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Abstract

We study generalization properties of random features (RF) regression in high
dimensions optimized by stochastic gradient descent (SGD) in under-/over-
parameterized regime. In this work, we derive precise non-asymptotic error bounds
of RF regression under both constant and polynomial-decay step-size SGD setting,
and observe the double descent phenomenon both theoretically and empirically.
Our analysis shows how to cope with multiple randomness sources of initialization,
label noise, and data sampling (as well as stochastic gradients) with no closed-
form solution, and also goes beyond the commonly-used Gaussian/spherical data
assumption. Our theoretical results demonstrate that, with SGD training, RF regres-
sion still generalizes well for interpolation learning, and is able to characterize the
double descent behavior by the unimodality of variance and monotonic decrease of
bias. Besides, we also prove that the constant step-size SGD setting incurs no loss
in convergence rate when compared to the exact minimum-norm interpolator, as a
theoretical justification of using SGD in practice.

1 Introduction

Over-parameterized models, e.g., linear/kernel regression [1} 12} 13| 4] and neural networks [5} 6} [7]],
still generalize well even if the labels are pure noise [8]]. Such high-capacity models have received
significant attention recently as they go against with classical generalization theory. A paradigm for
understanding this important phenomenon is double descent [9], in which the test error first decreases
with increasing number of model parameters in the under-parameterized regime. They large error is
yielded until interpolating the data, which is called the interpolation threshold. Finally, the test error
decreases again in the over-parameterized regime.

Our work partakes in this research vein and studies the random features (RF) model [10]], as a simpli-
fied version of neural networks, in the context of double descent phenomenon. Briefly, RF model
samples random features {w; }/, from a specific distribution, corresponding to a kernel function. We
then construct an explicit map: € R? — o(Wz) € R™, where W = [wy, -+ ,w,,]T € R™*dis
the random features matrix and o (+) is the nonlinear (activation) function determined by the kernel.
As a result, the RF model can be viewed as training a two-layer neural network where the weights in
the first layer are chosen randomly and then fixed (a.k.a. the random features) and only the output
layer is optimized, striking a trade-off between practical performance and accessibility to analysis
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[4,11]. An RF model becomes an over-parameterized model if we take the number of random
features m larger than that of training data n. The literature on RF under the over-parameterized
regime can be split into various camps according to different assumptions on the formulation of
target function, data distribution, and activation functions [4} 12, [11} 13} (14} [15] (see comparisons
in Table[T]in Appendix [A). The existing theoretical results demonstrate that the excess risk curve
exhibits double descent.

Nevertheless, the analysis framework of previous work on RF regression mainly relies on the least-
squares closed-form solution, including minimum-norm interpolator and ridge regressor. Besides,
they often assume the data with specific distribution, e.g., to be Gaussian or uniformly spread
on a sphere. Such dependency on the analytic solution and relatively strong data assumption in
fact mismatches practical neural networks optimized by stochastic gradient descent (SGD) based
algorithms. Our work precisely bridges this gap: We provide a new analysis framework for the
generalization properties of RF models trained with SGD and general activation functions, also
accommodating adaptive (i.e., polynomial decay) step-size selection, and provide non-asymptotic
results in under-/over-parameterized regimes. We make the following contributions and findings:

First, we characterize statistical properties of covariance operators/matrices in RF, including X, :=
LE.[0(Wa/Vd)o(Wz/vd)'] and its expectation version 3, := Ew[%,,]. We demonstrate
that, under Gaussian initialization, if the activation function o(-) : R — R is Lipschitz continuous,

Tr(3,,) is a sub-exponential random variable with O(1) sub-exponential norm; %,,, has only two
distinct eigenvalues at O(1) and O(1/m) order, respectively. Such analysis on the spectra of X,

and 3, (without spectral decay assumption) is helpful to obtain sharp error bounds for excess risk.
This is different from the least squares setting based on effective dimension [2, 16].

Second, based on the bias-variance decomposition in stochastic approximation, we take into account
multiple randomness sources of initialization, label noise, and data sampling as well as stochastic
gradients. We (partly) disentangle these randomness sources and derive non-asymptotic error bounds
under the optimization effect: the error bounds for bias and variance as a function of the radio
m/n are monotonic decreasing and unimodal, respectively. Importantly, our analysis holds for both
constant and polynomial-decay step-size SGD setting, and is valid under sub-Gaussian data and
general activation functions.

Third, our non-asymptotic results show that, RF regression trained with SGD still generalizes well for
interpolation learning, and is able to capture the double descent behavior. In addition, we demonstrate
that the constant step-size SGD setting incurs no loss on the convergence rate of excess risk when
compared to the exact least-squares closed form solution. Our empirical evaluations support our
theoretical results and findings.

Our analysis (technical challenges are discussed in Section ) sheds light on the effect of SGD on
high dimensional RF models in under-/over-parameterized regimes, and bridges the gap between the
minimum-norm solution and numerical iteration solution in terms of optimization and generalization
on double descent. It would be helpful for understanding large dimensional machine learning and
neural network models more generally.

2 Related work and problem setting

This section reviews relevant works and introduces our problem setting of RF regression with SGD.

Notation: The notation a ® a denotes the tensor product of a vector a. For two operators/matrices,
A < B means B — A is positive semi-definite (PSD). For any two positive sequences {a;};_; and
{b+};_,, the notation a; < b; means that there exists a positive constant C' independent of s such that
a; < Cby, and analogously for ~, 2, and =. For any a, b € R, a A b denotes the minimum of @ and b.

2.1 Related work

A flurry of research papers are devoted to analysis of over-parameterized models on optimization
[lL7, 118 [19], generalization (or their combination) under neural tangent kernel [20, 21} [22]] and
mean-field analysis regime [23| [24]. We take a unified perspective on optimization and generalization
but work in the high-dimensional setting to fully capture the double descent behavior. By high-
dimensional setting, we mean that m, n, and d increase proportionally, large and comparable
(4} 120 130 [11].



Double descent in random features model: Characterizing the double descent of the RF model often
derives from random matrix theory (RMT) in high dimensional statistics [[1, 4, [12} 13} 25] and from
the replica method [11} 26, [14]. Under specific assumptions on data distribution, activation functions,
target function, and initialization, these results show that the generalization error/excess risk increase
when m/n < 1, diverge when m/n — 1, and then decrease when m/n > 1. Further, refined
results are developed on the analysis of variance due to multiple randomness sources [[L1} 27, [15]].
We refer to comparisons in Table[I]in Appendix [A]for further details. Technically speaking, since
RF (least-squares) regression involves with inverse random matrices, these two classes of methods
attempt to achieve a similar target: how to disentangle the nonlinear activation function by the
Gaussian equivalence conjecture. RMT utilizes calculus of deterministic equivalents (or resolvents)
for random matrices and replica methods focus on some specific scalar parameters that allows for
circumventing the expectation computation. In fact, most of the above methods can be asymptotically
equivalent to the Gaussian covariate model [28]].

Non-asymptotic stochastic approximation: Many papers on linear least-squares regression [29,30]],
kernel regression [31 32]], random features [33]] with SGD often work in the under-parameterized
regime, where d is finite and much smaller than n. In the over-parameterized regime, under GD
setting, the excess risk of least squares is controlled by the smallest positive eigenvalue in [34] via
random matrix theory. Under the averaged constant step-size SGD setting, the excess risk in [35] on
least squares in high dimensions can be independent of d, and the convergence rate is built in [16].
This convergence rate is also demonstrated under the minimal-iterate [36]] or last-iterate [37] setting
in step-size SGD for noiseless least squares. We also notice a concurrent work [38]] on last-iterate
SGD with decaying step-size on least squares. Besides, the existence of multiple descent [39| 40]
beyond double descent and SGD as implicit regularizer [41}42] can be traced to the above two lines
of work. Our work shares some similar technical tools with [[31]] and [[16] but differs from them in
several aspects. We detail the differences in Section 4]

2.2 Problem setting

We study the standard problem setting for RF least-squares regression and adopt the relevant ter-
minologies from learning theory: cf., [43] 131} 33} 25]] for details. Let X C R? be a metric space
and Y C R. The training data {(;, y;)}"_, are assumed to be independently drawn from a non-
degenerate unknown Borel probability measure p on X x Y. The rarget function of p is defined by
fo(x) = [, ydp(y | ), where p(- | ) is the conditional distribution of p at & € X.

RF least squares regression: We study the RF regression problem with the squared loss as follows:

min (f), 5(f)t=/(f(ﬂ3) —y)dp(@,y)=|f = fol1z , with f(m) = (0, ¢()),

feH

where the optimization vector & € R™ and the feature mapping () is defined as

1 T 1
ple) = = ol @/ V), oWl V)| = ZmoWa/ VD eR™ ()
where W = w1, ,w,,]" € R™*4 with W;; ~ N(0,1) corresponds to such two-layer neural

network initialized with random Gaussian weights. Then, the corresponding hypothesis space H is a
reproducing kernel Hilbert space

1
N

with [|[f[12. = [ |f(®)|?dpx (2) = (f, X f)x with the covariance operator ¥, : R™ — R™
PX

wim {2 ] flo) = S=t0.0We/Va) | @

S = /X (@) @ p(z)dpx (). 3)

actually defined in H that is isomorphic to R™. This is the usually (uncentered) covariance matrix
in finite dimensionsﬂi.e., o = Exlp(x) ® @(x)]. Define J,, : R™ — L2 such that(.J,,v)(-) =
(v,0(-)), Yv € R™, we have ¥,, = J} J,,, where J denotes the adjoint operator of J,,.

’In this paper, we do not distinguish the notations %, and 3,,. This is also suitable to other opera-
tors/matrices, €.g., X,.



Clearly, 3, is random with respect to W, and thus its deterministic version is defined as f)m =
Eewlp(x) @ o()].

SGD with averaging: Regarding the stochastic approximation, we consider the one pass SGD with
iterate averaging and adaptive step-size at each iteration ¢: after a training sample (x;,y;) ~ p is
observed, we update the decision variable as below (initialized at 8)

Ht - atfl +fyt[yt - <9t71a90<$t)>]30($t)a t= 1,27...,7’17 (4)

where we use the polynomial decay step size y; := Yot ~¢ with ¢ € [0,1), following [31]]. This
setting also holds for the constant step-size case by taking ¢ = 0. Besides, we employ the bath size
= 1 in an online setting style, which is commonly used in theory [31l 16} 44] for ease of analysis,
which captures the key idea of SGD by combining stochastic gradients and data sampling.

The final output is defined as the average of the iterates: 6,, := % Z?;ol 6. Here we sum up {6, }7=,

with n terms for notational simplicity. The optimality condition for Eq. (@) implies E (4 )~,[(y —

(0", p(x)))p(x)] = 0, which corresponds to f* = J,,,0" if we assume that f* = argmin ;.4 E(f)

exists (see Assumptionin the next section). Likewise, we have f; = J,,,0; and fn = Jn0,.

In this paper, we study the averaged excess risk E| f,, — f*||2, instead of E||f,, — f,||2. , that
PX PX

follows [311 145] 33 25]], as f* is the best possible solution in H and the mis-specification error
|lf* = foll3. pales into insignificance. Note that the expectation used here is considered with
PX

respect to the random features matrix W, and the distribution of the training data {(x:, y:)}7—; (note
that || f, — f*||2. is itself a different expectation over px).
PX

3 Main results

In this section, we present our main theoretical results on the generalization properties employing
error bounds for bias and variance of RF regression in high dimensions optimized by averaged SGD.
3.1 Assumptions

Before we present our result, we list the assumptions used in this paper, refer to Appendix [B] for more
discussions.

Assumption 1. /46| Il high dimensional setting] We work in the large d,n, m regime with ¢ <
{d/n,m/n} < C for some constants ¢,C > 0 such that m,n,d are large and comparable. The
data point © € RY is assumed to satisfy ||z||3 ~ O(d) and the sample covariance operator
Y4 := Ez[x ® x| with bounded spectral norm || $4||2 (finite and independent of d).

Assumption 2. There exists f* € H such that f* = argmin ;4 E(f) with bounded Hilbert norm.
Remark: This bounded Hilbert norm assumption is commonly used in [47, 40, 48] even though n

and d tend to infinity. It holds true for linear functions with || |3, < 47 [49], see Appendix [Bfor
details.

Assumption 3. The activation function o (-) is assumed to be Lipschitz continuous.

Remark: This assumption is quite general to cover commonly-used activation functions used in
random features and neural networks, e.g., ReL.U, Sigmoid, Logistic, and sine/cosine functions.

Recall &, := Ez[p(z) @ ¢(x)] in Eq. (3) and its expectation 3, := Ep[,,], we make the
following fourth moment assumption that follows [29} 16} 37]] to analyse SGD for least squares.

Assumption 4 (Fourth moment condition). Assume there exists some positive constants 7', 7 > 1,
such that for any PSD operator A, it holds that

Ew [ AS,0] < Ew (E (ie(@) ® pla)]Alp(z) @ @(w)])> < Ew[Tr(20A) 0] 5 TS0 A)S,0,

Remark: This assumption requires the data are drawn from some not-too-heavy-tailed distribution,

_1
e.g., Xp,”  has sub-Gaussian tail, common in high dimensional statistics. This condition is weaker
than most previous work on double descent that requires the data to be Gaussian [[1}, [11} 27} [12]],
or uniformly spread on a sphere [4,50], see comparisons in Table[T]in Appendix [A] Note that the



assumption for any PSD operator is just for ease of description. In fact some certain PSD operators
satisfying this assumption are enough for our proof. Besides, a special case of this assumption with
A := I is proved by Lemma|[3] and thus this assumption can be regarded as a natural extension, with
more discussions in Appendix [B]

Assumption 5 (Noise condition). There exists T > 0 such that Z := Ez[e*p(x) @ p(x)] < 7250,
where the noise € := y — f*(x).

Remark: This noise assumption is standard in [31} [16] and holds for the standard noise model
y = f*(x) + e with E[¢] = 0 and V[e] < oo [1]].

3.2 Properties of covariance operators

Before we present the main results, we study statistical properties of ¥,,, and X,,, by the following
lemmas (with proof deferred to Appendix [C), that will be needed for our main result. This is
different from the least squares setting [2, [16] that introduces the effective dimension to separate
the entire space into a “head” subspace where the error decays more quickly than the complement
“tail” subspace. Instead, the following lemma shows that 3J,,, has only two distinct eigenvalues at
O(1) and O(1/m) order, respectively. Such fast eigenvalue decay can avoid extra data spectrum
assumption for tight bound. For description simplicity, we consider the single-output activation
function: o(-) : R — R. Our results can be extended to multiple-output activation functions, see

Appendix for details.

Lemma 1. Under Assumption and E] the expected covariance operator im =Eexwlp(z) ®
o(x)] € R™*™ has the same diagonal elements and the same non-diagonal element

Enlis = BB o el r (N~ O0/m) . Sy =Bl oo joigrlo(2)]) ~ O /m).

Accordingly, im has only two distinct eigenvalues

M= (En)i+ (m=1D(En); ~0(1), Ae=(Em)i — (Sm)iy=—ExVlo(2)] ~ O(1/m).

1
m
Remark: Lemmaimplies tr(E,,) < oco. In fact, E,V]o(z)] > 0 holds almost surely as o(-) is not
a constant, and thus ¥, is positive definite.

Here we take the ReLU activation o(x) = max{z, 0} as one example, RF actually approximates the

first-order arc-cosine kernel [51]] with ¢(z) € R™. We have (3,,)i = 525 Tr(3q) and (5,,)i; =

5 —Tr(3,) by recalling $; := Ez[xx"] and Tr(2,)/d ~ O(1). More examples can be found in

2mdm

Appendix
Lemma 2. Under Assumptionsand random variables || S |2, [|Sm — S

sub-exponential, and have sub-exponential norm at O(1) order.

2, and Tr(X%,,) are

Remark: This lemma characterizes the sub-exponential property of covariance operator 3,,,, which
is a fundamental result for our proof since the bias and variance involve them.

The following lemma demonstrates that the behavior of the fourth moment can be bounded.
Lemma 3. Under Assumptions and there exists a constant v > 0 such that Eyw (Efn) <

Ezwp(x) ® () @ p(x) ® ()] < 7Tr (L) X
Lemma 4. Under Assumptionsand we have Tr[S; By (32,)] ~ O(1).

We remark here that Lemmais a special case of Assumptionif wetake A := Iandr := 140 (%),
and Lemmad]is a direct corollary of Lemma [3]

3.3 Results for error bounds
Recall the definition of the noise € = [e1,- -+ ,&,]" withe; = y; — f*(z¢), t = 1,2,...,n, the
averaged excess risk can be expressed as

Blfu = 713 = Exwellfo = £l3s . =Exw.elfa = £ Sm(Fa = £ ) =Exw.e(iin, Smita),



where 7, = %Z?;Ol 1, with the centered SGD iterate 1, := f; — f*. Following the standard
bias-variance decomposition in stochastic approximation [31,|30} [16]], it admits

ne = [I —yp(@e) @ o(@e)|(fe-1 = [7) + nevp(@e)
where the first term corresponds to the bias

nte = [ — yep(me) @ (@)™, ng'™® = f*, Q)

and the second term corresponds to the variance

var

0™ = — mp(@e) © p(@) |2 + evp(@e), np™ =0. (6)
Accordingly, we have f; = nPs + /2 + f* due to Ec f,, = 7535 + f* and || f[|2. = (f, S f).
PX

Proposition 1. Based on the above setting, the averaged excess risk admits the following bias-
variance decomposition

E”fn f ||L2 _EXWern E fn+]E fn f ”L2 _]EX W<77b1as Zmnzlas>+EX,W,e<f]¥Lar7Zmﬁxar> .

:=Bias :=Variance

By (partly) decoupling the multiple randomness sources of initialization, label noise, and data
sampling (as well as stochastic gradients), we give precise non-asymptotic error bounds for bias and
variance as below.

Theorem 1. (Error bound for bias) Under Assumptlons l l El l 4 with ' > 1, if the step-size
Yt i= Yot ~¢ with ¢ € [0, 1) satisfies v < W O(1), the Bias in Proposmonholds by

Bias < yor'n | f? ~ O (nc_l) )

Remark: The error bound for Bias is monotonically decreasing at O(n¢~1) rate. For the constant
step-size setting, it converges at O(1/n) rate, which is better than O(4/log n/n) in [23] relying on
closed-form solution under correlated features with polynomial decay on ;. Besides, our result
on bias matches the exact formulation in [[L1]] under the closed-form solution, i.e., monotonically
decreasing bias. One slight difference is, their result on bias tends to a constant under the over-
parameterized regime while our bias result can converge to zero.

Theorem 2. (Error bound for variance) Under Assumptions with ' > } and Assumption

with T > 0, if the step-size 7y = Yot~¢ with { € [0, 1) satisfies o < S O(1), the

Variance defined in Proposition[I| holds

mnt~!, ifm <n

Variance < vor'r2 _ n .
N STITTY 14 nS D ifm>
m

Remark: We make the following remarks:

i) The error bound for Variance is demonstrated to be unimodal: increasing with m in the under-
parameterized regime and decreasing with m in the over-parameterized regime, and finally converge
to a constant order (that depends on noise parameter 72), which matches recent results relying on
closed-form solution for (refined) variance, e.g., [11} 27, [15].

ii) When compared to least squares, our result can degenerate to this setting by choosing m := d.
Our upper bound is able to match the lower bound in [[1, Corollary 1] with the same order, which
demonstrates the tightness of our upper bound. Besides, our results can recover the result of [[16]
by taking the effective dimension £* = min{n, d} (no data spectrum assumption is required here).
More discussion on our derived results refers to Appendix [A]

4 Proof outline and discussion

In this section, we first introduce the structure of the proofs with high level ideas, and then discuss
our work with previous literature in terms of the used techniques and the obtained results.



excess risk Ex w e (n, Xmn)

Bias Ex w (7%, Smiln°)

Variance Ex w (72, Smiln) ‘
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~—

decomposition
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‘ Cy % inLem. 12 ‘ ‘ C*Vin Lem. 11 ‘ ‘ C™ in Lem. 10 ‘ |Imktes — %% |2 + H,
Cy*with( =0 Hnb“‘s — 13 || 1|1He13
in Lem. 5 in Lem. 8 in Lem. 9

Figure 1: The roadmap of proofs.

4.1 Proof outline

We (partly) disentangle the multiple randomness sources on the data X, the random features matrix

W, the noise €, make full use of statistical properties of covariance operators ¥, and ilm in
Section [3.2] and provide the respective (bias and variance) upper bounds in terms of multiple
randomness sources, as shown in Figurem

Bias: To bound Bias, we need some auxiliary notations. Recall 3,, = E,[o(x) ® ¢(x)] and
Y =Eg wip(z) ® ()], define

= (TS, =, N =TS, =, (D
with the average 75¥ := 1 ~1 X and XV . 1 PXW - Accordingly, nP* can be regarded
g€ 1y, t o M t o ur gly, n g

as a “deterministic” versmn of nPi3: we omit the randomness on X (data samphng, stochastic
gradients) by replacing [o(x)p(x)"] with its expectation X,,,. Likewise, 77" is a deterministic
version of 7y* by replacing 3,,, with its expectation Y (randomness on initialization).

By Minkowski inequality, the Bias can be decomposed as Bias < B1 + B2 + B3, where B1 :=
Ex,w [(753%* = 7%, S (052 — 715%)) | and B2 := By [(75% — 75, 33, (75" %)) and B3 =
(7% 33,,, 72X, Here B3 is a deterministic quantity that is closely connected to model (intrinsic) bias
without any randomness; while B1 and B2 evaluate the effect of randomness from X and W on the
bias, respectively. The error bounds for them can be directly found in Figure[T}

To bound B3, we directly focus on its formulation by virtue of spectrum decomposition and integral

, where the key part

2
estimation. To bound B2, we have B2 = —; IEWHEz (P — )

np% — nP™ can be estimated by Lemma@ To bound B1, it can be further decomposed as (here we
use inaccurate expression for description simplicity) B1 < >, [|7P* — nf®™||2 + >, Ex || H,||* in
Lemma L where H; 1 := [2,, — () @ o(x)]nP* ;. The first term can be upper bounded by

SO PR = PR3 < Te(S,)né £ in Lemma and the second term admits >, Ex || H;||* <
Tr(S,) || f*]]? in Lemma@

Variance: To bound Variance, we need some auxiliary notations.

m = (= %Sy + evp(x), ng =0, ®)
= (1= 1 E)n™ + yero(@), mg =0, ©
with the averaged quantities 77 = L ST7 7 X i o= 1 §ns g Accordingly, 0} can be

regarded as a “semi-stochastic” version of nvar we keep the randomness due to the noise 5t but omit



the randomness on X (data sampling) by replacing [ () ()] with its expectation ¥,,. Likewise,

ny™ can be regarded as a “semi-stochastic” version of ny* by replacing ¥,,, with its expectation S

(randomness on initialization).

By virtue of Minkowski inequality, the Variance can be decomposed as Variance < V1+V2+V3,
where V1= Ex w e [ (752 — 1%, o (75 = 115))], V2 := Ex w e [(F =7, S (5 =7,
and V3 := Ex w ¢ (7, $,,77%). Though V1, V2, V3 still interact the multiple randomness, V1
disentangles some randomness on data sampling, V2 discards some randomness on initialization, and
V3 focuses on the “minimal” interaction between data sampling, label noise, and initialization. The
error bounds for them can be found in Figure[I]

To bound V3, we focus on the formulation of the covariance operator C/*" := Ex . [n/* @ n/™] in

Lemma|l10|and the statistical properties of f]m and X,,,. To bound V2, we need study the covariance
operator CY*¥ = Ex o [(n* — nf™) @ (X — ny™)] admitting |07 < |22, [2[Epn |2 in
Lemma. To bound V1, we need study the covariance operator C} * := Ex .[(n/*™ — n/*) ®
(72 — n7%)], as a function of ¢ € [0, 1), admitting Tr[Cy *(¢)] < Tr[Cy~*(0)] in Lemmal3} and
further C; % < Tr(3,,)1 in Lemma

4.2 Discussion on techniques

Our proof framework follows [31]] that focuses on kernel regression with stochastic approximation
in the under-parameterized regimes (d is regarded as finite and much smaller than n). Nevertheless,
even in the under-parameterized regime, their results can not be directly extended to random features
model due to the extra randomness on W. For instance, their results depend on [29, Lemma 1] by
taking conditional expectation to bridge the connection between E[||a:||2] and E{c, ¥y, ). This is
valid for B1 but expires on other quantities.

Some technical tools used in this paper follow [16]] that focuses on linear regression with constant
step-size SGD for benign overfitting. However, our results differ from it in 1) tackling multiple
randomness, e.g., stochastic gradients, random features (Gaussian initialization), by introducing
another type of error decomposition and several deterministic/randomness covariance operators. We
prove nice statistical properties of them for proof, which gets rid of data spectrum assumption in [[16].
2) tackling non-constant step-size SGD setting by introducing new integral estimation techniques.
Original techniques on constant step-size in [16]] are invalid due to non-homogeneous update rules.
The above two points make our proof relatively more intractable and largely different. Besides, their
results demonstrate that linear regression with SGD generalizes well (converges with n) but has few
findings on double descent. Instead, our result depends on n and m (where d is implicitly included in
m), and is able to explain double descent.

Here we take the estimation for the variance in [[16] under the least squares setting as an example to
illustrate this.

n—1

Variance < " < (I —7Sg)" 1 — (I — ’yEd)t> [Eq. (4.10) in [16]]

t=0
In this setting, the effective dimension to tackle I — (I — yX4)"~*; while our result is based on fast
eigenvalue decay of X, in Lemmacan direct to bound this. Besides, the homogeneous markov
chain under the constant step-size setting is employed [16]] for (I — vX4)" ™, which is naturally
invalid under our decaying step-size setting. Instead, we introduce integral estimation techniques to
tackle adaptive step-size, see Appendix [E] for details.

5 Numerical Validation

In this section, we provide some numerical experiments in Figure 2] to support our theoretical results
and findings. Note that our results go beyond Gaussian data assumption and can be empirically
validated on real-world datasets. More experiments can be found in Appendix

5.1 Behavior of RF for interpolation learning

Here we evaluate the test mean square error (MSE) of RFF regression on the MNIST data set
[52], following the experimental setting of [[13} 53], to study the generalization performance of
minimum-norm solution, see Figure More results on regression dataset refer to Appendix
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(a) SGD vs. min-norm solution (b) Bias (c) Variance

Figure 2: Test MSE (mean=std.) of RF regression as a function of the ratio m/n on MNIST data
set (digit 3 vs. 7) across the Gaussian kernel, for d = 784 and n = 600 in (a). The interpolation
threshold occurs at m/n = 0.5 as the Gaussian kernel outputs the 2m-feature mapping (instead of
m), i.e., o(Wzx) € R*™, Under this setting, the trends of Bias and Variance are empirically given
in (b) and (c).

Experimental settings: We take digit 3 vs. 7 as an example, and randomly select 300 training
data in these two classes, resulting in n = 600 for training. Hence, our setting with n = 600,
d = 784, and tuning m satisfies our realistic high dimensional assumption. The Gaussian kernel
k(x,x') = exp(—||z — x'||3/(203)) is used, where the kernel width oy is chosen as 03 = d in
high dimensional settings such that ||z||3/d ~ O(1) in Assumption[1] In our experiment, the initial
step-size is set to vy = 1 and we take the initial point 8y near the min-norm solutiorﬂ corrupted
with zero-mean, unit-variance Gaussian noise. The experiments are repeated 10 times and the test
MSE (mean-std.) can be regarded as a function of the ratio m/n by tuning m. Results on different
initialization and more epochs of SGD refer to Appendix [H]

SGD vs. minimal-norm solution: Figure shows the test MSE of RF regression with averaged
SGD (we take ¢ = 0.5 as an example; red line) and minimal-norm solution (blue line). First, we
observe the double descent phenomenon: a phase transition on the two sides of the interpolation
threshold at 2m = n when these two algorithms are employed. Second, in terms of test error, RF
with averaged SGD is slightly inferior to that with min-norm solution, but still generalizes well.

5.2 Behavior of our error bounds

We have experimentally validated the phase transition and corresponding double descent in the
previous section, and here we aim to semi-quantitatively assess our derived bounds for Bias and
Variance, see Figure and respectively. Results of these quantities on different step-size
refer to Appendix

Experimental settings: Since the target function f*, the covariance operators X4, ,,, and the
noise € are unknown on the MNIST data set, our experimental evaluation need some assumptions
to calculate Bias and Variance. First, we assume the label noise € ~ N (0, 1), which can in turn
obtain f* () on both training and test data due to f*(x) = y —e. Second, the covariance matrices 34
and X, are estimated by the related sample covariance matrices. When using the Gaussian kernel, the
covariance matrix >, can be directly computed, see the remark in Lemma where the expectation
on x is approximated by Monte Carlo sampling with n training samples. Accordingly, based on the
above results, we are ready to calculate n5*2* in Eq. (3), n?*, and n?*" in Eq. (7)), respectively, which
is further used to approximately compute B1 := Ex w [(78 — 75X, 5, (522 — ®%))] (red line)
and B2 := By [(72X—72™, B,,, (72X —72M))] (blue line) and B3 := (728, 3, 72%¥) ( line). The
(approximate) computation for Variance can be similar achieved by this process.

Error bounds for bias: Figure @] shows the trends of (scaled) B1, B2, and B3. Recall our error
bound: B1, B2, B3 ~ (’)(n< _1), we find that, all of them monotonically decreases at a certain
convergence rate when m increases from the under-parameterized regime to the over-parameterized
regime. These experimental results coincide with our error bound on them.

3In our numerical experiments, we only employ single-pass SGD, and thus the initialization is chosen close
to minimum norm solution, with more discussion in Appendix



Error bounds for variance: Figure[2(c)[shows the trends of (scaled) V1, V2, and V3. Recall our error
bound: in the under-parameterized regime, V1, V2, and V3 increase with m at a certain O(n¢~1m)
rate; and in the over-parameterized regime, V1 and V2 are in O(1) order while V3 decreases with
m. Figure shows that, when 2m < n, V1 and V2 monotonically increases with m and then
remain unchanged when 2m > n. Besides, V3 is observed to be unimodal: firstly increasing when
2m < n, reaching to the peak at 2m = n, and then decreasing when 2m > n, which admits the
phase transition at 2m = n. Accordingly, these findings accord with our theoretical results, and also
matches refined results in [[L1, 27, [15]]: the unimodality of variance is a prevalent phenomenon.

6 Conclusion

We present non-asymptotic results for RF regression under the averaged SGD setting for understanding
double descent under the optimization effect. Our theoretical and empirical results demonstrate that,
the error bounds for variance and bias can be unimodal and monotonically decreasing, respectively,
which is able to recover the double descent phenomenon. Regarding to constant/adaptive step-size
setting, there is no difference between the constant step-size case and the exact minimal-norm solution
on the convergence rate; while the polynomial-decay step-size case will slow down the learning rate,
but does not change the error bound for variance in over-parameterized regime that converges to O(1)
order, that depends on noise parameter(s).

Our work centers around the RF model, which is still a bit far away from practical neural networks.
Theoretical understanding the generalization properties of over-parameterized neural networks is a
fundamental but difficult problem. We believe that a comprehensive and thorough understanding
of shallow neural networks, e.g., the RF model, is a necessary first step. Besides, we consider the
single-pass SGD in our work for simplicity rather than multiple-pass SGD used in practice. This is
also an interesting direction for understanding the optimization effect of SGD in the double descent.

Besides, our results obtain the dimension-free bound under both non-asymptotic and asymptotic
regimes. We also need to mention that, our results are also valid under the fixed d setting (which can
be larger or smaller than n). This is more practical for real-world applications.
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The outline of the appendix is stated as follows.
* Appendix [A] summarizes representative results on random features regarding to double
descent under various settings and discusses the tightness of our derived upper bounds.

* Appendix [B] presents more discussion on the used assumptions, especially Assumptions|Z]
and[] demonstrating the rationale behind these assumptions.

* Appendix [C| provides the proofs of lemmas in Section [3.2] on statistical properties of 3,
and X,,.

* Appendix [D]introduces preliminaries on PSD operators in stochastic approximation.

* Appendix [E] provides estimation for several typical integrals that are needed for our proof.
* Appendix [F gives error bounds for Bias.

* Appendix [G] provides the error bounds for Variance.

* Appendix [H] provides more experiments including different initialization, step-size on
various datasets to support our theory.

A Comparisons with previous work

A.1 Problem settings

Here we summarize various representative approaches in Table [I] according to the used data assump-
tion, the type of solution, and the derived results.

Table 1: Comparison of problem settings on analysis of high dimensional random features on
double descent.

data assumption solution result
[ Gaussian closed-form variance N\
[12] Gaussian GD variance '\,
[4] i.i.d on sphere closed-form variance, bias 7\,
(L1 Gaussian closed-form refined 2
[14] Gaussian closed-form N
1271 Gaussian closed-form refined
[1541] Gaussian closed-form N\
[28] Gaussian closed-form N
3] general closed-form N
[15] isotropic features with finite moments closed form refined

[25]  correlated features with polynomial decay on ¥4  closed form  interpolation learning
Ours sub-Gaussian data SGD variance ' N\, bias \,

! A refined decomposition on variance is conducted by sources of randomness on data sampling,
initialization, label noise to possess each term [[11] or their full decomposition in [27} 15]].

Here we discuss the used assumption on data distribution and the discussion on other assumptions
is deferred to Appendix [B] It can be found that, most papers assume the data to be Gaussian or
uniformly distributed on the sphere. The following papers admit weaker assumption on data. Given a
correlated features model that is commonly used in high dimensional statistics [[1]]

x=%3t, E[t]=0,Vit] =1, with3, :=Eg[zz'], (10)

where t € R has i.i.d entries ¢; (i = 1,2,...,d) with zero mean and unit variance. In [25]], they
further require that each entry is i.i.d sub-Gaussian and ¥>; admits polynomial decay on eigenvalues.
In [[15]], the authors consider isotropic features with finite moment, i.e., taking ¥4 := I in Eq. (]E[)
and E[thr”} < oo for any arbitrary positive constant 77 > 0. Our model holds for sub-Gaussian, and
thus the used data assumption[d]is weaker than them. We also remark that, no assumption on data
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distribution is employed [13] but they require that test data “behave” statistically like the training
data by concentrated random vectors. Indeed, their data assumption is weaker than ours, but their
analysis framework builds on the exact closed-form solution from random matrix theory. Instead, we
focus on the SGD setting and thus take a unified perspective on optimization and generalization.

Here we briefly discuss our result with previous work. Compared to [12] on RF optimized by gradient
descent under the Gaussian data in an asymptotic view, our non-asymptotic result holds for more
general data distribution under the SGD setting. In fact, our data assumption is weaker than most
previous work assuming the data to be Gaussian, uniformly spread on a sphere, or isotropic/correlated
features (with spectral decay assumption), except [13]. Nevertheless, we extend their asymptotic
results relying on the least-squares closed-form solution to non-asymptotic results under the SGD
setting, which takes the effect of optimization into consideration. Besides, our result coincides
several findings with refined variance decomposition in [[11, 27, [15], e.g., the interaction effect can
dominate the variance (between samples and initialization); the unimodality of variance is a prevalent
phenomenon.

A.2 Discussion on the tightness of our results

We present the upper bounds of excess risk in this work, and it is natural to ask whether the lower
bound can be derived by our proof framework. Unfortunately, the first step in our proof is based on
Minkowski inequality such that Bias < 3(B1 + B2 + B3) and Variance < 3(V1 + V2 + V3). This
could be a limitation of this work, but our derived results are still tight when compared to previous
work in both under- and over-parameterized regimes.

First, we compare our result with classical random features regression with SGD in the under-
parameterized regime [33]. Under the same standard assumptions, e.g., f* € H and label noise with
bounded variance, without refined assumptions, e.g., source condition describing the smoothness of
f* and capacity condition describing the “size” of the corresponding # [45]], by taking one-pass over
the data (the same setting with our result) and the random features m = O(y/n), the excess risk [33]]
achieves at a certain O(1/4/n) rate. Under the same setting with the constant-step size, i.e., v = 0,
we have

7 1
_rx(2 — Ri . <
Ellfo—f HLgX Bias+ Variance < T

o) ok

which achieves the same learning rate with [33]], and has been proved to be optimal in a minimax
sense [55] under the standard assumptions. That means, the constant step-size SGD setting incurs no
loss in convergence rate when compared to the exact kernel ridge regression.

Second, in the over-parameterized regime, previous work using random matrix theory and replica
method provide an exact formulation of the excess risk. Nevertheless, it appears difficult to compare
the specific convergence rate due to their complex formulations, and thus we in turn study the
tendency. Here we take [11] as an example for comparison. They use conditional expectations to
split the variance into label noise, initialization, and data sampling, and the first two terms dominates
the variance.

() Our result on bias matches their exact formulation, i.e., monotonically decreasing bias. One slight
difference is, their result on bias tends to a constant under the over-parameterized regime while our
bias result can converge to zero.

(#¢) Our result on variance admits the same tendency with their result, leading to unimodal variance,
where some part(s) are with phase transition and some part(s) firstly monotonically increase during
the under-parameterized regime and then remain unchanged during the over-parameterized regime.
More importantly, both of the above two results demonstrate that, the variance will finally converge
to a constant order, that depends on the variance of label noise 72. That means, our (upper bound)
result is tight to describe phase transition and the final convergence state (depending on the noise
level) when compared to the exact formulation results.

Third, though convergence rates of random features for double descent is non-easy to compare,
results on least squares [2, [16]] under the over-parameterized regime or interpolation are possible for
comparison. Here we take our result by choosing m := d and the constant step-size for least squares
setting, and compare their lower bound results to demonstrate the tightness of our result. By virtue of
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Lemmal[l] we can reformulate our result as
1 d .
_ vio , ] = ifd<n
Elfu— 13 S0 7 o,
X 1+=+ ¥ ifd>n
n

which matches the same order with [1, Corollary 1].

Besides, when compared to [16], if taking the effective dimension k* = min{n, d} (no data spectrum
assumption is required here), we can recover their result. In fact, our result is able to match their
lower bound [2} [16]: excess risk > 7'2(% + %) with only one difference on an extra constant when
d > n. -

Based on the above discussion, our upper bound matches previous work with exact formulation
or lower bound under various settings, which demonstrates the tightness of our upper bound, and
accordingly, our result is able to recover the double descent phenomenon.

B Discussion on the used assumptions

Here we give more discussion on the used assumptions, especially Assumptions[2]and ] which are
fair and attainable.

Discussion on Assumption [2; i) bounded Hilbert norm: In high-dimensional asymptotics, this
bounded Hilbert norm assumption is commonly used in kernel regression [47} 40} 56], and RF model
[48]] even though n and d tend to infinity. Here we give an example satisfying this assumption, which
is provided by [49| Proposition 4], i.e., linear functions on the sphere can have bounded Hilbert norm
for all d.

To be specific, assume f : S? — R such that f(z) = v" x for a certain v € S, if we consider the
following reproducing kernel

k(:l?,(l?/) = /d 1{w7m20}1{w7m’20}du(w)7
S,

where 1 is the probability measure of w, leading to a zero-order arc-cosine kernel [51] by taking
Gaussian measure. Then we have

2dm
17l = 22

which verifies that our assumption on bounded Hilbert norm is attainable.

<A,

We also need to remark that, unbounded Hilbert norm of functions can be achieved [49, [57]] when
d — oo in some cases. For example, if we consider the above problem setting but employ the

first-order arc-cosine kernel, we have || f|| = C+/d for some constant C' independent of d.

Accordingly, apart from directly regarding it as an assumption, we also give an example such that a
function can have bounded Hilbert norm. In fact, in practice d is fixed (larger or smaller than n), and
accordingly it is reasonable for a fixed ground truth with bounded Hilbert norm.

11) optimal solution: We assume that £(f) admits a unique global optimum. If multiple solutions
exist, we choose the minimum norm solution of E( f), i.e.,

f* =argmin| f|lx st f€argmin&(f),
JeH feH

which follows the setting [16, [38]].

Discussion on Assumptiond; This assumption follows the spirit of [16, Assumption 2.2]. According
to [58, Theorem 5.2.15], assume « is a sub-Gaussian random vector with density of the form

p(x) = exp(—U(x)) for the strongly convex function U : R? — R. Accordingly, ¥,,> x is
sub-Gaussian, and then for any fixed W and PSD operator A, we have

Eglo (2)Ap(x)2,,] < Tr(AY,)Sm

The proof is similar to [16, Lemma A.1], and thus we omit the proof for simplicity. The sub-Gaussian
assumption is common in high dimensional statistics [2]], which is weaker than most previous work
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on double descent that requires the data to be Gaussian [} [11} 27, [12], or uniformly spread on a
sphere [4}50]], as discussed in Appendix [A]

In fact, our proof only requires Assumption E] valid to some specific PSD operators, e.g., SY,
Ex (2, — o(x:) @ o(x4)]? defined in Appendix @ For description simplicity, we present the
requirement on all PSD operators in Assumptiond] Besides, one special case of Assumption[]by
taking A := I is proved by Lemma 3] and accordingly this assumption can be regarded as a natural
extension.

This assumption is also similar to the bounded fourth moment in stochastic approximation, see
(29,1311 130L 36} 137] for details.

C Results on covariance operators

In this section, we present the proofs of Lemmas @on statistical properties of X,,, and 3.

C.1 Proof of Lemma[I|and examples

Here we present the proof of Lemma [I] and then give two examples by taking different activation
functions.

C.1.1 Proof of Lemmal/T]

Proof. Recall the definition of im, we have

S = Eow [p(@) @ o(x)] = %Em’wﬁw N [a (‘i‘;g) a(ngﬂ —

We consider the diagonal and non-diagonal elements of f]m separately.

Diagonal element: The diagonal entry (£,)i; = 1 Ep w,[0(22)0(22)] = LE B, [o(22))2
wTac

2
is the same. In fact, E, [0 (W)] is actually a one-dimensional integration by considering

the basis (e, ea, - ,e4) with e; = x/||x||2, and es, - - , eq any completion of the basis. This
technique is commonly used in [59,(60]. The random feature w admits the coordinate representation
w = wi1e1 + woeg + - - - + Wyey, and thus

T

whe = (01e1 + e + -+ + waeq) (|@]ler) = [|lz]|@r
which implies

()] = () e o

=L e (-2 ) Ve
‘m/R“” P 2||:c||2/d> Tl

=E.on,zlz/alo(2))

where we change the integral variable z := N Hence we have (X,,):

Bl n(o 22/ [0 ()]

Non-diagonal element: The non-diagonal entry (X.)i; = ~Egzw, w, [a(“\;g)o( N ) =
L1E, [Ewa(%)P is the same due to the independence between w; and w,. Likewise, it can

be represented as a one-dimensional integration

(Em)ij = %Em []Ewa (‘igﬂg = %Em []Ez~N<oA,1>U (Z%H)r = %Em (Ezww,nwuz/d) [U(Z)]>2 :
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Accordingly, by denoting a := (im)“ and b = (im)ij, the covariance operator flm can be
represented as

S = (a— )L, +b11T € R™*™ (11)
with its determinant det(3,,) = (1 + ) (a — b)™. Hence, the eigenvalues of 3, can be naturally

obtained by the matrix determinant lemma: Xl (im) = a — b+ bm and the remaining eigenvalues
are @ — b.

According to [61, Theorem 2.26], by virtue of the Lipschitz function o (-) of Gaussian variables, we

me wTa:
Pllo|—= | —Eonvior)o | —= | | > t| < cexp(—t?), Vt >0,
[ (ﬂ) Ao (ﬁ)‘ } Pt

which implies that a( 7 ) is a sub-Gaussian random variable due to its expectation in the O(1) order.
Accordingly, for z ~ N(0, ||z||3/d), we have E;V[o(z)] ~ O(1) as o(z z) is sub-Gaussian with

O(1) norm and its finite second moment, i.e., V[o(z)] ~ O(1), which implies Ay = LE,V[o(2)] ~
O(1/m). Finally, we conclude the proof. O

C.1.2 Examples

In our analysis, we assume o(-) : R — R with single-output for description simplicity. In fact,
our results can be easily extended to multiple-output cases, e.g., the Gaussian kernel corresponding
to o(z) = [cos(x),sin(x)]". Here we give two examples, including single- and multiple-output:
arc-cosine kernel that corresponds to the ReLU function o (z) = max{0, «}; and the Gaussian kernel.

Arc-cosine kernel: We begin with calculation of arc-cosine kernels due to its related single-output
activation function. Denote z := max{0, z} with z ~ N(0, ||x|%/d), it is subject to the Rectified
Gaussian distribution admitting (refer to [25]])

Jzllz i3 el 1
e IR (EEE

Accordingly, recall the sample covariance operator Y4 := E, [z ], the diagonal elements are the
same

= 1
(Em)ii = BBz lal3/d) [0(2)]* =
and the non-diagonal elements are the same

~ 1 2
Enis = —Ea (Ecunojaiz/alo(]) =

1 1 .
%Emllaf”%: mTI’(Zd), 221,27...,7’77,,
1
2mdn

Tr(Xg), 4,7=1,2,...,mwithi=j.

Gaussian kernels: Briefly, if we choose o(x) = [cos(z), sin(z)]", a multiple-output version, RF
actually approximates the Gaussian kernel with ¢(z) € R2™ in Eq. (), resulting in 3,,, € R2mx2m.
In this case, im = 51 @ S is a block diagonal matrix, where @ is the direct sum. By denoting 9 :=
|z||3/d, the matrix S; € R™*™ has the same diagonal elements [S1];; = 5= Eq [1 + exp (—20)],
and the same non-diagonal elements --E;, [exp (—9)]. The matrix S, is diagonal with [Sy];; =

5=y [1 — exp (—299)]. In this case, %, admits three distinct eigenvalues: the largest eigenvalue at
(’)71 order, and the remaining two eigenvalues at O(1/m) order.

According to Bochner’s theorem [62], we have E[cos(w' 2)] = exp(—22/2) and E[cos?(w' 2)] =
2
%(722:) forw ~ N(0,1,) and z := ||z||2. In fact, this can be computed by two steps: first

transforming the d-dimensional integration to a one-dimensional integral as discussed before; and
then computing the integral by virtue of the Euler’s formula exp(—iz) = cos x +isin «. For instance,
2

1 T .
E[cos(w' z)] = Eon(o,)z)3) COST = mRe {/R exp(—w)exp(lx)dx}

o (e i fen( )
(L2
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Similﬁlrlﬁ/, we have Efsin(w' z)] = 0 and E[sin(w' 2)] = H%Hz) for w ~ N(0, ;) and
zZ = ||Z]||2.

Based on the above results, for the Gaussian kernel, the expected covariance operator im is a block

diagonal matrix
S Sl 0 2mx2m
Ym = [T‘?} €eR )

where S7 € R™*™ has the same diagonal elements and the same non-diagonal elements:

1 wz\1*_ 1 [E2E: .
[S1]ii = EE%U |:COS (\/8)] = %Ew {1 + exp (—2d>} , 1=1,2,....m,

1 wz\1? 1 [E1E
[S1]i; EEQ [Ew cos (\/ﬁ)] = EEm [exp (_d>} , 4,7 =1,2,...,mwith¢ # j.

The matrix Sy € R"™*"™ is diagonal with

1 TeN12 1 2
stom L o)) = 1o ()] im1m
m m

Accordingly, %, has three distinct eigenvalues

i EBN] L L [ (BT

A =Eg {exp ( 7 + QmEm 1 —exp 7 o0@1),
;1 [ 1

Ay = 2mEm [1 exp < 2 7 @) )

;1 (=13 1

A3 = 2mEm {1 exp < 4 @) gl I

In this case, we can also get the similar claim on spectra of f]m with the single-output version: X,
admits the largest eigenvalue at O(1) order, and the remaining eigenvalues are at O(1/m) order.

C.2 Proof of Lemmal[2

Proof. As discussed before, O’(%) is a sub-Gaussian random variable with the O(1) sub-Gaussian
norm order. Hence, ||3,, — f]m ||2 is a sub-exponential random variable with
( Wz ) < Wa >T
B[ (7)o (72) ]
Vd Vd )

- - 1 '
1Zm = Znllz < [[Zmllz + [ Em]l2 = m +O(1) [using Lemmam]

2

1 Wax
< —Egllo| — + O(1) [Jensen’s inequality]
—Es ( \/E> ) (1) quality
1 W
< — [ Egllo(0g, 2 E, ||l— + O(1) [o: Lipschitz continuous]
m( [o(0m)]]2 7 2) (1) p
1 m
<O1)+ o ;:1 wTTEm[mmT]wi [using || 4|2 < o0]

1
< =llwll3  [here w ~ N(0,Ig)],

where ||w||2 is a x2(d) random variable, and thus ||%,, — %,,||2 has sub-exponential norm at O(1)
order. Accordingly, the high moment E||X,,||5 < oo holds for finite p. Following the above
derivation, we can also conclude that Tr(X,,,) has the sub-exponential norm O(1), i.e.

2

-
1 w w 1 w 1
Te(S,) = —EoTr |o (3”) o (w) = —E,|lo (a’) < Slw|2.
m Vd Vd m Vd Jll; ™~ d
Likewise, we can derive Tr(X2,) < oo in the similar fashion. O
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C.3 Proof of Lemma[3

Proof. The first inequality naturally holds, and so we focus on the second inequality. Denote
O :=FE, wip(x) @ p(x) @ p(x) @ p(x)], its diagonal elements are the same

m—1 N2 1 A 1
Ty == 5 Ea (]EZNN(O,kug/d) [o(2)] ) + @EwEZNN(O,Hmug/d)[U(Z)] ~ O -
Its non-diagonal elements ®;; with ¢ # j are the same
m—3 2
Cij =5 Ee { (Ez~./\/(0,||:c|\§/d) [U(Z)D E. N, =)2/d) [0(2)]2}

2
+ 5k [EZNN(0,|m|g/d) [0 () Eenv(o,112/a) [U(Z)]} ;

where the first term is in O(-1) order and the second term is in O(-1;) order. By denoting a :=

im i, b= im 17 as given by Lemmal|l| A := ®,;, and B := ®,;, the operator r'Tr §~)m Ym — @
jas g y J P
can be represented as

() Em — ® = [rm(a — b) — A+ B] I, + (rmab — B)11"

of which the smallest eigenvalue is rma(a — b) — A + B. Accordingly, to ensure the positive

definiteness of 7Tt(2,,),, — ®, which implies Eyy (Ew ([ap(w) ® (@) Alp(x) ® m:)])) <
rTr(me)flm, we require its smallest eigenvalue is non-negative, i.e., rma(a — b) — A+ B > 0.
That means, r should satisfies
A—-B A—-B
rz -1 2 : 12)
ma(a—b) BB, n(0,)2)3/0) [0 (2)]Ez Vo (2)]

Since A — B admits

1 1
A— B < —E4E, K,V o(—),
BB (Vo ()] + O ;)
then by taking r := 1+ O (%) the condition in Eq. (T2) satisfies, and thus rTr(f]m)im — s
positive definite, which concludes the proof. O

D Preliminaries on PSD operators

In this section, we first define some stochastic/deterministic PSD operators that follow [63] [16] in
stochastic approximation, and then present Lemma 5] that is based on PSD operators and is needed
to estimate B1 and V1. Note that, the PSD operators will make the notation in our proof simple and
clarity but do not change the proof itself.

Following [63| [16]], we define several stochastic PSD operators as below. Given the random features
matrix W and any PSD operator A, define

S¥ = Eufp(z) @ p(z) ® p(x) ® p(@)], =%, @Sy,

S"o A:=E, [p(x) p(x)Ap(z) @ p(x)], S¥oA:=%,A%,,,

where the superscript W denotes the randomness dependency on the random feature matrix W.
Besides, for any v; (: = 1,2, ..., n), define the following operators

(I =%T") 0 A:=Eqy ([I - viv(x) ® p(@)A[l — vip(z) @ p()))
(I —7%T" 0 A= (I =% Zm) A — %),
associated with two corresponding operators (that depend on ;)

T =%, @I +1®%, —vS", TV:=%,0I+1®%, —75".
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Clearly, the above operators S", SV, (I —~T), (I — 'yl-fw), TV and T" are PSD, and S¥ 3= S¥. The
proof is similar to [[16, Lemma B.1] and thus we omit it here.

Further, if v9 < 1/Tr(%,,,), the PSD operator I — v;%,, (i = 1,2,...,n) is a contraction map, and
thus for any PSD operator A and step-size -;, the following exists

o0 o0
Z (I — 3T o A= Z(I—mzm)%([—mzm)t.
t=0 t=0

Hence, (T") "1 :=~; 372 (I —~/T")" exists and is PSD. We need to remark that, though Tr(X,, ) is
a random variable, it is with a sub-exponential O(1) norm. That means, this holds with exponentially
high probability.

Based on the above stochastic operators, we define several deterministic PSD ones by taking the
expectation over W as below. For any given v; (¢ = 1,2,...,n), we have the following PSD
operators

S =Ew[Zn Xl S = im ® im,

T =S @I +10%, —7%S, T:=%,0I+I®%, S,

Sod:=Ew[LmAS,], Sod:=3%,4%,,,

(I =%T) o A:=Ew[(I = %iZm)A(I = %5m)], (I —%T)o A= (I —7Zm) A = %iZm),

which implies T — T = ~;(S — ).
Based on the above PSD operators, we present a lemma here that is used to estimate B1 and Vlf_f]
Lemma 5. Under Assumptions with r’ > 1, denote

Dy * =30 [ (=T 042 B%, (a3
s=11i=s+1

with a scalar B independent of k, if the step-size y; := Yot~ with { € [0,1) satisfies

1 1
< mi s )
7o = T { r'Tr(3,,) dTe(X,) }

where the constant ¢’ is defined as

, L if¢=0,
‘ ::{ e 0). o

Then D}~* can be upper bounded by

_ Yo B
pv—X { —
¢ 1 —yor'Tr(2,,)

Remark: The PSD operator I — ~;T" cannot be guaranteed as a contraction map since we cannot
directly choose vy < W for general data . However, its summation in Eq. (13) can

be still bounded by our lemma. In our work, we set B := r'Tr(X,,) for estimate B1, and B :=
721" v0[Tr(Z0m) + YoTr(X2,)] to bound V1, respectively.

m

Proof. Our proof can be divided into two parts: one is to prove Tr[D} ~*(¢)] < Tr[D}*(0)] for any
¢ € [0,1); the other is to provide the upper bound of D} ~*(0). We focus on the first part and the
proof in the second part follows [63, Lemmas 3 and 5] and [16, Lemma B.4].

*Our proofs on the remaining quantities including V2, V3, B2, B3 do not use PSD operators.
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The quantity Tr[D} *(¢)] admits the following representation by the definition of I — ~; 7"

Te(Dy ()] =Y [] T[T —%T") 04ZBS.)
s=11=s+1
—ZB% H Tr( [ —vip (w)®<ﬂ(£c)]2m[f—%<p(w)®<p(m)]>
1=s+1

=B sz H Tr( — 29,22, + 7 EnEe [p(2) @ p(x) © p(x) © @(@]) :

s=1 i=s+1

Based on the above results, we have

T[D;*(0)] - e[y X =BY ) [[ T (Em {(73 — DI —2(78 = V2%)Em

s=11i=s+1

+ (0 = 2B [ola) @ ¢l@) 8 (o) 0 p(2)]

BZ H Tr( m| (8 - ’752)1_2(’73_752%)Zm+(’7§_%‘2’73)272n})

s=1i=s+1

- th: ﬁ i <>‘j [(’Yg —72) =209 =2y A + (6 — 7373))6})

s=11i=s+1j=1

t t m 2 2 2 9 2

70 Vs i 707 (Yo — i)

=B )\-{74—7273 <)\ - > - ])
Z;_HHJX_;< 3|00 =28\ = S 76 — V2

Accordingly, Tr[D}*(0)] — Tr[D} *(¢)] > 0 naturally holds when ¢ = 0. When ¢ € (0,1), it

s 5. 3 Co . .. .
holds if \; < 20— 7;4j;;7f;7"”“7’ with j = 1,2, ..., m. This condition can be satisfied by
0 s I

Case 1 (if s = 1). In this case, v1 = o and we have

1 1 3 _ n2n 2 o2
A< Tr(E,) < — < =X 73’2 fyg'y; 0% , whens=1.
2% 0+ Yo — Vs
Case 2 (if s = 2,3,...). In this case, notice
Vo~ 1 Y% % 1

< < _ :
=727 — s + 7072 (o — 1)@+ 1) (o —12)(E +eys)  1-—2¢

Accordingly, we have

1-27¢ 98— 3% = 9%87s + 9073

Yo Yo — VIV
where the second inequality holds by Eq. (T4). Accordingly, combining the above two cases, if we
choose ]

— T (%,,)

1-2—¢
we have Tr[D}*(0)] — Tr[D} *(¢)] > 0.

A < Tr(E,,) <

)

Yo < for ¢ € (0,1),

In the next, we give the upper bound for D} *(0). The proof follows [63, Lemmas 3 and 5] and
[16, Lemma B.4]. We just present it here for completeness. We firstly demonstrate that D} ~*(0) is
increasing and bounded, which implies that the limit DY2*(0) exists, and then we seek for the upper
bound of this limit. To be specific, D} ~*(0) admits the following expression

t
DIH0) == 3 (I = 70T 042 B, = DIH0) + (I — %T") " 042 BE,, = Di=5(0),
k=1
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which implies that D} ~*(0) is increasing.
Let A; := (I — %T")'"! o BY,,, and then A; = (I — yoT") o A;_1. We have

Te[(I = %T") 0 Ap—1] = Tr(Ar—1) — 290 Tr(Em A1) + 95 Tr(S¥ 0 A y)
< Tr(Ai—1) — 290 Te(2,, A1) + ’ygr’Tr(ZmAt,l)Tr(Em) [using Assumption [4]]
ST = 90Zm) A1) < (1= 70An) Tr(Ai—1),  [using 70 < sy ]

Tr(Ar)

which implies

o0
Tr(BY
Tr (I — 5Tt 0 BE,,) < ) > (1=70Am) w < 0.
t=0 m

hE

Te[D}*(0)] < 75
t

i
<

Accordingly, the monotonicity and boundedness of {D} *(0)}5°, implies that the limit exists,
denoted as D7Z*(0) with

DITH0) = (I = ~T") 0 DT*(0) + 7§ B ,
which implies DYS%(0) = ~o(T")~! o BY.,,, Further, we have

T o DI-%(0) = T o DY*(0) + 705" 0 DYZ*(0) — 705" 0 DY*(0)  [definition of T*]
= %Bm + 705" 0 DLF(0) — 705" 0 DIT(0) (15)
< Y%BX, + 75" o DI2¥(0) . [using S¥ 3= S

Besides, (T%)~! o ,,, can be bounded by

(T o Sm =9 Y (I =7%T") 0 Zm =7 Y _(I = %05m) Em(I — Y0Zm)"
t=0 t=0 (16)

o0

<70 ) (I =70%m) Sm = 1. [using 50 < 1/Tr(S)]

Therefore, DY>*(0) can be further upper bounded by

DITX0) < ’Yo(fw)fl o BYpm + ’Yo(fwfl 0 S% o DY>*(0) [using Eq. (T3)]
<Y0B +v(T") ' 0 §% 0 DI7*(0) [using Eq. (T6)]

=B Z['YO(TW)_l o S"]* oI [solving the recursion]
t=0

e ~ t—1 ~
470BZ (’yO(Tw)floSw) oy(T)toSVor

t=0

e ~ t—1 ~
< 7B Z (’yo (T 1o Sw) oyo(T") "' o Tr(X,,)E,,  [using Assumption ]
=0

< B Z ['yor’Tr(Em)]t ol [using Eq. (T6)]
t=0

YoB

= ; 1
< T WoT’TT(Em)I. [using v < r’tr(Zm)]

7)
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Hence, based on the above results, D} ~*(0) can be further upper bounded by

Dy(0) = ( ) o D{Z1(0) + B
(I =7T") o DIZH(0) +’Yo(5w §%) o Dy} + 13 BEn
< (I =7T") o DX £(0) +968" 0 DSH(0) + 75 BEm
(I —~4T") o DY=X(0) + A2 Te[ DS (0)] Te (S0 ) Eon + 1 BE,,  [using Assumption @]
)o )+

Tr(X,.)r"vo .
< (I —~T") oD=* VB, | —— 41 Eq.
(1~ 0T*) o D730 (o 1) using Eq. )

Tr(Xm)7" Yo =
2 m k
Bl ———————+1 E I —%Xn)"2n
o (1 —yr'Tr(X,,) * k:O( 70%m)

Tr(3,)r" Yo
<vB [ —EmITI )
o (1 — yor'Tr(Z,) +

A

(18)

which concludes the proof. O

E Some useful integrals estimation

In this section, we present the estimation for the following integrals that will be needed in our proof
by denoting x := 1 — ¢ € (0, 1].

Integral 1: We consider the following integral admitting an exact estimation

t 1-¢ -1
/ u™¢ exp < — cu)du <t. (19)
1 1-¢

Besides, we also calculate this integral as below: by changing the integral variable v" := c“lf =
and

A=

d B 1
i — ulfn (E) (un _ 1) o — *uliﬂlﬂjnil ,

and then we have
(20)

where the last equality uses Eq. (I9) and takes the smaller one via the notation A. Accordingly, if we
take ¢ = 0 in Eq. (Z0), we have

t 1-¢ _
/ exp (— cu11>du < (ltc A t) . 21
1 - c

Similar to Eq. (ZI)), we have

n " 1-¢ _ 41— ¢
/ exp(—)\i’y()ut)dug(n—t)/\jb. (22)
t



Integral 2: we consider the following integral

t — —
/1u_<exp(—c(t+1)l j:(cu+1)1 <>du

t+ 1)t ¢ -
= (+c)/0 [(t+1)(1 - z)*% — 17711 —2) ™= mo" Lexp(—v™)dv with z:= <t1 1)”%
2< > k—1 K
< — Kkv" " exp(—v")dv
¢ Jo
2¢
()
c
(23)
where we change the integral variable v" := c(t+1)1741:(<“+1)17< with k := 1 — ( such that
1—k
RYE w4 11—k ut1,,0F K v k] F v !
du=— 1 dv=-"11- £ d
u=—7 (557 [ (t—i—l)] v c[ (1) c] (t—i—l) v

with (%‘11)" = 1—(v/(t+1))"r/cand the upper limit of integral is C := c'/*[(t4+1)" —(u-+1)*]'/*.

Duetou = (t+1)(1 —z)= —1 € [1,#], we have (1 — x)~ € [2/(t + 1), 1] and accordingly

1 —x 2 \"
glx) = [(t+1)(1—2)~ —1]" 11— a;)lT <217F(t+ 1) with ¢ € [0,1 - (M) } )
as an increasing function of .

Similar to Eq. (23), we have the following estimation
t 1-¢ _ 1-¢
~ t+1 1
/ Y2u"% exp < — 2)\1"}/0( +1) T (Cu +1) )du < <%IO A ’ygt) . (24)
! N i

F Proofs for Bias

In this section, we present the error bound for Bias. By virtue of Minkowski inequality, we have

(Bxw [(5%, Sil®)] ) "< (B w [(522 = 2%, S (i = )] )+ (Bw (255, )] )
2By
1 _ _ _ _ _ S - 1
<@+ (Ew [ =7, S (= 5)] )+, St

Lpg £p3

1
2

(25)
In the next, we give the error bounds for B3, B2, and B1, respectively.

F.1 Bound for B3

In this section, we aim to bound B3 := (72, &, 7o%).

Proposition 2. Under Assumption if the step-size y; := ~ot~¢ with ¢ € [0,1) satisfies
Yo < ﬁi)’ then B3 can be bounded by

¢-1
n
B3 S T”fﬂﬁ

ﬁ, the operator I — %, is a contraction map fort = 1,2, ..., n. Take

spectral decomposition im = UAU" where U is an orthogonal matrix and Aisa diagonal matrix

Proof. Due to vy <
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with (7\)11 = )\ and (K)n‘ =X (i =23,...,m) as 3, has only two distinct eigenvalues in
Lemmal[l] Accordingly, we have

n—1 t n—1
_ 1 = . = ~ .
<nbxw Z bXW> = ﬁ <Z H(I - ’Yizm)f ,Em Z H(I - ’Yizm)f >
t=0 i=1 t=0 i=1
1 n—1 ¢ N . 2
= |12 [T = vZm)Si s
t=0 i=1
1 n—1 ¢ 2 . o
<= (I —~5R)AZ| [If*)*  [using S, = UAUT] (26)
" t=0 i=1 2
1 n—1 t
< _ 2
< maxd JTO =90 Ml
t=0 i=1
1 n—1 t n—1 ¢ "
< H(1 — )2 A £ )2 + ZH(l —7ida)? Aol £¥1?
t=0 i=1 t=0 i=1
Note that
n—1 t " n—1 " t n—1 " t+1 1
(1—7y))? < exp <2*yo/\j ch> < Z exp (270/\j/ Cd:c)
t=0 i=1 t=0 i=1 t=0 17
n—1
~ (t+DiC -1
= exXp <_270)\j(1)§)
t=0 27
" ~ (t+DiC -1
<1 +/ exp (—QVOAjH)> dz
0 1-¢
nS
<1+ — An |, [using Eq. ZI)]
2’}/0/\j

here according to Lemma | for Ay, the upper bound is tighter than n due to i~ O(1); while

this conclusion might not hold for Ay due to Ay ~ (’)(1 / m). Then, taking Eq. (27) back to Eq. (26),
we have

_ . ns—1 . X nS x
St § 4 22 (S ) 1P

) YoA2 (28)
ns—t o _
S —IIf P ~om),
which concludes the proof. O
F.2 Bound for B2
Here we aim to bound B2 := Ew [(i5* — it 2., (7% — i2%))] = Ew [<d2§,ima§’l>] +
Ew [(a%, (S, — im)d‘;’)], where
of = = i = (1= ) 5y = ) + 7 (B = S )i (29)
with af = 0. Here o can be further formulated as
¢ t _ k—1 N
of =3 [I T=55)Em =) [TU = %E0)f*, (30)

k=1 j=k+1 s=1

where we use the recursion

Ap = —nEpn)A1 + B = ZH (I —7%m)B

s=114i=s+1
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Accordingly, B2 admits

B2 = Ew [(a", X,,at)] = ]EW<Zat, mZat>= Ew

t=0 t=0

2

. n—1
3 W
PIEN E Qy

t=0

;o BD

and we have the following error bound for B2.

Proposition 3. Under Assumption if the step-size 7, := ot~ with ¢ € [0, 1) satisfies

1 1
< min R ;
Y0 {Tr(Em) Tr(Em)}

then B2 can be bounded by

*|2
Al
Yo

B2 <

Remark: In our paper, we require I — v;3,,, (t = 1,2,...m) to be a contraction map. Though
Tr(X,,) is a random variable, it is with a sub-exponential O(1) norm, that means, the condition

Yo < 1/Tr(%,,) can be equivalently substituted by vy < 1/ [cTr(flm)] for some large ¢ (independent
of n, m, d) with exponentially high probability. This is also used for estimating other quantities.

Before we present the error bounds for B2, we need the following lemma.
Lemma 6. Under Assumption [Z] if the step-size 7 := Yot —¢ with ¢ € [0, 1) satisfies

1 1
< min R ;
Y0 {Tr(Em) Tf(zm)}

denote T = """ S (i — A)A? T (1= %A TIEZ (1= 7). Vi € [m], we have
1/ nS
T}SAE( >, ifANi#0; and?; =0, if\=0.
Yo

Proof. Following the derivation in Appendix [E} we consider the index ¢ with A; # 0 such that

. _
Z%(Xi—)\i)A?H (1 =N Hl—%

k=1 Jj=k+1
n—1 . t t k—1 .
SO = 2N D wexp (= Y A exp (= ) vk
t=0 k=1 j=k+1 s=1
< Lt )\ s %d Y b ’Yod
\f:o kaexp< /k+1 < :v)exp(— 1/1 =< x)
-1

_ 3 ¢ N R G Ve LA
;(/\ Ai)A? ;%k eXP( AiYo ¢ exp | — Aoy c
1

- t _ 1o¢ oy 1€ X1 ‘
1 /\Z t+1 )‘z )\7, )\z
’70()\1- —)\i))\} [/ u‘CeXp <_% ( ) 1u : + Au > "
1 d

~ t¢ -1
t_c - >\7,' )
+1 >exp ( Yo c )]

N

(32)

Denote x := 1 — ( and

n )\l(t + 1)1_< — )\iul_< + Xiul_c — Xz
U= 1-¢ ,
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by changing the integral variable u to v, we have

du ul=r g\ Ve~ . P L
A (*) (A = A)u™ + N+ 1) = N] == —v

)\7; — )‘z Yo
Accordingly, Eq. (32) can be upper bounded by

n—1 t ) 1-C _ N0 1=C 4 X 01-C _ Y.
= )\7 t 1 )\7 Ai A’L
T<Z'YO/\—/\)/\é[/ uCexp(—VO (t+1) Wt A )du
t=0 1 1=¢
~ t1C-1
t=¢ - XiYo———
+ eXp( Yo 1—¢ )]
1 1
= 1 ez 1 K ~ -1
< Yo(Ai — Ai)AZ / u” S exp(—v") = w0 o + tCexp ( — i )
; O( ) (:1% ( )>\1_)\7, Yo 0 17<
n—1 1 fe2 ~ 1 e |
= {)\f / exp(—x)dz + v (A — Mi)A?t S exp < - /\ﬂolg)]
t=0 1 N
1 n 1 1-¢ _ 1
af [l (- aE ),
0 1-¢
1/ ns
<A ( A n) , [using Eq. 22)]
YoAi
where ¢y := 22 \[(t 4 1)" — 1] and ¢ := %’Xz [t* — 1]. Finally, we conclude the proof. O

In the next, we are ready to present the error bounds for B2.

Proof of Proposition[3] According to Eq. (3T), we need estimation for HE 2 Zt o of

, for estimat-
ing B2. By spectrum decomposition, we have Hj:kJrl(I —7Em) =U (Hj:kﬂ(l — ’yjA)) Ur
and Hk I(I VoXom) = U]_[g 1([ vsA)UT. Then we have

n—1 n—1 t k—1
~ ~ 1
2117{2 ZO‘?&J = ZZ’WC H I_’yjzm)(zm - Zm) H(I_’Yszm)xfnf
t=0 2 t=0 k=1 j=k+1 s=1 9
n—1 t _ k—1 _ .
=D H (7 = %Am) A — A) T = vshm) A S
t=0 k=1  j=k—+1 s=1 )
n—1 t t k—1 .
< max  STST(e= AN T =00 TTO =230l
L2 m 0 T j:k:+1 s=1

(33)
where the second equality holds by || AB||2 = || BA||2 for any two PSD matrices.
By Lemma@ we have

1 — 2 1 N nC 2
B2 = 32 Tl < =Ew (A2 — A -
; ie{l,r%?%,m} ~ n2 W[ i (70)\2, n)} (Fal
2(1-¢) i
. n2(1=0 . Ew {n] A > né
= ”f H2EW |:’Y2>\* /\)\i*:| = ||f H2 ’yg)\i* o Yo
o Ew[Nie],  if A < 25
* (|2
ST
Yo
(34)
O
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F.3 Bound for B1

Here we aim to bound B1 := Ex w [(75225 — 5%, 5,,, (71522 —772%)) |. Define of := npas — nP%, we
have

af = [I —yp(e) ® p(@)]ai_y +n[Sm — () @ p(@d) 0ty 35)
with o = 0 and nP* | = H;;ll(l — 7 Xm) f*. Accordingly, we have
BL := Ex,w [(7"* —7, B (70 —710))] = Ew (Ex[(a%, Bmay)]) -

Proposition 4. Under Assumption @ with " > 1, if the step-size v; := ot ~¢ with { € [0,1)
satisfies

. 1 1
70 < min { r'Tr(Sn) " ¢ Tr(3,,) } ’
where the constant ¢ is defined in Eq. (14). Then B1 can be bounded by

BL S yor'n® THIfP ~ O (7))

To prove Proposition [4] we need a lemma on stochastic recursions based on E[af|a_;] = (I —
Yt Em)aﬁ_l, that shares the similar proof fashion with [29, Lemma 1] and [31, Lemma 11].
Lemma 7. UnderAssumption With v’ > 1, denoting Hy_1 := |2, — o(x¢) @ () |nF*
if the step-size ~; := Yot ~¢ with ¢ € [0, 1) satisfies

1

"< ' Tr(3,)

we have

n—1 n—1
1 1 1
Ex[(aX,%,a*)] < Ellof|?(— — =) +2Y v Ex||Hd? | .
Remark: We require ||X,, ||z # ﬁ to avoid the denominator to be zero, which naturally holds as
the probability measure of the continuous random variable ||¥,,||2 at a point is zero.

Proof. According to the definition of o} in Eq. (33), define H;—1 := [X,, — ¢(x1) ® o(x:)|nf*,,
we have

I? I?

= [lof ) — ye([o(s) ® ()] — Hy—1)
= llaf 1[I + 271 Hi—1 — [o(me) @ o(me)]af |1 + 29 (o1, Hio1 — [p(e) @ ()]t )
< Nled 1P + 297 (1 Hi—a ] + [lfe(ze) © (@) od 1 17) + 2velaf_y, Hi—1 — [p(x1) @ o(xe)]o)_y)

oy

which implies (by taking the conditional expectation)

Ex[llof[*laf_,] < [laf 111> + 292 1 Hi—1[|* + 297 (of 1, Ex[o(z) @ o(@:) © (1) @ p(a)]af_y)
— 2v{ef 1, Bt y)
<Nafq 1P 4+ 292 ([ He1 1?4 2987 Te(Sm ) (0 _ 1, Smad_q) — 2ve{edf 1, Smery_y)

= llad 1 l? + 297 (| He—1 1 = 29[ = 7er Te(Sm)af 1, Sy ) -
(36)

where the first inequality holds by Ex [H;_1] = 0, and the second inequality satisfies by Assump-
tion @l

By taking the expectation of Eq. (36), we have
Ex [[lof|*] < Exl[llaf_[I°] + 297 Ex [ He-1[°] = 29[ — 57" Tr(Sn)[Ex (1, Bmai_y) ,

31



which indicates that

n—1
1
]E —X,Em—X gf ]E " Ern " § E _— =
x [(@%,: Zman)]) n; x(of, Zmaf) < o [1_%7«@ Z xll % %)
1 1 n—1
+ —Ex|ad||? — —Ex/|of||* + Ex || H: |
5 x|l o x [laz| ;ml x || Hel
n—1
< E 2 Ex| H,
o [1_%70,Tr (Z x [l 1% ( o )+ ;%—H x|l t||>
due to aff = 0. O

In the next, we present the error bounds for two respective terms in Lemmal[7}
Lemma 8. Based on the definition of of in Eq. (37), under Assumption with r’' > 1, if the
step-size 7y = Yot ¢ with ¢ € [0,1) satisfies

. 1 1
< b b
o < fin { r'Tr(3,,) dTr(X,,) }
where the constant c’ is defined in Eq (]E[) Then, we have

Yor'Tr(2,,) 9
E < 7 2AEm) oS DRI
2 j b B = =) T2 — 1))

Proof. Based on the definition of o in Eq. (33), it can be reformulated as

k—1
= [I = (@) ® p(as)]af_y + 7 [Em — o) @ p(@)] [[(T = 7Em) f*
j:i_l 37)
= Z% H [T = ip(@i) ® o(:)] [ — @(@5) @ p(@s)] [[(T =7 Zm)
s=1 i=s+1 Jj=1

and accordingly
Cr ™ :=Ex[a} ® of] = (I — %T") 0 CpF +92(S" = S) o [nf%, @ 1™

< (L —%T") 0 CP=F + 428" o [, @ np*,]
t—1

H(I - /yszm)QEm

s=1

< (I —5T") o CPF + 427" Tr S (f*® f*)  [using Assumption ]

- * * . $1—¢
< (=T 0 C2F 4 20 Te () S (f7 @ f*) [using exp(—2Ai0tgt) < 1]

t t
) S0 T (17T 028" ® f7)
s=11=s+1

S W(f ® f*). [using Lemmal[3]|

(38)
Accordingly, we have
n—1 n—1
1 1 1 1
Ex|of|*(— — =) = cr* (—) [using Eq. (38)]
> Exlof P =2 =310 e (5 =) lwing Ea. @9
Yor'Tr () C 4O 2
—t 1)>—t¢
Z T+ D = €U
Yor' Tr(2,,)
< 107 ~\Em) ¢ 1 * (|2
~1 _'YOTITI'(Em) (TL )”f H ’
which concludes the proof. O
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Lemma 9. Denote Hy_1 := [2,, — o(xy) @ o(xe) %, Assumption with r' > 1, if the
step-size 7y = Yot ¢ with ¢ € [0,1) satisfies

1
<
Y0 X Tr(Zm) )
we have
n—1 1
Y v Ex | Hil < S I Te(Sm) -
t=0
Proof.
n—1 n—1 - _
> vnEx|H|? = Z%+1< H I =7 Em)Ex[Em — () @ o(@:)] H I =% >
t=0 t=0 j=1 j=1
n—1 t—1
< Z%H <f*,7"'Tr [H (I -2 ] Emf*> [using Assumption 4]
t=0 j=1
n—1 — 2
<N T (S ) Z%H{H (I =%m)| n
t=0 j=1
2
= [|F(1Pr Tx(E0m) {P%ax’m} Z%H H (1= 7A)" A
< £ Te () )\/n = R W
< r'Tr(X,, max ‘ u Sexp | — i—— | du
ietin ey 0 f L A e
1. .. .
<SIF7IPrTe(S0) . [using Eq. @O))
which concludes the proof. O

Based on the above results, we are ready to prove Proposition 4]

Proof. According to Lemmal8] we have

1
E”O‘kH ('yHl -0 < By Yor'Tr(2,,) (S — 1)
2n[1 —yr'Te(EZ,)] 2n[1 — yor' Tr(3,,)]?
< vor'ntTH P
~ Oy,

where we use the condition on the step-size regarding 7.

w

According to Lemma[9] we have

2300 e ExllH|? _ o 7T (Sm)
2n[1 — yor' Tr(X,,)] W2n[ — yor'Tr(X,)]

,r/
< SR

o))

Accordingly, combining the above two equations, we have

1 1 1 S
Bl := EwEx[(a*,¥,,a*)] < E Ellaf||?(— — —) +2 Ex | H:|?
wEx (@), Bndl)] € 5T w@ kP = 5 +2 3 e Exl| Hl

£

S vor'n 2,

which concludes the proof. O
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F.4 Proof of Theorem/[I]

Proof. Combining the above results for three terms B1, B2, B3, if

, 1 1 1
To = { Tr(Sy,) 7 Tr(Em)" ¢ Tr(%,) } ~ o), 9

where the constant c is defined in Eq. (T4). Then the Bias can be upper bounded by

Bias < (W+W+\ﬁ) 3(B1 + B2 + B3)

Syor IR

G Proof for Variance

In this section, we present the error bound for Variance. Recall the definition of n}* in Eq. (8) and
ny* in Eq. (), and
n—1
T_I;ILX — % Z ﬁ¥x7 —vxw : Z —vxw7
t=0

by virtue of Minkowski inequality, Variance can be further decomposed as
—var =var % var =V var =V % =V =V %
(]EX,W,E |:<77n 7277177 >]> <([E)(,VV,E [<77n nnxvz (T]n ’rlnx)>:| ) + (EX7W7€ |:<T]nx72mnnx>])
Ay1

1 — v —v v —v 1
<(V1) 24 (EX,W,E [<77nx_77nxw7 ErrL (nn _nnxw)ﬂ ) +[EX,W,€ <7]n ) Emnnxw>] 2.

Ly Ly3

D=

(40)

Accordingly, the Variance can be decomposed as Variance < V1 4 V2 + V3, and in the next we
give the error bounds for them, respectively.

G.1 Bound for V3

In this section, we aim to bound V3 := Ex w (72, £, 77%). Note that Ex ¢ [n/™|n/2] =
- %Z )ny¥¥ | similar to Appendix for B2, we have the following expression for V3

V3:= EX,W,5<77n ,Emnzxw> IEW [EX,E <2m7 Uﬁxw Y ﬁxxw”

1 V. V. V. V.
e ((Zn T medone T o)

0<k<t<n—1 0<k<t<n—1

1 v v v v (41
< —Ew <Em, > Exem™on™+ )] ExE[m”®n”’]>
0<k<t<n—1 o<k<t<n—1
n—1n—1 k—1 _
- 25 S (TH0- S B o))
t=0 k=t

=Cyx
and thus we have the following error bound for V3.

Pr0p0s1t10n 5. Under Assumptlonl l Iwzth 7 > 0, if the step-size v; := ot~ with ¢ € [0,1)

satisfies o < ™ (2 5 then V3 can be bounded by

m .
- Yo1? iC fm<n
V3

~ YoT (ncl—i—%), ifm>n.
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To prove Proposition[5] we need the following lemma.

Lemma 10. Denote Cy* := Ex [n/™ @ ny™], under Assumptions @with T >0, ify <

1/Tr(2,,), we have
t t

o 57300 T (=5

vXW

M = (= )™ + mewp(@r) = > 1T a- ViZSm)mene(y)  withni = 0.

Accordingly, C7* admits (with C§¥ = 0)

~+

t
C = Z H I—7Zm)*RE < 72271% (I —~;Em)*E,  [using Assumption 5]
k=1 j=k+1 k=1 j=k+1

where we use Ele;e,] = 0 for ¢ # j. O

In the next, we are ready to bound V3 in Proposition 5]

Proof of Proposition[5] Note that A~ 01 ) and Xy ~ O(1/m) in Lemmal we take the upper
bound of the integral in Eq. (22) to £ — nt for 1. However, according to the order of Ao, if Ay < 1 /n,

the exact upper bound is tight. Based on thls we first consider that m < n case such that Xy > 1/n,
and then focus on the m > n case. Taking 5*— in Eq. (22) and 2* in Eq. (24), we have

V3:=Ex w (7", Emii") = Exw,e@m T @)

n—1ln—1 k—1
< Y Ew <H I % Em)Em, Ex el V“@ﬁ?“']> [using Eq. @1)]
t=0 k=t Jj=t v
2 n—1n—1 k—1 t t ~
S Z Z]EW <H I 7j m E'rmZVf H I - ’szm)22m> [uSing Lemma@]
t=0 k=t s=1 Jj=s+1
2 n—1n—1||lk—1 . _
< [10 = %8S sz I -S| ™ (Ew[=25.1)
t=0 k=t ||j=t s=1  j=s+1 )
2 n—1ln—1 k—1 t N
< ma (1- )\ (1 =M\ 2 using Lemma
< Zle{lgx,m} E 7% gvsjlll 7M)?| lusing Al

2

N

=3
2 Z Z masx
n? o & 16{1,27

2n71 - ¢
TIPS RS (24)]| wsing B @ @0
n 3 ,m

o {2, Aivo \

1-¢

m}

A
w\

n
< T—Q { 1+Cm—|—nCTr(Em)q/0/ t2<dt}
n 0
m .
< 12 e [using Lemma 2]

(42)

where the last equality holds that fon t=2¢dt < nforany ¢ € [0,1).
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If Xz < 1/n, that means, m > n in the over-parameterized regime, we have

2 2n-1lrp ¢ ~
V3 < n—TQ 3 [/\1~n <;° +7§> + Aa(n — t)t]
1

t=0 >\170

2 —~ —
< 7 (¢ 3,20 DO DY pginee s, ~ 0(1)

~on
n

rg 70T2 <n<_1 + 7) )
m

which concludes the proof.

G.2 Bound for V2

Here we aim to bound V2
V2 i= Bt w e [0 =0, S (07 =) ]
Recall the definition of /* and n/*" in Egs. (E[) and (E) we have

™ = (I = %Sm0 + vierp(y) Z H (I = 7 Zm)vere(®r)  with g™ =0,
k=1j=k+1
and accordingly, we define
af¥ " —77t ngxw (I = Xm) o Y 4+ 3 (B — )™, withafX " =0
s—1 s—1
ZZ H (I =%Zm)vs(Em —Zm) > [ T - Vi Em kP () -
s=1i=s+1 k=1j=k+1

Proposition 6. Under Assumptions @with 7 > 0, if the step-size v; := Yot ~¢ with { € [0,1)
satisfies
1

(%)’

Y < 43)

then V2 can be bounded by

2 M .
—_— ifm<n
V25{70T ni=¢’ fm <
Y12, ifm>n.

To prove Proposition[6] we need the following lemma.
Lemma 11. Denote C/* " := Ex c[a}]* " ® o} "], under Assumptions with T >0, if the
step-size vy := ot~ with ¢ € [0, 1) satisfies

1 1
< min , — ,
7 {Tr(Em) Tr(Em)}

1672 £ 798 (ol Znllz + 1) (ol Enllo +1) -

we have

Proof. According to the definition of C}* ¥, it admits the following expression

s—1 s—1
S Z H =722 Em ~Zn) Y T T~ 7Em) B2 Em — E) I —7iZm)
s=11i=s+1 k=1 j=k+1
t t _ s—1 s—1 _ _
<D ] =722 En =20) Y [T T =S REEm = Sn) (I = %Tm)
s=1i=s+1 k=1j=k+1
t t . s—1 s—1 . .
<Y [ =922 Em =) Y. [ = %5m) 8 m (Em — ) = 7iSm) ,
s=11i=s+1 k=1 j=k+1
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where the first equality holds by E[e;e;] = 0 for ¢ # j and the second inequality holds by Assump-
tion

Accordingly, ||C}*"|| can be upper bounded by

t t s—1
HCZX_WHQ < 7_2 273 H (I - %Zm)QEm 2 Z’Y}% H I - fijm)Q
s=1 i=s+1 k=1 j=k+1 9
t t _ _ _ B
<Y 2 ] 4 —=ism) sz H (I =9 50m) 5 Hzm 9%+ E;lﬁanQ
s=1 1=s+1 9 ||[k=1  j=k+1

2

. s—1
ST o }vfexp< A Z 7’>A Z% max exp | =2}, > % | A
—1 sLyeee, M

1,2
1=s+1 { } j=k+1

Him oy 4 i;}z};HQ

Similar to Eq. (23), we have the following estimation

s—1
Z’YZ H 1_’ijp)

k=1 j=k+1 k=

s—1 s—1

73 exp —2)\ Z ;i
1 j=k+1

s—1 1-¢ _ 1-¢
_ ~ s w+1
<92y +v§/ u 2<exp(2/\p70 (ut1) >du
1

1-¢
<W§+ (;\IO /\’YOS> )
P

max A, > 97 [ (1= 7%2)7 <780 +70 <155m + 70 (44)

which implies

Similar to Eq. (Z3), we have the following estimation

t t t

t+ 1) — (s+1)¢
> yiexp (—2% > %) <Z’V§exp<—2kq%( ) 1_2 ) )
s=1 s=1

i=s+1
(t+1D)1C — (u+1)¢
e Ja

t
<+ 73/ u™?¢ exp (— 2X¢7%0
1

"o
<’Yo+<)\/\70>a

which implies

A 2)g | =z, 45
qe{12...,m}z:75 eXp( Z’V> ’YOH ll2 + 70 - (45)

i=s5+41

Combining the above two equations ([@4) and (@3)), we have

12 S 7293 (ol Zmllz + 1) (ol Emllz + 1) -
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Proof of Proposition[6] By virtue of Ex c[oy* Va/*7"] = (I — %Xy )a;* (" and Lemma |11} V2
can be bounded by

V2 =Ex w.e (T =, S (i =) | = Ew (S, Ex e[y @ ayf ")

n—1ln—1 k—1
< 25 (T 5 Bt o)
t=0 k=t Jj=t X—W
:=C7
7— ,}, n—1ln—1k—1
S RIS wllBw | [Sm = 28 + S22 | MEmllzro + 1T [ S5 [0 = %Zm)Sm
t=0 k=t j=t
7242 - ~ .
S RSl Ew |\zm||2Hsz2zm+zm122 H ZZO/\ <Mo nt)> . [using Eq. @2)]
1 t=

In the m < n case, we choose 1n¢/(A\;¥0), and thus

T2m - B - n1+
v2 S TO S B (52 ||Eom — 28 + 55152 | ]

mHEMHQ

— _ 2
< 72 ]EW||Em||§\/ Ew HEm — 2%, + 35 Z’Q”H [using Cauchy—Schwarz inequality]
2

< 72~ nzc . [using Lemma2]and [

If m > n, we have

~

<2765 g T ( S, 9%, 4+ Yoin? S
o 5 e (5[5 2555053 ) s

<720 Zmlle VEwW [Tr(S,,)]2 EWHZ 9%, + i

< 7%, [using Lemmas[Z]and [

which concludes the proof. O

G.3 Bound for Vi1

Here we aim to bound V1
Vi:=Exwe [<Thvlar s S (T =150))] -
Recall the definition of 12 in Eq. (6) and n;* in Eq. (8), we define
ay = = = (1= (@) @ ()]0 ]+ e[S — (@) @ p(a)lnity, withag ™ =0.

= [T = yp(@r) ® p(a)]ai =} +1[Zm — (@) @ p(x)] Y [ (T —vZm)mere (@)

k=1j=k+1
t s—1 s—1

:Z H VolI = vitp(@i) ® 0(@)][Bm — () @ 9(24)] > [ (I = %Zm)veene(s) |
=14i=s+1 k=1j=k+1

and thus the error bound for V1 is given by the following proposition.

Proposition 7. Under Assumption I l I l 4|\ with v’ > 1, and Assumption |§| with T > 0, if the
step-size 7y = Yot ~¢ with ¢ € [0,1) satisfies

. 1 1
<
o mm{rm(zm)’ mr(zm)} ’
then V1 can be bounded by
ifm<n

m
Vi <7342 ¢
1, ifm>n.
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To prove Proposition (7, we need the following lemma. Define C}* := Ex c[a] * @ o] ¥], we
have the following lemma that is useful to bound C} ~*.

Lemma 12. Denote C}* := Ex [a)* @ o] 7¥|, under Assumptlonsl I I Iwzth r' 21, and
Assumptwnlwzth 7 > 0, if the step-size v; := Yot~ with ¢ € [0, 1) satisfies

. 1 1
< )
7o = mm { rTr(%,,) dTr(,,) }
where ¢ is defined in Eq. (14). Then, we have

vt < Yo' [Tr(Em) + 70 Tr(27)]

I.
1 —yor'Tr(3,,)

Proof. According to the definition of C} ¥, it admits the following expression

s—1 s—1

CZ_X=Z H VB[l — yip(ai) ® () Ba [Sn — 0(a1) @ ()Y [[ (1 =75m)’RE

s=11i=s+1 k=1j=k+1

= — 3T o Cy—F+~2(S Z H (I —v;%)*72Z  [using PSD operators]
k=1 j=k+1

< (T =T") o Cy = +928"0 > [ (I=75m)*WE [using S¥ 3= S¥]
k=1 j—k+1

ST =T o C7f + 729780 Y ] (I —%%m)* 1 Em [using Assumption[3]
k=1j=k+1

< (I —5T") o OFF + 72427 Tr Z H I —~;%0)%9%2, | S, . [using Assumption[d]

k=1 j=k+1
(46)

Similar to Eq. (23), we have the following estimation

t—1 t-1 m _
T (Y [ TS o] =D N2 7 [ = ZkfzvkeXp —2); Z %

k=1 j=Fk+1 i=1 k=1 j=k+l1 i=1 k=1

m
u+1)"~
<% YN {1+/1 exp( Ao 1(—C )
1=1

< ARTe(22) Z)\Q (/w0

X ’ygTr(Efn) =+ 'YOTI"(Em) )

\_/

[using Eq. 24)]

where we use the error bound 3 > instead of the exact one ~&t for tight estimation.
Taking the above equation back to Eq. (@6)), we have

O X 3 (I —T") o CF F 4+ 272 %0 [Te(Z0) + 0 Tr(22)]% 0
t t
< 70 Tr(Sm) + 0 Te(E5,)] Z H (I =T 27 Zm
s=11i=s+1
_ BT (Em) + 20 TR ()],

< = o T () ,  [using Lemma[j])

which concludes the proof. O

39



Proof of Proposition[]] Accordingly, by virtue of Ex c[ay *|aj_1] = (I — %Xm)aj_7 and
Lemma[I2} V1 can be bounded by

V1:EXWe[<777Vf\r S (T =) = Ew (S, Ex [a) * @ ay, ¥])

n—1n—1 k—1
< 2Y S <H e )
t=0 k=t j=t X
:=C]
T | [T )+70TT 22 e .
S 2 W 1= o Tr(3) ;;})\z< o n—t)) ,  [using Lemma([I2]]

where the last inequality follows the integral estimation in Eq. (22).

For m < n, we use /\ , and thus

250r'm [Tr(Z,,) + 70 Tr(X2)) 9o, m
ot e ml| < e
ni-¢ W [ 1 —vr'Tre(2,,) ~TT %nl—C ’

V1 <

where we use Tr(X,,) as a nonnegative sub-exponential random variable with the sub-exponential
norm O(1) in Lemma2}

For m > n, take n — t, we have

2
Vi f/ T2’Yg7'/EW l:[Tr(Zm) +'70Tr(2m)]:| 2 1.2

1 —yor'Tre(3,) ™% ~ O).

G.4 Proof of Theorem[2]

Proof. Combining the above results for three terms V1, V2, V3, we can directly obtain the result for
Variance.

Variance < (\/ +VV24+ VY ) 3(V1+Vv2+V3)
-1 <
< o mn ,11f m < n
~ 1+ns" + —,ifm>n
m

O(mnc_l), ifm<n
0(1+n<71+2>7ifm>n
m

which concludes the proof. O

H More experiments
In this section, we provide additional experimental results to support our theory.

H.1 Results on a regression dataset

We conduct the RF regression via averaged SGD and minimum solution under different initialization
schemes and different epochs on a synthetic regression dataset across the Gaussian kernel.

data generation: Apart from the commonly used MNIST in the double descent topic [13[53], we
also add a synthetic regression dataset via normalized MSE in Figure [3(a)] for fully supporting our
work. The data are generated from a normal Gaussian distribution with the training data ranging from
n = 10 to n = 400, the test data being 200, and the feature dimension d = 50. The label is generated
by y = f,(x) + €, where the ¢ is a Gaussian noise with the variance 0.01. The target function f* is

lz—a'll2
d

generated by a Laplace kernel k(x, ') = exp (— ), to ensure f* € H. To be specific, for

any a data point & € RY, its target function is f*(x) = [k(z, z1), k(z, z2), -+ , k(x, x,,)]w, where
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Figure 3: Normalized MSE (mean=std.) of RF regression with different epochs on a synthetic
regression dataset across the Gaussian kernel in (a); trends of Bias and Variance under different
step-size are empirically given in (b) and (c), respectively.

w € R" is a standard random Gaussian vector as a sign. We remark that the reason why we do not
choose the Gaussian kernel as the target function is to avoid the data and model induced by a same
(type) kernel.

experimental settings: We follow Figure 2(a)| with the same experiment settings, i.e., conducting
RF regression via averaged SGD and minimum-norm solution under the Gaussian kernel. In our
experiment, the initial step-size is set to 79 = 1 with { = 0.5. Nevertheless, we take constant
initialization (i.e., set the initialization point as a constant vector) and different epochs (i.e., 50 and
100) for broad comparison.

Fig. @ shows that, first, under this regression dataset with constant initialization, we still observe
a phase transition between the two sides of the interpolation threshold at 2m = n when min-norm
solution and averaged SGD are employed, which leads to the double descent phenomenon. Second,
averaged SGD with more epochs result in a better generalization performance, but is still slightly
inferior to that with min-norm solution. We need remark that, when employing gradient descent,
under mild conditions, the solution converges to the minimum norm solution, as suggested by [4].
Nevertheless, whether this result holds for SGD is unclear, depending on the choice of the ground
truth, step-size, etc [64}165]]. Studying the property of converged solution is indeed beyond the scope
of this paper.

H.2 Different step-size on Bias and Variance

Following Section[5.2] we also evaluate our error bounds for Bias and Variance under different
step-sizes on the MNIST dataset. Figure [3(b)]on bias and [3(c)|on variance coincides with the results
of Section[5.2} monotonically decreasing bias and unimodal variance (phase transition of V3 and
non-decreasing V1 and V2) under different step-size. We remark that, the estimated error bounds
are normalized for better illustration, and accordingly we cannot directly compare the value of these
components under different step-size.
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