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S1 Functional Determinant

Here we show that the functional determinant of integral operator K, defined by |[K| =
lim o | KAl in (8), can be calculated by the product of its eigenvalues.

Under the discrete scenario (7), the [-th eigenvalue of the J x J matrix, KA, should satisfy the
following eigenvalue equation,

J
Dkttt — tp 1)t = Ndh, Ve {l,..., T}, (ShH
=1
where ); denotes the I-th eigenvalue, and &' £ (@%,...,0%)7 is the J-element eigenvector for

the [-th eigenvalue. The determinant of K A is thus given by the product of the finite number of

eigenvalues, |KA| = HzL:1 M. Given the limit of the division number J — oo (A — 0), the
Nystrom method [K] states that the eigenvalue equation (K1) converges to a homogeneous Fredholm
integral equation, i.e., the eigenvalue equation of operator /C,

Kol = Apt, or / k(t, s)ol (s)ds = Mol(8), ¢ €T, ($2)
T

where vl(tj) = ¢, and N, = limj_ oo 5\1. The set of eigenvalues for the integral equa-
tion (82) is countably infinite [H]. Therefore, the functional determinant of operator /C, that is,

IK| £ limy_,o | KA|, can be described as the product of the infinite number of eigenvalues of
(82):

AR H _
K £ lim [KA|= llj[l/\l. (S3)

It should be noted that integral operator /C with a positive definite kernel function often has infinitely
small positive eigenvalues, where the marginalization of Gaussian process prior by path integral
(9) leads to the trivial value of zero, m = 0. Actually, the path integral provides a rational
result when applied to the marginalization of the posterior probability (16), where the ratio of two
functional determinants are considered.
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S2 Derivation of MAP Estimator Equation

We detail here the derivation of the integral equation (12) that yields the MAP estimator. The
functional derivative of S(z(t), z(t)) should be zero on the MAP estimator £ (t):

55((t), 2(8)) = /T &ii sba(t) + &ii )§x(t)}dt+0((5x)2)
- N . /A
o [ gy - 3 @) 50 Li)|oa L) - pyoz
/T_ () - 3 Ly tn)+2(t)}6 dt+/T2( () — p)oadt
- N . /A
_/T_/%(:i:(t));m5(ttn)+x(t)]5xdt— ,

where the following relation was used,

/T (2(t) — p)dzdt = /T (&(t) — p) /T E* (¢, t))ox(t))dt dt
:/ dt'éx(t’)/ k*(¢,t)(2(t) — p)dt
T T

:/@(t’)&cdt’. )R ) =KX (E,t)
-

Thus the following equation is derived,
N . ot
2(t) + K (2(¢ Z S(t—t,), teT. (S4)

By applying operator K to (84), we realize an equation that derives the MAP estimator Z(t) as

follows,
N

)+ | k@, )E(EE))dt = p+ Z k(t,tn)m, teT. (S5)
T K (2(tn))

n

=

>

S3 Derivation of Predictive Covariance

We detail the derivation of the predictive covariance shown in (13-15). The predictive inverse co-
variance (precision), denoted by o*(¢,t'), is given by the second functional derivative of .S, which
is written as

§28(z, z)
* ANEAY ) = * / * /
o (t’t)_i(;x(t)&c(t’) . 2°(t, ) + h* (¢, ),
where
2t t’)é—iM St —£,)0(t — t)
’ - n=1 dz? z=2%(t) ! -

(S6)
() 2 a(t, ) + K (8 E),

a(t, t') £ i(2(t)6(t —t).

Let the integral operators corresponding to o (¢,t'), z(¢,t'), h(t,t'), and a(t,t’) be denoted by X,
Z, H, and A, respectively, and their inverse counterparts by *. Using the fact that operator Z* is
factorized as,

z* :/ S YdY =UTZ7U,
T

2]
Zomr 2 _dL(’j(x)) Snnry  Un 2 / CO(E — t,)dt
dz e=32(t) T




we obtain the predictive covariance o (t,t') with a finite (thus tractable) N-dimensional matrix rep-
resentation as follows:

5= / (b, E)dE = (25 + H) = (UTZ7 U+ H)
T
=H—HU(Z +UHUT ) UH
:/ : [h(t,t’) —h(t)(Z + H)'h(t))|dt,
i

ot t)=h(t,t)—h(t) (Z+H) h(t),

where H,,,,y £ h(t,,t,), h(t) = (h(t,t1),...,h(t, tx)); we used the Woodbury matrix identity
in this derivation.

The remaining problem is how to obtain i(t,t’). Equation (S8) states that the operators H, .A, and
K hold the relation, H* = A+ K* & (I 4+ KA)H = K, which leads to the integral equation that
h(t,t’) should satisfy,

h(t, s) + / Rt )R (2()) h(E, 8)dE’ = k¢, s). 7
T

S4 Derivation of Marginal Likelihood

We can obtain the marginal likelihood or evidence of GP models, p(D), under Laplace approxima-
tion (13) by performing path integral (9) as follows:

logp(D) = log/exp [—S(z(t),z(t)] 2=

~ —S(2(t),2(t)) + log/ef% S o7 (08 (2(8)-2(8)) (@ (t)-2(¢))dtdt’ g,
1

= —S(a(t),2(0)) + 5 log| 2|

Substituting (§4) into (11), we can write down S(Z (t), Z(t)) as

N
S((0). 2(0)) = 3 lox K| = Yo n(a(t.)) + | w(a®)it+ 5 [ (@) = wate)an
N
_ %log K| — nz_:llogn(fc(tn)) + [ ()
1 [ . N R(2(tn)) R
+3 /T(x(t) — 1) Lz::l (i )5(t - tn)—n(x(t))] dt
~ Liogix] —&-/Tﬁ(f(t))dt—; [ (@0) - i (a0 a
Ny (&(ty) R
+ nzl [Q(x(tn) — ) HE@(tn)g — log m(x(tn))]

Furthermore, by using the matrix determinant lemma, we can rewrite log | X| as

log |¥| = log |H — HU(Z + UHUT ) UH)|
=log |[H| —log|Z + UHUT| +1og |(Z + UHUT) — UH)H* (HUT)]|
=log |H| —log|Z +UHU| +log|Z|
=log|H| —log|Ix + Z 'H|.



S5 Calculation of A(z, s)

We apply the Gelerkin method [1], a variant of the projection method, to solve equation (84) with

regard to h(t, s). Let
L
8) =~ Y wipi(t)pi(s)
=1

and solve for the coefficients, {wl}lL: 1> using the set of residual equations derived from (57),

// r(t, 8)pi(t)pi(s)dtds =0, 1=1,...,L,

TxT

r(t,s) = h(t,s) +/ k(t, t)i(2(E))h(t, s)dt' — k(t, s).
T

Using the relations of the eigenfunctions,

/ k(t, s)pi(s)ds = Npi(t / h(t, s)pi(s)ds = wipi(t),

we can solve the residual equations, which results in

_ )\l - N 2
wp = =R Hl—/T/i(x(t))Lpl (t)dt.

S6 Representer Theorem
Formula (83) provides the MAP estimator () for general Gaussian Cox processes, but an interest-
ing representation is obtained under a quadratic link function.
If link function x(z) is given in quadratic form,

k(z) =22, Fk(x) =2z, k(x)=2,
then (83) reduces to a Fredholm integral equation of the second kind,

N
ﬂ@+2/k@ﬂmwMﬂ:u+2§:Mu%m@@*.
T

n=1

The linearity of the integral equation permits a representation of the form

Z(t) — p(1 — 2h(t) —2§:htt (S8)
where h(t, s) is the positive semi-definite kernel defined in (§4), and h(¢ fT (t,s)ds. (BR)

states that MAP estimator Z(¢) can be written as expansions in terms of the training examples,
where the MAP estimation reduces to a finite-dimensional optimization problem corresponding to
new kernel function h(t,s). Therefore, the MAP estimator of Gaussian Cox process involves a
representer theorem under a quadratic link function, which is a generalization of Wahba’s classical
representer theorem [[2]. Function A (¢, s) has been studied by [T, B] as the equivalent kernel.

S7 Kronecker Structure in Product of Eigenfunctions

For a set of L = [[, L4 points on a Cartesian product grid (the grid need not be regular), p €
T1 X -++ X Tp, matrix ®, defined by

@11 = v (p1) H QO(d) pld 1<, la < La, (59
has a Kronecker structure as indicated by
d d)( (d
e-—ale. 0ol & 20007 (S10)

Therefore, in the multi-dimensional input setting, exploiting the Kronecker structure can reduce the

O(L?) computation in MAP estimation, or {3, \iBip1(pir) }i—y and {3°, Bipr(pr) }i 1, to O(L)
computation [[{], although we did not employ it in this paper.



Table S1: Symbols and Definitions.

Symbol Definition

N number of data points

T observation region

D={t, T}, observed data points

ES) (¢, 1) (inverse) kernel function

K& = I+ E®)(t,¢') - dt' integral operator corresponding to k(*) (¢,¢')

|| functional determinant of operator X

B path integral computation with respect to continuous path x(t)

Table S2: Summary of related works. Op;, Oy, Of represent the computational costs of the
MAP/predictive mean, the predictive covariance, and the marginal likelihood/evidence lower bound,
respectively. ) and P represent the number of gradient descent iterations and the number of MCMC
samplings, respectively. For the other symbols, see the main text.

Proposed (3] [, 6] (4]
O (NL+L%)Q (N-min(N,L))Q  (NL*+L%Q (NL+L?)P
O + N L + Onm + 2,73 2
OV (N+L)ymin(N?1?) (N+L)min(N2,r2) NHLHQ (NLHLAHP
OE OM+chL+ OIM"‘ (NL2+L3) (NL+L2)

(N+L)-min(N% L?) (N+L)-min(N? L?)

S8 Summary of Key Expression and Algorithm

We summarize the key expressions in Section 2.1-2.2 (see Table K1) and the proposed algorithm
(see Algorithm ).

S9 Summary of Computational Complexity

We provide a summary of the related works about the computational complexity (see Table K2).
Here we focus on the algorithms that could scale linearly with the number of data points. Oy and
Op of our proposed method reduces to those of ['3] under the quadratic link function because the
integral in Eq. (19) can be performed analytically. Note that the complexity of each algorithm
could be reduced by utilizing a stochastic gradient descent algorithm or by exploiting the Kronecker
structure.

S10 Experimental Settings and Additional Experiments

S10.1 Experimental Settings

For all the experiments in Section 5, we used a multiplicative Gaussian kernel, k(t,s) =

I, e=(0(ta=s0))”  \where hyper-parameter 6 was optimized for each trial by grid search. We cal-
culated the marginal likelihoods or the evidence lower bounds on the following sets of hyper-
parameters:

9/\1@ = {.01, .02,... 70.1}, 9>\2(t) = {0.5, 1.0,..., 5.0}, 9)\3(t) = {.017 .02,... ,0.1}7
for synthetic data, and
92D neuronal data = {~017 -027 ~037 cee 70~1}7 QSD taxi data — {0.5, 1~07 1'53 ) 5~0}7

for open real-world data sets. Then we adopted the hyper-parameter that maximized the marginal
likelihood or the evidence lower bounds. Note that each of the parameter sets contains values close
to those used in [I].



Algorithm 1 Bayesian Inference via Path Integral Formulation

1: procedure INFERENCE(t, D, T, J, L, Nuc, Naa, (), k(-,-10), p, {pi } 2 ))

2: {Bl, @, A p1() Hey, log p(D|0) = TRAINING(D, T, J, L, Nine, N, 5(+), k(- +|0), o, {pi } )
3: Predictive mean / MAP: &(t) = p+ >, k(t,£,)v(X, Blcpl(tn)) > N B (t)

4: Predictive covariance is evaluated by Eq. (14)

5: procedure TRAINING(D, T, J, L, Nye, Noa, 6(-), k (-, -|0), . {pi }F2})

6:  {\, () }E | = BIGENFUNCTION(T, J, L, k(-,-|@))

7. {8}z = MAPD, L, Nea, w(-), k(-+-10), o AP}y, (s o1 () Hy)

8 {@}E, =HFUNCTION(T, L, Nue, 5(-), k (-, -10), {Bi, i, o1 ()} )

9: log p(D|@) = MARGINALLIKELIHOOD(D, T, L, Nine, £(-), k(- -0), 11, { B1, &1, A, (ML)
10:  return {5, &, A, i(1) } s logp(D|6)

11: procedure EIGENFUNCTION(T , J, L, k(-, -|0))
12: ford=1,...,Ddo

13: w=TWwD/]
14: forj, 7' =1,...,Jdo
15: Kj,j'] = k9 (jw, j'w)
16: Solve Kv; = ejv; e >ex>--->e5
17: k() = (KD w), KD(-,2w), ..., kD (-, Jw))"
18: forj=1,...,Lsdo

d d
19: MY D) = ejw, k() Tvy/(e;/)
20: U=0o
21: for j; =1,...,L; do
22:
23: for jp=1,...,Lp do

D d D d

24: U=UU {(Hd:1 AL)’ [To=: <P§-d)('))}

25: return U

26: procedure MAP(D, L, Ngda K(')a k(a |0)a Ky {pl}lelv {/\b QDZ(')}ZLzl)
27: Initialize ﬂ = (ﬁl, A ;BL)

28: fori=1,..., Ny do

29: 6=V [r(m)]? :r(m)is defined in Eq. (18)

30: Update B by Adam(9)

31: return 3

32: procedure HFUNCTION(T , L, Ninc, (+), k (-, +|0), {81, A, o1 () 2 )

33: Sample Ny, points on 7, {u; }

34: fori=1,...,Ldo

35: Compute Z; by Monte Carlo integration with {u;}\™ : See Eq. (19)
36: wr=N/(1+ NE)
37:  return {w; }2

38: procedure MARGINALLIKELIHOOD(D, T, L, Ny, k(-), k(-, -|0), p, {Bl,wl,Al,wl(-)}le)
39: Sample Ny, points on T, {uz}fi“l

40: Compute log p(D|@) by Monte Carlo integration with {w;} "™ : See Eq. (20)

41: return log p(D|6)




Table S3: Results on three types of synthetic data with standard errors in brackets.
L=3 L=5 L =10 L =20

A (t) IQLs IQLsgs Time IQLj5 IQLgs Time IQL5 IQLgs Time IQL5 IQLg5 Time
PIF. 13.00 968 1033 1133 7.64 10.19 1156 802 1049 1158 7.62 10.96
S (224) (3.48) (0.37) (3.10) (3.44) (0.39) (3.43) (3.38) (0.47) (3.26) (3.22) (0.75)
PIF 12.65 956 10.09 12.04 9.26 10.01 11.89 950 10.11 1229 930 1045
€ (1.76) (2.06) (0.37) (3.38) (2.95) (0.31) (4.43) (3.70) (0.30) (4.33) (3.74) (0.40)
PIF 11.80 865 991 11.88 817 986 1273 9.02 10.05 1250 9.00 10.49
1 (2.19) (2.68) (0.24) (3.15) (2.93) (0.30) (4.30) (3.92) (0.31) (4.40) (4.29) (0.58)
STVB 1259 870 3486 11.81 820 3488 11.86 839 3525 1204 854 3590
(2.17) (291) (1.15) (245) (297) (0.99) (2.82) (3.31) (1L.13) (2.99) (3.58) (1.21)
VBPP 12.12  8.65 24.69 12.18 844 2512 11.69 7.68 2631 1599 1092 27.38
(1.99) (2.35) (0.92) (3.61) (3.39) (1.00) (4.94) (4.06) (l.16) (3.17) (4.77) (0.79)
() L=3 . L=5 . L =10 ‘ L =20 ‘
IQL5 IQL‘35 Time IQL5 IQLA85 Time IQL5 IQL,85 Time IQL5 IQL,85 Time
PIF. 15.57 1538 10.02 15.05 10.66 9.86 1457 11.10 1044 1446 1096 10.51
S (1.64) (4.92) (0.22) (1.06) (3.89) (0.15) (0.93) (3.53) (0.73) (0.83) (3.20) (0.50)
PIF 3473 3096 9.81 1941 1383 9.62 1595 1256 999 1568 1235 10.12
° (13.79) (8.88) (0.28) (8.76) (5.81) (0.21) (2.24) (2.71) (0.51) (1.67) (1.99) (0.40)
PIF 21.83 29.12 964 1523 1131 9.57 1446 10.02 10.04 13.05 8.65 10.15
9 37D (891) (0.17) (298) (3.06) (0.15) (1.96) (2.61) (0.64) (1.88) (1.70) (0.38)
STVB 15.37 951 3447 1471 1024 3445 1448 10.03 36.10 1338 9.10 36.18
0.96) (2.62) (0.35) (1.41) (2.61) (0.22) (1.48) (2.72) (1.90) (1.91) (2.69) (1.17)
VBPP 29.54 1592 2380 15.18 1020 2390 14.79 10.14 26.66 13.13 8.79 26.66
(4.17) (0.83) (0.36) (1.67) (1.43) (0.29) (1.77) (2.07) (1.67) (1.69) (1.45) (0.79)
As(0) L=3 L=5 L =10 L =20
IQLs IQLsgs Time IQLs IQLss Time IQLs IQLgs Time IQLs IQLg5 Time
PIE. 45.17 3501 11.05 3259 20.21 10.80 25.60 14.75 10.87 27.10 15.81 10.90
N (4.26) (9.64) (0.33) (7.24) (6.94) (0.29) (6.17) (3.80) (0.27) (6.12) (3.06) (0.32)
PIF 39.69 26.70 10.24 3224 21.05 10.17 3146 21.89 1053 31.23 21.15 1048
° 455 (6.15) (027) (7.14) (4.79) (039) (6.17) (3.92) (0.44) (5.83) (4.20) (0.32)
PIF 39.82 2542 1047 30.81 20.03 1042 29.89 18.73 1041 31.36 1996 1046
q (4.89) (5.88) (0.21) (5.89) (4.12) (0.29) (4.47) (3.53) (0.27) (591) (3.56) (0.32)
STVB 42.41 23.01 40.02 30.89 16.75 48.83 28.87 17.37 3898 28.59 16.75 38.35
(5.71) (5.95) (1.20) (7.04) (3.17) (37.64) (6.76) (3.31) (0.65) (6.46) (3.46) (1.04)
VBPP 38.73 2279 26.60 3097 1941 25.88 30.50 1931 26.86 37.09 25.06 28.14

(4.35) (4.14) (0.74) (4.88) (3.23) (0.70) (5.37) (3.67) (0.84) (6.90) (3.57) (0.90)

For fair comparison, we employed a popular (batch) gradient descent algorithm, Adam [5], to per-
form estimations for all compared methods. We equally set the number of iteration as 5,000, but
used different learning parameters for the models: 0.5 for PIF,; 0.05 for PIF,; 0.05 for PIF; 0.005
for STVB; 0.05 for VBPP. We implemented all the models by using TensorFlow-2.2, where for
STVB we used the python code provided by Aglietti et al. [I]. Each of the CPU times reported is
the amount of time required to calculate the MAP/predictive mean, the predictive covariance, and
the marginal likelihood given a hyper-parameter, where computing the eigenfunctions of the kernel
is of course included in the CPU time.

S10.2 Figure 1A in tabular form

We provide the results in Figure 1A in tabular form (see Table §3) to make the results easy to review.

S10.3 Experiments of How Stably the Proposed Scheme Works on Real-world Data

To demonstrate that our scheme is stable on real-world data, we ran additional experiments based
on the real-world data used in Figure 2. For the 2D neuronal data (NViain = 583, Neest = 29127),
we extracted two training datasets of 583 data points from the original test data randomly, which
resulted in three training (N.in = 583) and a test (NVese = 27961) datasets. For the 3D taxi data (Niain
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Figure S1: The predictive performances on open real-world data. The error bars represent the stan-
dard deviations. (A) 2D neuronal data. (B) 3D spatio-temporal taxi data.

= 1000, Nies = 3401), we extracted two training datasets of 1000 data points from the original test
data randomly, which resulted in three training (Vyi, = 1000) and a test (Ve = 1401) datasets. We
evaluated three times the predictive performances of the compared models in terms of the test log
likelihood, and calculated the means and the standard deviations (error bars) of the performances.
Figure K1 shows the results.

S10.4 Experiments on Larger Taxi Dataset

A B x10° C
40 8 49
& £ 4z
9 30 § 3 :::
20 348 g
2 E
€ 10 3 | - I - g
F 5 é 47 1 -
2 4 6 810 10> 10° 10° 10° : | |
Number of Data Points [x 10°] Number of Data Points 6:00 12:00 18:00

Figure S2: Results on large 3D taxi datasets. (A) The CPU times. (B) The test log-likelihoods. The
error bars represent the standard deviations. (C) The estimated intensity function on the dataset with
110,705 data points.

To demonstrate that our scheme is scalable to large data size, we ran an additional experiment on a
larger 3D taxi dataset [[]. The area considered was the same as that used in Experiments, and we
took 10, 50, 100, and 150 weekdays from 1 July 2013, resulting in the training data sets containing
from 9,971 to 110,705 data points. It should be noted that the maximum data size is comparable
to that considered in [4] (113,020). We employed PIF, with L = 103, and plot the execution times
with respect to the number of data points (see Figure §2A). Also, we randomly divided the datasets
(/N = 110, 705) into the training (N = 100,000) and the test (N = 10,705) data, ran PIF on various
sizes of subsets of the training data, and evaluated the test log-likelihoods. Figure S2B plots the
test log-likelihoods as functions of the number of data points used for training; it shows that our
approach (PIF,) can process large datasets effectively and recover the underlying intensity function
more accurately with larger training datasets.

S10.5 Application of Stochastic Optimization Algorithm

Because the objective function to be minimized in the MAP estimation, Zlel [r(p1)]?, is given as a
sum of residuals, we can apply a mini-batch gradient descent (MGD) algorithm to the optimization
problem. With mini-batch size L < L, MGD reduces the computational complexity for each itera-
tionto O(NL+ NL+ L?) ~ O(N L), where the dominant cost stems from {~ > Bign(tn)] 1.

Figure 83 shows the performances of MGD with L = 258 and the batch gradient descent (BGD)
on the 3D spatio-temporal taxi data used in Section 5 (Ny.in = 1000), where the number of induc-
ing points, L, was set as 203 for all models. In PIF, and PIF,, MGD (red line) converged much
faster than BGD (blue line), which suggests that MGD would enhance the practical utility of our
scheme under a large number of inducing points. In PIF,, however, BGD achieved the convergence
so rapidly and MGD worked poorly compared to BGD. Here we used the learning parameters of
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Figure S3: Training of MAP estimator on 3D spatio-temporal taxi data. L was set to 203 for each
model. The blue and red lines represent the results yielded by batch gradient descent and mini-batch
gradient descent with mini-batch size of 258, respectively. The maximum of the x-axis (elapsed
time) in each figure equals the elapsed time that the batch gradient descent needed to execute the
5,000 epoch updates.

1073,1072, and 10~ for PIF,, PIF,, and PIF, respectively, but examining the parameters of Adam
[5] more carefully would speed up the convergence.
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