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Abstract

There is extensive literature on accelerating first-order optimization methods in
a Euclidean setting. Under which conditions such acceleration is feasible in
Riemannian optimization problems is an active area of research. Motivated by the
recent success of varying step-size methods in the Euclidean setting, we undertake
a study of such algorithms in the Riemannian setting. We show that varying step-
size acceleration can be achieved in non-negatively curved Riemannian manifolds
under geodesic smoothness and generalized geodesic convexity, a new notion of
convexity that we introduce to aid our analysis. As a core application, we show
that our method provides the first theoretically guaranteed accelerated optimization
method in Wasserstein spaces. In addition, we numerically validate our method’s
applicability to other problems, such as optimization problems on the sphere.

1 Introduction

Consider the Riemannian optimization problem

min f(x), (1.1)

zeN

where N C M is a geodesically convex subset of a Riemannian manifold M, and f : N — Risa
continuously differentiable geodesically convex functional. A popular approach to solve (1.1) is via
Riemannian gradient descent (RGD) [ZS16] given by,

Tpy1 = exp, (=1, Grad f(z,)), (1.2)

where exp,,(+) is the exponential map at x, 1),, is the step-size at iteration n, and Grad denotes the
Riemannian gradient. It is known that for geodesically convex and smooth functionals f, constant
step-size RGD has an O(1/n) convergence rate as in Euclidean spaces [KY22][Theorem D.2].

A natural follow-up question is whether one can find first-order algorithms that achieve an accelerated
convergence rate. This is motivated by the success of accelerated first-order methods in Euclidean
settings, most notably Nesterov’s method [Nes83], which uses momentum to achieve an O(1/n?)
rate for convex and smooth objectives. Extensive efforts have been made to achieve the same
accelerated rate using similar acceleration in Riemannian optimization problems under various
settings [LSCT17, ZS18, AS20, Sie21, AOBL21, CB22, MR22, KY22, HMJG23]). However, these
works typically rely on additional constraints, stronger assumptions, or modifications to the basic
gradient descent update (1.2). For example, [LSC*17] involves an intractable nonlinear operator.
The analysis in [HMJG23] relies on a submanifold structure and establishes acceleration only in
the asymptotic regime. All the other algorithms require both upper and lower sectional curvature
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bounds. We refer to [dST21] for a general survey of momentum-based acceleration methods, and to
[KY22][Sections 1, 2] for Riemannian variants.

On the other hand, there is a line of work showing that, in the Euclidean case, an accelerated
convergence rate is possible by using a carefully designed varying step-size schedule without any
modification to vanilla gradient descent. This idea goes back to [You53]; for quadratic functions,
choosing 7, to be Chebyshev step-sizes in gradient descent achieves the O(1/n?) rate. Generalizing
this idea to general convex and smooth functions, [Alt18, AP24b, AP24c, BA24] introduced the
silver step-size schedule—a carefully designed step-size sequence that guarantees an improved
convergence rate of O(1/n'°%27), where p = 1 + /2. While slower than the O(1/n?) rate of
Nesterov’s acceleration, this method significantly outperforms constant step-size gradient descent
and shows that standard gradient descent, with a carefully designed step-size schedule, can achieve
meaningful acceleration. Whether full Nesterov-style acceleration can be attained purely through
step-size adaptation remains an open question [AP24a]. Motivated by the success of the silver
step-size schedule in the Euclidean case, in this work, we ask the following question,

Is it possible to accelerate Riemannian gradient descent by only using a varying
step-size schedule without any other modification?

Main contribution Towards addressing the above question, we make the following contributions.

1. We introduce a new notion of convexity, which we call generalized geodesic convexity.
Intuitively, for any three points x, y, z € N, generalized geodesic convexity requires f to be
convex along some curve from x to y where the initial velocity is taken in the direction from z
to y, but measured in the tangent space at z instead of x (see Definition 3.4, Lemma D.6, and
Figure 1 for details). While well-studied in the optimal transport literature [AGS08, SKL.20],
this form of convexity has not been explored in the context of Riemannian optimization.

2. For non-negatively curved manifold M and geodesically L-smooth, generalized geodesically
convex function f, under some technical assumptions we show that RGD with the silver
step-size schedule achieves the accelerated convergence rate of O(1/n'°827), and the rate
of exp(—O(n/k'°8»2)) when f is in addition geodesically strongly convex with condition
number x. These rates match the corresponding rates in the Euclidean case.

3. One of our main technical contributions is to avoid relying on an equality that is essential
to the analysis in the Euclidean setting ([AP24c][Equation (8)]), but fails to hold on a
Riemannian manifold due to metric distortion. Instead, our proof is based on an inequality
that discards terms affected by uncontrolled metric distortion while preserving the curvature-
controlled terms (Lemma 5.1, 5.2). Furthermore, compared to Euclidean space, we need to
handle the intrinsic challenges of Riemannian optimization stemming from metric distortion
and curvature of the space.

4. By assuming non-negative curvature and generalized geodesic convexity, our analysis
achieves acceleration without requiring the curvature upper bound or diameter bound on NV,
typically imposed in existing analyses of momentum-based methods.

5. We show the applicability of our method to Wasserstein space, which has a Riemannian
structure but lacks a curvature upper bound and diameter bound, and therefore existing
Riemannian accelerated methods do not apply. In addition, we numerically demonstrate
the algorithm’s performance on a particular optimization problem defined on the sphere, a
well-studied positively curved Riemannian manifold.

2 Background

Riemannian manifolds In this section, we review the basic concepts of Riemannian manifold while
deferring the rigorous description to Appendix A.1. Ata point 2 on a manifold M, tangent vectors are
the velocity vectors of smooth curves on M that pass through . The tangent space T}, M is the vector
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space consisting of all such tangent vectors at . A Riemannian manifold is a manifold equipped
with an inner product (-, -) . for each tangent space T, M, called a Riemannian metric. For z,y € M,
the distance d(x, y) is the infimum of the length of all piecewise continuously differentiable curves
from z to y. A Riemannian gradient of the differentiable function f : M — R at «x is a tangent
vector Grad f(x) € T, M satisfying d, f(z) = (Grad f(x),v), forall v € T, M. Here, d, f(x) is a
directional derivative of f at = along the direction v. For (z,v) € TM, where TM := [, ,, T M
denotes the tangent bundle, a smooth curve v, : [0,1] — M with ~,(0) = z and 7, (0) = v is
called a (constant speed) geodesic if it has the locally minimum length with zero acceleration. The
exponential map exp,, : T, M — M is a map defined by exp, (v) = 7,(1). exp,(v) transports the
point z in the direction of the tangent vector v, following the geodesic v,,. It is known that exp,, is a
local diffeomorphism in some neighborhood U of 0 € T, M. Hence, exp,, allows the inverse on U,
which is called the logarithmic map log,, : exp, (U) — T, M. While the exponential and logarithmic
maps are always locally well-defined, they may not be globally well-defined. A parallel transport
I‘(Py)ﬁé : Tyt)yM — Ty 1,y M is a way to transport a tangent vector along the curve +y parallely. If
is a geodesic curve such that v(0) = 2, (1) = y, then we simply denote T'()§ as T'Y, a (geodesic)
parallel transport from T, M to T, M.

Definition 2.1 (Geodesic convexity). We say N C M is a geodesically convex subset of M if for all
x,y € N there exists a geodesic ~y such that y(0) = z,v(1) = y, and y(t) € N forallt € [0,1]. We
say a differentiable function f : N — R is geodesically a-strongly convex if for all z,y € N

f(9) 2 f(@) + (Grad f(z). log, ), + Fd*(x,).

If the above inequality holds with o« = 0, then f is said to be geodesically convex.
Definition 2.2 (Geodesic smoothness). We say f is geodesically L-smooth if for all x,y € N

HF; Grad f(y) — Grad f(x)“x < Ld(z,y).

Silver Step-size in Euclidean space In this section, we present the silver step-size schedule [ AP24c]
for Euclidean optimization problem. Consider the problem (1.1) where N = R?, and f is convex
and L-smooth. A standard approach is gradient descent, which updates via z, 1 = z,, — nV f(x,,)
for a fixed step-size 7. In contrast, the silver step-size schedule is a sequence of varying step-sizes
{Nn}nen. Forn = 28 — 1 where k € N, {1, }nen is given by the following inductively constructed
sequence:

D = ™14 g, @1
where p = 1 + /2. We set 59 = p — 1. For example, for k = 1,2, 3, n¥) has the following form:
M =12, n®=[v2,2,v2, % =[v2,2v22+v2v222

In Euclidean optimization, the silver step-size was recently shown to improve the convergence rate of
the gradient descent from O(1/n) to O(1/n!°82°) [AP24c].

3 Silver Step-size RGD: Assumptions and Preliminaries

In this section, we state the assumptions on the manifold and objective function required to solve
problem (1.1) using silver step-size RGD (1.2).

Assumption 3.1 (Assumptions for Riemannian manifold).
1. M is a complete Riemannian manifold, i.e., any two points are connected by some geodesic.
2. N C M is open, geodesically convex subset with non-negative sectional curvature.

3. Exponential maps, logarithmic maps, and parallel transports are all well-defined and
computationally tractable on N.

Assumption 3.2 (Assumptions on the objective). We make the following assumptions on f : N — R.



Figure 1: Geometric illustration of generalized geodesic convexity. Usual geodesic convexity means
for any z,y € N, the function is convex along the geodesic curve v;1(¢). On the other hand,
generalized geodesic convexity with base z implies the function is convex along a curve 72 (t).

116 1. f is geodesically convex and has a global minimizer . € N.
117 2. All the iterates of our algorithms are well defined and remain inside N.
118 3. There exists a constant L > 0 such that for all x;,x; in the RGD trajectory, i,j =
119 0,1,2,--- %,
Qij =2L(f(z;) — f(zj)) — 2L <Gradf(xj)7logwj xz>z — Hl";,J Grad f(z;) — Gradf(xj)Hij > 0.

3.1

120 Remark 3.3. Assumptions 3.1 and 3.2, excluding the non-negative curvature and (3.1), are standard
121 in Riemannian optimization literature [AOBL21, KY22, HMJG23] and ensure well-behaved RGD
122 iterates. Whereas we additionally assume non-negative curvature and (3.1), we do not require the
123 curvature upper bound or diameter bound on N typically assumed in momentum-based algorithms.

124 Some comments on (3.1) are in order. It is well known that in Euclidean space, (3.1) holds for any
125 T;,T; € R? when f is convex and L-smooth [Nes14][Theorem 2.1.5]. However, on Riemannian
126 manifolds, (3.1) can be established under geodesic L-smoothness together with a stronger form of
127 convexity, which we dub generalized geodesic convexity.

128 Definition 3.4 (Generalized geodesic convexity). A functional f : N — R is called generalized
129 geodesically convex with base z € N if for all x,y € N, we have,

f(y) = f(x) = (I'7 Grad f(z),log, y —log, z) . (3.2)
130 f is called generalized geodesically convex if (3.2) holds for all z € N.

131 Remark 3.5 (Geometric interpretation of generalized geodesic convexity). Intuitively, for any three
132 points x,y,z € N, generalized geodesic convexity requires f to be convex along a curve from
133 x to y, where the initial velocity is measured in the tangent space at a third point z € N (see
134 Definition 3.4, Lemma D.6, and Figure 1 for details). This generalizes standard geodesic convexity,
135 which corresponds to the special case z = x.

136 Remark 3.6. Albeit new to Riemannian optimization literature, the notion of generalized geodesic
137 convexity is well-established in optimal transport and has found numerous applications in Wasserstein
138 geometry, for example, in the theoretical analysis of the proximal operator in the Wasserstein space
139 [AGSO08, SKL20, DBCS23], as well as in the context of I'-convergence [AGSO8][Lemma 9.2.9].
140 Definition 3.4 provides a Riemannian analogue of this concept.

141 To give readers more concrete idea, we show one example of generalized geodesically convex
142 functional. We provide the proof and more examples of such functionals in Appendix D.1.1.

123 Example 3.7 (Entropy of Gaussian). The Bures-Wasserstein space BW (RY) is the space of Gaussian
144 distributions on R equipped with Wasserstein geometry. Restricting to zero-mean Gaussians,
145 it becomes a non-negatively curved Riemannian manifold identified with SPD(d), the space of
146 symmetric positive definite matrices. The Riemannian metric is defined by (S, R) , = tr(SAR) for
147 S, R € Sym(d). The functional H : SPD(d) — R defined by H(A) = —1 log det A is generalized

148 geodesically convex under this geometry.
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We now establish the relationship between (3.1) and convexity and smoothness, as in Euclidean space.
Proposition 3.8 provides a sufficient condition for (3.1).

Proposition 3.8. Let f : N — R be a geodesically L-smooth, and generalized geodesically convex
function, and forall z,y € N, z := exp,, (f% (Grad f(y) — T'Y Grad f(m))) € N. Then f satisfies
@.1) forall z;,z; € N.

The condition z € N is technical and generally requires case-specific verification. In our key
application on Wasserstein space, the condition z € N is readily satisfied (see Corollary 6.1).

4 Main Results

In this section, we present our main convergence results for silver step-size RGD.

Theorem 4.1. Let Assumption 3.1. 3.2 be true and n = 2 — 1. Then, for RGD (1.2) with silver
step-sizes n, /L (2.1), we have,

flen) = fla2) < mld(wo,e.), o= (1+ V3P =3 3)‘1 .

Since rj, < n~ 1982”7 x5 n 12716 Theorem 4.1 shows a better convergence rate than constant step-
size RGD on non-negatively curved manifolds, which is O(n~1) [KY22][Appendix D]. Although
the theorem is stated for n = 2% — 1, our numerical results indicate that the improvement extends to
arbitrary n # 2% — 1 as well; see Appendix E.

Our analysis of silver step-size RGD can be extended to geodesically strongly convex functionals. In
Euclidean space, a common technique for upgrading convergence guarantees from convex to strongly
convex settings is the restarting method [OC15]. The method proceeds as follows:

1. Perform m steps of gradient descent starting from an initial point z( to obtain x,,.
2. Restart from z,,, with the step-size reset to 79, and run m additional steps to obtain za,.

3. Repeat this process ¢ times, each time restarting from the most recent iterate with the
step-size reset to 7. After £ restarts, the final output is xy,,.

Note the total iteration is n := ¢m. For fixed n, choosing m and ¢ appropriately yields the opti-
mal convergence rate for strongly convex objectives. Notably, this approach remains valid in the
Riemannian setting with silver step-size RGD.

Theorem 4.2. Consider the same setting of Theorem 4.1. In addition, let f be geodesically a-strongly
convex with the condition number k. := L/a. Set k* = ﬂogp /ﬂ + 1. Forany { € N, run silver
step-size RGD for 28" — 1 iterations and repeat this process { times, so that the total number of
iteration is n = ((2F" — 1). Then,

d?(zn, 24) < exp (—log(p/2)n/k'% ) d*(z0, ).
In particular, the algorithm finds an e-approximate solution, i.e. d(z,,7.)> < € in
O (k"% 2 log(1/€)) number of iterations.

We provide the proof in Appendix D.2. Since constant step-size RGD finds an e-approximate solution
for strongly convex objectives in O(rlog(1/¢)) iterations [KY22, Appendix D], our algorithm
achieves an improved rate in the strongly convex setting as well. While our theoretical analysis
assumes inner iterates of the form m = 2¥ — 1, the algorithm, as previously noted, also performs
well numerically for m # 2* — 1. Thus, in practice, one may use an arbitrary total iteration number
n and select m and ¢ accordingly to optimize performance.

5 Proof Sketch

In this section, we present an outline of the proof of Theorem 4.1 while deferring the main proof to
the Appendix B.1. The following two lemmas are the main components of the proof. Without loss of
generality, set L = 1. We also set n = 2¥ — 1 for some k € N.
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Lemma 5.1. Let the conditions of Theorem 4.1 be true. Then,

n—1
Ay = (4r7) 7 ||Grad f (2|2, + 7t (Grad f(z,),log,, @), + Y n7 [Grad f(a:)|3,
=0

n—1

+2 Z n; (Grad f(z;),log,, x*>x > |log,,, @« + (2r;) " Grad f(xn)Hin — d?(xg, ).
=0

While Lemma 5.1 holds with equality in the Euclidean space, metric distortion in the Riemannian
setting prevents this. To address this, we use the non-negative curvature assumption to control the
distortion. The proof is provided in Appendix B.1. Next, we show the following inequality.

Lemma 5.2. Let the conditions of Theorem 4.1 be true. Then, for suitably chosen \;; > 0,

> Qi <M (f(a) = fan)) = A 5.1

,5=0,.0,n

Since Q;; > 0 all gradient iterates x;, z; by (3.1), Lemma 5.1 and 5.2 together imply

flan) = f(2.) < rad?(20,24).
We outline the proof of Lemma 5.2, with details deferred to Appendix B.1.

Proof outline for Lemma 5.2. We begin with the base step of the induction.

Base Step First, we show the desired inequality (5.1) is valid forn = 1 (k = 1).
Lemma 5.3. For any arbitrary initialization xo € N, consider the following RGD update (1.2).

r1 = exp,, (—no Grad f(zo)),
where 19 = p — 1. Choose \;; the same as in [AP24c][Example 2], i.e.,

Aoo Ao1 Ao 0 p 0
Moo An A =( Lo 0 opml) (5.2)
)\*O )\*1 )\** ,0—1 2r 0

Then, inequality (5.1) holds.

The proof of Lemma 5.3 is deferred to Appendix B.1.

Induction step Lemma 5.3 validates that the inequality (5.1) holds for the base case n = 1. In this
section, given we have the inequality (5.1) for n = 2¥ — 1 number of iterates, we show by merging
two silver step-sizes, one can get the inequality (5.1) for 2n + 1 = 281 — 1 number of iterates.

Lemma 5.4. Fixn = 2" — 1. Take {z;},_,
step-size. Suppose there exist )\E;c) > 0 such that (5.1) holds. Write

» C N a sequence induced from the RGD with silver

.....

k k
Oij = Agj)l{i,jzo,...,n,*} +(1+ Qp))\z('_)n_Lj_n_l]]-{i,j:n+1,...,2n+1,*}

where x — n — 1 is understood to mean *. Define

k1 _ 1
/\5j+ R 20m; Lfims j=n+1,...2n} + (1 +p - 2) Lfims j=n}
Tk
1 1+4+2p 1
2Tk+1 2Tk {i=x*,j=2n+1}-
Then, )\E;-Hl) > 0, and satisfies
Z )\z(‘fH)Qij < f(@:) = f(@2nt1) — Ao

,
4,7=0,... 2n+1,x k+1

2k 1«

) 7

In particular, zf)\gjl) is chosen as in Lemma 5.3, then AZ(?) > 0forallk € Nandi,j =0, ..
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The proof is deferred to Appendix B.1. |

Remark 5.5 (Comparison with the Euclidean case). In the Euclidean setting, [AP24c] derived
coefficients that satisfy the equality exactly. However, in our case, since we work with an inequality,
it turns out that certain coefficients can be dropped. Specifically, we can discard the coefficients of
Qn,i and Qopt1 fori = n,n+1,...,2n 4 1,*. This selective dropout eliminates terms whose
metrics are difficult to control, thereby making the analysis tractable on Riemannian manifolds.

6 Applications

In this section, we present applications and representative experiments that demonstrate the practicality
of our algorithm. Implementation detail and additional experiments are provided in Appendix E.

6.1 Optimization on the 2-Wasserstein Space

As noted earlier, the key advantage of our algorithm over existing methods is that its theoretical
guarantees remain valid even on manifolds without an upper curvature bound. This makes our analysis
particularly well-suited for the 2-Wasserstein space, which possesses a Riemannian structure but lacks
a curvature upper bound (see Lemma A.33 and A.43). Furthermore, since our notion of generalized
geodesic convexity originates from Wasserstein geometry, many functionals defined on it are known
to be both generalized geodesically convex and geodesically L-smooth. However, while acceleration
has been studied in the continuous-time setting [CCT18, WL22], no discrete-time algorithm with
provable acceleration guarantees was previously available. To the best of our knowledge, our method
provides the first theoretically guaranteed accelerated algorithm in the 2-Wasserstein space.

We briefly introduce the 2-Wasserstein geometry (see Appendix A.2 for details). Let PQM(Rd) denote
the set of probability measures on R? with finite second moments and absolutely continuous with
respect to the Lebesgue measure, £2(11) be the space of square-integrable functions from R? — R?
under p € P2 4.(R?), and T, denotes a pushforward of x by T. For any yi,v € P 4.(R?), the
2-Wasserstein metric is defined as:

Wi ) = | min Ea |IT(@) = 2] ©.1)
The metric space (P q.(R?), Wa), called the 2-Wasserstein space, admits a Riemannian structure
with tangent space 7, Ps 4.(R?) C L£2(p) and the Riemannian metric given by the £ () inner
product. The exponential map is defined by exp,,(v) = (id + v)y,. The map T}, , achieving the
minimum in (6.1) is called an optimal transport map from p to v. Then, for a given functional
F : Pa.qe(R?) — R, denoting Wasserstein gradient by Gradvy, F(u,,) (see Definition A.34), silver
step-size RGD is given by:

Pn+1 = €XD,, (—nn Gradw, F(pin)) = (id — nn, Gradw, F(tn)) #u, - 6.2)
Then, we have the following result analogous to Theorem 4.1, and 4.2.

Corollary 6.1 (Accelerated Wasserstein gradient descent by silver step-size). Suppose a functional
F: P27ac(Rd) — R is generalized geodesically convex and geodesically L-smooth with respect to
Wasserstein geometry '. Let i, be a Wasserstein gradient update (6.2). Suppose n = 2F — 1. If we
set 1, to be a silver step-size, then we get

F(n) = F(pe) < ruLW5 (110, 1)
Suppose F is, in addition, geodesically a-strongly convex with the condition number k = L/«. Let
k* = ﬂogp Ii-l + 1. Then by restarting silver step-size RGD every (2’“* — 1) steps for { times, so that
n ={(2¥ — 1), one obtains
W3 (ptn, 1) < exp (—log(p/2)n/k'%%0 2) W3 (o, pr. )

Again, the algorithm finds an e-approximate solution in O (/{Ing 2log(1/ e)) number of iterations.

'The notion of generalized geodesic convexity and geodesic smoothness in Wasserstein space is introduced
in Definition A.35.
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Figure 2: Comparison between silver step-size method and RGD for potential functional optimization

210 1 .
in BW (R%), with different convexity parameters. We set £ = ZPOgQ(Z’“* -1 )J andn = (28 — 1),
where k* being the optimal sub-iterate derived in Theorem 4.2. Columns: From left to right, each
column corresponds to x = 10', 102,107, 1013,

The proof is a direct application of our main theorems and is deferred to Appendix B.2.

For experiments, we set N to be the Bures-Wasserstein space BIW (R?), the space of non-singular
Gaussian distributions in R? equipped with Wasserstein geometry. This set is a geodesically convex
subset of Pa 4.(R%). Moreover, BW (R?) can be identified with a product Riemannian manifold of
mean vectors and covariance matrices. Then, (6.2) becomes

(M1, Bnt1) = €XP(y,, 5, (—7n Gradpw F(mn, Xn)) (6.3)

with exp(,,, . s (+) and Bures-Wasserstein gradient Gradgw F (., X,,) defined in Definition A.38,

A.39. We introduce more detail of BW (R?) geometry in Appendix A.2.1. As our objective functional,
we consider an important functional in this space, the potential functional:

V(1) 1= Egny[V (@)

where V : R? — R. The following proposition indicates that the potential functional satisfies the
conditions required for Corollary 6.1 whenever V' is convex and smooth.

Proposition 6.2. If V is a-strongly convex (L-smooth) in R?, then V is generalized geodesically
a-strongly convex (resp. L-smooth) under both the Wasserstein and Bures-Wasserstein geometries.

Although Proposition 6.2 is well known [DBCS23][Lemma B.1], we include the proof in Ap-
pendix A.2 for completeness. Using the explicit formula of Gradgw V(m, X) [DBCS23] in (6.3),
we obtain the following silver step-size RGD in BW (R?) for V(1) (6.4):

Mp+1 = My — nnEXNN(mn,En)[VV(X)]»
Sna1 = (I = mExon(mn, =) [V V(X)) En (I = mExan(m,, s V2V (X))

For our experiment, we choose V(z) = 1(z — m.)"S ! (z — m.) defined on R'®, with m,, ¥,

being a randomly generated vector and symmetric positive definite matrix respectively. Since V is
a strongly-convex quadratic function, by Proposition 6.2 V is generalized geodesically a-strongly
convex and geodesically L-smooth with L = 1/A\pin(24) and o = 1/ A pax(Z4). To study the effect
of the condition number x = L/a, we fix L = 1, and vary a. Small @ corresponds to convex case,
and larger « stands for the strongly convex case. We choose 1/ L as the step-size for constant step-size
RGD [KY22]. Figure 2 shows that the silver step-size RGD outperforms constant step-size RGD in
both convex and strongly convex case. We provide further implementation detail (e.g., the specific
distributions of m, and X)) and additional experiments under various settings (e.g., different random
seeds, number of iterations, and comparisons with various constant step-sizes) in Appendix E.

(6.4)

6.2 Optimization on the Sphere: Rayleigh Quotient Maximization

While certain functionals are known to be geodesically convex in Wasserstein space, identifying such
structure in other Riemannian manifolds is more subtle. Still, Riemannian optimization algorithms
have shown strong empirical performance even in the absence of geodesic convexity or smoothness
guarantees [AOBL21, KY22, HMJG23]. In this spirit, even though the objective functions are not
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Figure 3: Comparison between silver step-size method and RGD for Rayleigh quotient maximization
problem on S2590, We set n = 2!0 — 1 as the total iteration number. Left: H with small eigenvalue
gaps. Right: H with large eigenvalue gaps.

generalized geodesically convex, we evaluate our method on the benchmark problem of Rayleigh
quotient maximization on the d-dimensional unit sphere S?~!, a standard Riemannian manifold with
constant positive curvature Ky, = Kpax = 1. Let H € R?*%d be a symmetric matrix, with largest
and smallest eigenvalues denoted by A, .x and Ay, respectively. Consider the Rayleigh quotient
maximization problem: .
. T
i flz) = 5% Hzx.

f is geodesically (Amax — Amin )-smooth [KY22][Proposition 7.1], while not geodesically convex.
While the problem is not generalized geodesically convex, Figure 3 illustrates the effectiveness of our
method on this problem. The figure is based on experiments conducted on S?*°°. We consider two
cases of H: (1) H = 1(A+ AT) where the entries of A are randomly generated from N (0,1/d) as
in [KY22] (corresponding to small eigenvalue gaps); and (2) a randomly generated symmetric matrix
with Aax = d and Ay = —d (corresponding to large eigenvalue gaps). Again, we compared the
performance with constant step-size RGD using a step-size of 1/ L.

7 Conclusion

In this work, we show that for generalized geodesically convex and geodesically L-smooth functionals
on Riemannian manifolds with non-negative curvature, RGD with a silver step-size schedule achieves
an accelerated convergence rate—matching that of the Euclidean case. Albeit under a stronger notion
of convexity, our algorithm is the first tractable accelerated algorithm for Riemannian manifolds
without the curvature upper bound, in particular for the Wasserstein space. A key theoretical novelty
of our analysis is that it avoids relying on the crucial equality in [AP24c][Equation (8)] that does
not hold on Riemannian manifolds. Instead, our proof is based on the inequalities (Lemma 5.1, 5.2)
which accounts for the metric distortion on Riemannian manifolds. Furthermore, we extended the
silver step-size analysis to geodesically strongly convex case without modifying the step-size itself
using the restarting method. We illustrate our theoretical results on practical problems.

We conclude the paper with some open questions: 1. Proposition 3.8 states a sufficient condition for
(3.1), but whether the inequality can be derived from standard geodesic convexity and L-smoothness
alone remains an open question. 2. Many manifolds of interest have negative curvature, where
exponential and logarithmic maps are globally defined [ZS18]. As a result, prior work has often
focused on non-positively curved settings [AS20, CB23]. However, our analysis does not readily
extend to such manifolds (see Appendix D.3 for a heuristic explanation). Extending it to these settings
remains an open challenge. 3. It will be quite interesting to extend silver step-size acceleration to
other variants of RGD such as stochastic RGD and proximal RGD. 4. Recently, for specific classes of
functions in the Euclidean setting, [AP24a] proposed a step-size schedule for gradient descent that
achieves the fully accelerated rate O(1/n?), matching that of momentum methods. Extending these
ideas to the Riemannian setting would be an intriguing direction for future work.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Abstract and introduction clearly states our main theorems 4.1: achieving the
acceleration using varying step-size under non-negatively curved Riemannian manifolds. In
addition, our main application and experiments are well-stated as well.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In Section 3, we clarify which of the assumptions are less standard, and in
Section 5, we explain why these assumptions are required for the theoretical analysis. That
said, Section 6 presents numerical results demonstrating that our method remains effective
even when some of these assumptions are relaxed. Finally, the Conclusion mentions
directions that may refine or extend the current approach.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We explicitly stated the assumptions in our main body (Assumption 3.1, 3.2).
In Section 5, we provide the sketch of the proof, and the full proof in the Appendix B.1, B.2.
We also provided the full reference for the results we cited.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide the sufficient detail of the experiment we conducted in Section 6
and Appendix E. We also provided the code in our supplementary material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
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* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide the full code in our supplementary material, which can reproduce
the results of our experiments.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provided the data generating process of the simulation data and explicit
algorithm in Section 6 and Appendix E.
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Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We provide the result of multiple experiments and statistical significance in
Appendix E.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We stated our computational resource in Appendix E.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).
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10.

11.

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research is conducted in compliance with the NeurIPS Code of Ethics.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: There is no societal impact of the work performed. Our focus is purely on the
algorithmic aspects, rather than on societal applications.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our research does not involve the high risk for misuse.

Guidelines:
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The answer NA means that the paper poses no such risks.

Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We mentioned and cited the packages we used in Appendix E.

Guidelines:

The answer NA means that the paper does not use existing assets.
The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a
URL.

The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper does not release new assets.

Guidelines:

The answer NA means that the paper does not release new assets.

Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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15.

16.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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