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Notation. We use || - || to represent the Euclidean norm of a vector and Frobenius norm of a matrix.
We use V to denote the Jacobian of a vector-valued and gradient of a scalar-valued function and
V®(a){b} to represent the directional derivative of ® along b. We use ® and ® to denote the
Hadamard (entry-wise) product and Kronecker product, respectively. For A € R™*"™ and t € Z, we

denote A*' € R™ *™ with its a-th column defined as vee(zg ®@ - Q@ xq) € R™ . We use lower-case
bold font to denote vectors. Sets and scalars are represented by calligraphic and standard fonts,

respectively. We use [n] to denote {1, --- ,n} for an integer n. We use O and Q to hide logarithmic
factors and use < to ignore terms up to constant and logarithmic factors.

A Proof of Lemma 1

Intuitively, if V®*(wy) is a (pa, Vs )-near-isometry, then one would expect V®* to remain near-
isometry for all nearby points. Formally, let A, B € R™*" and let singular values of a matrix are
ordered such that o;(A) > 0;(A) and 0;(B) > 0;(B) for 1 < i < j < min{m,n}. Using Weyl’s
inequality and for ¢ + j — 1 < min{m,n}, we have:

O',LJFJ,l(A—‘rB) SO',L(A)-F(TJ(B) (Al)

More formally, suppose that w € R? satisfies

(lw —wol|| < — = ps. (A2)

If V®*(wy) is (ue, Vo )-isometry in the sense of Definition 1, then applying Weyl’s inequality (A.1)
along with using smoothness and (A.2), we have
Omin (VO (W)) > 0min (VO (Wo)) — Omax (VO™ (W) — VO™ (wy))
> p1e — Pal|lw — wol|
> He
-2

Using a similar argument, we establish an upper bound o5 (VO®* (W)):

O (VB (W) < G (V" (W0)) + (V" (w) — V" (wp)) < v + 2 < 22
B Proof of Lemma 2
Let ¢ > 0 and denote
C(t) =2(v(1)) (A3)
so we have
h(v(t)) = f(@(v(t)) = f(C(D)). (A4
Taking the first-order derivative w.r.t. ¢, we have
((t) = Vo(y(t) {4(1)}
— V(1) {TR( (D)} (A
Note that we have
O _ o ay) 15107}
= —Vh(y(1)) {Vh(7(1))} (A.6)
= —[[Va(y(1)]1*.



23 Length of the segment of the curve g restricted to the interval [0, ¢] is given by

t
0= [ Irelar
/Hw Dldr

(A7)
< / O (VO™ (4(7)) - [VF(C(r)) ]| dr

< w»/ IVF(C(r)] dr.

24 To control the norm in the last line of (A.7), we note that

_ VD) - FCE) G

dr 2V F(C(n)) - FC®)

2/ f¢(n) - f

mm<v<1>*< (r
T 2J/fK) -
p3 - HVf( $n)1?
V) = FC(@)
rmp IIVf( ¢(n)|1?
N RG]
= vazuz - IVFC)I,

25 provided that the denominators are nonzero. Substituting (A.8) into (A.7), the desired length is
26 bounded by

©) (A8)
3

Vv

)< / IVF(C() dr

d\/f(C(T)) — f(C(®))
ué\ﬁ/ dr d

= (VIGO) - VIC®)

_ v /TC0)
T ua/ar
~ va\/h(v(0))
iy
_ va\/h(wo)
ey

27 which completes the proof of Lemma 2.

< _

T

s C Proof of Theorem 2

29 The proof is along the lines of Theorem 1. We first compute the length of the trajectory traversed by
so gradient descent iterates. Formally, let I denote the first iteration such that w; ¢ ball(wg, pg). The
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a1 length of the trajectory traced by {w;}!_, is upper bounded by
-1

0 =Y fwits — wi
i=0

I—-1
=y [I[Vh(w))] (A9)
=0
I—-1
Sve Y IIVF(2)]-

=0

32 This following lemma is useful for our proof.
53 Lemma A.1. Suppose u,v € ball(wq, pg). Then we have || ®(u) — ®(v)|| < 22 lu —v/|.

34 Proof. Using Lemma 1, we establish a bound on | ®(u) — ®(v)][:
1
1®(w) — (v)| = H /O Vo(v + tu— v))(u—v) dtH
1
< / VD (v + t(u — v)) (u — v)|| dt
0

< — — .
<2 v
35 O

36 Leti < I — 2. To control the upper bound in (A.9), we use the smoothness of f and Lemma A.1 to
37 obtain a standard “descent inequality” as:

F) = Fms0) 2 (s = 1, VI @)~ Ll —
= (B(wi) — B(wis), VI (20)) — 2 B(wi ) — By
= (V0 (wi) (i~ wiar), 9F(50) — L |0(wisr) — Bwo)|?
= (@(Wit1) = D(w;i) — V@(w;) {wis1 — Wi}, Vf(z))

> (VO (w;) {w; — wit1}, Vf(zi)) — Ps

2
_Pe
2

1 2 98sv3
> (90(ws) s i} VF(a0)  glwien = wil? (5195 (a0)] + 2472 )

H(I)(Wi-i-l) - (I)(Wi)”Q

Wi = will®[[Vf () |

= n(Ve(w,) {Vh(w:)}, Vf (2) = || Vh(w,)| (ﬁ«»lvf(m)ll + gﬁiﬂ
95#’%)

2
— Tl = 9w 12 (819 + 2

— 77||Vh(W7:)H2 <1 _ 775<I>||V2f(zz')H B 97758f1/§>)

> nu3||Vf(z:)||> (chain rule and Lemma 1)

ss  where the fourth inequality holds since |®(a) — ®(b) — V®(b)(a — b)|| < %"Hb — a|? for
39 Pe-smooth &, and the last line holds provided that 7 satisfies:
ns ! 5 -
Ba max; [|Vf ()| + Brrg

(A.10)



40 We now use the bound above to find an upper bound on \/f(z;) — f(z1-1) — \/f(zi+1) — f(z21-1):

f(zi) = f(Zit1)
V(zi) = f(zr-1) + /f(zir1) — f(z1-1)
S nu%IIVf(zi)IP
~ Vf(2) = f(zr-1) + /f(zis1) — f(z1-1)
77,U<I>va(zi)”2
~ 2/ f(zi) — [(z1-1)
o UGN DN
T V2| VS(z)l
UNGHIE
= T\Ivf(zi)ll-

\/f(zi) f(z1-1) \/f (Ziv1) — f(zr-1) =

(A.11)
41 Substituting (A.11) into (A.9), we have

I—-1
(0 < e S IV5 (2

=0

(z (z; (z1— v ||Vf(zr—
rﬂ@;(\/f 1-1) =V f(zis1) I 1))+77 3|V f(zr-1)| A12)

< m\/f(z()) — f(ar1) + el V()|
< rg;) + sl VF ()|l

42 Note that

6
J(a0) = hlwo) $ 378

43 and scaling down the learning rate sufficiently to control the second term in the upper bound ensure
44 that

P Mo
NH<—=—.
i < 2 4Bs

45 Hence, the gradient descent iterates satisfy:

{wi}i>o € ball(wo, pa),

46 which implies that the limit W exists and is globally optimal. In the following, we simplify the
47 expression for 7 in (A.10). Since the iterates of gradient flow remain within a ball of radius pg, we
48 can compute the local Lipschitz constant of f as

max [|Vf(zi)|| < IV (2o)|| +max|[[Vf(z:) = V/(zo)|
< IVF(zo)|| + By max||z; — zo
= [IVf (o)l + By max [ ®(w;) — B (wo)

3Bve (A.13)
2

= IVf(zo)ll +

max lw; — wol]

S/Bqu;.
9 * P
3Brpeve
4B

< |IVf (o)l +

= [IVf(z0)ll +



49

50

51

52

53

54
55

56

57
58

59
60

61

62

63

64

65

Substituting (A.13) into (A.10), an upper bound on 7 is given by
1 1
ns 7 < 2 2
Ba [V (zo)l + Brpave + Brvg — BallVF(20)ll + Brug + Brvg

where the last inequality holds since pe < ve.

(A.14)

Finally, using (7), we prove the linear convergence to the limit point w:
h(Wiy1) = h(Wit1) — h(wi) + h(w;)
= f(zi+1) — f(z:) + h(wi)
~Cp | Vf (2:)[I* + h(w:)
< (1= Cnaspg)h(w;) (A.15)

IN

where C'is a universal constant. This completes the proof of Theorem 2.

D Proof of Lemma 3

We first obtain the expression for adjoint operator V*(Q) : R2xn — Rdixdo  Rdzxdi [ et
Ay € Rbrixdo Ay ¢ Ré2xd1 gpnd A € R%2%" We expand ® as follow:

S(W+ Ay, V)= (W, V) + VP (Aw),

W,V + Ay) = (W, V) + Vyd(Ay) (A.16)

where

Vir®(Aw) =V (¢'>(WX) ® AWX) . Vd(Ay) = Ays(WX),
© stands for the Hadamard (entry-wise) product, and QS(WX ) is the derivative of ¢ calculated at each
entry of the matrix W X. The operator V®(©) is given by (Aw, Ay) = Vi ®(Aw ) + Vv P(Ay).

Using the cyclic property of the trace operator and trace ((4 ® B)C) = trace (A® CT)BT), we
have

(A, Vwe(aw)) = ((3WX) o VTA) X7, Aw),

(A.17)
(A, Vy@(Ay)) = (Av, Ag (XTWT)).
Substituting (A.17), the adjoint operator is given by
VO*H(O) : A - ((gf)(WX) © VTA) X7, A (XTWT)) . (A.18)
Suppose that there exist gﬁmax, (;zgmax < oo such that
SUp[3(0)] < dmax,  SUPIG(0)] < D (A.19)
Lemma A.2. Let A € R™*" and B € R"**. Then, we have
Tmin(A)[| Bl < [[AB|| < omax(A)||B]|.
Using Lemma A.2 and triangular inequality, we note that
Ive*(©,4)] < H (W x) @ (VT a)) X7 + ae(x Tw )| A0)
< PmaxOmax (X)Tmax (V) [ All + omax ((W X)) [| Al
Similarly, we have this lower bound:
IVO™(0, A)|| = omin(¢(WX))[[Al (A21)
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67
68

69
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71

72

73

74

75

76

77

78

79

80

81
82

Substituting ©¢ = (Wy, Vp) into (A.20) and (A.21), ue and v are given by:

Umax(v(b*((_)O)) S dl)maxonmax(X)Umax(%) + Umax(¢(W0X)) = Vy,

A22
Fin (VO (89)) = omin(6(Wo X)) = i (A-22)

In the following, we find the smoothness parameter 3¢ in (4). Let ©,0 € Ré1xdo x Rd2xd1_ We
note that |[V® (0, A) — V®(O, A)|| < Uy + U where

Ur = VW X) 0 (ARX) - V(W X) @ (Ap X))

A (A.23)
Us = [|Avo(WT X) — Ayvo(W ' X)].

Let us denote
Imax(V) < Xmax- (A24)

An upper bound on U; in (A.23) is given by:
U < [I(V =V)(@WTX) 0 (AR X))+ [IV(@WX) 0 (ApX) = VHW T X) 0 (Aj X))l

< GmaxOmax (V= VII1Aw || + 0max (X)omax(VIIG(W TX) = oW TX)|oc || Aww |

< GmaxTmax(X) [V = VI Aw || + GmaxTmasx (X)X [cotmax (V) [W = W[[| Aw ||

< GmaxOmax(X) NV = VI AW | + GmaxXmaxTmax (X)W = W[[| Aw|].
An upper bound on Us in (A.23) is given by:

Uz < maxOmax(X)[|W = W|[|Av|.

Substituting the upper bounds on U/; and Us, an upper bound on o (V®(0) — V&(O)) is given by

O'max(vq)(@) - V(b((_))) < Umax(X) <¢;max + émameax) ||W - W” + O-max(X><i)max||V — V”

< V20max(X) (Smas + Fmascxmas ) [0~ O]

where the last inequality holds since

W =W +|[V-V|< \@\/IIW — W2+ |V = V2.
Finally, B4 in (4) is given by
ﬂfb = \/io'max(X) (Q.Smax + Q.Z;mameax) . (AZS)

E Proof of Theorem 3

This is our setup: minge gas xdo  gdo 1 1(O) Where
h(©) = IVe(WX) — Y2
Note that oy = By = 2.
Suppose that there exists xmax < oo such that, for all ¢ > 0, we have
Tmax (Vi) < Xmax-

The details of xmax later will be provided in Section E.6.
In Lemma 3, we have shown that

pa = omin(¢(Wo X)),

Ve = GmaxOmax(X)Tmax (Vo) + Omax (6(Wo X)),

Bo = V20max(X) (émax + émaxxmax) :

In order to apply Theorem Theorem 2, we now establish high-probability bounds on random quantities
e, Vo, and h(©g) given the initialization in (17).
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E.1 Estimating g, vg

We now estimate the random quantities g, Vg in our neural network setting. They key quantities to
estimate are oyin (@(Wp X)) and omax (¢(WoX)). To that end, we consider Hermite decomposition
of the activation function ¢.

We start with the basic definition of Hermite polynomial and its properties. Let 7 > 0 and let
¢; : R — R denote the i-th Hermite polynomial. Note that ¢;’s form an orthogonal basis for the
Hilbert space of functions.:

H:{u:R—HIM /uQ(x)exp<—“;2) <oo},

which is equipped with the inner product

(1, v)3 = \/% / u(z)v(z) exp (f) dz

for u, v € H. We consider probabilist’s convention of Hermite polynomial. Specifically, for ¢, 5 > 0,
we have

il i=j,

(i 4j)n = {0 it (A.26)

Using the above orthogonal basis to decompose (W, X ), we have

p(WoX) = % - qi(WoX) (A.27)
i=0

where ¢; = (¢, q;)7 and each matrix ¢;(WyX) € R%*" is formed by applying ¢; entry-wise to the
matrix Wy X. Let us denote

Mo := $(X Wy )$(WoX).
Let 0 < 7 < 1. Suppose there are constants 1, 72 such that 771 |¢(a)| < [(7a)| < 772|¢(a)| for all

a. In the following, we first obtain E[M;] = E[¢(X ' W, )¢(WoX)] with Wy ~ N(0,1) and then
obtain a lower bound on o, (E[Mp]) and an upper bound on o,;, (E[Mp)]) by scaling the variance.

Applying Hermite decomposition (A.27) and taking expectation, we have
E[i] = E [6(X W )o(WoX)]
(A.28)

o0
CiCj < ~
= D o Ela(X W )g; (WoX)]
ij=0 "’
where the expectation is w.r.t. the random matrix WO. Let x, € R% denote the a-th column of the
training data X. Each summand in (A.28) is an n X n matrix where

dy
[Elg, (X TWg 70 X0)| =D E 0.6 Woe)a (W %) | . (A29)
’ c=1

where V~V07c7_> is the c-th row of Wo fora,b € [n].

In summand on the RHS of (A.29), we note that there is a linear combination of Wo’s elements inside
of each Hermite polynomial.

We use the properties of Hermite polynomials [3][§18.18.11]:

(a%+...+a3‘)%~ a1$1+."+a’r‘x’r _ ail...air.’ 5
( (a%Jr,,,Jraz)% )_ Z 770!%1(951)“'%,-(%) (A.30)

7

X 51! c.e 8
Ss1+-+sp=1t

0!

where ¢;’s form an orthogonal basis, equipped with the inner product (u,v); =
ﬁ J u(z)v(z) exp(—z?) dz. This basis follows the physicist’s convention of Hermite polynomial.
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Since ¢; and g; are rescalings of the other, we can replace g;’s into (A.30). Note that we have
|xa|l2 = 1 for all @ € [n]. Then we have

- SRR N -
qi (XIWO,C,H) =il Z %qsl (WO,C,I) T qsdo (WO,c,do) (A31)
s1++8ay =1 !

where z, ;, and W07c7k are k-th entry of x, and W0707_> for k € [dp]. Using the expansion in (A.31),
we expand (A.29) as follows:

51 Sdg s Sdo
Loy Tagr Tyg Ty gy

Giy(a,b) = ilj! Z Z S;!'~-Sd(;! ' 8/1' 84! P (Woe.)

s1Fag =i s} s =

) (Ta,125,1)° (Ta,dgTh,ap) %0 . .

D ECDED DRI i=J (A32)
0 iFJ

= o 231+-~~+sd0:i (517__'1'75,10)(1‘@711‘1)71)31 T (xa,dol‘hdo)SdO i =7
0 i#]

where Ci,j (a, b) =K [Qi(XIWQ7C7_))Qj (WJC,HXIJ)} 5

ps,s'(WO,c,H) =E |:QS1(WO,C,1) © " Gsq, (Wo,c,do) 'QS/I(WO,C,I) C sy (Wo,c,do)} )
s=[51,""",8d), and 8" = [}, -+ ;s ].
To simplify the expression in (A.32), we define X*¢ € R X" where the a-th column is given by
X =vec(x, ®---®%,) € R%,
which is also called Khatri-Rao product. For : = 0, we use the convention that X 0 =117 ¢ RPXn,

We can rewrite (A.32) as follows:
iNXFXFY =4
i (a,b) = a1 “%b A.33
Gt = {§ o (A.33)
Substituting (A.33) back into (A.29), we find that

(Bl (X T g, (W0X)]] ZE[qzx Woe,)a5(Wolex0)|

(A.34)
_ [dil(XGL X i=
o i # j.
Substituting (A.34) into (A.28), we have
E [MO} =d <cg11T +3XTX + Z (X~ TX“) (A.35)
We now establish an upper bound on o, ,x (ZZ 9 3 (X*Z)TX*’)
icg (X*z)TX*z < icg ((X*z)TX*z)
Omax - > —; Omax
= =il (A36)
< EeOmax(X)
where ¢, is given by
=34
ZT»

N
I|
N
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which is finite provided that ||¢||4 is bounded.
Using (A.36), we now establish an upper bound on amax(]E[Mo]):
Tmax(E[Mo]) < di (ncf + (c] + ¢2)oman (X)) -
Moreover, suppose there exists some ¢ such that opn (X **) > 0. This requires to have d6 > n.
Putting together the lower bound on o, (E[Mp]) and the upper bound on oy, (E[Mj]), noting
Wo = w1 Wy and applying 7 ¢(a) < ¢(1a) < 772 ¢(a), we have
2
c
wf“dltft,ﬂim(X*t) < Tmin(E[Mo]) < omax (E[Mo]) S wi™dy (nc§ + (] + ) omman(X)) -
(A.37)

E.2 Concentration of the random matrix M,

To see how well the random matrix M concentrates about its expectation, note that
T, T
My = ¢(X " Wy )op(WoX)

dy
= X"wT Wo.i X
;¢( 0,i,—)0(Wo,i, X) (A38)

where {A4;}1, € R™ " are independent random matrices.

Consider the event £; that
max ||[Wo ;]2 S kiwi+/do logdy, max Vo,
K3 1

[d ] ‘2 5 k’gng/ dg log d1 (A39)
1€(dr

where Vj ; | is the i-th column of Vp. Note that W ; —, € R% and V; ;| € R% are random zero-
mean Gaussian vectors whose entries’ variances are w? and w3, respectively. Therefore, with an
application of the scalar Bernstein inequality [6, Proposition 5.16], followed by the union bound, we
observe that the event £ happens except with a probability of at most

pr = dy o o grtade (A.40)
for a universal constant C' with sufficiently large &1, k5.

Leti € [d;]. Conditioned on the event &1, an upper bound on ||¢(X "Wy ; _,)||2 is given by:

16(X T Woi-)ll2 S PmaxOmax(X)k1wi/do log di. (A41)
Moreover, we have
UmaX(Ai) = ||¢(XTWO’Z',H)”§

= (X T Wo,i,-) = d(0)]13 (A42)
/S .IZl’la.XUIQIla.X (X)kfw%do IOg dl .

We now focus on the concentration of o (M) and omax(Mg). We use a concentration property,
which provides the tail bound of f(W) = ¢(X W T )p(W X) with multivariate Gaussian input .
In the following lemma, we show that fisa Lipschitz function, and its Lipschitz constant explains
how f (W) concentrates around its mean.

Lemma A.3. Let f(W) = ¢(XTWT)p(WX). Suppose W satisfies (A.39). Then f is -Lipschitz
function with constant k = 4¢3, o2, (X)kiwiv/dglogd;. So we have

max ™~ max

IF W) = FW)| < 40500 max(X)krwiv/do log dy - [W — W'I].
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Proof. Note that f (W) = My and f can be represented as

dy
f(X) = Zfi(WH)

where f; is given by fi(W; ) = ¢(X "W, )¢p(W; -, X). We prove that each f; is x-Lipschitz,
which implies that f is also x-Lipschitz. l
We note that f;’s can be expressed as a composition of three functions:
fi(v) = (g1092093)(Vv)
where g1, g2, and g3 are given by
g1(v) =vv', f2(v) = 6(v), f3(v) = vX. (A43)
It is clear that g5 is gf)max-Lipschitz, and g3 iS Omax (X )-Lipschitz from their definitions. Lipschitz
constant of g; comes from the domain bound as follows:
lgi(v +0v) — g1 (V)| = |ovv +vov' +dvev' ||

< 2/|5vv || + [[ovev T (A.44)

< I+ llov]]) - llovl].
A bound on (2||v|| + ||dv]|) is obtained in (A.41). Then g¢; is k1-Lipschitz function with

K1 = 4q5maxa,nax( )k1w1v/dplog d;. Therefore, all g1, g2 and gs are Lipschitz function, so

their composition f; is also Lipschitz function with constant K = 4¢max 02 (X)) k1wi/do log dy,
which completes the proof. O

Lemma Ad4. Let z € R? denote a Gaussian random vector. Then we have Pr{||z — E[z]|| >
t|E2} < exp(—t2) where &y is the event that ||z|| is bounded.

We can focus on the tail distribution of My = f (Ws). Using Lemmas A.3 and A.4, we have
Pr{||Mo — E[M]|| >t [£1} S exp(—k3) (A45)

where t = k342, 2. (X)k1w1v/do log d; with some constant k3.

Using (A.45), we now establish a tail bound on o, (Mp):

Pr{amm(MO) (1 - 51>0mm( [MO])lgl} < Pr{|‘7min(M0) Umm( [MOM > 510min(E[MO])|gl}

< PI‘{O’min(Mo — [ ]) > 510'm1n( [MO])|81}
< PI‘{O’maX(MO — [ D > 510'mln( [MOD|51}
< Pr{|| Mo — E[Mo]|| > 610min (E[Mo])|€1}

S p2

where

P2 =€exXp | — ( 6lamin(E[Mo]) )2 |
4¢max max( )klwl\/m

Pr{amaX(MO) (14 02)0max(E [MOMEI} < p3

Similarly, we obtain

where

p3=exp | — ( 020 max (E[Mo]) )2
4¢max max( )klwl \% dO IOg dl '

Putting these bounds together with (A.37), we have :

2
X C
wi/ (1= 51)7§d10min(X*t) < Omin(P(Wo X))

Tmax(B(Wo X)) < /(1 + d2)wi* (1/(eF + & )d10max(X) + |co| v/ dan)

except with a probability of at most p; + ps + p3.

(A.46)

With establishing the bounds on o (¢(Wo X)) and opmax (#(Wo X)), we can finally estimate f1q, Vo
as follows:

10



166 E.3 Lower bound on pg

167 A lower bound on ug is given by

2
Wi/ (1~ 51)%d10min(X*t) < Omin(B(Wo X)) = g, (A47)

168 except with a probability of at most p; + ps.

169 E.4 Upper bound on vg

170 Since vy = qi)maxamax(X)amax(Vo) + Tmax (A(Wo X)), we obtain a bound on o ,.x (Vo):

171 Since Vj is a Gaussian random matrix, we have

Omax (Vo) < w2 (2¢/dy + /da) < war/dy (A.48)

172 except with a probability of at most p; = exp(—Cd;) where C is a universal constant [6][Corollary
173 5.35].

174 Combining (A.48) with the upper bound on oy« (¢p(Wp X)), we have
Ve = émaxamax(X)Umax(Vb) + Umax(¢(WOX))
< nmaxma(X) V1 + Wi/ (14 82)(e2 + ) s ana (X) + i o /(1 02)dam

175 except with a probability of at most p; + p3 + pa.

176 E.5 Upper bound on 1(0g)

177 In this section, we bound h(6y). Using ||a + b||3 < 2||a||3 + 2||b]|3, we have

h(O0) = [Vod(WoX) — Y ||? (A.49)
< 2 Vos(Wo X)||2 + 2||Y |2 ‘

176 To upper bound the random norm in (A.49), we first decompose V(W X) into terms including
179 Wo4— € R% and Vo, € R% as follows:

dy
Vop(WoX) =) B (A.50)
i=1

180 where B; = Vo, p(Wy, ,X) € R%*"’s are independent random matrices for i € [d;].
181 Conditioned on the event £; defined in (A.39), we bound || B; ||:
| Bil| = ||V0,i,¢||2H¢(W0T,i,—>X)H2

< Vosillz - maxTmax(X)krwi v/do log dy (AS1)

< W1W2 PimaxTmax(X) k1 k2 \/dods log dy
182 fore < dj.
183 Substituting the upper bound in A.50 into A.51 and applying the Hoeffding inequality [2], we have

Pr{[[Vog(WoX)|| Z u(do,d1,d2)|E1} = Pr{|[Vogp(WoX) — E[Voo(WoX))[E1][| Z u(do, dy, d2)|Ex}

dy
< Pr {Z |B: —E[Bi]|| Z u(do, di, d2)|51}
i=1

<ps
184 where

u(do, di,da) = 3w1WaPmaxk1 ka/dodi dadmax (X ) log dy

11
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202

and ps = exp(—C4§3) with §3 > 0 and a universal constant C.
Therefore, under the event £;, we have
h(©o) < 2[[Vog(WoX)|* +2[Y|*
< S3wiwd Pl kikddodidao?  (X) log? di + ||Y |2

except with a probability of at most p; + ps. It is natural to assume that do = o(d;). We also have
IY]< 1.

(A.52)

max

Suppose that
1
w1w2 =~ (A53)
¢1nax Vv dOdl 10g dl
Substituting (A.53) into (A.52), we have
h(©0) < 03k3k302,. (X) (A.54)

where §3, k1, and ko are all constants and independent of dy, di, and n.
E.6 Denouement
The key condition for linear rate convergence of gradient descent in (9) is

6

app

h(©0) S G55
[

Putting everything together for the shallow neural network, with high probably, we have

af =2

vy = w?qgmaxo’max \/ 1+ \/ 1+ 52 27’2 (C% + C Umax \/ 1+ ‘CO| 2T2 1 + 62)d1n

2
T & *
He = wll (1 - dl)ﬁdlamin(x t)

ﬁ(p = \/iamax(X) ((Z.Smax + &mameax) .

(A.55)

We note that the order of oy (X ) and i, (X **) play significant roles for the overparameterization
order analysis. For ¢ = 1, it requires n ~ dy, which is not a common setting in practice. In the
following, we focus on t > 2.

E.7 Order analysis with ¢ > 2

In this section, we assume |co| is sufficiently large such that |co|v/ (1 + d2)d1n becomes the dominat-
ing term in vp." Then a sufficient condition to satisfy (9) is

032 (1 + 62) k3 k2 (dmax + PrmaxXmax) 2T ihax (X121

= W1 = 0Pl (X) | (20
which can be written as
0 \/ 033 (1 + 02) kK3 (P + Grmc Xoma) 112 V11070 ()
< ST (] 53¢ o3 (X1
For notational simplicity, we let 6, = max(k1, k) and denote C5 = {d1, d2, I3, 4} and
2.2 4] py 2413
£(Cs,t, ¢, {citi>0) = \/ %l +i?f (f;“(a"j 5‘?3’?{?‘”) £ (A.57)

!To have a nonzero co, the activation function should not be an odd function.
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Note that £(Cs, t, @, {¢; }i>0) can be viewed as a constant w.r.t. dy, dy, and n. Then (A.56) can be
written as:

Jl%lin (X*t)
It remains to estimate oyax (X)) and o, (X *?) to finish the order analysis of d;. Suppose that n ~ df.
Then , along the lines of [4][Section 2.1], we have o (X) ~ | /% and o (X*) ~ ar >~ 1
0

2
dy = Q(‘/ﬁ"max(X ) ). (A.58)

Combining them all, we have
3
nz

dl Z 5(657 ta ¢7 {01}120) dO

(A.59)

Therefore, the overall overparameterization degree becomes dpd; ~ Q(n%) fort > 2.
The exact expression of (¢, &, , dg, d1, d2, X) in Theorem 3 is given by
Y <pr+p2+p3+patps

,( 510wy (E[MgD) )2 7( _ syomax(E[Mg)) )2
< d1—064d0 +d1_064d2 +e \4Raxohax(X)8ay/dolog dy +e \1PRaxThax(X)sa/dglosdr ) | e~ Cdr

Note that dy ©%4% 4 d7 %492 4 exp(—Cdy) 4 exp(—Cd2) decreases exponentially, which can be
sufficiently small without changing the order of d;.

Finally, with dyd; ~ Q(n% ), the gradient descent converges to a global minimum with linear rate
with probability at least 1 — 1, which can be arbitrary small.
Order analysis without boundedness assumption on o,,,,(V}) in Assumption 2.

So far, we assumed o,ax (Vi) is bounded for & > 0. We can relax this assumption by bounding the
length of the trajectory of gradient descent as discussed in Appendix C. Recall (A.12):

o < ey f(Z) .
N VA
Using triangular inequality and substituting (A.12), we can obtain a bound on || V||
Vil < [IVie = Voll + Vol

A.60
< Vp/ f(fo) Vel ( )
NI

As shown in (A.48), [|Vo|| < wav/dy with high probability over the choice of V;. With sufficiently
small wy, the first term in the upper bound dominates in (A.60). Applying (A.54) and substitut-
ing (A.60) into (A.56), we have
dif > ngarﬁrlax(X)
Y o (X
5
ns3
~ dio N
The overall overparameterization degree becomes dpd; =~ Q(nﬁ), which is slightly worse than

the result of Theorem 3 under boundedness assumption on oy, (V). Note that we still have a
subquadratic scaling on the network width.

F Additional discussion on lazy training in Section 6
In this section, we provide an asymptotic analysis for the term [|(©;) — h(©;)|| to show that there

exists a regime where our initialization can avoid lazy training. Recall our setting:
P(0) =V p(WX)

13

+

efcég'



227
228

229

230

231
232

234
235

236

237

238

240

241

242

243

where W ~ N(0,w?) and V ~ N(0,w3). Following the theoretical guidance in (19), we set

Wiy =~ Vaod:
An upper bound on ||h(©;) — h(©;)| is given by [1, Theorem 2.3]:

Lip(V®(O)

1h(8:) = h(©:)] < Tip(®(0)2

(A.61)

In the following, we estimate % to find when it is not bound to be close to zero.

Substituting B¢ and vg expressions in (A.55) into the upper bound in (A.61) for sufficiently large
n, ¢y, we have

~ ~ \@O'max(X)(Q;)max + Qz;mameax)
h(©:) = h(O)] S — '
1) = O S e OV + o /(1 + G)dim)?

(A.62)

We now find an upper bound on x,.x by bounding the total length of the trajectory of gradient
descent as in Appendix C where the length of the trajectory traced by gradient descent is given by
(A.12):

E(I) < V@\/f(ZO).
T Jagug

Using (A.12), (A.48), and (A.54), a bound on Xy 1S given by

Villz < IVi = Vollr + | Vo2

< ver/ f(Zo)

+[1Voll2

VOl (A.63)
.m'x m'xX 2 m'xX
< (w2Pmax0 ;T( )"';Ul €0v/1) Tmax( )+0J2\/a
Wy 1\/Eo—min()(*t)

Therefore we have

ﬁamax(X) <q.5max + (igmax (w2 PmaxTmax (X)+wi 2 cov/N)Tmax (X) + nggmaXM)

B (6 O Ao (Xt
[h(©;) — h(©y)| < _ LV 2 (X70)
(w2¢maxamax(X)\/CTl+w12CO (]_ + 52)d1n)2

We now consider two cases: 1) wsPmaxOmax (X) 2 wi?coy/n and 2) wgd')maxamax(X ) S wiZegy/n.
More precisely, for the asymptomatic analysis, we consider extremal cases w1 > wsy and wy <K we
and evaluate ||h(©;) — h(©;)]| in each case:

F.1 Regime with wy > w;

In the overparameterization regime with large d, we note that

y (w2 PmaxTmax (X)+w; % cov/N) Tmax (X) 7 i
. 22 W2OmaxVd1 2 dmax. Then we have
(bmax wf 1\/E012nm(x”) + 2¢mdx 1~ ¢mdx

14
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256
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261
262
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264

265
266
267
268

(2 max O (X) 012 0 /M) e (X)
||h(@) o }Nl(é)” < \/io'max(X) ( wfplmgim(x*t) + W2\/a)
l o (wahmaxTmax(X) VA1 + wi*co/(1+ 62)din)?

2 w2
g X T = 5 o oiv
max( ) < frl dio2 in(x*t)>

<
™~ (w20max(X) + wi?coy/n)2d;
3

UIQnin (X*t)(wi‘leUmax(X) + W;1+T2 Co \/’ﬁ)z
3
02 (X)wo/d?

max

A

rp—1

5 -
(Umill (X*t)amax (X) ‘:)/ﬁ + w? tre Omin (X*t)CO \/ﬁ>

We note that this upper bound above goes to oo in the regime w» > w1, which means that gradient
descent can avoid lazy training. Note that it does not imply this training scheme is guaranteed to be
non-lazy though.

F.2 Regime with w; > w-

. . 7 pmax Tmax (X)+w)? max (X ; 7
In this regime, we have ¢p,ax (wz2¢maxo 2“( )'Hf;l S0 V7)max(X) < Gmax + W2Pmaxyv/d1. Then we
wy Wdiog (X

have

V20max (X) (Smax + w2dmaxv/d1)
(wgémaxamax(X)\/dT + wi?co/(1 4 d2)din)?
Vs () s + 3 ma 1)
S (W cov/dimn)?

1h(©;) — h(6,)]| <
(A.64)

Note that this bound goes to 0 and lazy training is bound to happen asymptotically.

G Implementation details of Section 6

For the experiments illustrated in Figure 1, we computed the training and test accuracy for different
variants of the proposed weight initialization scheme. We considered the MNIST data set made
available through the torchvision implementation®. We used the provided split of 60 000 training
examples and 10 000 test examples which we subsequently normalized.

First, a teacher neural network was train on this data set. The label provided by the teacher was then
used to relabel both the training and test examples. For each of the weight initializations a student
network was constructed and trained on the relabeled data set. The student neural network had 1 000
units in its hidden layer and used the GeLU activation function. For the loss we used the mean
square error against a one-hot encoding of the true class label. We minimized this loss with stochastic
gradient descent (SGD) for which there was three hyperparameter choices. As the difficult of the data
set was modest we expected a large range of these hyperparameters to work. It thus sufficed to make
a reasonable guess by choosing a batch size of 128, learning rate of 0.01 and 300 epochs. The teacher
neural network differed from the student network by using He initialization and cross entropy loss.

All results were implemented in PyTorch [5] and run on a Slurm cluster using a Tesla K40c GPU. We
fixed wijws ~ 0.002259 based on the He initialization for our particular network and varied w, in the
range [0.002,0.1]. We considered 10 different initialization in this range and ran 5 experiments for
each configuration of weight initialization, (w1, w2). Using these independent runs we plotted the
mean and standard deviation of the final training and test accuracy in Figure 1, in Section 6.

>This implementation uses the original MNIST source: http://yann.lecun.com/exdb/mnist/.
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