Supplementary Materials for “Conditional Diffusion Models are
Minimax-Optimal and Manifold-Adaptive for Conditional
Distribution Estimation”

Notation: We adopt the notations in the manuscript, and further introduce the following additional
notations for the technical proofs. For neural network class ®(H, W, R, B, V'), we write ®(H, W, R, B) =
®(H,W, R, B, o) if there is no constraint on the function norm. For any U C M, we denote Uy =
{r € Mx : thereexistsy € My sothat (z,y) € U}, Uy, = {y € My, : (z,y) C U} and
Uy = UerX Uy|,. For any measure v on Z and map G : Z — X, the pushforward measure
v = Gy is defined as the unique measure on X" such that p(A) = v(G~'(A)) holds for any measur-

able set A on X'. We use N (F, (7, €) to denote the e-covering number of function space F with respect
to pseudo-metric d. For any positive integer m, we use the shorthand [m] := {1,--- ,m}. Fora € R,
the floor and ceiling functions are denoted by |« and [«], indicating rounding « to the next smaller
and larger integer. For two sequences {ay, } and {b, }, we use the notation a,, < b,, and a,, = b,, to mean
an < Cby and a,, > Cb,, respectively, for some constant C' > 0 independent of n. In addition, a,, < b,
means that both a,, < b, and a,, 2 b, hold. We use || - ||,, to denote the usual vector ¢, norm, and reserve
|| - || for the ¢ norm (that is, suppress the subscript when p = 2). For a vector x € R, we use ; to
denote its ith element. For a multi-index j = (j1,--- ,j4) € N& = {(j1,--- ,ja) | Vi € [d], j; € No},
we define |j| = Zle j; and j! = Hfle 4i!. For two vectors z,y € R%, we use (z — )7 to denote
Hle(:ni — y;)%. For a multivariate function f : R® x R% — R and multi-indexes j; € Ngl, J2 € Ngb
dlinl+lizl f(z,y)
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Ci,c1, L, Ly, Ly, ... are generically used to denote positive constants whose values might change from

one line to another, but are independent from everything else.

we use fU192) to denote its mixed partial derivative . Throughout, C, ¢, Cy, co,

A Simulation

To empirically demonstrate the adaptiveness of the conditional diffusion model to manifold structures,
we conduct a simulation study. In this toy example, we first generate a dataset of (z, ¢), where x is
generated from a uniform distribution over [0, 1] and ¢ is generated from a uniform distribution over
[0, 27]. Given x and ¢, the response Y is generated by the process

Y = ((R+ rcos(z)) cos(¢), (R + rsin(z)) sin(¢), rsin(x)),

where R = 1, r = 1.5. Then we aim at estimating Y|z and Y'|¢. In both examples, we have Dx = 1,
Dy = 3, and dy = 1. In particular, given x, the response Y is supported on an ellipse whose radius
depends on z. When given ¢, the response Y is supported on a section of a “tilted” ellipse depending
on ¢.

We then generate n = 30000 i.i.d. data points and fit the conditional diffusion model to both
examples. We consider two types of conditional score families Sy . The first approach directly models
the conditional score function using a ReLU neural network with two hidden layers, where the hidden
layer widths are (128, 64). We refer to this approach as NN. The second approach models the conditional
score family using a piecewise ReLU neural network, based on our theoretical results. Specifically, we



consider .
i=1

where 7 = 5, t() = 0.001, 1 = 0.1, to = 0.2, t3 = 0.4, ty = 1, t5 = 2. For each i1 € [5], Sz
is a ReLU neural network with two hidden layers, and the size of the hidden layers decreases with 1.
Specifically, for i range from 1 to 5, the hidden layer widths are given by (64, 64), (64, 32), (32, 32),
(32,16) and (16, 16) , respectively. We refer to this approach as Piecewise NN. The two conditional
score families considered above have a comparable number of training parameters. The plots of the
generated data from the conditional diffusion model given x = 0, z = 0.5, and x = 1 are shown in
Figure 1, and the plots of conditional diffusion model given ¢ = 0, ¢ = 0.5, ¢ = 1 are shown in
Figure 2. It is evident that for different values of = (and ¢), the generated response Y concentrates
around distinct ellipse (and tilted ellipse). This indicates that the conditional diffusion model effectively
captures both the covariate information and the underlying manifold structure. Table 1 presents the
MMD (Maximum Mean Discrepancy) distance' between the generated data and the true conditional
distribution for different values of x (and ¢), as well as the average across all values of x (and ¢).
Consistent with our theoretical results, introducing the piecewise structure to the neural network results
in a smaller MMD distance.
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(a) Training data (b) Target Conditional distribution

(¢) ReLU NN (d) Piecewise ReLU NN

Figure 1: Figure (a) shows the training dataset. Figure (b) displays samples from the (true) conditional
distribution Y | x = 0 (red dots), Y | x = 0.5 (green dots), and Y | z = 1 (blue dots). Figure (c)
presents samples generated from the conditional diffusion model with the conditional score modeled by
a ReLU neural network. Figure (d) illustrates samples generated from the conditional diffusion model
with the conditional score modeled by the piecewise ReLU neural network defined in equation (1).

'We consider the MMD distance associated with the RBF kernel exp(—||z — y||?/6).
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Figure 2: Figure (a) shows the training dataset. Figure (b) displays samples from the (true) conditional
distribution Y | ¢ = 0 (red dots), Y | ¢ = 0.5 (green dots), and Y | ¢ = 1 (blue dots). Figure (c)
presents samples generated from the conditional diffusion model with the conditional score modeled by
a ReLU neural network. Figure (d) illustrates samples generated from the conditional diffusion model
with the conditional score modeled by the piecewise ReLU neural network defined in equation (1).

Table 1: The table presents the MMD distances between the conditional diffusion model estimator and
the target conditional distribution. The first three rows show the MMD distances for the conditional
distributions Y | 2 =0,Y |2 =05,Y [z =1andY | ¢ =0,Y | ¢ =05, Y | ¢ = 1. The last
row displays the expected conditional MMD distance, where the expectation is taken with respect to
sampled from a uniform distribution on [0, 1] and ¢ sampled from uniform over [0, 27].

Piecewise NN NN Piecewise NN NN
z=0 0.0023 0.0032 ¢=0 0.0002 0.0034
z=0.5 0.0013 0.0014 ¢=0.5 0.0009 0.0013
r=1 0.0007 0.0017 o=1 0.0014 0.0028
x ~ Unif[0,1] 0.0021 0.0031 || ¢ ~ Unifl0, 2] 0.0008 0.0015

B Missing Definition and Assumption

We begin by defining a class of smooth multivariate functions.



Definition 1. The class C}V**(Uy,Us) consists of functions f : Up x Uy — R with U; C R,
Us C R% 5o that for any (z9,v0) € Uy x Us, and each index (j1,j2) € jjllﬁg ={j € Ngl,jg c
NgQ v i+ 5t g2l < an}, there is anumber [, j,)(wo,y0) € [—L, L] so that for any (z,y) € Uy x Us,

f(i1.52) (%05 Yo) ; ;
fay— Y %(w—xo)ﬂ(y—yo)” < Lz — xo]|® + [ly — wol|*®).
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For d > 1, we use Cg}a%az(Ul,Ug) ={f=(fifos . fa): U xUs = R : Vie[d,fi e
C1V*(U1,Us)} to denote the vector-valued function space counterpart. We call a (vector-valued)

function f = (f1, fo, -, f4) : Ur x Uy — RY being C*1*2-smooth if there exists a constant L so that
f € Cg’lcsz(Ul, Uz).

If ax < 1, then a conditional density function p(y|x) is C*Y*X -smooth if, for any given z, p(y|x)
is vy -Holder smooth with respect to the variable y, and for any y and pair x, 2, |p(y|z) — p(y|z’)| <
L||z — 2'||*X. This corresponds to the conditional density class considered in [2]. When ax > 1, the
Cv»@x smoothness of a function can be verified by checking the existence and smoothness of its partial
derivatives, as summarized in the following lemma.

Lemma B.1. For a function f : Uy x Uy = R, if there exists a function f : R x R% — R so that
flonxv, = f and
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then there exists a constant L1 so that f € C’gll’” (U1, Us).

Proof. For any (x,y), (xo,y0) € Uy x Us, we have
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Moreover, we have
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where the last inequality uses the Young’s inequality for products. Therefore, by choosing f;, i,\(%0,y0) =

799 (20, 41o). we can get

fep- Y Aoy

Ji'lga!
(1,J2) T2

—(j1,32)
H Z Z f—(l'();y())(x _ xo)]& (y _ yo)jQ

Jo!

= O(llz = 2ol + lly = o **)-

]26N02 leN
lial<e2 |y 1+2 1IJ2\<0<1

d

Note that when oy = a9 = «, the function class considered in Lemma B.1 is the conventional Holder
class with Holder exponent being . It is worth mentioning that [1] consider a different class of smooth
conditional densities, wherein they assume the existence and boundedness of the partial derivatives
p(jl’jQ)(y\:c) for any j; € Néll,jg € NS’/2 with |j1] < ay and |j2| < ax. Notice that this assumption
is more stringent than ours, as it necessitates the existence of a partial derivative with order oy + ax.
Then we present the formal version of Assumption D for the analysis of the conditional diffusion model
under the manifold assumption.

Assumption D (Smoothness of ;L;,‘ x): Forany z € Mx, My, is a compact boundaryless dy-

dimensional submanifold embedded in R”Y with reach bounded away from zero. Moreover, there
exists positive constants (c1, c2, 70,71, L, L1, L2, L3) so that for any w = (x,y0) € M, there exists a
open set U“ on M so that

L. Bamy (w0, 70) C Uy and for any z € U, By, (y0,70) C Uy

|
2. For any x € U%, there exists a uniformly L-Lipschitz diffeomorphism @)% that maps U$|m to
Bgay (0,71) with inverse [Q%] ™" so that Q% (yo) = 0 and

(a) The function G* : Byay (0,71) x UL — UY defined as G¥(z,z) = [Q%]1(2) satisfies that
G¥ € O pX (Byay (0,11),U%).

(b) For any z € Mx, py,, have a density f (y|z) with respect to the volume measure of
My, so that f(y|z) is uniformly lower bounded by c;. Moreover the function v
Bgay (0,71) x UY — R defined by v*(z,z) = f([Q¥]~ ) - Vdet(Jo(2)T J.(2))
with J;(2) = Jige)-1(2) being the Jacobian matrix of [Q;’] 1( ) evaluated at z, satlsﬁes
that v € C7 ) (Bgay (0,71), U%).




Remark B.1. Intuitively, this assumption implies that, locally around any point w = (xo,y0) € M,
there exists an encoder-dencoder pair (G¥(z,x),Q%(y)). Here, Q¥(-) maps y € ]B%Mym(yo, r0) to a
low dimensional code z € R%, and G* (-, z) reconstruct the data y from the code z. A large By implies
that, for any given x € Mx, the manifold My, is smooth. On the other hand, a large Bx indicates
that the space My, changes smoothly with x, meaning My |, and My, will be similar if x is close
to x’ in Euclidean distance. Moreover, v¥(z|x) = v¥(z,x) is the conditional density function of the
(local) latent vector, that is, the density of the push forward measure [Q%]4( “;lwhf%x) with respect to

the Lebesgue measure on RY | where “;II‘U?\Z is the measure of u;‘x constrained on U%x, defined by
dﬂ;/|m|U“

du%:‘z =1(y € U%x). Therefore, a large oy indicates that the conditional density function will be
smooth for any fixed x, while a large a.x means that the density function changes smoothly in x. Under
Assumption D, we can express M§/|  as a mixture of (deterministic) conditional generative model, as

shown in the following lemma.

Lemma B.2. (Expressing u;‘,|  as conditional generative model) For any v with 0 < r < r, it holds

that
1. Forany (x*,y*) € M and x € By (2%, 70), it holds for any measurable function g : My, —
R that
By, 901 € B (070 = [ GG )G (0 0) € By (57,10 elo)

]B]RdY (0,7’1)
where G* = G and v* = v* withw = (z*, y*).

2. For any function p : R — [0, 1] satisfies when t € [0, 1], p(t) = 1 and when t € [2,00), p(t) = 0.
Let {(z},y5) 1., Cc Mbea 5-cover of M. Then for any 7 satisfies 1 < 1 < ro, denote

I

72 =)

pr(@,y) = p(
and py, = pi/ Zszl Pk, it holds for any measurable function g : My, — R that

K

By 90 = 2 L o 9o et G, 2ol
= rdy \P

where G = G* and vy = v with w = (@, i)

C Proof of Theorem 2

Denote 1’y as the distribution of X, and p* = M}M% « as the joint distribution of (X,Y’). We only

need to consider the case where Sy = ay V1+ 1land Bx = ax + Z—if Set

1

T = (ni 2ay +dy + 5 dx V/log n)Q(O‘YH).

We have the following lemma that relate the generalization error of the conditional score function
V log py|,(w) to the generalization error of ,u%z.

& /1
Lemma C.1. Suppose for anyt € [1,T], sup, cppy SUPzcpy [|S(w, z,0)|| S £/ ot then let 1y, be

the distribution of ?ﬂx in the forward process, we have
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and
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The proof of Lemma C.1 directly follows from Lemma D.7 of [3] and Lemma B.2 of [5]. Then the
following lemma provides upper bounds to the score approximation error.

Lemma C.2. Foranyt € [t,t]with1 < 7 < 2:

IS

2
1. Ifr<t<n 2QY+dY+dX%, there exists a neural network ¢score (W, x,t) € ®(H, W, R, B, V)

satisfying )
z
2
E,u}‘( / / H¢scor€ (’LU, xz, t) -V 10gpt|z(w)H pt|z(w) dwdt]
Qﬁx 2By
+e€
— 022 ——+ ey,
_# ay
i 20y +dy + o dy ax
where €1 = n X and €9 = €,~. Here H, W, R, B and V are evaluated as
H =06 (log4 n), ( Ty 7dX) R = @( 7dY5;dX) B = exp (@(log4 n)) and

V= @<\/@>.

SN S
2. Ifn PvrIvrixay <4< (logn) =3, there exists a neural network ¢ycore (w, x,t) € ®(H, W, R, B, V)
satisfying

t ~
E.s [/t /RD qusw,e (w,z,t) — Vlogpt|x(w)”2pt|x(w) dwdt} =0(e gax)7

d

~ 1
with ey = (n_ TaxFax ¢ Tox 12y ). Here H, W, R, B andV are evaluated as H = © (log4 n),
IWlloo = 6( -F _dX) R= é(ﬁ_%y%_dx), B =exp (9(log4 n)) and V = 9(\/@).

3. If(logn)~2 <t < T = O(logn), there exists a neural network ¢score (W, x,t) € ®(H, W, R, B, V)
satisfying

2y

t
EM} [/ / Hd)score (U}, €L, t) - V1ngt\x(w)H2pt\x(w) dU}dt} O(n Jextax )
t JRPY

d

Here H, W, R, B and V are evaluated as H = @(log4 n), = é(n“xidx ), R =

— d
G(nﬁ) B = exp (O(log"n)) and V = O( 12%1)

Then denote S; = ®(H;, W;, R;, B;, V), by Lemma C.2, we have for any i € [Z],

t;
. minE. - _ 2
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Then we derive the following oracle inequality for bounding the estimation error.



Lemma C.3. It holds with probability larger than 1 — % that for any i € [Z],

t; N
Eus, | 15w, ,t) = ¥ 1og pya ()| pyye () it
X ti—1 RPY

n

t;
. 2
+ minBy | / /R . I1S(w.,) = ¥ logpy, (w) | py (1) e

< (logn)

So by combining all pieces, we have
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C.1 Proof of Lemma C.2

To begin with, we introduce the following lemma, which states that it is sufficient to approximate the
score function V log pt‘x(w) only for values of w that are in close proximity to the manifold My,

Lemma C4. If sup sup [||S(w,x,t)|lecot] < cv/logn. Then, there exist constants (co, c1, 2, c3)
weRPY ze M xte[r,T]

so that for any i € [K| and t € [t;—1,t;]

1. Denote dist(w,./\/ly‘x) as the distance of point w € RPY to manifold My |y Then for any
T € ./\/lx,

/RDY |V log pyja(w) — S(w, 2, 1)||* pya(w) dw

< /RD Hvlogpt\m(w) - S(wvxat)H2pt|m(w) -1 (dlSt<w7MY\w) < Co0t;_1V logn) dw
Y

1
14+ %) e1—.
+(1+¢%) C1n2

2. Forany x € Mx and w € RPY satisfying dist(w, My z) < coor,_,v/logn, we have

(@) ||V 1og pie(w)]|oo < c2 L1282,

Ot;_1
(b) (2m02) % pya(w) > .
Then the following lemma gives a way for constructing covering set to My x.

Lemma C.5. Under Assumption A and B, there exist positive constants r,T, Ly satisfying r < 72 and
T < I, sothat for anye1 € (0,7), e € (0,7), let NZ be an e1-cover of Byay, (0,F), NZX be an ea-cover
of My and {(z},y;)}E_, C M be any r-cover of M, we have



1. foranyk € [K] and x € U)(?Z’y’:), z € Bpra(0,71),
1
)\min(JG(zzvyZ)(.w)(Z)TJG(zz,yZ)(_,x)(Z)) > I3

2. for any k € [K] and (x,y) € M so that ||x — z}| < 7 and ||y — yi|| < r, it holds that
T () € Bgay (0,7).

3. for any (z,y) € M, there exists x* € N2, k € Ko = {k € [K] : ||z* — x| < 2r} and

2* € NZ so that ||z — 2*|| < &9 and ||G@k ) (2%, 2) — y|| < Liey.

4. forany z* € NZX and k € Ko+, if v € Bugy (z*,€2) and z € Byay (0,7), then |GEeYE) (2, ) —
il < %

In the following analysis, we will fix an r-cover of M: U = {(z},y;)}, C M as defined in
Lemma C.5. For each k € [K], we denote Uy = U@k,

Gly(z2) = GEiwd(z,2),  Qfyly,x) = QYF(y),

and
vy (zlz) = 0¥ (z]2),

where U®k¥k), GELYE) (2, ), Qfﬁ’y’t)(y) and v @Y (z|z) are defined in Assumption B with w =
(z7,y;). Then let us fix a time interval ¢ € [¢,¢] where 1 < ¢ < 2. According to Lemma C.4,

it suffices to focus on approximating the score function for ¢ € [t,7], * € Mx and w € R with
dist(w, My|x) < copopy/logn. Our first objective is to demonstrate that if there are neural networks
capable of accurately approximating V log py|,,(w) for (z,w) lies within local neighborhoods in M,
then there exists a neural network capable of providing a reliable approximation of V log pt|x(w) for
all (z,w) satisfying z € Mx and dist(w, My ;) < cooy/logn, this is summarized in the following
lemma.

Lemma C.6. Suppose 7 <t < T, e € (0,7), and ey > Jﬂ/logn—i—sgx. Let/\/g = (Z1,T2, -+ ,ZJ,)
be one of the largest eo-packing of Mx, and let /\fEZ1 = (21,22, -+ ,2y,) be one of the largest ¢ -
packing of Bgay (0,7). Then if for any ji € [J1] and jo € [J2], k € Kz;,. there exists a neural network

Prjnje(Ws T, 1) € ®(H,W,R,B,O( ‘lgtgn)) so that for any t € [t,t], © € By (Tj,,V2e2) and w €

RP satisfying ||w — Gl (Zj, )| < V2(2e1L1 + coory/logn) and dist(w, My |z) < coory/logn,

|’¢Zj1j2 (’LU,:E,t) - Vlogpﬂx(w)”oo <e.

Then there exists a neural network ¢score(w,x,t) € (Hl, Wi, Ry, By, @(7”1:;?”)) with Hy = ©(H +
log?n), [Willee = O(J1J2(|W]lee + logn) + log®n), Ry = ©(J1J2(R + logn) + log’n) and
By = exp(©(log®n)) V B, so that for any t € [t,T], x € Mx and w € RP satisfying dist(x, My|z) <
cooi/logn,

1
| score(w, z,t) — VIngt\x(w)Hoo <e+ -

Recall - (w)
Ptz W

Viogpyp(w) = ————,
1el12) = )

2
_D w—m w—m
Vpia(w) = (2103) " 2 Byepy, [exp (_H | ) - ( ' ty)] ,

where

2
20f



and

2
_D W — My
Py (w) = (2m07) 2Bypy, [eXP <|2H>] ;

20}

with m; = exp ( — fg Bs ds) and Uf =1- mt2 satisfying 1 — my; < t Aland o, < VtAl. By
statement 2 of Lemma C .4, there exists a large enough constant co, so that for any ¢ € [t, ], z € Mx,
w € RPY with dist(w, My ;) < coogy/logn, and any partition {A(; ), My|o\A(zw)} of My,
satisfying {y € My, : |ly — w|| < ca04v/Togn} C Ay, it holds that

w— 2 m
Vlog pyja(w) L B, [eXp (_ ” 2::?1%/” ) Y € A )] <
tlx - 2 >~
lw—mzyll
gt Eywu;‘w [eXp <— 2a§y ) l(y € A(a?,w)):|

2

S |-

o0

We will approximate V log py|, (w) by constructing suitable sets A(z,w) and considering the approxima-

2 2
tion of Byy;. [exp (_nwfm;yn )  (w— mty) 1(y € Ay )] and Eyyy [exp (_%) 1(y € Ajpa)
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separately. To achieve this, we will utilize the following lemmas concerning the approximation theorem

of neural networks for some standard functions.

Lemma C.7. (Lemma 3.3 in [3]) There exist neural networks ¢, (t), ¢ (t) € ®(H, W, B, R) that ap-
proximates m; and o up to € forallt > 0, where H = O (log ( )) Wl = O (log ( 1)

@) (log4 (6_1)), and B = exp (0 (log2 (6_1))).
Lemma C.8. (Lemma F.12 in [3]) Take ¢ > 0 arbitrarily. There exists a neural network ¢eyxp €
®(H,W, R, B) such that
sup ‘e‘xl — <Z>eXp(:L‘)’ <e+ ‘m — a:’]
z,x’' >0
holds, where H = O (log2 e ), [Wllew =0 (loge™) ,R=0 (log2 e 1), B=exp (O (log2 e ).
(v)] < eforall x > log3e~!

Lemma C.9. (Lemma F6in [3]) Letd > 2,C > 1,0 < €opror < 1. For any € > 0, there exists a neural
network G (1,22, ,x2q) € ®(H,W, R, B) with H = O (logd (loga_1 + dlog C)) AW llo =
48d, R = O (dloge™! + dlog C) , B = C% such that

d

- (33’17:6’2, .. ’3;‘2[) — H za| < e+dC e prror, forallx € [-C, C’]d and x' € R with Ha: — x'HOO

d'=1

and | ()| < C? for all x € [—C, C). Note that some of z;,x(i # j) can be shared. For HZ'I:1 z;"
with w; € Zy(i = 1,2,--- 1) and Zle w; = d, there exists a neural network satisfying the same
bounds as above, and the network is denoted by ¢y (x; w).

Lemma C.10. (Lemma E7 in [3]) For any 0 < £ < 1, there exists ¢ € ®(H,W, R, B) with H <
O (log?e™), [Wlloo = O (log®e™!) ,R = O (log* £7), and B = O (¢72) such that

Orec (x) i’ <e+ |2 6_ $|, forall x € [8,671] and ' € R.

We are then ready to construct neural networks for approximating V log py|,(w) for ¢ € [t, ], where ¢

takes on different values.

10
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C.1.1 Casel:c(logn)™' <t<T

— 71 —
Seteg =n 2°xx and let V2 be one of the largest e-packing of M x, we have Jo = |NZX | < &, 4x
Then take an arbitrary 7 € N EX , we claim that

O‘){
Claim 1. Forany0 < 6 < W’ lete; = cyn%(logn)™!, & = bg(ogg()liolgc;a%’ Ly = log(elj%‘;g)”log(%)
and £ = %6 - (24 + 2% + )("&55”) ((2"%+2”%+1)LBX]JDZDBXHLQXHDX), then when cy is

small enough, there exists a network ¢*(w, x,t) € ®(H, W, R, B,V) with H = ©(log®* n),
O (log® nﬁfsl_dy), R =0(log® nZel_dY), B = exp(©(log* n)) and V = O(,/ 81, so that for any

AT
t €[t 1) and (z,w) € {z € Mx,w e RPY : |z — Z| < ez, dist(w, My|,) < coopy/logn},

16" (w, z,t) = V1og pyjz(w)|lsc = O(e5% logn).

Then by Jo = 0(82_ dx ) and Lemma C.6, by setting 6 = 0 in Claim 1, we can get that there exists a
neural network Gseore (w,z,t) € ®(H, W, R, B,V) with H = @(log4 n), o = ’(:)(n%‘;iﬁ‘bc)
R = é(nhiﬁif’x), B = exp (O(log*n)) and V = O( lg/g\ln) so that for any ¢ € [t,t] and (z,w) €
{z € Mx,weRPY : dist(w, My,) < coop/logn},

“¢soore(w7$at) - Vlogpﬂa:(w)Hoo = 6((?(21)().
So by Lemma C.4, we have

20 x

t
Eﬂx |:/ / H¢Score (wa €Ly t) -V logpt\x(w) H2pt\x(w) d’LUdt1| O(?’L axtix )
t JRPY

Now we show claim 1. Let Kz = {k € [K] : |7 — x}|| < 2r}. Then consider &1 = c;n°(logn)~*

and let NZ = {Z1, %, -+ ,Z;, } be one of the largest £1-packing of By, (0,7), we have |J;| < s_dY
Then we define

N = {(an) Y= GE%](Z,%),]{ € K:57Z € j\/’sZ1}

For any (z,y) € M so that ||z — Z| < g2 < r, since {(x},y})}5_, is an r-cover of M, there exists
k € Kz so that ||z — z}|| < rand ||y — y}|| < r. So by lemma C.5, and there exists z € NVZ so that
|z — Qf‘k] (y,z)|| < &1 and thus

ly — Gz D) = 1G5 (@ v 2), 2) — Gl (2.3

<G (@ (Y, ), ) — Gy (2, 2) | + |Gy (2, 2) — Gz, 2) || ©)
< 081.
Then write N = (w1 = (Z,y1),w2 = (T,y2), - ,ws = (T,ys)), we have for any x € By, (T, e2)

and y € My, there exists w; = (z,y;) so that [y — y;|| < Ce1. So we consider partition of unity
~ J .
pj = Pj/ Xj—1 pj With
ly — y;l1?
pi(y) = p( o )

and p is the following smooth transition function

0 It > 2
. it <1
p(t) = ey 1<t<? )
1
— Ll —2<t< -1
1+€Xp( 2-?—290-32) st

11



Then for any = € By, (7,£2) and w € RP so that dist(w, My ;) < coory/logn, by Lemma B.2, we
have

Jw — myy|? (w — myy)
]EyNM;lz [exp <— 2%2 T .

! | o —mgl?\  (w —muy)
~ - t - t
= ZEyNﬂ*m p;j(y) exp (— 207 ) S ]
7=1 L
. ' lw —meyl®) (= muy)
~ - t - t
=> By, [AiW)1y € By, (5, V2Ce1)) exp (— 52 >-— ]
= i (o oF
w — m G (z, x)|? w—mGY(2,2)) W
- [ e (—” aadii) )-—< ) 5 o s (o)
jeld] BRdY(Oyrl) t t

Then notice that for any (z,y) € M so that ||z — z|| < €2 and p;(y) # 0,

1G=7(0,) — y]
< [1G=1 (0, 2) — ;| + lly; — vl
= [|G=1(0,2) — G (0, @) + |ly; — v
Ser+ €§XA17
and thus
Q5 (W)l = Q% (y) — Q7 (G (0,2))|| S e1 + 5.

So we have

o o (o= ml?Y | w=m)
YRy 1 202 ot

_ W, 2 i Wi
rdy (VH1E1

2
jel] 203 7t

Notice that G¥J (z, x) is CPX -smooth, let

G (2,7) :
G¥il3(z, 1) = Z %(w — B,
]'1€NODX
l711<Bx

we have
1G9 (z,2) — G |z(z,2) || < ||l — 7]|Px < eBX.

So based on the decomposition

|w —miG (z,2)||* = |w — MG |30, 2)|? + 2(w — meG<7|3(0, ), mG<7 (0, ) — myGi (2, x))
+ [[me G170, ) — m G2 (2,2) 1%,

12



we can obtain

s 2 B s
/ oo )eXp (‘ L th;(z’x)” ) L (w-mG j(z’x))ﬁj(wa(z,x))v“j(zlm) dz
ady (0,C1€1

jeln”’® 201 7t
— Z / exp <_ ||thWj|§(07$) _thGWj (Z7$)H2>
jelg)? Bray (0.C161) 207
w — miG¥5(0,2), mG¥7|7(0,2) — mG¥ (2, x
_exp(_< G770, 2) ta,?'( ) — muG¥i( )>)

o (w —mG¥i(z, x))ﬁj(GWj (z,2))v* (z|z)dz - exp <—

Ot

[[w — th“jli(Ow)Hz)

2
20}

Similarly, we have

lw — may|”
Ey"ﬂ;‘z [exp (— 203

_ Z / exp | — Hw th; (Z,JI)” ﬁj(ij (z,ac))v‘”j (z]ac) dz
rdy (0,C1€1) 207

jeln’?
. _ oh 2
_ Z/ exp <_||th 717(0, x) thG i(z,2)|| )
jeld) ? Bray (0C121) 203
<w - myG¥i |§(07 '1")> myG*I |§(O7 l’) — myG* (Z7 $)>
exp (— U?

lw = th“f!z(O,w)W)

i (GY9 (z,2))v™ (z|x) dz - exp <— 5
20f

Notice that for any j € [J], 2 € By (T,22), w € RPY with dist(w, My,) < coopy/logn and
t € [t,t], we have
lw — meG |70, 2) |12

2
20}

< (C1logn,

and for any ||z|| < &1,

|m:G¥i|3(0,x) — thwﬂ (z x)H2 5% B

O(1
nd ( G150, 2), mG*7|7(0, z) G¥i(z,2)) e
w —mG¥|z(0,2), mG*7|z(0, x) — mG*i (2, 2)) | . €1 _

Moreover, there exists a small enough constant ¢ so that when ||z|| < ceq,
|G (2, 2) — y;ll < Cen,

which implies p;(G“7(z, )) is bounded away from zero. We can then obtain

J

< |lm:G¥i|z(0,2) — m;G¥i (z,x)HQ)
exp | — 5
B_ay (0,C1e1) 20}
exp <_ (w —myG¥i|3(0,2), mG¥|7(0, ) — mG“s

2
0%

“’"”””) 5G4 (2, 2)0% (2]z) dz =<

w — mGYz(z, )
o) g
gt

13



and

; 2
. <_ oo~ G 0,2)] > —
20}

Therefore, if for any j € [J], there exist neural networks ¢[ ](w x,t), gbm (w, z,t) and qb[ (w, z,t) and
number € = o(1) so that for any € B, (Z,e2), w € RDY with dlst(w My |z) < coopy/logn and
te [t ],

/ exp (_ i G415(0,2) — G x>||2>

BRdY (0,0161) 20t

- exp <_ <w - thWj |§(07 .73‘)7 tho;j |E(O’ x) - thwj (Z) I‘)> ) (6)
0y

. _(w — th J<z’x>),(~)j(ij(Z,lL‘))ij (Z|l’) dz — (bgl] (wvw’t)H S Efdyﬁ /logn,

Ot 00

/ exp <_ G130, 2) —2thwﬂ-<z7x>u2>
BRdY (0,C1e1) 2Ut

- exp (— fw = meG15(0, 2), G2 |50, 7) = mu G e, x») pj(G¥ (2, 2))v* (z]x)dz (D

69w, m)‘ <t

and

_ Wi |~ 2
exp <_ Hw myG |x(0,1’)” > _ ¢£3} (w,x,t)’ S n—Clﬁ_ (8)

2
20}

We have

! w, T, 3] w,T
HVIngt|m(w)1~z 1¢[2( t)qb[]( 1)
ot Z] 1¢ (th)ﬁb (w, z,t) .

Then we build such neural networks. Notice that v“7 (z|z) is C*Y-*X -smooth, let

<logn -e. ©)

vzgj )(z|5) .
Vilg(zl) = Y —HEe—(z =B,
) Ji:
jleNOX
[j1l<ax

we have
[0 (z|2) — v [z (2]2)[| S |z —Z||*Y S e5™.

ﬁx

‘ e G330, 2) — muG2i (2, 2)[|* [ImeG=115(0, @) — MG [3(2,

HQ‘
Slogn-e1 - €,
207 207 & b

‘ (w —mG¥ |30, z), mG¥7(0, ) — mG¥ (z, x))

2
0y
(w —myG*7[5(0, 2), mG¥i[7(0, z) — my G |z(z, ‘ i
_ Slogn - ey™
of
H(w—thwj(Zax)) (w = my G ( H < logn - ehx.
0t 0t

14



Moreover, by equation (3), for any z € Bga, (0, Cie1), € Baqy (T, e2) and j € [J],

J
S k(G () 2 1.
k=1

So we have
|9 (G¥3 (2, 2)) — pj(G“9|3(z, m))|
pi(Gilz(z,2)  pi(Gz(z, 7))

‘ pj(GWj(Z7x)) . pj(ijb(Z’x)) ‘ + ‘

i1 pe(G@i (2,m)) Yooy k(G () ST pr(Gei(z,m)) Sy pe(G|a(2, )
Bx

C2

€1

A

Then for any 2 € Bya, (0, C11), denote p% (z) = p;(G*7|z(2,z)) as a function of z, p3(-) is C>°

around Z with |71 (Z)| < e 1l S0 set 5, = [b’g@le%} < [2B8x1, we have

~ . pj (jl)( )
pi(G* |z (2, x)) :ﬁf(ac) = T(w_x)ﬁ +O( X)),
jleNg)X
l711<d1
Then denote .
- POl B
pj‘f(x) = Z J7|(x — ).
Dy Ji
J1EN0
l711<61

By combining all pieces, we can obtain

H/ (_|thwj§(0ax) —thwj(Z,l‘)HQ)
B 00161 207f2

exp (_ (w = my G150, ), M G |5(0, ) — My G (z,a;)})

2
0%

(W —mGYi(z, )

pi (G2 (2, 2))v™ (2]x) dz

o
_/ ex(ﬂmm%@@_wm%®mw>
Bgay (0,C1¢1) 207
. exp (_ (w —m G750, z), thw;’5(07 z) — miG* |z (2, x)))
Ot

(0= mG(2,2))

7 le(2)0 a2l

Ot
logn -7 1eBx 4\ flogn - e B egx
logn - e] dyag‘x,
ax A1 ax
where the last inquality uses &1 > e5¥ ° > e5¥ = £0X7°X_ Since for any —1 < z < 1,
we have |exp(z) — 7%, l'| < e(@i;; < e(;fl)gﬂ. Set 4 = bg(ow)liolgcﬁg) and & =

ax logeg

log(e1+/logn)—log(ot)’

eXp<_Kwnuawwaanmmnuawuamﬂwnuawnz@ax»>

2
O

using inequality (5), we have

—fvwm”wmwmmwwmw—mm%@ml
l!(O't)Ql

Nz R

~
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exp (_ oG]0, @) — mi G 3z, x>u2>

2
20f

A )
-3 (-1 )l”th 7170, 2) — my G5z, 2) |7 | cax
= 21i(o)? s
Therefore,
G |70, 2) — myGi |z (2, 2) ||
ex — B) 3
]RdY (0 C161) Ut
( (w—myG¥ (0, z), m; G |z(0, ) — mG“7|z(z, x)))
-exp | — 5
O
w—mGY |z(z,2)) -, ws
e G ) G ()0 a2l d2
(e57
2 "
,/ S(-1) [meG*13(0, 2) — my G [5(2, ) ||*!
Bay (0,C1€1) 71— l'(ot)2l
f(—ul (w — my G |30, 2), me G2 |3(0, 1) — meG¥s |3(2, 2))!
prd I(o4)2
- G“i z\<) ~; .
LG ) G () el
Ot 00
< ey¥er?y/logn.
Notice that we can write
21 W Wi | 21
/ (-1 )sztG 715(0, ) — mG¥i|5(z, @) |
]RdY (0 Clal)l 0 2ll'(gt)21
k7 . . .
. i(—l)l (w —myG¥i)5(0,2), MG 7(0, x) — mG¥i |3(z, 7))
pr (o)
w—mGY\z(z,2)) -, ws
(e G E E) ()0 o (el d2
Ot
2 1,2
- (—1)!m3 (a — @)
o D= =23 D D e B CE e
aly EE =0 J1ENYX |j1|<Bx
gQ ~ y l
(=1)'my (z —z)h (z — @)
> TERER G Y. GO0 T—r— (G810 (0.8) = G 1) (5,8)
=0 t . Dx J1 . Dy . J1
J1ENy ™ |71]1<Bx J1ENy * |71 |<Bx
GWJ (z— I)“ ~2(j1) (= wj. ~
._w M ZheN X l511<Bx (0,1 )(Z z) bt Z p; J' '(33) (a:—f)jl ] Z U(O,ﬁ’)sz‘m) (z _i)jl da
o 1! 71!
' J1ENG X [j1] <61 ! JLENG X Jj1|<ax '
S IPNEITEATD DEETIN DR 5
l1=012=0 0<k=2h+2L+1  4eNDY |i|<iz+1 sEN X |5 < (201 +202+1) [ Bx |+ 61+ |ax |

where a1, ki1 € RDY . Therefore, using Lemmas C.7, C.8, C.9 and C.10, we

1. Approximate my by é,,,(t) € ®(H, W, R, B) with H = ©(log’n), = 0(log’n), R =
(

O(log® n) and B = exp(0O(log* n)).

2. Approximate o; by ¢, (t) € <I>(H W, R, B) with H = ©(log*n), ||[W||se

O(logbn), R =
O(log®n) and B = exp(©(log*n)).

t

(

3. Approximate 2 by ¢ec(z) € <I>(H W, R, B) with H = ©(log*n), [|[W||e = ©(logfn), R =
O(log®n) and B = exp(©(log*n)).
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4. For vector x € RPX approximate 2@ by ¢L§?§$er(m; i) € ®(H,W, R, B) with H = @(log2 n-
loglogn), (logn), R = O(log®n) and B = exp(©(logn)).

5. For vector w € RPY | approximate w(®) by ¢L€,)§wer(w; i) € ®(H,W, R, B) with H = O(log®n -

loglogn), |[W|le = ©(logn), R = O(log®n) and B = exp(0O(logn - loglogn)).

6. For z € R, Approximate 2% by Gpower(7;a) € ®(H, W, R, B) with H = O(log® nloglogn),
|[Wlso = ©(logn), R = ©(log®n) and B = exp(©(logn - loglogn).

7. For x,y € R, Approximate -y by ¢ (z,y) € ®(H, W, R, B) with H = O(log? n), |[W e =
(1), R = O(log®n) and B = exp(O(log? n)).

We have for any = € Baq, (7,¢2), w € RPY with dist(w, My,) < coop/logn and ¢ € [¢, 7],

21

1 .
§ E 211+212+1 § mé{: E w(l) E al1l2kil . 1'(5)
Ut
h=01>=0 0<k<2hi+2lo+1  GeNDY lij<ip41 seNDX |s|< (20 +202+1) [ Bx | +161 ] +|ox ]
L D

o Z Z Z Z Z Qlylokil

11=012=00<k<2l1+2l2+1 iGN?Y,MSlQ—I—l SGNODX,|5|§(211+212+1) 1Bx |+161)+Lax]
. ¢mult <¢mult (¢mult (d’power (¢T‘€C(¢O’ (t)); 2ll + 212 + 1) ) ¢power ((Z)m (t); k)) ) ¢£}§7)3/u])er( )) (bLl;é(wer( ))
< ef¥er4y/logn.

Therefore, based on Lemmas F.1-F.3 in [3] for the concatenation and parallelization of neural networks,
let & = A% 24 + 2% + 1)($235Y) ((2f1+2$2+1)Lﬁg}J{HIﬂO‘XHDX), there exists networks
o (w, x,t) € ®(H,W, R, B) with H = ©(log' n), W]l = ©(log’ n.Z), R = ©(log*n.2),
B = exp(6(log* n)) so that (6) holds with e = O(¢5%). Similarly, there exists a neural network
QSBQ} (w, z,t) with the same size as <Z>[1] (w, x,t) so that (7) holds with ¢ = O(e5*). For the term
lw—me G 1z(0.2)I1" ) using Lemmas C.7-C.10, there exists (b[ l(w,z,t) € ®(H, W, R, B) with

207
H = 0(log*n), HWHOO = 0(log®n), R = ©(log®n), B = exp(O(log® n)) so that (8) holds with
e = O(5%). Then using (9) and Lemmas C.4, C.9, C.10, we can obtain

|| {@Mlogn { cav/logn
max { ————— min

[e.9]

exp <—

Ot

J
s Pmlt (fbr?c ¢a ¢mult<z w x, t (w x t)

= O(logneg™).

J
S | R

The desired result then follows from Lemmas F.1-E.3 in [3] for the concatenation and parallelization of
neural networks.

oo

Remark C.1. Here, choosing 1 = (logn)~" will result in a factor of (logn)PY due to the orders of
21 and %5 being O(logn). This can lead to problems when Dy is significantly large. To address this
issue, we can instead choose €1 = n_5(10g n)_l, where 6 > 0 is a small number. With this choice, &}
and 25 will be of constant order, and the influence on the neural network size will be O(nadY).

C.1.2 Case2:n 2(logn) 2 <t<clog'n

1
Setey = opy/logn and eg = n 2ex+dx . Let N;Q( be one of the largest eo-packing of M x and J\/Z be
one of the largest £1-packing of By, (0,7). Then we have J; = [NVZ| < a_dY and Jo = [NZX| S 82
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Now we take an arbitrary Z € N2X, k € Kz = {k € [K] : || — z}|| < 2r} and Z € NZ, consider set

€92
Shaz = {(%w) € By (T,V2e9),
lw — Gy (Z,2)|| < C oyy/logn, dist(w, My,) < cooy/logn},

we claim that

ax l
ay

_ ax loge ax loge
Claim 2. Forany0 < 0 < 5 +d Jete) =ciop—7— Tgn A = log(é‘)_b;@@), L = log(sl\/fégn) QIOg(%)
and X = AL - 24 + 2% + 1)($2+DY) ((2‘/1““/2“)55;‘“LO‘XHDX), then when cy is small

enough, there exist a network ¢*(w, z,t) € ®(H, W, R, B, ©( 1Og")) with H = ©(log* n),
O (log® n.ﬂ(%)d"), R = ©(log® n.i”(%)dy), B = exp(©(log? n)
andt € [t,t],

), so that for any (z,w) € Sz,

16" (w, 2,t) — V1og pyjz(w)[|oc = O(e5% logn).
Then similar as Case 1, by setting § = 0, using Lemmas C.4 and C.6, we can get that there exists a
neural network ¢gcore (W, x,t) € ®(H, W, R, B, V) with H = @(log4n), IWlloo = é(n%iiﬁdx),
R = é(n”“ijﬁ‘ix) B = exp (O(log*n)) and V = ©(y/'%%) 5o that for any ¢ € [t,7] and (z,w) €
{z € Mx,wecRP : dist(w, My ;) < coopy/Togn},

20 x

E#} |:/tt /RDY Hﬁbscore (w,l',t) - V1ngt\x(w)H2pt‘x(w) dwdt} O(n W)

By combining the result from Case 1, we can deduce the third statement in Lemma C.2.

-1

Now we show Claim 2. When ¢ < clog™ " n for a small enough ¢, we have for any (z,w) € Y33,

{y e My« lly —wl| < ca01\/logn}
C{y € My, « |ly = Gjy(z,2)|| < czop/logn}
C{y =Gpy(z2) + |2 = 2| < caen}.

Let &1 = ¢1 02\/"10%;1 and let N2 = {%1,%2,--- ,Z} be one of one of the largest &-packing of
Bgay (%, cae1), we have |J| S (%)_dY. Then we consider p; = p;/ ijl p; with

Iz = Z;])?
pi(y) = p(-—="—)
€1
and p is the transition function defined in (4). Then for any (z,w) € .#;3z, by Lemma B.2, we have

— My 2 w — My ~
Eyw?u [eXp (_\w 2 dl ) '_( y) <y e{y=aG }(Z r) 22| < 6481}>]

20} ot

Hw = miGiy (2, m)H2 (w —muGjy (2, x))

= exp | — c— v (z|x) dz
/]BRdY (Z,cae1) 20'152 ot (K]
J Hw th[k] H (w - thE‘k}(z, x))
=2 [ ew 5 Py (2)vfy (2]) dz
j=17Byay (2,ca1) of o

2
oy R O R T S

=1/ Bgay (Freae)NBpay (Z5,V261)
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Notice that G, (z,2) is CPV*PX _smooth, let

* *k 0,71 (Z"/f)
Ghyla(z,) = > SR

JlENDX
\11\</J’X
we have

et

2,2) = Giyla(z,2)| S o — 77 S 5.
So based on the decomposition

= meGig 2, DI = llw = meGigl(z, DI + 20 = Gy |52, ), maGgl(34,2) = meGiyg (2)
+meGyls(z5, ) = Gz, )|

we can obtain

2
J Hw - thFk}(Z’ x)” (w —myGy (2, x)) N .
Z/ B exp | — 5,2 - pj(2)vpy (z|z) dz
5 oy i) oi g
; ImeGy (25,) — Gy (2, )]
S ewf- .
j=1 BRdY (Z,C4€1) i

2
O

< (w — th’[kk]|g(Ej, x), th’["k]|g(Ej, x) — thrk}(z, x)))
. eXp J—

w—mG (2, ) |lw —miGr, 17z, 7)1
[k] ~ * t kl1x\~7>
i - )pj<z>v[k]<z\:c> dz - exp (— - .

2
20}

Similarly, we have

s e - mGiy e H ;
;/IBRdY(E,C451)eXp 207 pj(2)vjy (z|z) dz

j=1 RdY (Z,caen

( ||thFk}’E(§jax) _thTk](zax)‘P)
exp | —
)

2
20}

2
0%

( lw = mGlyyla(z5, )H)
- exp
2crt

Notice that for any (z, w) € Szz, 25 € Ng, |z — z;|| < &1 andt € [t, ], we have

(w—mGH13(Z5, ), MGy |3(Z5, ©) — me Gl (2,2)) | .
- exp (— L 1] L pj(2)vy (z|z) dz

lw = muGjyylz (5, )12

< 01 108; n,
2(7t
I Gigla(p,2) ~ G-I g
207 ~ ot 7
and

(w —miGlyyla(z), 2), Gy l(Z), 2) — muGly (2, 2)) | &1y/logn _ o(1)
i < .
of ot
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Therefore, we have

/ lmeGlyl7(Z5, ) — muGHyy (2, 2) |12
exp | — 3
Byay (3c421) 20}

*

( (w — MGy (25 2), MGy [2(Z, ) — MG,
. eXp —

2
0%

](”») Pi(2)viy (2lz) dz < &),

(w —miGy (2, x))
< Vlogn,
gt
" o — muGiglaz, )|
w—miGqlz(Zi, @
exp <— ! [k]Q ! )chl.
20}

Therefore, if for any j € [J], there exist neural networks ¢B1] (w, z,t), (;SEZ] (w,z,t) and gbgfo’} (w, z,t) and
number € = o(1) so that for any (z,w) € S35 and t € [t, ],

‘ / lmeGlylz (25, ©) — muGlyy (2, )|
exp | — 5
BRdY (5,0451) 2Ut

- exp (_ (w— my G #(Z5, ), miG #(Zj,x) — thrk](Z’ x»)

p (10)

- (w - th”[kk](z7 :C))

Ot

/ lmeGylz(Z5, ) — muGlyy (2, 2)|7
exp | — 5
B_ay (Fc421) 20}

<w_th*k ‘E(§j7$)ath*k ‘E(zjax) _thk (Z,i[})> . N
- exp <— 4 [2] ] pj(2)vpy (z|z) dz

pi(eNig(ela) s - o w )| e eogm,

o0

O
— g2 <w,x,t>‘ <etre,

and

<n e

w—myGElx(Z5, )|
exp (—H LGl >—¢£-3}(w,x,t)

2
20f

Therefore, by (2), we can obtain

1 1 Z;-Izl ¢51}(w7x,t)¢£-3](w,x,t)
Viegpya(w) = S 3
b ) (w,a,t)e" (w, m,t) ||
w—m 2 w—m * o~
1 By, [exp (_ o) > twome)y (y e{y=Gjy(za) |2 -2 < 0451})}
. w—mg 2 * ~
- [exp (_n ral ) 1 <y € {y=Ghy(z2) : 27| < 0451})]
w—mey||* w—m x ~
1 By, [exp (_H QUftyH ) . ( miy) g (y efy=Gyy(za) [z -2 < 0451})}
o w—myl? % ~
ot By, [eXp (_%> 1 (y € {y=Gyy(z2) : |27 < 0451})]
1l ¢B”(w,x,t)¢§-3}(w,x,t>H 1 e
w,z,t) lloe ~ T

o S 6w, 2,160

~—

e}

20



Furthermore, similar as Case 1, let

\ Uig0.) (% 8)
dgla(z0) = 30 S BY,
jENgX
lil<ax

we have

I Gl (5, 2) — G (2, 2)
exp | — 5
B]RdY (5,8461) 20_15

( (w— thfk} 1%(Z5, ), thfk} |7(Z,x) — th’[“k](z, a:)))
cexp | — 5

O

- (w - thTk](z, :r))

Ot

/ ImeGiyla(Z, ) — muGiy (=, 2)II?
- exXp | — 2
Bay (Z,ca61) 20;

oxp (_ (w —muGyla(z), 2), mGyla(Z), 1) — muGiygla(z, x)>>

5 (2)of (ala) d=

2
0%
Bx

(w - th;[kk]‘i(z’ x)) ~ €y a ~d a ~—d
— S (710g”+52x\/10@)51 552)(\/@51 )
Ot

pi(2)vylz(zlx) dz

Ot 00

. _ ax loges _ ax loges
and by choosing .| = Tog(2)—log(7) and % = Tog(e1lom ) —loa(o1)’

| ImeGigls(zs, 2) — Gy oz, DI
exp | — 5
BRdY (Z,cae1) 20t

( (w— thFk] #(z), ), thrk]b(fj, ) — thka] 7(2, $)>>
. eXp J—

2
O

- (w - th’["k]\g(z, a:))

520y 5 (2l2) dz

ot
- Syl Cigla () = miGigla(e D)
By, (Fese) I!(0y)?
f(—l)l (w —miGly (3, ), Gy lz(Z), ©) — MGl la(z, )’
— l!(O’t>21

w—miGY\z(z,x)) - N
L (w—my - 2 »pj(z)v[k]\g(zm dz

< 9% \/log e,

o0
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Furthermore,

/ =l (1) I Gy |7(Z5, ) — mu Gyl (2, ) [*
Bay (Feas1) 1= (os)*

&= Gl ) mCigl (3, 7) — miGyls (2, 2))
: ;(_1)1 [k] “(th)zl [K]
L GE D) 5 gy o) o

Ot

1 2
_ 2l +2l5+1 k ) .
SDIDWEEED DRI DR >

11=012=0 0<k<2l1 421241 IENDY | |i|<ly+1 SENDX |s|< (211 +202+1) | Bx | +|ax ]

So similar to Case 1, let ¥ = A% - (24 + 2% + 1)(’%5“YDY)((23”2%“)1%5’(”LQXHDX),

X
there exists a network qbg.l] (w,z,t) € ®(H,W, R, B) with H = O(log*n), |W||e = @(log6 ng),
R = @(log8 n?), B = exp(O(log?n)) so that (10) holds with ¢ = O(£5¥). The construction of
gbgz} (w, z,t) follows a similar approach. By utilizing the same analysis as in Case 1, we can establish
the desired claim 2.

Remark C.2. Here similar to Case 1, choosing § = 0 will result in a factor of (logn)PY due to the
orders of 1 and % being ©(logn). Instead, we can choose 6 as a small positive number so that £,
and £ will be of constant order; and the influence on the neural network size will be O(n%).

2
" 2a ay’ _
C.1.3 Case3:n >V VHXax <f<p2]og3

1 ___dy
Sete; = oyy/logn and g9 = n” >*x7x (0p\/logn) **x+ix . Let NZ¥ be one of the largest e9-packing

of M x and /\/'EZ1 be one of the largest £1-packing of Bgay (0, 7). Then we have J; = | \ < E_dY nd
Jo= N2 S e5, . Now we take an arbitrary 7 € NZX keKzandz e NZ, con51der set

Sz = {(I‘,w) 2 € By (7, V2e9),
lw — Gjjy(Z,2)|| < C op\/log n, dist(w, Myy,) < coor\/logn},
we claim that

Claim 3. Let £, = O(logn), %5 = [ =30 ——] and
= 2

L = AL (2L 255 +1) <(2.$1 +22+1)[fy] + dy) (.,% + Dy) ((231 +2.% +1)|Bx] + lax] + Dx>

dy Dx
there exists networks ¢*(w, z,t) € ®(H, W, R, B, ©( logn )wzthH O(log’ n), (log® n.?),
R =0(log’n.%), B = exp(©(log*n)), so that for any ) € Sraz and t € [t,1],
Px X
16" (w, z,) — V1og pyjp(w)[loc S logn=25- + \/logn-2—.
Ui 0’2

Then, similar to Case 1 and 2, by setting § = 0, the second statement of Lemma C.2 directly follows
from Lemmas C.4 and C.6. Now we show Claim 3.

For any (z,w) € %43z, denote Projaiy,, (w) as the projection of w to My, we have

|Gy (7 ) — ProjMY‘z(w)H < cyopy/logn.
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So

{y e My ¢ |ly —wl| < caop/logn} C{y € My, : |ly = Projuy,, (w)]| < csop/logn}
C{y € My,  |ly— Gy 2)| < caoe\/logn}
C{y=Gjy(z,2) : |2 = 2| < cs001/logn}.

Therefore, by equation (2), we only need to approximate

Hw—th’[kk](z,:c)||2 w—th’["k](z,J:)
1 Ji-lsesorviogn P (‘203 N ) vy (zlr) dz

or lo—meG )12, d - b
f||z—5H§050£\/logn eXp | — 207 v[k] (Z‘.Z') z
Now we consider the polynomial approximation of G E‘k] at (z,x),
X K] (J1,52) \ %> ~
G[k} |(g75)(2, .T) = Z H;TZ'(Z - 5)]1 (.7} - x)]z’ (12)
(1.42)€T5Y 15X
we have
sup sw |G lem (2 2) — Gy 2)]| S (ouy/Togm)™ + &5~

lz—Zl|<cs01v1og na€B g, (F,V2¢e2)

Next we present the following lemma, which provides an approximation to the projection function
Projay., (w).

Lemma C.11. If 7 < t <log ®n, then foranyT € Mx, k € Kz and % € Bgay (0,7), there exists a
neural network ¢,(w,z) € ®(H, W, R, B) with H = O(log?n), |W||s = ©(log®n), R = ©(log* n)

i
and B = exp(©(logn)) so that for any © € Mx satisfying ||z — 7| < (04/Togn)?x, and w € RPY
I SR

satisfying ||w — Gf‘k](z )| < (o Vn 2oy Hdy tix oy )Vlogn and dist(w, My,) < coopy/logn, it
holds that

1

1 (e (D00, 2)), =Gl (p(w, ), )| S ((opvm 50k ) Togm) ™.

2. ||gp(w, x) = Qfyy (Projaqy,, (w), 2)|| S o1/Tog .

Lemma C.11 suggests that that G, |z7) (#p(w, ), ) is a good approximation for ProjMY‘z(w).
Based on this, we consider the following decomposition

G (22 ) = [l — Gyl (@0, 2), 2) P + |Gl (B 0 2), ) — Gl (22 2) P
+ 2<w - Grk]|(5,5)(¢p(wvm)7$), >[k]g] (5,5)(¢p(w7x)7$) - thE(k;] (Z?x»'

(13)
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We can then substitute this expression into (11) to obtain

wathE‘k](z,z)HQ wfthfk](z,x)
1 De-ziscsonviogn xP <_ 207 e ) v (le) dz

Ot

[lw— th[k] (z,2)]12

f||z72H§05o'p/logn exp ( 20> U[kk] (Z|l’) dz

1 / exp HG ]| (z,7) (¢p(w .Z') x) — thrk](z7x)H2
= . X
o | Jie=2I<esonvioan 207

<w - Gfk”('z’,i)(qbp(w’x)?m)vGr]g]|(5,§)(¢p(w7‘r)’I) - thrk](va)> N -
~exp | — vy (22)

2
0%

Gyl (dp(w, ), 2) = MGy (2, 2) |12
: / exp | — >
|z2—2]|<cso¢v/logn 20}

. exp (_ <w - GE(k;] |(5,5) (pr(w, x)a 1‘)7 Grk;] |(2,§) (¢p(w7 JZ‘), I) - thi}f] (Za 1")>>

2
0%

Gfk;] |(’z“,5)(¢p(w) r),x) — thrk](Zv x) . w — Grk] ’(E,i)(@bp(wu x), )

o , since G k] |(z7) is a polynomial function, using Lemmas C.7-C.10,
t
we can obtain that there exists a neural network ¢[*/(w, z,t) € ®(H, W, R, B) with H = ©(log?n),
W] = ©(log®n), R = O(log" n) and B = exp(6O(log®n)) so that

- G, zZ,T 9 )
w [k]‘( ) )(2¢p(w :L') .’IJ)) B ¢[3](w’$7t)

0%

For the term —

< (14)

Sl

e}

Then for the remaining term, notice that for any (x,w) € #zz and ||z — Z|| < or/logn,
Ip o)1 < 6p(a0,2)~ @y (Profaay,, (1), 2) [+ 1@ (Proiaay (), 7) Qi (G G ), )| S op/logm
|Gl (@pw,2),2) = miGiy(z,)
< GlEa (dp(w, 2),2) — Gigla (2,0l + [|Giylee) (2, 2) — Gy (7, 2)]]
+ Gy (z,2) = Gy (2, 2) | + |(1 — me) Gy (2, )| (15)
S I9p(w, ) = 2l + 5% + ]|z = 2] +¢
S ovy/logn,
lw = Gyl (dp(w, 2), z)|| < Hw G[k]( : )H + HG* (%,2) — Gfk !(z,gz)(g,w)ﬂ

S J@/logn,

[{w — Gfk]\(zf)(qﬁp(w ),1‘), Giylza (dp(w,x), 1) —mGly (2, 1))

z),x), Glylza (dp(w,z),2) — Giylza (2, 2))]

Gyl (2:2) = Gly(z,2))|

>[k (z,2) = muGlyy (2, 2)))|

\(w G* !(z x)((bp(w’x)vx) Gyl () (B0 (w0, 2)) (p(w, ) = 2)))] + O((01/log n)?) + O((01/log )™ +)

(16)
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Therefore, denote

— ||Gf<k]|(5,5)(¢p(w7x)ax) _th)[kk](va)‘P
dpt(wvw) = exp | — 2
|z—Z]|<cs0¢+/logn 2Ut
<’UJ - Grk;] ’(E,E)(gbp(wv .CU), :C), GEK]C] |(5,5) (¢p(w’ ‘T)v x) - thTk](/Z? .’L‘)>
. exp J—
of
Giqlizz w,x),r) —mGhHi(z, T
) (_ [k]’( , )(¢p( ), ) t [k}( )) ”rk](z|x> dz,
Ot
and
_ HGFIg]‘(ZE)(¢p<w7$)7x) —thrk}(z,.%')”Q
Pe(w,x) = exp | — 5
lz—Z2]|<cs0v/Togn 20}
(w—GlylEa (@p(w, ), 7), Gyl (¢p(w, 2), 2) — Gl (2,2)) | |
“exXp | — v (z|x) dz
2 (%]
0t
we can derive L
Hd]?t(w7 :L') S 10gn,
pt(wvl')
and
_ GhylEn (@p(w, 2), @) = miGy (2, 0)]1*
pi(w,x) > exp i
le=p(w,)|[<or 20
(W — Gyl iz (Gp(w,2), 2), Gy [ ) (Bp(w, 2), 7) — MGy (2,2))
“exp | — " v, (2l2) dz
i

Ghilza(p(w, 2),2) — Gi,lz3 (2, 2)| ]2
Z/ exp _H [k]‘( ) (dp(w, ) Z [k]’( ) | oty () dz 2 (o)
20 =
lz—dp(w,z)|| <ot t

Therefore, if there exist neural networks ¢[!(w, x,t) and ¢! (w,z,t) so that for any t € [t,] and
(z,w) € Sz,

Bx
ldpy(w, 2) = ¢!V (w, 2, 1) |0 = O ((m)dY(logn' % +/logn - s%”‘)) , (17)
t
) p 65}(
1P, (w, ) — ¢ (w, 2, 1)[|loo = O | ()™ (v/Iogn - (27 +e5%) ) (18)

Then we have

1 dp(e) 1 ¢l(z,t)

o p(r)  or P(a,t)

Px £Ox
=0 logn% + \/@Z—t . (19)
0o t =

To construct ¢! (w, z, ), we approximate dp, (w, ) by polynomials. Let

. Glgon(z1)
Gglatz, o) = > - @y
jENgX
[71<Bx
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via0.4) (2, T ,
UEZ:HE(Z@): Z [k](O,])( )(ﬂs—f)J,

i
e
we have
G (2 ) = Giylz(z,2)|| S lv — 3|7 < X
and
lofig (2, 2) = vl (2. 2|l S o = F|°X < 5.
Therefore,

1G22 (89w, ), ) = miGiy (2, 2) |2 = |Gy ) (9w, 2), @) = muGig (2, ) )

< oiy/logn - 5§X;
‘(w = Gyleo (9p(w, 2),2), Giyliz) (dp(w, ), ©) — MGy lz(2, 2))

— (0 = GlEm (9p(w, 2),2), Gyl zz) (dp(w, ), ) — MGy (2, w)>‘

S opy/logn - egx,

/ ”Grk]‘(z,f)(qbp(wax)"x) _thF]@}(Z7$)H2
exp | — 5 dz
[|z—Z||<cs0¢+/Tog n 20t

G* d) w,x),T _G* Z,T 2
5/ exp [ NGl 2):2) = Gy DI
lz—Z]|<cs0¢v/logn 207

L e
5/exp< \qﬁp(;v(;;:) el )dz
t

< (o)™

So we can obtain

N

*

- _/ GhylEa (9p(w, @), 2) = miGiyla(z, 2)|?
pi(w, x) exp
|z—Z||<cs0¢/logn

207
exp ( (w = GlylEm (p(w,2),2), Gyl 7 (dp(w, ), ) — MGy l7(2, 36)))
2
Tt

: ( Gyl (dp(w, ), ) — thTk]b(zw)) Ufgla(zle) d=
ot

Bx
13
S 0"+ (2 logn + Viogn - e5%).

Similarly,
B, (w, 2) / . Gyl (Pp(w, ), ) — MGy lz(2, )|
D (w,z) — xp | —
' [|z—Z||<cs0¢+/Tog n 2Ut2
(w = Glolza) (Pp(w, 7),2), Glol 3 (Pp(w, ), ) — MG [7(2, 7))
g o} Ylk]

Bx
13
S (0™ - (2 Viogn + 5).
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Use (15) and (16), by choosing %) = ©(logn) and £ = [logat:?%} , we have

2
20}

< HGE(k]|(E,§)(¢P(w7x)7x)_thF]@]‘f(z7x)H2>
exp | —

||G |(z ac)(gbp(w :1:) :‘C) - thTk”i(zax)HQll

2 lg2h

Y

11=0

and

2
O

( <’LU G[k;]‘ Z,E)(¢p(w7$)7$)7Grk]‘(z,f)(gbp(wvx)ax) _thE(kﬂf(zvx)>)
exp

w G, }| z,i)(qbp(w?x)ax)vGrk” Z,%) (gbp(wal’)?x) - thrk]‘E(z)-%»b

-

12=0 l l0-212
<n 2
Therefore, we have
|0, - | oy 1l @yt ). ) = Gyl )
w,T) —
b Hszzv||§05a£\/lognl1: Qle 'O’2l1
f( 1)l2 <U) - GF];]‘(ZE)(¢P(U}7$)7$)7 Grk]‘ Z,7) (¢p(w7x)7m) - thFkME(va))lZ
20 Irlo?" (20)
Ghilza (Op(w, ), x) — miGh |32, )
: (— WG - L vy lz(2[@) dzH

S (o)™t
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Furthermore, notice that G, lz7), G |m and v} |z are both polynomial in z,

= ( ) HG[k]| z,i)(¢P(wax)7x) _thrk]’5(27$)||2l1
—F||<esaty/ 2l g2l
[|z—Z||<cs0¢/logn 1,=0 1:0¢

22 1 <w - G?}g”(z,f)((ﬁp(wa x)a CC), Grk;]| Z,%) (qﬁp(w,:r),x) - thr]g]‘f(Z7m)>12

SHEIE

lo=0 12'0'212
Ghalca (Pp(w, z),x) — miG |z (2, @
ot
2 L _ (l1+l2+l) G* o 57%4 . .
-) s R G| 5 02T ) 2y 2y
s e =0t o 7 (J1 Jz)ejgyfx Jig2
’ Y Bx
Glyon(=%) 2 G (ri) (5o ) . N
—my Z (k] . — :E)J‘ . <w _ Z H]}TZ!(%(U)J) ~ (e — B,
jENgX (]1’]2)6‘7By v Dx
l7l1<Bx

Gl (G1,42) (3, ) k(O,J z,T) AN
Y R ) - B me Y Clen=?) (-7

d
(J1’32)6‘7ﬁy jeNgX

|J|<ﬁx
Gl Gir2) (5, 7) Gk(OJ) nT)

> MR ) - (e - By Y O <x—x>ﬂ)

(02 €75 5 fG\EBX
J X
Z U[kk] (0.41)(2]2) (x — 7Yt s
, !
J1ENG X 1 l<ax
7R
. Zl 22 2l1+2l2+1 Z mk Z (¢ (w w))(s) Z w(z)
Ut t p ’

l1=012=0 0sk<2hitlo+l  GeNIY |s|<(2h+202+1) By | iENDY il <ls

E alllgksijx(J))

FENDX |j|<(2h+202+1) [ Bx | +ax ]

A

where a;, 1,151 € RDY are some constant coefficients. Then notice that ( - )2l1+2l2+1al1 Ioksij

~

exp(O(log?n)), we

1. Approximate m; by ¢, (t) € ®(H, W, R, B) with H = ©(log*n),
O(log®n) and B = exp(0O(log’ n)).

0 = O(log’n), R =
2. Approximate oy by ¢, (t) € ®(H, W, R, B) with H = O(log?n), |[W|s = O(logbn), R =
O(log® n) and B = exp(0O(log* n)).

t

(

3. Approximate X by ¢,ec(z) € ®(H,W, R, B) with H = O(log*n), W = O(logbn), R =
O(log® n) and B = exp(0O(log* n)).

4. For vector z € R, approximate () by qZ)sz(])wer(:n; i) € ®(H,W,R, B) with H = ©(log’n -
loglogn), |[W|le = ©(logn), R = O(log® n) and B = exp(6O(logn - loglogn).

5. For vector z € R?, approximate z(?) by <Z>vpower(z i) € ®(H,W, R, B) with H = ©(log®n -
loglogn), |[W e = ©(logn), R = O(log®n) and B = exp(O(logn - loglogn).
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6. For z € R, Approximate 2% by ¢power(7;a) € ®(H, W, R, B) with H = ©(log®n - loglogn),
|[W{leo = ©(logn), R = O(log®n) and B = exp(O(logn - loglogn)).

7. Forz,y € R, Approximate z -y by ¢ (z,y) € ®(H, W, R, B) with H = O(log? n), [|W || =
O(1), R = O(log?n) and B = exp(©(log®n)).

We have
2 D
2l1+2l2+1 k s i
>3 >, m 2 @(w,2)® > w?
h=012=0 O0<k<2htlatl  seNgY Js|<(2h+202+1) By | iENg Y Jil <o

> a1y sijr)

JENGX |j1< (2l +202+1) | Bx |+ ax ]
LA D

-y 3 > > > Ay lyksij

h=012=00=k<2h+2la+1 seNIY |5|< (21 +212+1) | By | i€ND Y i <la+1 jENG X |j|< (2l +20a+1) | Bx |+ ax |

: d)mult <¢mult <¢mult (¢mult (prower (¢rec(¢0(t)); 201 + 2ls + 1) ) ¢power (¢m(t)a k))

’ ¢1[)Cll!’};weT(¢p(w’ .%'); 8)) ’ qbi[)g(})/u]wr( )> ¢1[£g(wer (ZC ]))

< (o) Pnh

[e.e]

Therefore, by concatenation and parallelization of neural networks, let & = A% - (224 + 2% +
1) ((2$1+2$2;Y,1)LBYJ+dY) (ZQEYDY) ((2$1+2$2+1)IB%{J+L&XJ+DX), there exists networks QSBH (w,z,t) €
®(H,W, R, B) with H = O(log* n), |W||s = O(log n.Z), R = ©(log® n.¥), B = exp(©(log* n))
so that (17) holds. Similarly, there exists a neural network ¢[?(z, ) with the same size as ¢! (z, ) so
that (18) holds. Then using (14), (19), and Lemmas C.7-C.10, we can obtain

H {—02\/logn ,{CQ\/logn (
max { ————— min s Ot

7

brec (65(1) s St (01 (w0, 2,8), brec (67 (w, 7, t))))

Bx ax
— ¢Bl(w, z, ¢ — Vlog pyj,(w <logn-52—+ logn‘52
| ~ 2
0-1 Ot

We can then obtain Claim 3 by combining all pieces.

Remark C.3. Here the neural network size has a factor of (logn)PX even with the choice of § > 0.
However, we can weaken this factor to (log n)dX by assuming that M x lies in a smooth dx -dimensional
submanifold. In this case, let Vi € RPX*XX be an arbitrary orthonormal basis of the tangent space
of Mx at T, and consider the map ¢z(-) = VI (- — &). This map is deﬁned on By, (Z,r) and has a
smooth inverse qb~ for some positive r. By expressing x in terms of ¢~ (¢z(z)) and considering the
Taylor expansion of q§~ around 0, we can approximate p,(w, x) and dpt(w x) using polynomials that
depend on ¢p(w, ), w, and ¢z(x). Notice that ¢z(x) is dx-dimensional and can be exactly realized
through a ReLU neural network. By leveraging this fact, we can change the factor of (logn)PX to

(logn)™x
_ 2
C14 Cased:T<t<p *viviixex
R D S S
We sete; =n 2ay iy HAX G and gg=mn X P G et Nz be one of the largest £5-packing of
Mx and VZ be one of the largest &1-packing of Byay (0,7). Then we have J; = [NVZ| < €] 7 and
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= NS Sey X Then take an arbitrary 7 € N-X, k € Kz and € NZ, Consider set

ISh I
Sz = {(az,w) Lz € By (F,V2e2),
o~ Giy(Z )] < C v, dist (w, Mys) < coory/log ),

we claim that

Claim4. Let # = O(logn), £ = (log(at)—fjﬁigaogn)} and

éfzza%-@za+z%+4oC£ﬁ+ﬂié+$g%J+mw+-ay>
Y

.<$2+Dy> ((2$1+2$2+1)Lﬁxj OéX +Dx>
Dy DX

there exists a network ¢*(w,z,t) € ®(H,W,R,B @(Vlog")) with H = ©(log*n), [|[W|]|s =
@(10g6 ng), R= @(log8 ng), B = = exp(O(log* n)), so that for any (x,w) € Fjzz, and t € [t, 1],

ay
log n€1—>
Ot

Then similar as Case 1, 2 and 3, the first statement of Lemma C.2 directly follows from Lemmas C.4
and C.6. Now we show Claim 4. For any (z,w) € 35, we have

By Bx
" g +e€
6" (w, 2,£) = V1og py ()| ow = O log nL

Gk (Z, ) = Projuy,, , (W)l S €1,
and
{y € Myp = |y —wl < caoe/logn} C {y € My, : [ly = Projuy,,, ()] < ezo¢y/logn}
C {y = Gjy(z,2) : ||z = Qfy(Projuy,, (w), 2)|| < ca04/logn}.

Using Lemma C.11, we have

2~ dp(w,2)|| < ||z — Qi (Projagy, (w), 2)]| + | 6p(w, 2) — Qfy(Projay, . (w), )]
< |12 = Qjy(Projary,, (w), )]l + O (o:\/logn)

and thus

= Glg(2) + 112 — Qg Profaey, (w). )] < cioyy/log )
CHy = Gpy(z,2) : [z = dp(w, z)|| < cs01/logn}
C{y =Gpy(z,2) : ||z — dp(w, )|l < cgory/logn}.
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So based on equation (2) and decomposition (13), we only need to approximate

lw—m Gl (2,2)]? wem G ()
1 ji‘z_¢p(w7z)|‘oo§660§ o €XP (_ tQU[%] ) . (_ tg't[k] ) Vi (z]z)dz

Tw—m. Gy ()2

J1e— g0 (w2l ow o0 vToET P (_T) vjyy (2lz) dz

1 / exp [ - Gyl 2 (Sp(w, ), 2) — my Gy (2, )|
Ot [|z—¢p(w,x)||oc <ceorv/logn 20152

* * * -1
<w - G[k] |(§,5)(¢p(’w7 1‘), .%'), G[k] |(Zf)(¢p(w7 .’[7), l‘) - th[k] (z> 33)> "
~exp | — Ul (2]2) dz

Ot

2
0%

_ / exp NGyles (@p(w,2), 2) — muGy (2, 2)]*
|z2—¢p (w,x) || oo <ceov/logn 2Jt2

. exp (_ <w - Grk] |(E,':E)(¢p(w7 1’), .’E), Grk] |(5,§)(¢p(wv LU), (E) - thTk] (Z, ZL’)>>

2
O

o o2

| <_G;ﬂ|@@<¢p<w,x>,x> - thW’@) 4ielo) dz] _ 0= Gyl Gy, 2
(2D

-G7 zZ,T sl )y .
Similar to Case 3, the term v=Cile )2( Prw) ) can be approximated by neural network P! (w,z,t) €

9t
®(H,W, R, B) with an error L if H = O(log”n), |[W|l« = ©(log’n), R = O(log* n) and B =
exp(©(log? n)). Then notice that v* is C®Y+*X -smooth, we can write

A Uik Gi2) (5 T) ey
Ul |(E,E)(za T) = Z HjT(Z —z)M(z — 3)”, (22)
(jh]é)Engjffff
where
Iyl (2 ) = vy (2, ) S 1z = F™ + [l — &%
We will first build an approximation to the conditional score function by replacing G’["k] and v[*k] with
their polynomial approximators, that is, Gf‘k] |(z7) defined in (12) and v[*k} |(z,7) defined in (22). To bound
the approximation error, we will consider and bound the following terms using Lemma C.11 for any
(z,w) € Szz and any z € R? satisfying ||z — ¢, (w, 7)||0o < csopy/Togn:
[fp(w, x) = 2| < [dp(w, x) = @y (Proju,,, (w), 2)|| + [ Qpy (Projag,,, (w), ) — ]|
= [lép(w, ) — Qg (Projusy, (), 2)] + Qg (Projusy . (w), z) — Qfyy(Cly (Z,2),2)]

§€1;

|Gl (@pt,2),2) — miGigl e (2,3

< |Gl e @, ), 2) = Gyl )| + (1 = m) Gyl ez, S or/log i

1 * * * *
o7 ‘HG[k]‘(E,E)<¢P(w7x)ax) — Gy (2, 2)|1” = |Gyl gy (Sp(w, ), ) — th[k]\(z@)(z?x)HZ‘

< aﬂ/logn(afy +ey¥) \/logn(afy +ey")
~ 2 - I
o; o’

lw = Giylzm (Gp(w, 2), )| < |lw - Projay, , (w)]
T 16 (@5 (Projag, . (w), 2), 2) — Gl (dp(w, 2), 2) | + |Gy (Sp(w, 2),) — G|z (S, 2), )]

< ovy/log n;
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1 * * *
072 : ‘<w - G[k]|(5,5) (¢p(w> SL’), l‘), G[k]‘(?@) (gbp(wa :L‘)a :U) - th[k}(z l‘)>
—(w = GlylEa (¢p(w, x),2), Glylza (dp(w, x), ) — MGy | za) (2, fﬂ)>‘

U@/logn(efy + a§X) _ \/logn(efy + egx).
~ 2 - )
of ot

[(w = GiylEa (Pp(w, ), 2), Gly |5 ($p(w, ), ) — Gy |25 (2, 2)) |

< |(w = Gyl (@p(w,2),2), Ja | oy (@0, 2) (@, 2) — 2))|
+ ‘(w = GlylEa (9p(w, 2), ), Gy |z (0p(w, 2), 2) = GlylEa) (2:2) = T |20 () (09 (W, 2)) (dp(w, ) = 2))
+ [{w = Gyl (Bp(w, 2),2), (1= mo) Glglz (2 2))|

(e1y/1og n)*Y o4\/log n + og’(logn)% + Jf’\/logn
(23)

S
< o} (logn)?;
Grk] ‘(ZE) (¢p(w7 .'L‘), $) - thrk] (Za .13)
Ot
Glylem (9p(w,2), 2) =GRy (z.2)  Glylew (dp(w,2),2) — miGlylez (2 2)
~ ot ot (24)
Glen(dp(w,2),2) — Gylen(z.2) || 1-m .
- “ +— | Glglea (o)
(7 Ot
< Vlogn.

Combining all the pieces, we can obtain
B HGFk] |(5,5) (¢P(wv CL‘), x) - thrk] (Za .T) ||2>

[$

‘ /| 2=y (W) | oo <601/ TOE T ( 207

exp (_ (w = GlylEa (¢p(w, @), 2), Gyl 3 (Sp(w, 2), ©) — MGy (2, $)>>
2

O

*k (Z,CE) N
L ) vy (2lw) dz

. Gr/ﬂ |(575) (d)p(w, $), SU) - th
Ot
-/ ) <_”G* '<%><¢p<w’ff>w>—thrk]\<z@<z,x>||2>
l|2—¢p (w,2)|loo <ceotv/logn 20’252
(w = Glylea (8w, 2),2), Gyl (9p(w, 2), 2) = muGly lEa) (2 x)>>

2
0

mlen(z2)\ |
(%] > 'l)[k”(g,%)(z‘x) dz

(k]
(25)

- eXp <_
<_ Giylea (dp(w, 2), 2) — miG

Ot
1Gigl iz (Gplw, @), ) — mGig (= W)
— 5 dz
20f

5 / €
|z—¢p(w,z)||co <ceotr/logn
10 n EBY + €B

5 ( 1 2 ) + 10gne? )

T
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Similarly, we have

1G] 3 (Sp(w, @), @) — MGyl z2) (2, 2) |12
exp | — 5
l2=¢p (w,) || oo <co e/ Tog 7 20}
(w—GlylEa (@p(w, ), 2), Gyl (dp(w,2), 2) — Gl lza(2,2)\ |
-exp | — o2 Ulk) |(E,5)(Z‘$) dz
t
/ Gl 2 (p(w, @), 2) — MGy (2, @)
— exp | — 5
ll2=6p(w,2) 0o <coe/Togn 20}
(w— Gyl (dp(w, ), 7), Gyl (dp(w, x), 2) — Gl (2,2)) | |
"exXp | — 5 vy, (2lz) dz
0%
< / oo [ 1G] o) (Sp(w, @), 2) — MGy (2, @) "
™ Jllz=p(w.w)l|co <coorv/ITogT 207
\/logn(afy +€2’BX) N
. ( + €] Y).
ot
(26)
Denote
dpy(w, 7) = / . ( Gl Em (dp(w, ), @) — MGyl (2 x)H?)
t ) - -
2= (10,2) |00 ScoorIog T 207
cexp | — <w - Grk] ’(E,ff) ((ﬁp(wv Q?), Jf), GE}C} ’(E,E) <¢p(w7 .Z'), x) - thrk] ‘(Z,E) (27 .Z')>
o}
Gl (dp(w, 2), ) — Gl lzm (2,2)
' <_ i o 4 viylea (2lz) dz,
and
ﬁt(wa l‘)
/ . ( Gyl 2 (dp(w, 2), 2) — MGyl z) (2, $)|2>
pr— X pa—
12— p(w.2) oo <coorv/IoET 207
(w =Gyl (dp(w, ), 2), Gyl (dp(w,2), 2) — Gl lza(2,2)\ |
-exp | — o2 Ylk] |('5,§)(Z“r) dz
t

We will show that if there exist neural networks ¢! (w, z,t) and ¢[?(w, x,t) so that for any ¢ € [, 7]
and for any (z,w) € 33,

log (&5 + %)

Jdpy(w,2) = o (w, 2, D)l < (o) ((F 52+ Viogne(” ), @D)
By Bx
I ) — 60,2, e 5 (o) ( (VM H D) | o) @28)
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Then we have

iy o Gl 0ol 2).2) —~ miGy 2 )1
0t | lo=gp(w,)lloo<coosviogn 207

(w =Gyl (9p(w, 2), 2), Gyl (dp(w,2), 2) — MGy (2,2)) \ | o
- ”[k]( |)

- exp
of

Gyl ) (8 (w, 2), 2) — MGy (2, 2) |2
’ exp | — 5
2=y (w.2)l|ow Scie IO T 207

< <w - Grk] |(3,5)(¢P(w7 JC), CE), Grk] |(575)(¢p(w’ ZE), 17) - th?]g] (Z, 1‘)>>

- exp
of

G* zZ,T 5 ) - G* 3
. (_ @) (9 (w xif z) — mGiy (2 x>> ol (2]2) dz]
t
1 ¢l (w, 1) < e 4 ebx ey
o e S o+ Vo
(29)
”Grk]|(5,5)(QSP(w)m)vx)_thFk](Z)m)”Q
To show (29), we first bound fHZ—Qﬁp(w,x)”ooSCGUL\/m exp <— 507 . No-
tice that
lp(w,) — 2| = Q1 (Gl (Bp(w, @), 2), 2) — Qi (G (2,2), 2)]
< L||Gy (@p(w,7),7) — Gy (z2)|
<Gyl s (@p(w, 2),2) — MGy (2, 2) | + (1 = my) |Gy (2, )| + O] +£5)
< Glylem (@p(w, x), ) — MGl (2, 2)|| + O(ay),
we have
/ . ( 1Gy ¢ z,z)(fﬁp(w,x),w)—thfk}(z,x)Hz) < o
2= p (10,2) oo <01V ToE T 207 .

Therefore, combined with (25) and (26), we can get

||G>[kk]|(fzv,5) ((bp(w) ﬂ?), l‘) - thFk](Z7 .’E)H2
exp | — 5
l==6p (w.2) |0 <cor/Togn 20}
o <w - GFk]‘(?,E)(¢P(wax)7x)7 Grk]](g,g)(gzﬁp(w,:c),x) - thEIg} (Z,l’)>
cexp | —
Glylea (dp(w,2), ) — MGy (2,2)\ |
' (‘ L o 2 vy (2]@) dz — ¢m(x,t)H
logn(eﬁy + ™)
< d 1 2 ay
S (o1) ( or + /lognej )
and
‘/ ox (_ !’Grk]’(z,z)(qbp(w,x) ) — th[ K \# )H2>
2= dp(w,z)[|c <ceorv/Togn 207
<w - GF]@] |(E,%)(¢p(w7 x), ac), Grk] ‘(Z,E)(¢p(wv x)? :U) - thr]q] (z’ w)) %
cexp | — o v, (2lz) dz
i

d( ﬁlogn( By +€ﬁx) +€(11Y>'
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Now use the fact that
1Glylm (dp(w, ), 2) — MGy (2, 2) |
< “G[k](¢P(wvw)7x) - [k](z7x)H + ( - mt)”GFk}(z?x)H
+ HG[k]‘ zﬁ)(¢}7(w7m)7m) - E(k}(zax)” S H¢P(m7w) - ZH + O(O—E)v

we have

Gyl ) (Ep(w, 2), 2) — my Gy (2, 2)|2
exp | — -
2= (w,2) ow cacs VIGET 207

(w = Gyl (Gp(w, 2), ). G|z (B (w. ). 2) — Gy (.2))\ -
- Ylk] |z)

- exp
ot

1G22 (@ (0, 2), ) — muG (2 2) 2
. exp | — 5
12—y (w,2) | oo <coot VOB T 20}

. exp (_ <w - Grk] |(E,';E)(¢p(w7 l’), .I), Grk] |(E,§)(¢p(wa SC), (ﬂ) - thrk] (27 1’)>>

2
O

Ot

< Cigleza (@p(w, ), 7) - thFk](ZJ)) vy (2]2) dz]

< Vi

and
Gl (G 2).2) — mGy (.2
ex 5
l2=p(w,2) | 0o <ecorvTogT 20}
(w — GF]@] |(E,5)(¢p(w7 ), ), [k]| (Z,7) (¢p(w T),T) — thrk](Z’ )) N
cexp [ — v (z]z) dz
o2 (%]

||G>[kk] |(5,fi) (¢p(w7 x)? 1‘) - thTk] (Z, l‘) H2
> exp | — 5
ll2—¢p(w,@) | <or 207}

(_ (w—GlylEm (dp(w, 2), ), Gyl 7 (¢p(w, ), ) — MGy, (2, $)>>

- exp o7 v (2l2) dz

2 / exp
llz—p(w,) || <ot

Moreover, when ||z — ¢p,(w, z)|| < oy,

2
O

( (w—GlylEa (@p(w, ), ), Gyl (¢p(w, 2), 2) — MG (Z,$)>>
— dz.

|(w — Gyl (Sp(w, ©),2), Oy |2 (Sp(w, @), 7) — MGl (2, 2))|
< |(w = Giglizm (@p(w,2),2), Jas ey (Gp(w0,2) (Ep(w, ) - 2)))]
+ ‘(w = GlylEa (@p(w, 1), 2), Gy |3 (0p(w, 2), 2) = GlylEa) (2:2) = T 1 z.o) () (G (W, 2)) (dp(w, ) = 2)))
+|(w = Gyl (@p(w, 2),2), Gyl (2:2) — Gy (=, 2)|
+ |(w = Gyl (@plw, 2), 2), (1= m)Giy(z,2))|

e1y/1og n)??Y o4\ /log n —|—a§’(logn)% + o¢/logn(e] By —|—€2 x) —i—ag\/@
2

Oy

IZANRZAN
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Therefore, we have

/ . (_ |Gyl iz (Sp(w, ), @) — MGy (2, x>||2>
l|2=¢p(w,z) |l oo <coov/Tog n 202

2
O

<w - Gfk] |(5,5)(¢p(w) x)’ ‘T)v G>[kk] |(5,55) (¢P(w7 '73)’ x) - thE}g] (Z, x)> «
~exp | — vy (2l2) dz
Z (o)™

We can then show (29) by combining all pieces.

Then we construct ¢!!l(w, z,t) by approximating dpt(w,m) with polynomials. Based on state-
—2logn
ments (23) and (24), by choosing £ = O(logn) and % = [bg CAR

( ”G Z,E)(gbp(wax)vl‘) th[k}|(5,53')(zax)|’2>
exp 5
20f

1, we have

B Z HG[k]‘ o (¢p(w, ), ) — Gyl (2,2) [0 -
o 2l1l1!0152l1 )
and
ox _ <U} - Grk} ’(E,i)((bp(wv [L'), .’E), GE(M ’(5,5) (¢p(w7 .’IJ), .’IJ) - thFk] ‘(25) (Z, ZL')>
p 0'152
- Z (w = Gyl (Pp(w,2), 2), Gyl (8p(w, 2), 2) — MGyl 3 (2, 7))
lo=0 lQ!O’?lQ
<n 2
Therefore,
H / ) HG[k]| (z,z) (¢p(w7 LU), LL’) - thrk] ‘(E,E) (Za x)HQh
|z—¢p(w x)|\oo<06at\/lognl 2l1l1!0'152l1
f (_1)12 <w - G[k] ’(5,:?) (¢p(w7 .CE), .’L‘), GF |(E§) (¢p(wa l’), .%') - thTk] |(E,E) (Z, x)>l2
l2:0 l2‘0_212

Ghylem (dp(w, 2), ) — muGlylza (z,2) | | .
| ( o . i lEa (2l7) dz — dpt(fc)Hoo

log n (Y + Bx
S(Ui)d< (10t 2 )+

log ne?y) .
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Moreover, since Gf‘k] |(z7) and v[kk] |(z7) are polynomials in z and x , we can write

=t IG5 .2 (8o (w, @), 2) — MGy ) (2, 2) "

Z( D" 2l lg2h

/IZ¢p(w,x)|x<660n/710gn =

. f( L (W= Glyles (0p(w,2),2), Gyl ) (¢p(w, 2), 2) — MGyl 3 (2, 7)) "2

-1
15=0 12'J2l2
Grk] |(5»§)(¢:D(w7 T),T) — thrk] ‘(575)(2, x) .
T\ p Vil @ (2lz) dz
t
& P, . s
=/ i () il i)2l1+2lz+1H 3 Gl (5:0)
llz=¢p (w,)lloo Scooevlogn 1, =g 1,=0 2hhlb! oy dy . Dx J1lg2!

(j17]2)€L7ﬁY Bx

20 GG ) (5, T) ; Y
(o- X O ) - 2 - ),
(jlv]2)€;’7§y ;XX

s S ®D 5 - ) z>j2>12

Jilge!
(1 Jz)ejgy X

((@pw,2) = 2P =z = D) (@ - 7

Y Bx
Gl Giiz) (2, T) , A . V5 1) (3o E)
> B (;11,?2), ((¢p(w, x) =2 —my(2 - Z 31) (z — 7)7 > k] Ya2) A (];1]';; (z — 3V (z —
(J1 J2)€J§y EXX (J1 Jz)GJaY ng
L Lo

2l 42l +1 s i

Y S > (dp(w, 2 7w

11,=012=0 0<k<2l1+l2+1 sGNdY s|< (4l +312+2) | By | +dy+ oy ] iENODY,MSlz

E a’lllgksljx( 7)

FENG X 1< (2l +212+1) | Bx |+ ax ]

where allleSZj € RPY are some constant coefficients. Then notice that ( )211+2[2+1a1112ksij
exp(O(log®n)), we

S
1. Approximate m; by ¢,,(t) € <I>(H W, R, B) with H = O(log*n), [|[W||e = ©(logfn), R =
O(log® n) and B = exp(0O(log* n)).

2. Approximate oy by ¢, (t) € ®(H, W, R, B) with H = O(log*n), |[W|s = O(ogtn), R =
O(log® n) and B = exp(0O(log’ n)).

t

(

3. Approximate X by ¢ec(z) € ®(H, W, R, B) with H = O(log’ n), |[W||« = ©(log®n), R =
O(log®n) and B = exp(0O(log* n)).

4. For vector x € RP, approx1mate 2 by qﬁvpower(x i) € ®(H,W, R, B) with H = O(log?n),
W l|eo = ©(1), R = ©(log? n) and B = exp(O(loglogn)).

5. For vector z € R?, approximate 2(0) by qbkgower(z; i) € ®(H,W,R,B) with H = @(log2 n -
loglogn), s = O(logn), R = O(log®n) and B = exp(O(logn - loglogn)).

6. For x € R, Approximate =% by dpower(z;a) € ®(H, W, R, B) with H = ©(log? nloglogn),
W |loo = ©(logn), R = O(log®n) and B = exp(©(log nloglogn).

7. For z,y € R, Approximate 2 -y by ¢mu(z,y) € ®(H, W, R, B) with H = O(log? n),
(1), R = ©(log?n) and B = exp(©(log?n)).
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We have

ZZ | IR S > (Gp(w, ) > wl

h=01>=0 OSkS2htlatl  seNGY |s|<(4l1+312+2) | By | +dy +|ay ] iENDY Ji|<la

§ anoksijrt

. D .
JENG X |j1< (2l +2l2+1) [ Bx |+ |ax ]
z2 b
2.2 > > > > bk
= = d . D . . D .
L=012=00Sk<2u+2l2+1 geNTY |5 <(4l1+312+2) | By | +dy +|ay | i€Ny Y Ji|<la+1 N X |j|< (2l +2l2+1) [ Bx | +|ax]

: ¢mult <¢mult <¢mult <¢mult <¢power (¢rec(¢a (t))§ 2ll + 212 + 1) ) ¢power (¢m(t)§ k))

’ ¢chg)wer(¢p(wv x); 5)) ’ ¢££¢})/u])er( )) (bLl;é(wer (Jj j))

oo
logn (7 By +£2 *)

Ot

< (o0)"(

log ns?y) .

Therefore, let & = A% (2L +2.%5+1) ((4$1+3$2+3)55YYJ+2‘1Y+LaYJ) (‘%gDY) ((2$1+2$2+1),L36XJHaXHDX),

Y X
there exists network ¢l!l(w,z,t) € ®(H, W, R, B) with H = O(log*n), |[W|| = ©(log’n.&),
R = @(log8 ne ), B = exp(@(log4 n)) so that (27) holds. By employing same techniques, we can
also obtain that there exists a neural network <Z>£»2] (w, z,t) with the same size as gzﬁg-l] (z,t) so that (28)
holds. Then use (29), similar as the analysis for Case 3, we can obtain Claim 4.

C.2 Proof of Lemma C.3

Firstly we have the following lemma whose proof follows [6].
Lemma C.12. The following equality holds for all S(w¢, x,t) and t > 0,

]E$NH} Ey’vu;metN./\/'(mty,a’fIDy) [Hs(wt’ z, t) -V log ptlm(wt) ||2]

=E

TPy

th — W 9
EyNM?}‘IEth/\/’(mty,aijy) [HS(wt, J,',t) — 73” :|

th — Wt

¥ ok (o) = | ™

+ EH} EyNu*leEwth(mty o?lpy) o

2]
Then for any i € [Z], we denote

t.
‘ myy — Wy
o8 = [ Bumstioy) |I8wnnt) - "L

ti—1 t

we have

and p; = SUP(, y)e M SUPsES, [0i(x,y,S)|,
welli(,y, 5]

t;
/ INHX yNu;‘zEww/\/(th,aley) |:HS(UJt71'7t) _

ti—1

th — Wt
QHQ] dt

t

t;
/ $~uX yNM;,‘IE tNN(mty,atID ) [Hs(wtal‘ t) VIngﬂm(wt)HZ] di

ti—1
th — W 2
A N T

t;
2
/t E yNNy|wat~./\/’(mty,at2[DY) [HVIngtCC (wt)H - ' o_tQ
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and

pi < sup sup /ti Ey, n 2 2|8 (w xt)H2+2”mty—th2 &
B ~ ty Ly L
' (ff,y)EM SESZ ti_1 We (mtyvo'tIDy) 0—t2
logn
< (t; —ti_q) -
~ ( K3 7 1) ti_l /\ 1
< (logn)?.

Let
S; € arg minSeSiExN“} Eyw“§|x [i(z,y,9)].

Consider the function class

—*

Gi = {g(:c,y) = a(gi(xvyvs) _El(x’yvsz*)) tac [O’ 1]73 € Sl}’

and
Gt = {g(e.y) = li(w,y, S) — li(2,y, 57) : S € S},

Denote ||g||2 = v/E.+[g?], using standard symmetrization, we can get for any r > 0,

*

Rn(G;,r) = E «en | sup

1 n
~ 2 9(X0,Yy) = By [9(a,)]| | < Eprenke | sup
i=1

geGy geq* —
lglz<r lglp<r | =1
where {¢;}" ;| are n i.i.d. copies from Rademacher distribution, i.e. P (¢; = 1) = P (¢; = —1) = 1.

Define dn(gv g/) = \/% Z?:l(g(Xla YZ) - g,(Xi7 }/;))2, then

/
rni = max_ dn(g,9') < 2p;.
9,9'€G;
llgll2,llg’ ll2<r

By equation (3.84) of [7], there exists a constant c such that,

4 n
" ) EZQQ(X“YZ')

9eGi 7 =1

B, eon[r2] < E,+en | sup

<Ejen | sup — 3 (9(Xi,Yi) — Epe [yl y)])* | + 80
gEG;F =1
| llglla<r

< e(r? + piRn(r, Gy)).

Then for any g € G} and a € (0, 1], there exists an integer £ € N, such that /12%1_

dn((k +1)5.-9,a9) < 55-pi = 5. Therefore it follows that the e-covering number of G satisfies that,

39

<a<(k+1)5and



N(G;,dp, ) < N(G%, d, %)2’” and log N(G;, dy,, €) < log N(G?, d, 5) +log %. Moreover,

IS5
Vg = U(z,y,S) — Uz, y,S]), g =lx,y,S) —lx,y,5]) € G,
dn(9,9")

1 b meY; — wy meY; — wy 2
= 2 (] Bt 15000 0) = L )~ P )

i t t
1 g b ! 2
< (nz/t E ity | (000 Xist) = §'(wn, X, D)2 dt
i=1/ti-1

t; A
/ E v )| (000 Xis ) 4 8/ (w, X ) — 2228

ti—1 t

1 n t; 1
S logn ’ (ﬁ Z/t EthN(thi,ofIDY)HS(wthivt) - Sl(wthivt)HQ dt) ’
=1 i—1

1
< (logn)? sup |S(w,2,t) = S'(w, 2, 0)]| + —.

rEM x ,wE[—cy/Tog n,c\/logn Dy
telt; _1,t;]

By standard result for covering number of neural network (e.g., Lemma 3 of [4]), we have for any ¢ > #
log N(G},dp,e) S SiH;log (e Hy||[Wil oo (B; V 1)n)
Then by Dudley entropy integral bound, we have

1+1
n?  \/n

1 1 1 _ RZHZHW’LHOO(BZ V 1)77,
S ﬁ + ﬁEu*(@n [T’m/o \/Rsz log <6 1 o de

\/RiHZ- log (H;|Wil|oo(B; V 1)n) R;H; [T . 2p; 1]

R.(r,G;) < E,-en

/ VRiH; 1og (e H; Wil (B; V 1)) ds]
)

N

E’u*®n [Tnz] + E *®n log — 4+ =
n n Tni

g ni 2
< R;H; 1 2
~ n —§EH*®7L

where the last inequality uses that y/ — %y logy + %y is concave and non-decreasing when y = (g—zi)Q <
1. Then by E-n[r2;] < c(r? + pi Ry (r,G")), we have

1
+ iE“*@m [7'12“] + log (HzHWzHoo(Bz V 1)71) EM*‘X’" [7'2.]7

nt

ro
rfn logE,«en <2::
7

— —x iHi = et %
Ry(r,G") S/ RT(rz + piRy(r,G ))é \/log[; + log (H;||Willso(B; V 1)n)

sz — —%.\ L 1 2
RT(TZ + (log )R (r, G"))? \/log (‘“grn) + log (H;|[Will (Bi V 1)n)

AN

Choose d,,; = ca(logn)? VR:H; 1Og(RiIf}lllWi|‘“(BiV1)n) Af Ry (00, G ) > 62,/ (logn)?, then

which means

= p— (logn)? 52,
n\Oni, < — 1H21 1Hz illoo B,L 1 < __mr
R0 G) 5 B o (R HW (B v ) S
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Therefore for a large enough ¢y, we have R, (5,i, G ) < 62,/ (logn)2. Then denote

n

Moi(8) = = 3 ta(X,, Y3, 9)

3

and

we have the following lemma,

Lemma C.13. There exist some constants (cg, c1,c2) such that it holds with probability larger than
1 — L that,
n

VS e S,

| Mini(S) = Myi(S7) — M7 (S) + M7 (S7)|
5ni + Wz(ﬂ?,yv S) - ﬁz‘(%y, S:)HQ
< CQ(Sm/(IOg n)2.

Therefore, we have

=K, [(li(z, 9, S) — bi(z,y, 5))]

ti _ B )
= _ Y = Wa  igx _ Y — Weyo
_Eu*[</ti1EthN(mty,U$IDY) [HS(wt,x,t) o7 1% =155 (we, x, t) o I ] dt) }

IN

t;
E“* [/t ]Eth./\/'(mty,afIDY)Hs(wtafta t) - S;(wt,x,t”P dt
1—1

t.

! mely — Wy

' /t Ewth(mty,a?IDY)HS(whxat) + Sj(wtaxvt) —2 o2 ”2 dt:|
i—1 t

t;

S (log TL)2 : EM* [/ Ewth(mty,afIDY)HS(wt’ x, t) - Sf(wtv x, 75)”2 dt}
i—1
t;

< (logn)? - By | / E a2y 15, 2,1) = Vlog py ()|
i—1

t;
+ (log TL)2 ’ SI‘%I?EM* [/t EthN(mty,U?IDY)HS(wtv €T, t) -V 10gpt|x(wt)“2 dt} :
v i—1
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Then notice that

t; -
]E.u‘* |:/ EthN(mzy,a’tQIDY)HS(wt? .CL', t) - VIngt‘x(wt)HQ dt:|

ti—1

t;
—minEM*[/ E N oty ) |0 2. 1) — log iy () [
Ses, N myoflny

t; N
~E, | / E eV (oneyo y) 1 90, 8) = ¥ 10g py (00) |

i—1

t;
— By [/t EthN(mtyﬂ?IDy)HS;(wt’ z,¢) - Vlngﬂw(wt)Hz dt}

-~

= M;(8) - M(5])
(

3 K3

< M (S) = M*(S}) + Mni(S7) = Mi(5)

57211' + Oni

ti -
. « — 2
S e (log n)2 logn (\/E,U [Ll Ewtwj\/'(mtyﬂtzlpy)ns(wt’xat) VIngtL'Jc(wt)H dt

t;
+ \/g,nlnElt* |:/ Ewth(mty,o?]D )HS(wta €, t) -V 10gpt|:1:(wt) H2 dt} )
€Si ti—1 Y

So it holds with probability larger than 1 — % that,

t; R
- |:/t Ewth(mty,ofIDY)HS(wtv z,t) =V 10gpt|x(wt)H2 dt]
i1

5T2LZ : b 2
S (1Og ’I’L)2 + Sr%léliEN* [/t;_l EthN(mty,afIDY) HS(wta €, t) -V logptkc(wt) ” dt]

9 R;H;log (RszHWzHoo(Bz V 1)n)
n

< (logn)

t;
+ ggg EH* |:/t EthN(mty,afIDY) ”S(wta €L, t) -V Ingt\ac(wt)||2 dt} :
v i—1

C.3 Proof of Technical Results
C.3.1 Proof of Lemma B.2

For the first statement, denote vol My, a8 the volume measure of My|,.. Then notice that

By [9(y) - 1y € Baay, (47, 7))] = /g(y) 1y € Bmy, (y7, 7)) f(ylz) dvolpy, (y)

= /U(x*,y*) 9(y) - 1y € Bumy,, (y", 7)) f (ylz) dvolus,, (v)

Y|z

_ / 9(G* (2. 0) 1y € Baay, (4" 1) F (G (2,2)|) /At (g (2)T T () (2)) 2
IEB]Rdy (017'1)

_ / 9(G* (2, 2)1(G* (2, 7) € Bagy ., (5", 7)))v* (2]) dz.
]B]RdY (O’Tl)

For the second statement, since 7 > 7 and {(z}, y5)}/, C M is a 5-cover of M, for any (z,y) € M,
there exists k' € [K] so that ||(z},,y5) — (z,y)|| < 5. Therefore, S ok(z,y) > pr(z,y) > 1 and
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Zszl pr(x,y) = 1. So based on 7 < 7 and first statement, we have

By, 19( ZEMY‘ Y)ok(, )]
- ZE%#Y‘ Y)pr(@,y) - Ly € BMYM(ykﬁ“/))]
K

S ol )l Gy )G 53) € By, D)l s
k=1 RdY 1

— Z/Rdy(wl) (Z r))pr(, G[k](z a:))vfk}(zym) dz

C.4 Proof of Lemma CA4

Without loss of generality, we assume for any x € My, My, C By, (0,1). Then for any w € RDv

E,wur  |exp w—meyl? | (w—mey)
e e

9t
2
Prjz(w) Ey~#§|z [exp (_ IIw;Tng ﬂ

Dy 2
wi| +1 |wl| + v Dy
<Jz( ) gl vy

0%

Furthermore, by Lemma B.2, it holds with a large enough constant c that

/IRDY HVlngt\x(w)Hth\x(w)l (diSt(U%an) > CQO’tiilleng) dw

Dy 1 —muy|?
< / HUJH—i-izy ‘Eyopr, | ———5—exp —M 1 (diSt(wa My |z) > coot,_, \/@) dw
RPY o Y| (27o?) 7 20;

K
w|| + 1 )
S/ ol + VDY L (it My 1) 2 oo, /Iogm)
k=1 R™7Y BRdY (0,’!’1) Ut

(2n02) 5"
o —mGiy(z)\ *
cexp | — 552 (Gl (2, 2))vjy (2|2) dz dw
t

= lwll + vDy 1 .
< Z p 5y 1 (dlst(w,./\/ly|x) > oo, \/1ogn, [|[w| < c\/logn)
i1 TRV JBoay 0r) %0 (2m07) 2
( ||w — thE‘k
. eXp J—

ol )
o B, Gy (2, 0))iy (2l) dz dw
t

K
w|| + /Dy 1
+ Z/ / [l 5 — -1 (||w|] > c\/logn>
k=17 R7Y JByay (0,r1) 9t

(2m0?) 2"
fo—mGigz )P\
~exp | — 552 (@, Gy (2, ) Jopy (2]2) dz dw
¢

K
vD 1
< Z/ / [l +2 5y 1 (dist(w,/\/ly|x) > cooy, ,\/1ogn, ||w]| < chogn)
=1 Dy B_ay (0,1) 0 (271'0')52)7

e * 1
cexp | — 52 P, Gy (2, 2))vpy (2]z) dz dw + o3
t
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Moreover, for large enough constant cy, we have

|lw| + vDy 1 .
Z/R by /B 0 | 5 By -1 (dlst(w,MYkC) > coor,_,\/1logn, ||w]| < c\/logn)
7‘1

% (2mo?)

( oo — G ()|
. eXp J—

2
20f

) (@, Gy (2, ) Jopy (2]2) dz dw

cy/logn + c2o? logn 1
Z VIogn £ VDY oy (- D% vig(ea) - 1 ([l < cy/logn) dsdw < —
407 ) Jaoy B_ay (0r1) n

o
Therefore, we have
2 . 1
/HVlogptx(w)H Pz (w) - 1 (d1st(w,./\/ly|x) > coatiflx/logn) dw < €15

Similarly, we can show
/”S(waxvt)Hth:B(w) -1 (diSt(vaYLr) > Co0t;_1V logn) dz
1 1
< / 2 Ognpt‘x( )1 (dist(:c,/\/ly|x) > coot, ,\/10g n) dz < 0261—2
n

The first statement is then proved. For the second statement. Denote Proj My (w) as any point inside
argmin,c g, [lw — yl|. Then for any 2 € Mx, w € RPY with dist(w, My/,) < coor,_,v/logn,
we denote w = (a:,ProjMY|z(w)), and use the notation G* : Bga, (0,r1) x UY — Uy and ¥

Assumption B. Then there exists a constant L; so that for any z € Bga, (0,71),
1G¥(z, ) = G¥(0,z)|| < Laf|z],
and by Lemma B.2, we have

[w — mtyHQ)}

Prlo(w0) = Bypis, [eXp (- 207

lw — muy|® :
> EyNM;’\z [exp (- —=—) 1 (y € BMY‘x(PrOJMY‘x(w)v""OO-t))

20f
w —mG¥(z, x)||? w w w
—/ exp (— I t2 2( )l )1 (G (z,2) € Bmy,, (G (O,m),roat)) v¥(z]x) dz
Bga(0,r1) 0%
V| 1— 2
> / exp(— (COUtz—1 ogn + roo + ( mt)) ) . 1(Gw<z’ x) c BMY@ (Gw(O,x), Toat))v“(z]x) dz
Bga (0,r1) 20¢
V1 1- 2
. / exp(— (coot, V1ogn + oo + (1 — my)) o (2]a) dz
a(0,r1 /\Tofft) 2015
>n~

Therefore, for any z € My and w € RPY with dist(w, My ;) < coor,_,\/logn,

Eywu’{,‘z {exp (_ IIw—zf:ésyllz) ) _(w—;gzy)}
B, oo (5]
Eypy, [exp (—1o5mul) - Lo2mmd g (Juw — gy < csony/Togn)|
— B, oo ()]
By, [oxp (— 125l - o) 1w — myg| > esory/Togn)]

T

_ Jw—mey|® ’
By, [eXp ( 207

IV log pyj (w)]| =
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when c3 is large enough, we have

_ 2
By, [oxp (L5t - Lot 1w — myg| > eson/Togn)]

Ot

[w—my]?
By, [o0 (150

| lw — gl (w —may)
Ey”#?‘mz exp <— 5 C— 5 1(||lw — muy| > czoi/logn)

20f o;

< n°

<

)

S|

SO

_ 2 _

EyNu*le [exp (_ [|w QZ?yH ) L (w U’%’Lty) 1(J|lw — myy|| < Cgat\/lo@)} . 1
_ 2 -

EZJNH*Y\JC {exp (7%) A(Jlw — myyl| < CBUt@)} n

IV log pyy (w)]| <

< Viogn _ +/logn

O¢ Ot;_q

We can then get the desired statement by combining all pieces.

C.4.1 Proof of Lemma C.5

By Assumption B, there exists constant L, Ly, L) that for any w = (z*,y*) € M and any z, 2’ € UY,
2,2 € Bgay (0,71),

G (2, ) = G¥(2', )| < La(||z = 2| + [l — 2| X7,
HGW(Z,.I) - Gw(2/7x> - JG‘”(-,:):)(Z/)(Z - Z/)H < LIHZ - Z/HZ’

and

Iz = 2"l = Q5 (G (2,2)) = Q7 (G (<, )| < LIG (2, 2) — G¥(2, ).

Therefore, for any 2’ € Bya, (0,71) and unit vector i € R% | there exists a number ag so that for any
0 <a<apand z =2 + ah € Bgay (0,71), it holds that

gVl 2 [1G4(2,2) = G2, 2)ll = Lalle = &P
1
> Lz =2l - Llls — &

= % - L1a2.

By setting a — 0, we have for any unit vector h

1
/
w > —.

The proof for the first statement is then completed. For the second and third statement, without loss of
generality, we assume L, L; > 1 and rg,r < 1, then we choose

ro \ FxAT r \FA 1 xRl
= /\ /\ — - ,
SL2L AL, L 3 4L1

and7 = Lr+ LL17PX". For the second statement, for any k € [K],if |z —z}| < rand ||y —y;| <,
we have

15 )| = 1055 () - Q5 (G40 (0,2) |
< Ly = GUH(0,2)]
< Llly =yl + LIGEH9) (0, 27) - G40, )]
< Lr+ LLirPxM =7 <

(30)
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For the last statement, notice that for any (x,y) € M, there exists k € [K], so that ||z — x| < r, and
ly — yj|| < r, and there exists z* € N so that ||z — z*|| < &5 < 7. So we have

" = || < llz = 27| + [l — @[l < 2r,

which implies k& € IC,«. Then by equation (30), there exists z* € /\/'EZ1 so that ||z* — (xxz’y’t)(y)ﬂ <eq,
and thus

|G, 2) - g = G @) - GERD(QEH (y), 2)]| < Laen.
Proof of the second and third statement is then completed. For the last statement, if z € Bga, (0,7) and
|z =zl < llo =27 + [la" — 2]l < e2 427 < 3r,
then E * 0% * 0%
|G (2, 2) — yi]| = IGEEY (=, 2) — GERY (0, 27) |
< Lallell + L [l — al|>"
< Ly + Ly (3r)Pv ™

.
<2
2

C.4.2 Proof of Lemma C.6
Consider z € My and w € R? so that dist(w, My ;) < coogy/logn. Then there exists y € My,
ja € [l g1 € [, k € Kz, so that |7, — x| < &3, [|Gjy(Z, ) — yl| < Lier, and w — y|| <
cooi/log n. So we have

|lw = Gy (zj1, 2)l| < Lier + coopy/log n.

Then notice that G, (z,2) is CPPX_smooth, let

Glig0.) (% )

Grk]‘f(z7 IL’) = Z

d
jeNgX
[71<Bx

we have
1GGla,, (2,2) = Gz 2)| < Lal@, — 2l < Ligh™,

and therefore,

lw = Giylz;, (Z51s )| < Lier + coop/logn + Liey™ < 2L1e1 + coory/logn.

Then define
1 lz] <1
plx) = 0 |z| > 2
2—Jz| 1< |z[<2

Forany ji € [/1] and js € [, k € K5, , define

P ( ) 0 ”x_ij2H2 ~ Hw_Grk]‘ijz(gjl’x)||2
(T, w) = ,
Phijizz P £2 P (cooey/logn + 2L1£1)?

ﬁkjljz (xa ’LU)

Jj1€[J1] ijE[Jg] ZkEIng2 ﬁ/fjljz (z,w) '

pkj1j2(ﬂf,w) = Z
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Then if pij, 5, (z, w) # 0 and if pyj; 1 (x, w) # 0, we have

[T, — Zpyll < llw — Tyl + |z — T, || < 2V/2e3,

and B
125, =z || < LIGpyy (z),, 2) — Gy (Z5, @)l

< LG yla,, (Zir, 2) = Glgla,, (Zgg, @)l + 2LLaey™

< Lllw = Glylz;, G, 2) | + Lllw = Giyla,, (Z1, )l + 2LL1ey™
< 2V2Lcyop/logn + 2L1e1 + 2L L 5"

< (2V2Ley + 2Ly + 2LLy )e;.

Soforany € My and w € RP, there are only constant-order number of &, j1, j2 so that pyj, j, (x, w) #
0. Then we can write

Viegpyz(w) = > > > Viogpya(w) - prjyjy (@, w).

Jr€[ ] jo€lJ2] k€K7,

By Lemma C.9 and C.10, and the fact that Gf‘k} |gj2 (Zj,, ) is polynomial function of z, we construct the
following neural networks:

L. For j1 € [A], jo € [J2] and k € K3, , we approximate pgj,j,(z,w) by d)Pk]l]Q (x,w) €
®(H,W, R, B) with H = O(logn), = O(logn), R = ©(logn) and B = exp(O(logn)).
)

2. We approximate 1 by ¢pec(z) € ®(H, W, R, B) with H = O(log”n), [|[W|s = O(log®n),
R = 0(log'n) and B = exp(©(log?n)).

3. We approximate x - y by ¢pue(z,y) € ®(H, W, R, B) with H = ©(logn), ||W |- = O(logn),
R = 0O(logn) and B = exp(O(logn)).

We have for any 2 € M x and w € RPY with dist(w, My,) < coopy/logn,
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Z Z Z V1og pyjz (W) « prjyjs (T, w)

J1€[J1] j2€lJ2] ke’cim

— Pmuts Z Z Z Prmuti <¢Zj1jz(w’x7t)7¢5kj1j2(x7w))’¢7"€C Z Z Z Py (12 0)

1€l j2€[J2) kK7, Jr€l] ja€lJ2] k€K7, 00
< Z Z Z Vlogpt\x(w) * Pkj1je (:Uv w) - Z Z Z ¢Zj1j2 (w> x, t) " Pkjijo (337 w)
Jr€l1] j2€[J2] k€K7, fr€[1] j2€l 2] kEKz,) -
-1
+ Z Z Z ?ijle (w, z,t) - ﬁkj1j2 Z Z Z ﬁkjué (z,w)
J1€[N] j2€[ 2] kKT, J1€[N1] j2€[S2] k€K,
- Z Z Z ¢Zj1j2 (w7 €, t) ’ ﬁkjlh (z, w) “ Prec Z Z Z ﬁkjljz (1‘, w)
Jrel] j2€lJ2] k€K7 Jr€li] jz€lJ2] keKz 00
+ Z Z Z ¢Zj1j2 (W, 2,t) * Prjrjp (%, W) - Prec Z Z Z Phjrjs (T, W)
J1€[J1] j2€[J2] ke’Ci]-Q J1€[J1] j2€[J2] ke’Ci]-2
- Z Z Z Phegujo (W5 1) - D 5, (T, W) - Prec Z Z Z Prjrjo (2, W)
J1€[N] j2€[J2) kK7, €] j2€l 2] keKs,) 00
+ Z Z Z gszljz (w, 2,t) - QS,Ekjle (T, ) * Prec Z Z Z 5kj1j2 (z,w)
J1€[J1] j2€[J2] ke’Cijz J1E[J1] j2€[J2] kE’C?EjQ
— Omuti Z Z Z (Z)muti <¢Zj1j2 (w, L, t), (z)ﬁkjle (3;, ’LU)) ) ¢7‘ec Z Z Z (z)ﬁkjle (.T, w)
J1€[] j2€[J2) KKz, Jr€l] ja€lJ2] k€K7, 00
Se+ l
n

Finally, by concatenation and parallelization of neural networks (see for example, Lemmas F.1-F.3
in [3]), there exists Gscore(x) € ®(Hy, W1, S1, By, ©(Y 10g")) with H; = ©(H + log?n), |Wi|le =

ot
O(J1J2(||W | + logn) +1log3 n), S1 = ©(J1J2(S + logn) +log? n) and By = exp(©(log®n)) vV B
so that

i

Dscore ($) = Imax < —C2

<z>mm-< S XY (Gl et b5, @) o (DD D asﬁk,jl,jQ(x,w))))),

J1€[J1] j2€[J2] kE’Can J1€[J1] j2€[J2] kE/ngz

V1 V1
8 n,min <02 ogn

ot ot

where the max and min functions are applied elementwise to vectors. The result is then follows from
the fact that ||V log pyj, (w)[|c < 027%(;;5" when z € Mx and dist(w, My,) < cooy/logn.
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C.4.3 Proof of Lemma C.11
Recall o &5
* k} (.7 7j ) Z,.’I; y —~\ 1,
G[k}’(z,i)(zvx) = Z H;TZ!(Z—E/)M({E—Z')]Q,
(J1,J2)€Jﬁy v Px

For any | € [dy], denotes 1; as the dy-dimensional vector in which the /th element being 1 and other
elements being 0, we have

0G| z3 (2, 7)
(k] (z,x)\~> N
I— %, ~ Cao G S Iz = 2l + o = 2.

Then notice that for any z € Bya, (0,71),

=

Amin(JGfk] (-,x) (Z)TJGEFJC]

(a)(2) =

1

there exists a constant 75 so that for any z € Bya, (Z,72) and « € By, (7, (0py/logn)Px ),
Amin (7, T >

min ( Glyglea x)(z) Gfk]\(z,i)(',x)(z)) = 9L

Let h(w,x,z) = (JGF ey (o) (2 N (w — Gf‘k]\(g@ (z,x)). Then we can write the Jacobian of h with
respect to z as

Dy
Jh(w,x,-) (Z) = _JGFk]I(Z,E)(vm)( ) ‘]G’k ‘(z z)( CE) (Z) + Z(wl - Grk},l‘(g,i) (Z7 ﬂf))Hl(Z, {Z:),
1=1
where G[k]](zx (z,2) = (Gfk]71|(gvi)(z,x), e ,GkaDykgj)(z,x)) and H;(z, z) denotes the Hessian

matrix of Gy, ;|(z7) (-, ) at z. Then denote

g(w,x,z) =z (Jh(w,m,~)(z))_1h(w’xvZ)'
1

Note that for any w € RPY satisfying |jw — Gy (Z,2)|| S (ot Vn 2ay by Hix o )v/1og n, we have

1
lw = Gyl (2.2 < lw = Gly(Z 2)|l + Cllz — 2|7 < (e v > NED) Vogn,
So by )\mln(JG[k]l(z o (o )(Z)TJGE} e () (7)) = 5 and the C*°-smoothness of h, the exist positive
constants 73, Lo, L3 so that when ||z — Z|| < r3z and ||z — Z|| < (%@)i
—Lalyy < Jh(we,)(2) < —Lalg,.

Furthermore, by
1

h(w,2,2)|| < (o v > X% ) Jlogn.

we have )

lg(w, 2,2) = 2| = O(llh(w, 2, D)) < (o V' *> 555 ) /logn,

and

Vw2, g 0,2, DI = 1o (0,2, F = iy ()~ a0, 2, ) |
= Hh(wvmag) - Jh(w,zp)(z)(*]h(w,:v;)(z))_lh(wvmaz)“ + O(”h(wax7z))”2)

1 2
< ((Jt\/n 2ay+dY+anX) /logn> ]
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Similarly, define

g(w,x) = g(w,x,g(w,x,og(w,x, Or-- Og(w7x’g(w’x7g(w’I’%’)))))%
[logz(28y)]

we can obtain )

IG(w, 2) = 2| S (o v 2 TG ) flog,

and
1

I S 2By
[A(w, z, g(w, 2))|| S ((Ut\/” zawdwd“&)vbgn) :

Then we approximate g(w, z) by the neural network. Notice that by Cayley-Hamilton theorem, for
A € R¥*? denote Sy, as the trace of A* and By, as the kth complete exponential Bell polynomial.” We
can write

det(A) = %Bd(sl, —1185, -+, (=)%Y (n — 1)1Sy)
1 1 a1 AT o1
= - T —0D; —1! e (= - 1\
4 det(A) k;:o( 1 o DSy, =182, -, (=1)7 (k= 1)1Sy).

By Lemmas C.9 and C.10, there exists ¢y (w, v, z) € ®(H, W, R, B) and ¢(. )(w, z) € ®(H1, W1, R1, B1)
with H < H; = 0(log?n), |[Wlleo = [|[Willee = ©(log®n), R < Ry = O(log*n) and B < By =
1

exp(O©(log? n)) so that for any 2 € My satisfying ||z — Z|| < (opv/Togn)?x, w € RPY satisfying
1

lw = GyE )l S (o v > X% ) Vlogm and |12 < 7,

B S 2By
w,r,2) — g(w,z, 2 orvn ax logn )
¢g S . 2ay +dy +dx

and
1

I S 2By
993 (w, ) — g(w,z,2)[| S ((O’t\/ n Pvrvriay )vlogn> :

Furthermore,

H 9w, 2, 9(w,,09(w,,0 - o glw, 2, g(w, z,9(w,2,))))))

Moga (28 )]
- qbg(w, z, ¢g(wa xz, Od)g(wv €r,0--+0 ¢g(wa €, ¢g(wa z, ¢g(~,5)(w7 x))))))H
[logs(28y)]

N W 28y
S <(at\/n QQY”YMX"};)\/Iogn) .

So by concatenation and parallelization of neural networks, there exists ¢,(w,z) € ®(H,W, R, B)
with H = O(log?n), |[W|le = ©O(log®n), R = O(log'n) and B = exp(6©(log?n)) so that for

By (z1,...,2k) = S0 Brow (21,22, .., Th—w1) With Bi o (21, 2, . C Th—w41)
k! j j T Jk—w+1
= Z Jittik—wr1=w 192 Jk—wt1! (%) ' (%) R (k’iwwﬂll)

J1+2j2+. A+ (k—w+1)jg 1=k
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1
any z € My satisfying ||z — 7| < (0pv/logn)?x, w € RPY satisfying ||w — G’{H(Z )| < (op VvV

~
1

n 2oyl Fix el )vIogn,

1

I S 2By
|pp(w, x) = g(w,z)|| S ((Ut\/n 2W+‘1Y+dxc“§)\/@> :

So we have
[ ) (B 0, 2), 0 = Gl (00, 2), )|

1

I 2By
= [[h(w, z, pp(w, 2))|| < ((UtVn 2aY+dY+d“§)vlogn> :

The proof of the first statement is completed. Then for the second statement, define

f(’LU,J),Z) - H’U) - Grk]‘(z,i)(zﬁm)HQ

Then we have
‘]f(w,a:,~) (2) = _2h(w7 €, Z)

and the Hessian matrix of f(w, x,) at z is —2Jj,(y 5. (2). Then we denote

gk(w,x) = g(w,x,g(w,x,og(w,w,o‘ o og(w,x,g(w,x,g(w,x,%}))))).
k

1
Then for any € My satisfying ||z — Z|| < (opv/Togn)?x, w € RPY satisfying ||w — G%(Z, z)|| S

1
T 20y t+dy +dx 2 5 .
(op vV 2T EX ) /logn, we have Z = limy_ o0 gr(w, 7) exists and

1
T e tdutde Y
zZ— ¢p(w,x oy v ax ogn 2 o/ logn
17— dp(w,2)| S ((ox vV " 5% ) logn) ™ < o/l
I S
12— 2| S (op vin > Y% ) Jlogn,
Jf(w7x7)(§> = O.

Therefore, for any ||z — Z|| < 73,
flw,z,2) — f(w,z,Z) > 2L3||z — EH2.

Then if
”QFM(PI‘OJMY‘I(w)vx) - EH Z CQUE\/@7

for a large enough Cs, we have,

w — Gyl Qg (Proiey . (). ). )12 — 1w — iyl (7, 2) |2 = 2LaC30? log m.
1
Moreover, notice that ||w — Grk](E,x)H S (ot Vn ey Y gy )vlogn and dist(w, My ;) <
cooi/log n, we have

1

IProj ury,, (@) = Gy (Zo2)]| S (o1 v n PRV RXEE ) foe

and
1

1Q7y (Proj gy, (@), a) = Z[| S (0¢ V 2ay Hiy HIX QXY flog .
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Therefore

lw = Gylen (2|
< [lw = Gyl (@ (Projay, , (W), ), )|

_ 1

< lw = Gy (Qp (ProjMY‘x(w),x),a:)H + (o Vn 2ay+dy+dx%) Nogn)® + o4+/logn

< C30¢4/logn.

So we have

lw = Gyl (Qfy (Projay , (@), 2), )| = llw = Glylez) (Z 2)]
w — Gz (Qp, (Proj w),2),2)|? = lw - GlylEa (7 2)|? ;
lw = Giylea (@ (Projuy , (@), ) o)l + o — GiylenZ )l = Cs

Then notice that

lw — Gy (Qfy (Projus, . (w),) @)l > w — Gyl . Qg (Projag, (@), 2), 0)]| — Cory/logm,

and
lw — Gz 2)]| < lw — Gyl (7 2)]| + Cop/logn,
when C5 is large enough, we have
Jw — Gy E @) < w — Gy (Qfy (Proj, (@), 2), @),
which cause contradiction. So
1@ (Projug, , (@), @) = dp(w, )|
< 1@y (Projuy , (), x) = 2| + llép(w, z) — 2|| S 011/logn.
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C.4.4 Proof of lemma C.12

Let ¢(x, i1, ) denotes the density function of (1, X), we have
E

i By, BN (muy.o2ip, ) (1S (we, @, 1) — V 1og pyjs (we)||]

= Epopy [/ |S (we, z,t) — V1og py, (wt)HQPﬂz (wy) dwt]

= Egops [/ IS (we, )| Py (wr) duwy + / IV 1og pyja (we) || paje (we) dusy
~2 [ 8 (i) Vlog by (1) g 1) s

= ExN,u} [/ 1S (we, CCvt)Hzpﬂx (we) dwy + / HVIOgPt\x (wt)H2pt\a: (wt) dwy
-2 / S (wy, x,t)" Vi (we) dwt}

= Eqops, [/ 1S (wy, 2, t)||? e (wr) dwy + / IV log pyja () || e (wy) dusy
- 2/S(wufc,t)TV(Eyw;lIW(%mtyvUtQIDy”)dwt}

= Eﬂwu} [/ 1S (wr, x»t)HQPﬂx (wy) dwy + / HVlngt\x (wt)HQPt\x (wt) dwy

=2 [ (a0 By (V0w may. o I, dus]

EW& [/ 1S (wr, x,t)H2pt|$ (wy) dwy + / HVlngt\x (wt)H2pt\z (wy) dwy

- 2/5 (wy, z, )" By, [V log ¢(wy, muy, o7 1p,) - qb(wtvmtyvUz?IDy)]dwt}

2 2
= Byt By, B (g ) | 15 (w0, 2, D] dy + ||V 10g pyge ()|

—25 (wtv z, t)T \Y log ¢(wt7 my, 0—152IDy):|
7n¢1’ — Wt |2
——— |l

= ExNM}Eywu’{/uEthN(mty,afIDY) l:HS(wt7 xz, t) - ’
th — Wt

IV log pyja (wr) || —‘ -2

+ E“*X ]EyN“;\z EthN(mtyJ?IDy )

2]
C.4.5 Proof of Lemma C.13
For G = {g(z,y) = li(z,y,S) — li(x,y,S) : S € S;}, it holds that

sup sup |g(z,y)| < (logn)?.

9€G; (z,y)eM
Define

n

% 3" (X0, Yi) — Epe[g(a,y))
i=1

Zn(0,G;) = sup .

gEGz’.‘
llglle <6

Since % sup Y.r ,var(g(x;)) < 6% by the tail inequality for suprema of bounded empirical processes
gEG;k
llgll2<é

(see for example, Theorem 3.27 of [7]), it holds that

P(Zn(6,G}) 2 Eren[Z,(5,G})] + co(6 + (logn) \/Eu*®” [Z,(5,G)])VE + c1(logn)?t) < exp (—nt).
(€29)
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Using the standard symmetrization (see, for example, Proposition 4.11 of [7]), we can get

n

%ZQQ(X}',YJ

=1

Een [Zn(6,G})] S EjrenEe | sup
gGG;k
llglla<s

— 2R,.(5,G) < 2R.(5,G,),

where recall that G; = {agla € (0,1],¢g € G} and {€i}i=, are ni.i.d. copies from Rademacher distri-
bution, i.e. P (¢; = 1) = P (¢; = —1) = 3. Therefore by Ry, (6, G;) < 62,/(logn)?, it holds that

Vr > dpi, E,u*®" [Zn(T, G;k)] < QEH(n a:)

r |1
== 2E * nE - |
wonBe | sup ol Z;
H !]”2<6n1
T —
< 210,/ (logn)?.
Define the events
Ao = {Zn(6ni, G}) > 207/ (logn)*};
A1 = {3g € G, such that | — Zg X:,Y:) = E,penlg(z,y)]| > cadnillgll2/(logn)?

and [[glj2 > 0 }-
Using equation (31), there exist some constants (c{, ¢}, ¢2) such that

1
< —
P(Ao) = —
Define S, = {2™7 16, < |gll2 < 2™6n;} with m = 1,--- M, since |g[ < (logn)?, we have
M < log(5-).
Under A; N Sy, it holds that Z,,(2"0y,, G}) > 022m_1572li/(log n)2. Therefore,

M 1
m=1

n

Moreover, under Af N A{, we have

Sup\l Sor o 9(Xi, Vi) = Euelg(2, )]

< 20, /(logn)?.
geG? dni + [lgll2 "

We can then get the desired conclusion.

D Proof of Theorem 1

Under Assumption A and B, we can derive the following theorem for controlling the conditional score
approximation error.

Lemma D.1. Foranyt € [t,tjwith1l < : < 2:

SN
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2
1. Ifr<t<n 2°‘Y+dY+dX%, there exists a neural network ¢score (W, x,t) € ®(H, W, R, B, V)

satisfying .
i
2
E,u} |:/ /RD HQZ)score (w,x,t) - VIngﬂz(w)H pt|z(w) dwdt]
t
= O(1™ +e3™),
o ay
where 1 = n Py Tyt ax X and g9 = f-:fX. Here H, W, R, B and V are evaluated as
H = 0 (log'n), [W]w = 0(s;7 e, ™), R = 0(e; Y e;%%), B = exp (0(log*n)) and
V = 0(,/ %),

-2
2. Ifn 2ay +dy +dx oy <t < T, there exists a neural network ¢score (W, z,t) € ®(H,W, R, B, V)
satisfying

t ~
Eu} [/t /RD H¢SC()}’€ (’LU, xz, t) -V 10gpt|x(w)”2pt|x(w) dwdt} = O(ggax)a

~ 1 d
witheg = O(n 2extixt Tox 70X ). Here H, W, R, B andV are evaluated as H = © (log4 n)
~/, _dr —dx ~ /4 —dx 4 logn
[Wlleo =O(t" 2 ;%) R=0O(t 2 e,"%), B=exp (O(log*n)) and V = 6(,/ AT )-

Then similarly to the proof of Theorem 2, combined with Lemma C.3 for the estimation error, we can
obtain the desired result.

D.1 Proof of Lemma D.1

Similar as Lemma C.4, we have the following lemma for addressing the unboundedness of the space
and the score function.

Lemma D.2. If sup sup [||S(w,z,t)||eoot] < c\/logn. Then, there exist constants
weRPY ,z€[-1,1)PX te[r,T]
(co,c1,cC2,c3) so that forany i € [Z] and t € [t;—1,t;| with1 < tf—jl <2

1. Denote dist(w,[—1,1]PY) as the distance of point w € RPY to set [~1,1)Pv. Then for any
r € [—-1,1]Px,
2
[, IV 108 w) = (.20 pw) duo
RPY

< /D Hvlogpﬂz(w) - S(wax>t)H2pt\z(w) -1 (diSt(wv [_17 1]DY) < Co0t;_1V 10gn> dw
RYY

1
14+¢?) e1—.
+ (14 ¢) €13

2. Forany z € [—1,1)PX and w € RPY satisfying dist(w, [-1,1]PY) < cyoy,_,v/logn, we have

(@) [[V10g pyjp(w) oo < e L8™,

Oti—q
(b) (2702) % pya(w) > n°s.

The proof of Lemma D.2 directly follows from Lemma A.2-A.4 of [3]. Then we fix a time interval
t € [t,t] where 1 < % < 2. Then similar as lemma C.6, we demonstrate that it is enough to provide
local approximations to the score function.
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Lemma D.3. Suppose 7 <t < T, g3 > 0, and €1 > o+/logn. Let ./\/'6)2( = (71,22, -+ ,ZJ,) be one
of the largest eo-packing of [—1,1]°X, and let /\/2; = (Y1,Y2, - , U, ) be one of the largest 1-packing
of [-1,1]PY. Then if for any j; € [J1] and jo € [Jo], there exists a neural network P75 (@ w, t) €

<I>(H, w, R737@(7v1;gn)) so that for any t € [t,t], © € B_11ypx (T, V2¢e9) and w € RP satisfying
lw—17j] < V2(2e1 + coopy/logn) and dist(w, [-1,11PX) < cyoyy/logn,

6%, 5, (w, 2, t) — V10g pyjp(w)||oe < €.

Then there exists a neural network ¢score(w,x,t) € (Hl, Wi, Ry, B, @(Lgtgn)) with Hy = ©(H +

log? n), loo = OWJ1Jo(|W]oo + logn) 4 log3n), Ry = O(J1J2(R + logn) + log*n) and
By = exp(©(logn)) V B, so that for any t € [t,1], x € [ — 1,1]PX and w € RP satisfying
dist(z, [-1,1]PY) < cyoyv/logn,

1
||¢score(w7xvt) - Vh)gpt\w(w)uoo 5 € + -

The proof of Lemma D.3 can be conducted similarly to the proof of Lemma C.6. Then similar as (2),

by statement 2 of Lemma D.2, there exists a large enough constant co, so that for any ¢ € [t, ], z €
[—1,1]P%, w € RPY with dist(w, [-1,1]PY) < cooyy/log n, and any partition { A, ), [—1, 117V \ Ay ) }
of [~1,1]P¥ satisfying {y € [~1,1]"¥ : |ly — w|| < c204v/logn} C Ay, it holds that

1 Bynps, [exp (‘M) ' —Wl(y € A(wi))}

207

ot Eyfvu;‘z {exp (—%) 1(y € A(x,w))}

(32)

1
V log pyjz(w) — <

o0
We will approximate V log py|,,(w) by constructing suitable sets A, ., for small ¢ and large £.

I B
D.1.1 Casel:n >ViPv+Pxay <t<T

S | ___ Dy
Sete1 = opy/logn, g =n 2°x+Px (044/logn) 2°x+Px . Let /\/5)2( be one of the largest e2- packing of
[—1,1]P% and A be one of the largest £-packing of [—1,1]PY. Then we have J; = N[ < e7PY
and Jo = [NZ| < 52_DX. Now we take an arbitrary 7 € N2X and y € NY

<, » consider set

= {(@,w) : 7 € By oy (7 V2e0),
|lw— 7|l < e3o0p/logn,dist(w, [—1, 1]DY) < cpopy/logn},

we claim that

Claim 5. There exists ¢*(w, z,t) € ®(H,W, R, B, O( VlOg”)) with H = ©(log*n), s = O(1),
R =06(1), B = exp(6O(log* n)), so that for any (z,w) € Sy and t € [, 1],
£0x
||¢*(w,x,t) - VIngt|ac( )HOO - O( o )

Then the second statement of Lemma D.1 directly follows from Lemmas D.2 and D.3. Now we show
Claim 5.

Firstly, notice that for any (z, w) € %5y,

{y e [-1,1"" : |y — w| < ca04+/logn}

c{ye [-L1"Y : ly —g|| < coop/logn + lw — 7|}
C{ye[-1, 1" ¢ |ly — Jlleo < caopy/logn}.
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Therefore, by equation (32), we only need to approximate

_ 2 _ "
1 iy zermyimgn L € [FL P exp (legmal®) () e yla) d

— t
o1 . 33)
w—myy||? %
i’ flly—ﬁ\\ooécwz\/loﬂ 1(y € [-1,1]Px)exp (—%) p*(y|z) dy
Let
* K (0,5 (ylz) JON
wlalyle) = > %@c _ gy,
jENgX
ljl<ax

Then when y € [~1,1]PY and x € [-1,1]Px
" (yl) — p*lz(yle)] < llo — 2" < ey
So we have
2 _ .
”f'w Sl sesonyiogn L0 € (11173 exp (gl ) - (e eyl dy
— 2
Syl <esonyingn 10 € =1, 10Px) exp (5200 ) e (y12) dy
_ 2
1o <esonyiogm 1 € [=1,1]7%) exp (‘7”“’ gl )( w) *[a(y|z) dy

Syl esmeviig 1 € 1112 exp (L2520 ) oy ) dy

_ i serouyiogn 10 € [F1 0P exp (L0 ) (25 ) o) d
) Sy <erorviogn 19 € [=1,110%) exp (=252 1) ay
Jly-3iloe sesoviogm LW € [F1,1]7%) exp (—W) ( w) [z (ylz) dy
Syl <ciorviogn LY € [=1,1]PX) exp (—%) o (ylz) dy
s
Syl <ciorviogn LY € [=1,1]PX) exp (—%) p(yl) dy
Sy —loe<eroniogm LY € [=1,1]7%) exp (—W) : (—W) w(yle) dy
Jio- a||w<c4otm1(?~/€[—Ll]DX)eXp( ”wzw) *z(ylz) dy
< sw (Hw my‘ * (yl) - *|~<y|x>>
~ yel-1,11Px w*(ylx)
ly=Flloo <cqopviogn
4 Syl <esonyimga 10 € [FL 1P exp (gl ) - () i y2) dy
Syl <csorviogn LY € [=1,1]PX) exp (—%) p(ylz) dy
ny o eronyingn 10 € [21,10P%) exp (L5205 (4 a(yla) — o (yle)) dy
Sy <enmeisg 1 € (21,1125 exp (= Lm0 e (y ) ay
< swp (‘w myH () — m|~<y\:c>>
- yel-1,11Px w*(ylx)

ly=¥lloo <cqopviogn

— * _ *| __
+ sw Hw mty’. ap 10—l (ko)
vel-1,110x Ot vel-1.1)Px ¥z (yle)
ly=Fllco<cqorvIogn ly—7llco <cqo¢vIogn

< Vlogn -5,
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where the last inequality uses the lower boundedness of *(y|x) over y € [—1,1]”Y. Then notice that
for any (z,w) € S5y and ||y — y|| < o¢v/logn,

lw = meyll < flw =gl + [y =yl + lly = muyl| < Cor/logn. (34)

Therefore, denote

dp Hw_mty||2 w — muy "
dpy(w, x) :/ 1(y € [-1,1]P%) exp (2 (=TI y)e) dy,
||y_§||mSC4U§M 20‘t o

and

2
D. = w — mgy «
pi(w, ) / 1(y € [-1, 1]DX)GXP (_‘2;H> w1z (ylx) dy
||y—g||<x>§040'£ logn O't

We can derive L
H dpy(w, x)
ﬁt (’UJ, l’)

< Vi

and
py(w,z) 2 n~ o).
Therefore, if there exist neural networks ¢! (w, z,t) and ¢! (w,z,t) so that for any ¢t € [t,7] and
ldpy(w, z) = ¢ (w, 2,8) |00 = O (o) e3%n7) , (35)

Then we have

1B (w, ) — P (w, 2, t)]| 00 = O (o) P e5Xn~C) . (36)
1 dp(x) 1 ¢l(z,t)

. _afet
o Bla) o )| o(%): 7

To construct ¢! (w, z, t), use (34), by choosing . = ©(log n), we have

Z 1

[Jw — myy|? Jw — myy|*"

exp <—2 G L il £
11=0

20} 2l1l1!0’§ll

< n7276"

~

Therefore, we have

In = _ 201 .
”dpt(w,ﬁﬁ) — / 1(y E 1 1 Dx Z l1 ||’LU mt:ng . <_w mey
ly—7llco <caotv/logn P 2l1l1!0t 1 oy

)u*\z(y\l’) dyH

S (o) Pyn17C,

(38)
Then notice that p*|z(y|z) is polynomial in z,

< 21
D y llw — may|™ w — My
| 1y € [-1,1170) 3 (- o (L i (vla) dy
ly=¥lloo <caotv/Togn I,=0 2 1l1'0t Ot
_ Z 201 S mb 3 W@ T atigz?),
Ut
h=0 OSKSILFL - iengY il<2n41 jENy X Jjl< ox]

where a; ;€ RPY are some constant coefficients. So similar as the analysis for the manifold setting,
there exists networks ¢! (w, z,,t) € ®(H, W, R, B) with H = ©(log* n), |[W||s = O(1), R = O(1),
B = exp(0(log* n)) so that (35) holds. Similarly, there exists a neural network ¢[?)(z, t) with the same
size as gf)[l] (z,t) so that (36) holds. Then using (37) and Lemmas C.7-C.10, we can obtain Claim 5.

58



2
D.1.2 Case2: 7<t<n 2ay +dy +dx 5%
I U _ 1
Wesete; =n 2ay Hy HAX G and g =n Paxtax iy o eg NZX be one of the largest £5-packing of
[—1,1]P% and N be one of the largest e1-packing of [—1,1]”X. Then we have J; = [N)| < 51_dy
and J, = NS | S ey X Then take an arbitrary 7 € NZX and § € N, Consider set

Sz = {(az,w) p @ € By yox (T, V2es),
||w - g” < Cel’diSt(wv [_1’ 1]DY) < (IR, logn},
we claim that

Wlleo = (1),

Claim 6. There exists ¢*(w, z,t) € ®(H,W, R, B,O(~ 1§g")) with H = ©(log* n),

t

R =0(1), B = exp(©(log* n)), so that for any (x,w) € Sy and t € [t 1],

ay

6% (w, 2, ) = V1og pyp (w) o = O L),

ot

Then the desired result directly follows from Lemmas D.2 and D.3. Now we show Claim 6. For any

(x,w) € S5, we have

{ye 117 ¢ [ly —wl < c2op/logn} € {y € [-1,1]77 ¢ |ly — wll < c201v/logn}.

Moreover, notice that p* is C'*Y+*X -smooth, we can write

. B Gy o) (U5 T) , e
lanle) = Y %(y — gY@ —F)", (39)
(G1.42) € Tart s

where for any z € [~1,1]PX and y € [-1,1]PY,

17| ) () — "y, ) S Mly —gll™ + [l = 2.
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So we have

any Wl <craryiogn LW € [F1,1]PX) exp (‘”wEZ?y”Q) : (—w}Tty)u*(ylx)d
Syl <eaosyign 19 € [=1,117%) exp (=122 i 1) dy
iyl esoryiogn LW € [=1,1]P%) exp (—%) ( w)u | (yl) dy
Syl <enmisgm 1 € [21,11P%) exp (= 120 ) 1) 5 (1) dy
any wllo<cronyiogn LW € [=1,1]P%) exp (‘%) : (‘%@) 1 (ylx) d
Syl syt 10 € [21,11P%) exp (=122 e 1)y
Sty <eroryiogm LW € [F1,1]7%) exp (—%) ( w)u @3 (yle) dy

J‘Hy*w\\ooﬁczﬂg/logn 1(y = [71’ 1]DX) exp (* |7|w—27;12ty|| ) ,u*(y\:c) dy

_ 2 _
f —wl|oo<c20¢/10 n]‘(y < [_171]DX)eXp _% ' _inTty ,u*(y\x) dy
+ ”y Hoo_ 20t g 2
_ 2
Siy—wle <caonviogn LW € [=1,1]PX) exp (—%) 1 (ylx) dy
_ 2 _
Syl 1 € 21, 11PN exp (gl ) - (e ) e ) dy
Syl 1 € 21,1125 exp (125280 ) 0| .3 ) dy
< sup < w—myll | (ylz) - u*!(m(yla:)|>
T eiaPx ot w(yle)

ly—wlloco <cgotvIogn

D lw—may|? w—mey \ %
Mol saoymogm 1 € FL T exp (loggt®) - () e tyle) dy
— 2
||y w]|oo<ca0ty/logn 1(y € [_17 1]DX) exp (_%> *(y’x) dy
any wloweropyingn 10 € (21,1105 exp (L5 () 2 (ylo) — w7 (1) dy
||y w|oo<ca0ty/logn 1(y € [_17 1]DX) exp ( HWQM> K | YT (y|$) dy
s e ([ b sl
yel-1,11Px 1 (ylz)
”y*wHooSCQO'L\/logn
— “(ylz) — 1’| ma(ylx
N s Hw mtyH _ sup | (yl ) 1@ m (Yl
ye[-1,11Px Ot ye[-1,11Px 2 ’(g,f)(y’m)
ly—wlloo <cgotvlogn ly—wlloo <ecgopvlogn
< Vlogn - el
(40)
For any s € [Dy], denote 1° = (17,13,---,1%, ) as the Dy-dimensional vector in which the sth
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element being 1 and other elements being 0, and denote

dpts(wa $)
_ 2 _

-/ 1y € (102 exp (L0 ) (LB )

ly—w||oo <caotr/logn 2Ut Ot
Ly PaawWh)

ot b Jilje!

(71.J2) ETay o xs
1 (ws, — Myy)
_ 15 .
/ l(y € [_L 1]DX) H exp(_%)(wsl - mtysl) o1 (ysl - ysl)ﬂsl dy
ly=wlloc ScaorVIoE T oo of

_ _i ) Z H (jll,jg)‘(yuﬁ) v :E)jQ

ot b Jilje!

(J1,02)ETay oyt
Dy 1A (ws; +caot+/Togn) We. — M 2 s )
‘ / eXp(—M)(wsl - mtys1)lsl (ysl - @’81)1151 dysu
s1=1 —1V(ws; —c20t+/logn) 20_t
and
_ 2
piw.o) = [ 1y € (L) e (12800 o o) ay
ly—wlloc <caotv/Togn 20}
(7~ Dy 1IN (ws; +c20t/logn) 2
R P resiy/g we, — ey .
= Z % T — x)jQ . / exp(_(sl22tsl))(y81 —_ y81 )]181 dy81'
i j2)€jDY»DX Ji-J2: s1=1Y ~1V(ws; —c20tv/logn) O
P ay,ax

Then notice that for any (z,w) € %47, and any y € [—1,1]PY satisfying ||y — w||oo < c20y/logn:

lw —mayll < [lw—yll + ly — mey|| < Cog/logn,

we can derive

dft(w7x) S IOgTL,
pr(w, )
and
pr(w, ) Z = (o)

Therefore, if there exist neural networks ¢! (w, x,t) and ¢! (w,z,t) so that for any ¢t € [t,] and
(az,w) S ygg,
ldpy(w, z) — ¢ (w, 2, )| 0o = O (o)™ (77 )n~), (@41

15e(w, 2) — P (w, 2, 8)||os = O ((0)PY ¥ n™C) . (42)

_/ax | oy
:(9(52 R > 43)

Ot

Then we have .
1 dp(z) 1 oM (z, )

ot pi(x)  or ¢Pl(z,t)

o

Then we construct ¢!l (w, z,t) by approximating El;t(w,:r) with polynomials. By choosing .Z =
©(logn), we have for any s; € [Dy],

<

exp <_<w—mty>2> (g ()

2 1 20
20} 11=0 2 1l1!0't

204

< 77,7270.
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Then for any s € [Dy], we can write

o i . Z :LL*(]11J2)(g7 i) (.T . 5).]2

121451
¢ J1-J2:
(J1.d2) €T DX
Dy 1A (ws, +caoiy/Togn) £ 21
s1T20L e (ws, — Myys, )*" 12 7 Vit g
: (_ ) 17120 (wsl - mtysl) ! (y81 - y81) Ysq
s1=1 —1V(ws; —c204/logn) 1,=0 2 111.Ut

L Z M@ —7)’
gt J1lj2!
(lez)EJfQ’,ADXX

Dy £

Ao >
s1=11,=0 Ot 0<k<2l;+1
Z (_1 \ (ws1 - 6201\/@))32 Z (1 A (ws1 + 6201\/@))33 Z a8j18111k8253iw21'
0<52<2+j15, 0<s3<2+j15; 0<i<2l1+1

So similar as the analysis for the manifold setting, there exists networks qﬁm (w,z,t) € (H,W, R, B)
with H = O(log* n), [|[W|s = ©(1), R = 6(1), B = exp(©(log* n)) so that (41) holds. Similarly,
there exists a neural network ¢l (z,t) with the same size as ¢[!(z,t) so that (42) holds. Then us-
ing (40), (43), and Lemmas C.7-C.10, we can obtain Claim 6.
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