem|[I|in Section[A.1] We thus have the following alternative definition

de =Eu . [o0(u)o(v)], (58)
for
’7'2_ dg,1
(u,v) ~ N <0, {dii TE—l]) , (59)

which is in essence the leading order of the non-diagonal term [Kck ¢)ij, i # j. It then follows from
the Cauchy—Schwarz inequality that 7'2171 > d2_, and thus the conclusion.

A.2.2 Proof of Theorem 2|
In the following proof, we follow the same notations and working assumptions as in the proof of

Theorem [I]and Theorem 3]in Appendix [A-T]and Appendix [A:2T] respectively.

We have obtained the eigenspectral behavior (in form of a layer-by-layer recurrence relation) of the
CK matrices K¢k ¢, for E [0y (7¢—1£)] = 0 in Theorem and more generally in Theorem

As already mentioned in @, the NTK matrices Knri ¢ of layer £ can be defined again, in an iterative
manner, via the CK matrices Kck ¢ and K{ i , as follows [28]
T
Knrtk,0 = Kck,o = X' X,
Knrk, = Kok, + Knrk,e—1 0 Koy -

where ‘A o B’ denotes the Hadamard product between two matrices A, B of the same size, and
Kk , € R"*" denotes the CK matrix with nonlinear function oy (-) instead of oy(-) (as for Kcxk ¢

in (@)), that is

/ o / / [K/CK,Z—l]ii [K/CK,Z—I]ij
Kok olij = Euplop(u)op(v)], w0~ N0, | g K/ . (60)
’ [ CK,¢—11j CK,e—r]jj

For E [o4(1¢—1&)] = 0, we have, by Theorem that the CK matrices Kck ¢ ~ KCKJ in a spectral
sense, with specifically

[Kcxeli =12 +0(p~1/?), (61)
and for i # j,
1 2 ;
[KCK,Z]ij = 04571141‘3‘ + 05572(751‘ + 1/1i)(tj + 1/13) + Qy 3 (pZ;ij> + Sij + O(p7‘3/2). (62)

For K{i 4, one has in general E [0 (7,—1£)] # 0 for the sequence 7, defined in (I2) as follows:

fr= [ [(0)(71)’], €~ N(O,1), £e {1, L}, (©3)
with 79 = 7. We thus resort to Theoremfor the entries of Ky ,. Specifically, we have that
Ko i =72+ 0717, (64)
and for i # j, .
Kl dJij = de + @i Ay + Sij + P + 0(p~°/?), (65)
with
;o /(o / d.ffl \
dp = B, e, |00(Te-181)0y ot SERVRVASTISN B

. . do_s : Qp_1,1 1 dp1dyp_11
dpy = Ee, ¢, |09(Te-181)07 (T.e VAL ) | S ma s =
- - Aoy -1
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with \p_y = 77 | —d?_, /77, for independent &;, &2 ~ N(0,1).

With the above results at hand, we now proceed to the proof of Theorem [2] As in the proof of
Theorem|[T]in Appendix [A-T] we follow the three-step proof strategy to work on the non-diagonal, the
diagonal, and eventually the matrix form of KnTx ¢.

Off the diagonal. With (62) and (63)), We first write the non-diagonal entries of Knxrx 1 as

[Knrk,1)ij = Kok ilij + Kyt oli; Kok i

2
1
=114 +a12(t +0)(t; +U5) o s (pZiTZg)

2
+ (ﬁo,lAij + Bo2(ts + i) (t; +15) + Poz (;ZiTZj) )

X <d1 + 114 + Py + Sij)
+0(p~??)
= (o1 + Box - di)Aij + (o + Boa - di)(ti + i) (tj + 1)
+ (13 + Bos - di + Boacu ) <219ZiTZj>2
+ Si; + O(P73/2)a

so that [Kntk,1]i; (and thus [Knri ¢]i; for £ € {1,..., L}) must also take the form

1 2
(KnTK,e)ij = BeAij + Bea(ti + i) (t; + ;) + Bes (pZiTZg) + 8 +0(p3%).  (66)

Since
(Knri,elij = Kok i + Knrx,e-1]i; Kok i
2
1
= a1 Aij + oot + )t + ;) + aes <pZiTZj)
1\’
+ | Be—1,1 45 + Bo—12(ti + i) (t; + ) + Be—1,3 Z;Zi z;
X (dé + a1 A+ P + Sij) +0(p~%?)
= (1 4 Bo—1.1 - do)Aij + (o + Be—1,2 - do)(ts + i) (t5 + ;)
2
. _ 1
+ (o3 + Be—1,3-de+ Be—11-6uq) (pZiTZj)
+ S5 + O(p~3/?),
so that ]
Beq = o1+ Pe—1,1 - de, (67)
B2 =z + Be—12 - de, (68)
Bes=caps+Be_13-de+ Be_in - ua, (69)
with
7 1/ . / dﬂ*l \
de =E¢, ¢, |09(To-1&1)0y et [STRERVR VRIS N I
, , dy_ : Cuoe 1 do_16y
cen =Ee ¢, |0p(Fe—1&1) 0] -t Ler+ 4/ Moo 2 Lle — t ?Qe Lle ),
Te—1 Te—1 )'\[_1 To_1
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j2
dé*l

with \p_; = 7"5271 — 55— for independent &1, {3 ~ N(0,1).
£—1

On the diagonal. With (61)) and (64), we next evaluate the diagonal entries of Knrk ¢ as
[Knrk,elii = Kok, i + Knrie—1li - Kok i = 77 + ki1 7 +O0(p~ '),
so that we obtain the following relation

Ky = TP + Ko_17F, (70)
with kg = 79 = \/tr C°/p defined in Assumption

Assembling in matrix form. Following the discussion above, we have, uniformly for i # j €
{1,...,n} that, Putting everything together in matrix form, we obtain, as in the proof of Theorem
in Appendix [A.T]that

1 2
(Kntk,elij = BeiAij + Bea(ts + i) (t; + ;) + Bes (pZiTZj) + 85+ 0(p~3/?),

and
[Knrk,e)ii = Kok, i + [Knri,e—1ii - [Kek i = 72 + K72 +0(p~ %) = k7 +0(p~/?),
so that in matrix form:

Knrics = Bea X X + VBV + (k2 — 72801 — 10 B03)Ln + O (p77), (71)

where O). (p~/2) denotes matrices of spectral norm order O(p~'/2) as n,p — oo, with
tt"+Brs T Brot
V= [1/yp, w] e RXGEAD g, = |12 ’ 20, 72
J/vps ¥l ¢ ByatT Bes (72)

which concludes the proof of Theorem [2]

A.3 Two equivalent centering approaches in the single-hidden-layer case

In this section, we aim to show that “centering” the CK matrices K¢k by pre- and post-multiplying
P =1, — 1,17 /n performed in [4, Theorem 1] is equivalent to take E[o(m0¢)] = 0 as in our
Theorem [I]in the single-hidden-layer ¢ = 1 setting, in the sense that one has

|P(Kck,1 — Kex1)P|| — 0, (73)

almost surely as n, p — oo, for the same IN(CK,l as defined in Theorem [l|and an arbitrary choice of
E[o(70€)] (so in particular, one may freely take E[o(70€)] # 0 which is different from the setting of
our Theorem [I)). The proof is as follows.

First note that the assumption E[o(79&)] = 0 is only used for the off-diagonal entries of the CK
matrix Kcxk 1, so we focus, in the sequel, only on the off-diagonal terms, while the discussions on
the on-diagonal entries are the same as in Appendix [A.1]

By its definition in (3] and the fact that Kok o = XX, one has

12 Ty .
Kcxalij = Euolor (u)or (v)], with u, 0 ~ A’ (o, [”’%"'_ X XD 7 (74)
X; X HXJ”

so by performing a Gram-Schmidt orthogonalization procedure as in the proof of Theorem [I] in
Appendix one has

u=xill - &, v=xl (47‘ &1L '§j) , (75)
for two independent standard Gaussian random variables &; and &;, where we denote the shortcut

T,
Lij = % for the “angle” between data vectors x; and x;.
i J
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It can be checked, for x; = p;/\/p + 2z;//p with E[z;] = 0 and E[z;2] | = C; that

| 2 |
cl|® = = (pes +2:) T (s + 2:) = Sl + 2 “plz+ pZszl

"I ==

2 1
‘,u’iH2+1;N;rZi+ ];trC°+ EtrCf +
O(p—1/2)
O(p~1) =72=0(1) =t;=0(p—1/2)

where we recall the definition ¢; = %Hzi 2 — % tr C; = O(p~'/?). As such, by Taylor-expanding
V/|Ix:][2 around ||x;]|? ~ & = O(1), we get

1 1 _
x| = 70 + TTO(HM”Q/ZH- 20 2 [p+ b + i) — = (ti + ¥:)* + O(p 5/2)

875
=710+0; + O(piS/Q),
where we denote the shortcut
1 1 _
0= — (wl*/p + 218] 2i /p + ti + i) — — (t; +:)* = O(p~'/?), (76)
279 87
so that
%(l"’i + Zi)T(IJ'j +2z;)
%l £i; = B
1, T 1/,,T T 1,7
Sl g+ (i 25 + ey zi) + 5225
_ P J p J J j2 J +O(p_3/2)

70 + g5 (ti + i) + O(p~)

1 ti + i -1 I LT 1 —3/2
=(—- +0 — i s+ — (1 ‘—|-[L + + O
<7—O 27_5, (p ) P ] p( zZJ 7 ) pZ Z] ( )

L1 L LT T ) —3/2
=— | -2z +—pipy+ (w25 +pyzi) + 55 ) + O
o <p J D 7 p( J ] ) J ( )
1
= *Aij + Sij + O(p_3/2).
7o
Therefore, again by Taylor-expansion,

\/||Xj||2 = (IIx;1Zi5)* = \/(||I~Lj||2/p+ 2piz;/p+ 73+t + ;) — (Aij /0 + 8ij)?

1 2
t; i
g+ )

=T+ 5 (Huz\l /42l Zi[p+ti + ;) —

I 71+ ~3/2
—QTg(pZin) +8;; +0(p°?)

1 /1 2
=70+ Gj — ﬁ (pZ;ij> + Sij =+ O(p_3/2).

Following the same idea, we again Taylor-expand o (-) in the definition of K¢k 1 as

o1(u) = 01(10&) + o1 (10€:) &b + o7 (10&)EX (i + i) + O(p~%/?),

t
878
and
1) = o1 (Jx 14355 + I 11/1 - 23.6:)
L1y ~3/2
=01 To{fj+§j9j—§jﬁ phiti) e Au+5u+0( )

= 01(10&;) + 01 (10€;)€;0; + =01 (10&;)E) (£ + ¥;)° + Xij + O(p~*/?),

8 2
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with

Xij = %&01 (T0&5) Aij + L (;ZZTZJ‘> (€20 (T0&5) — 10 §j0'1(To§j)) + 85 = O0(p~'/3),

2
275

where we recall the definition

1 1 1
Ay = alzy +oplp+ o (wle + ujz) = x/x;.

O(p=1/2) O(p~1)

For independent &; and ;, we denote the following coefficients

po = Elo1(10)], p1 =E[o1(10€)], p2 = E[o7(10¢)], ps = E[o7"(10€)],
so that
E[¢o1(108)] = T0E[0] (108)] = Top1, E[€0 (10€)] = Top2,
as well as
E[¢%0] (10€)] = E[(&* — 1)o¥ (10€)] + p2 = 700" (10€)] + p2 = 74pa + P2,
for py = E[o7" (10€)].
This further allows us to write, for A;; = O(p~%/?) and §; = O(p~1/?) that

[Kck,1lij = Euolor(u)o1(v)]

=E {01(70&) + 01 (10&:)&ib; + 8%201/(70&)@2(% + %)2}
0
<E |o1(ng) + 04 (€50, + 812 el + 05|

‘E [(a (706) + 04 (r0)Eubs + 5ol (R0 )X (hs + W) Xij} o)

8 3
T4P4 + D ToPa +

= (po + Top2b; + %(ti + 1/%)2) (po + Top2t; + %(% + %)2)
0 0

+ E[o1(10&) Xi5] + Sij + O(p~/?),

(77)

(78)

(79)

(80)

where the expectation is taken with respect to the independent &; and £; (so, in fact, conditioned on

X;,X;), so that

Kk 1]ij = Eu,v[o1(u)o1(v)]

3P4 + D2

<P0 + Top2t; + 873

2
875

2
1 1 (1 4
+E ?Ogigl(Togi)Ui(TOSj)Aij+ 572 (pzi Zj)

<§i2<71(70§i)01'(70§j) - ;01(70&)&0'1(705]*))]
+5;+0(p*?)

b2 P4
= (po +—=x:it+t =

5 3 (ti + %‘)2) (po + IEX_? + B

5 g(tj + %‘)2)

2
2ty + 51 (SaTn ) o2 (BLE ~ Dor(m)]) + S5+ O~)

Pop2

) PoP4
2

=pp+ (Xi + x5

8

1
+plA;; + B2 5 (pz;rzj) + S5 + O(p~3/?),

4
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where we recall the shortcut

) ) )2
u LR _ o), @

270 87870

1 1
0; = — (| l1* /o201 zi /p+ti+i) — —5—(ti+1i)* =
oy Ulpall™/p+ 2085 2: [+ ti403) Srgro( +¢i)

with
Xi = ti+ i + |l */p + 20 2 /p = |Ixil|” — 70. (82)
This gives, in matrix form,

3

1 1 1
Kcxi = pala1l +p? (sz +-IM™MIT + ~(IM"Z + ZTMJT)>
p

p p
Pop2 PopP4
+ 5 O+ 1ax ) + o ((talna oo +9)"10 + Lal(ftaln,Yaos +9)%7)

p% K K T p% 11 o2
+ B ({taln, Yy + ) {taln, My +9)T + 2 <pz Z)

+ (Elo? (08)] = p§ — 671 + O (07 ?),
where we denote x = {x;}", € R", A°? the entry-wise square of the matrix A € R"*", i.e.,
[A°2];; = [A4;]?, and use again the fact that [|A| < n||A|« for A € R™" with ||All =
max; |Alij, {Sij}i; = O\|~H(p7%) as well as (%ZTZ>02 = %JTJT + Oy (p~1/?) according
to 1]
Finally, using the fact that for P = I,, — 1,1} /n, we have 1P = 0,P1,, = 0, we conclude the

proof of @) with the same expression of KCKJ as in the statement of our Theorem |1} without the
assumption E[oq (70€)] = 0. This, however, no longer holds in the multi-layer setting with a number
of layers L > 1.

A.4  Proof and discussions of CorollaryT]

To prove Corollary [I] it can be easily checked that the i.i.d. entries of the weights W defined in (T7)
have zero mean and unit variance. So we focus on the design of the activations.

To ensure that the activation functions oy(-)s are “centered” and satisfy E[oy(m—1£)] = 0, we define,

with a slight abuse of notation, for the non-negative sequence 71, . .., 77, defined in Theorem|I]

or(t) =a- (Lics; +liss,),  0Q(t) = b1+ (Lecr, + Lisry) + b2 - 1<tz (83)
and take a0 = Elor(70-18)], or(10-1&) = 67 (70-18) = o1 (70—1&) — 0, Which serves as the

activation of the first = 1,..., L — 1 layers, and a, s and so satisfying the following equations

a 2 2 2 2
Elol (1 - . (6782/(27—5*1) _ 6751/(27’5*1)) , 84
[ T( L 15)] mTe_l ( )
Elo! (v 16)] — — % (S e—53/C27E1) _ g e—ﬁ/(%ﬁﬁ), 85
[ T( 4 15)] \/%Tg_l 2 1 (85)
2 2a - Qy 2 2 2 2
El(o2 (7)) = & 0. (s e—s2/(2m_1) _ 6*81/(27271)) , 86
(b)) = == (o 1 (56)
a2 S1 S92

E[o2(o— = — | erf —erf +2>a2, 87
[ T( ‘ 15)] 2 < <\@7’1€—1) (\/57'@—1> o ®D

and ay o = Elog(7E)], or (7€) = or(1€) = or (7€) — ar 0, which serves as the activation of the
last and Lth layer, and b1, bo, 71, 72, 73 and 74 satisfying the following equations

by (e—r:-:/<272> _ e—r%/(ﬁ)) by (6—7&/(272) _ e—r%/@r?))

Elog(¢)] = N + o , (88)
bl <T4€_ri/(27—2) — 7'16_7"%/(27—2)) b2 (7"26_7‘%/(272) — rse_rg/(272)>
E[og(m€)] = N + N ., (89)
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b2 (mefri/(z#) _ Tlefrf/@r?)) b2 (rzefri/@rz) — pgeT3/27)

Bl(0%(€)"] = o= + Nore: ~©0)

— 2ay, 0E[(06 (7€),

sitod )] = 2 (o (22) et ()} o0 2 (ot (22) (22

2
— QLo

’

(28]
with 7 = 71,_1.

A few remarks on Corollary [I|and Algorithm|T]are as follows.

On the numerical determinations of o7 and 0. The above system of nonlinear equations does
not admit explicit solutions, but can be solved efficiently using, for example, a (numerical) least
squares method. Precisely, we use the numerical least squares method (the optimize.minimize
function of SciPy library) to solve the above system of equations, and run for 1000 times with
random and independent initializations to get 1 000 solutions, among which we choose the optimal
parameters to determine o and o7.

On the two activations. Note that in Algorithm we use the activation o and o respectively for
the first ¢ = 1, ..., L — 1 and the final and Lth layer, since we only need to match the key parameters
0y1, 02 and o 3 for the first £ = 1,..., L — 1 layer, and the additional parameter 7 for the last
Lth, so as to obtain spectrally equivalent CK and NTK matrices for the whole network of depth L.
Also note that the proposed activation functions o and o have respectively three and five (in fact
six parameters with the symmetric constraint 7; — 79 = r3 — r4 as in Figurem) parameters that are
freely tunable. And we have respectively three and four (nonlinear) equations to determine these
parameters in the system of equations above.

B Additional experiments

In this section, we provide additional experiments to demonstrate the advantageous performance
of the proposed “lossless” compression approach. Figure [ depicts the classification accuracies
using three different neural networks: (i) the original “dense and unquantized” nets with three fully-
connected layers of ReLU activations, (ii) the proposed sparse and quantized DNN model as per
Algorithm T} and (iii) the “heuristically” compressed networks by (iii-i) uniformly and randomly
two tasks of MNIST data classification [31] having five classes (digits 0, 1, 2, 3, 4) and two classes
(digits 6 versus 8). This allows us to have a more qualitative assessment of the impact of data and task
on the performance of the proposed compression scheme. We see, as in Figure [3|for ten-class MNIST
and ten-class CIFAR10, that the proposed compression approach significantly outperform the two
“naive” compression approaches, and can achieve a memory compression rate of 10® and a level of
sparsity up to 90%, with virtually no performance loss. Also note that the experimental settings of
Figure dis almost the same as those of Figure[3]in Section[d] except that the former networks have
less neurons per layer and slightly higher level of sparsity (90% here instead of 80% in the setting of
Figure[3), to solve the simpler two-class or five-class classification problems.

In Table[T]and 2} we evaluate the impact of activation functions on the classification performance on
data of different nature, on a set of fully-connected DNN models having three hidden layers (of width
dy = 3000, dy = 3000, d3 = 1000 in each layer) and use the same activation o (-) for all layers.

More precisely, Table|l|depicts the classification accuracy and the values of the key parameters o,
aw, ag and 7 for different activations o(-) in the asymptotic equivalent CK matrix K¢k defined
in Theorem of the third and final layer of the network, on a binary classification of MNIST data
(class 6 versus 8). Similarly, Table [Z] compares the classification accuracy and o, a2, ag, 7 for
different activations, on two-class GMM data with identical mean p, = 0,, and different covariance
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Figure 4: Test accuracy of classification on 2-class (top) MNIST dataset - digits 6 versus 8 and
5-class (bottom) MNIST dataset - digits (0, 1, 2, 3, 4). Blue curves represent the proposed “lossless”
compression scheme with different levels of sparsity e € {0%, 50%, 90%}, purple curves represent
the heuristic sparsification approach by uniformly zeroing out 90% of the weights, green curves
represent the heuristic quantization approach using the binary activation o(t) = 1lic—1 + 1>
(only applied on the first two layers, otherwise the performance is too poor to be compared to other
curves), and red curves represent the original (dense and unquantized) network. All nets have three
fully-connected layers, and the original network uses ReL'U activations for all layers. Memory varies
due to the change of layer width of the network.

C,=(1+8(a—-1)//p)Ip, a € {1,2}, The numerical experiments are performed on a training set
of size 12000, a test set of 1800, with x1,...,X,/2 € C1 and X;,/241,...,X, € Ca, for standard
Gaussian W on both MNIST and GMM data.

We observe from Table [T]and 2] that:

(i) while in theory, the key parameters o, ais, ag and 7 (in Theorem depend on both (the
statistics of) the data and the activation, the impact of the activation o appears much more
significant;

(i1) by using some o (with the corresponding a1, as and/or g being zero), one asymptotically
“discards” either the first-order (u,) or the second-order (t, T) statistics of the data (which,
per Theorem 1} are respectively weighted by the key parameter o1, as and «3), resulting in
performance degradation;

(iii) precisely, we divide commonly used activations in Table[T]and 2into the following three
categories:

1. covariance-oriented activations with oy = 0: this includes cos(t) and |¢|; and

2. mean-oriented activations with a; = 0 and a3 = 0: this includes 1,>¢, sign(t),
(1 + e~t)~1 [21], sin(t), linear function, and the Gaussian error function erf(t); and

3. balanced activations with nonzero «j,as,as: this includes ReLU activation
ReLU(t) = max(t, 0) and Leaky ReLU activation [42].

The above classification of activation functions is reminiscent of that proposed in [36],
which is, however, only valid in a single-hidden-layer setting. In line with the observations
made in [36], we see in Table[I]that covariance-oriented activations behave poorly in the
classification of MNIST data (that are known to have very different first-order statistics, see
for example [36] Table 3]), while mean-oriented activations yield unsatisfactory performance
on GMM data having different covariance structure in Table[2] In a sense, the parameter o
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characterizes the “ability” of a given net to extract first-order data statistics and 2, a3 the

“ability” to extract second-order statistics from the input data, respectively.

Table 1: Classification accuracy and values of a1, i, g and 7 at the third and final layer, on MNIST

data (digits 6 versus 8).

o(t) o Qs Qs T Accuracy
max (0, t) 0.0156 0.0105 0.0112 0.1994 0.971
0.1t 14co+t-1;>0 0.0083 0.0097 0.0081 0.1750  0.9654
1i>0 0.0642 0 0 0.5 0.9665
sign(t) 0.1779 0 0 0.4689 0.9715
1/(1+e7t) 0.0002 0 0 0.0129  0.9637
sin(t) 0.1779 0 0 0.4689 0.9749
t 1 0 0 1.0021 0.981
erf(t) 0.2166 0 0 0.5053 0.9788
cos(t) 0 0.0003 0 0.0116 0.5257
|t] 0 0.0209 0 0.2195  0.5709

Table 2: Classification accuracy and values of a1, ag, a3 and 7 at the third and final layer, on GMM

data.

o(t) oy Qs o3 T Accuracy

max (0, t) 0.0156 0.0092 0.0099 0.2128 0.8945

0.1t -14co+t-1;>0 0.0083 0.0085 0.0071 0.1867 0.9079

li>0 0.0564 0 0 0.5 0.5028

sign(t) 0.2256 0 0 1 0.4916

1/(1+e) 0.0002 0 0 00135 05173

sin(t) 0.1512 0 0 0.4729 0.5025

t 1 0 0 1.0693 0.5045

erf(t) 0.1912 0 0 0.51 0.4989

cos(t) 0 0.0003 0 0.015 0.9598

|t| 0 0.0184 0 0.2342 0.9302
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