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Lemma 1. Let /C be a sequence of random variables, where each /C may depend on the previous
observations SC�1 = [/1, ..., /C�1] 2 ZC�1. Furthermore, we define a filtration {FC = f(SC )},
which is also the natural filtration of {/C }. Consider a sequence of real-valued random (measurable)
functions b1 (S1), ..., b) (S) ). Let g  ) be a stopping time so that I(C  g) is measurable in SC . We
have

ES)
exp

 
g’
C=1

b8 �
g’
C=1

lnE
/C |SC�14

bC

!
= 1.

Proof. This proof is a revised version of Lemma 13.1 in Zhang (2023). We prove this lemma by
induction. When ) = 0, the equality apparently holds. We then assume that the claim holds at ) � 1
for some ) � 1. Now we will prove the equation at time ) using the induction hypothesis.

First we define b̃C = bC I(C  g) and notice that b̃C is measurable in SC so we have

ES)
exp

 
g’
C=1

bC �
g’
8=1

lnE
/C |SC�14

bC

!

=ES)
exp

 
)’
C=1

b̃C �
)’
8=1

lnE
/C |SC�14

b̃C

!

=ES)�1

"
exp

 
)�1’
C=1

b̃C �
)�1’
8=1

lnE
/C |SC�14

b̃C

!
E
/) |S)�1 exp

⇣
b̃) � lnE

/C |SC�14
b̃)

⌘#

=ES)�1

"
exp

 
)�1’
C=1

b̃C �
)�1’
8=1

lnE
/C |SC�14

b̃C

!#

=ES)�1

"
exp

 min(g,)�1)’
C=1

bC �
min(g,)�1)’

8=1
lnE

/C |SC�14
bC

!#

=1,

where the third equality exploits the fact that E
/

(H)
)

exp
⇣
b̃) � lnE

/C |SC�14
b̃)

⌘
= 1; and the last

equality is because we could treat min(g,) � 1) as a stopping time no more than ) � 1 and we could
use the induction hypothesis. É

Lemma 2 (Martingale exponential inequality). For a sequence of real-valued random variables
{-C }C) adapted to a filtration {FC }C) , the following holds with probability at least 1 � X, for
8C 2 [)],

�
C’
B=1

-B 
C’
B=1

lnE
⇥
4
�-B |FB�1

⇤
+ ln

1
X

.

And also
C’
B=1

-B 
C’
B=1

lnE
⇥
4
-B |FB�1

⇤
+ ln

1
X

.

Proof. It only suffices to show the case when {b8})
8=1 is a finite case. The statement implies the

original lemma by pushing ) ! +1. Let

*g = �
g’
B=1

-B �
g’
B=1

lnESC
4
�-B

,

where g is some stopping time. By Lemma 1 we have E(exp*g ) = 1. (In this case, we apply
/B = bB = �-B in Lemma 1). Now we define the stopping time g as

g = min () ,min (= : *= � � ln X)) .
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Then it follows that

P (9= : *g � � ln X)  E
⇥
4
*g+ln X ⇤ = XE

⇥
4
*g

⇤
= X,

where the first inequality is by the famous Markov Inequality.

By considering the complementary event, we know with probability at least 1 � X, the following
inequality holds for any C 2 [)]

�
C’
B=1

-B 
C’
B=1

lnE
⇥
4
�-B |FB�1

⇤
+ ln

1
X

.

É

Lemma 3 (Freedman’s inequality). Let {-C }C) be any sequence of real-valued random variables
adapted to filtration {FC }C) . If |-C |  ' almost surely, then for any [ 2 (0, 1

2' ] it holds that with
probability at least 1 � X,

)’
C=1

-C 
)’
C=1

E(-C |FC�1) + [

)’
C=1

Var [-C |FC�1] +
ln 1

X

[

.

Furtheremore, we have
)’
C=1

E(-C |FC�1) 
)’
B=1

-B + [

)’
B=1

Var [-B |FB�1] +
ln 1

X

[

.

Proof. For any random variable - we assume |- |  ' almost surely, and let - 0 = - �E- . We then
get |- 0 |  2' almost surely, and we have

lnE
⇥
4
_-

⇤
= _E- + lnE4_-

0

 _E- + E4_-
0 � 1

= _E- + _
2E


4
_-

0�_-0�1

(_- 0)2 (- 0)2
�

 _E- + _
2
q(_2')Var [-] ,

where q(G) = 4
G�G�1
G

2 ; the first inequality uses ln G  G � 1; the second inequality exploits the fact
that q(G) is non-decreasing. Then, we consider the Taylor expansion: 4G =

Õ1
==0

G
=

=! , and we have

q(G) =
1’
==2

✓
G
=�2

=!

◆
 1

2

1’
==0

⇣
G

2

⌘
=

.

For any _ 2 (0, 1
2' ], we could get a finite upper bound for lnE

⇥
4
_-

⇤
:

lnE
⇥
4
_-

⇤
 _E- + _

2 1
2

1’
==0

(_')= Var [-] = _E- + _
2Var [-]

2(1 � _') . (A.1)

Similar to Lemma 2, we let

+g (_) = _

g’
B=1

-B �
g’
B=1

lnESC
4
_-B

,

where g is some stopping time. By Lemma 1 we have E(exp+g (_) ) = 1. (In this case, we apply
/B = bB = -B in Lemma 1). Now we define the stopping time g as

g = min () ,min (= : += (_) � � ln X)) .
Then it follows that

P (9= : +g (_) � � ln X)  E
⇥
4
+g (_)+ln X ⇤ = XE [+g (_)] = X,

where the first inequality is by the famous Markov Inequality.
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By considering the complementary event, we know with probability at least 1 � X, the following
inequality holds

)’
B=1

-B 
1
_

 
)’
B=1

lnE
⇥
4
_-B |FB�1

⇤
+ ln

1
X

!
.

Then we take _ = [ 2 (0, 1
2' ] and use equation (A.1) to prove the original statement:

)’
B=1

-B 
)’
C=1

E(-C |FC�1) +
[

Õ
)

B=1 Var [-B |FB�1]
2(1 � [') +

ln 1
X

[


)’
C=1

E(-C |FC�1) + [

)’
B=1

Var [-B |FB�1] +
ln 1

X

[

.

By letting -
0
B
= �-B , we could easily get

)’
C=1

E(-C |FC�1) 
)’
B=1

-B + [

)’
B=1

Var [-B |FB�1] +
ln 1

X

[

.

É

Lemma 4 (Elliptical Potential Lemma). Let {GB}B2 [: ] be a sequence of vectors with GB 2 V for
some Hilbert space V. Let ⇤0 be a positive definite matrix and define ⇤: = ⇤0 +

Õ
:

B=1 GBG
>
B

. Then
it holds that

:’
B=1

min
n
1, kGB k⇤�1

B

o2
 2 ln

✓
det(⇤ +1)
det(⇤0)

◆
.

Proof. This proof mainly follows Lemma 11 in Abbasi-Yadkori et al. (2011). By simple calculation,
we have

det(⇤:) = det(⇤:�1 + G:G
>
:
) = det(⇤:�1) det(� + ⇤

� 1
2

:�1G: (⇤
� 1

2
:�1G:)

>)

= det(⇤:�1) (1 + kG=�1k2
⇤�1
:�1

) = det(⇤0)
:÷
B=1

⇣
1 + kBB k2

⇤�1
B�1

⌘
,

where we use the fact that all eigenvalues of a matrix of the form � + GG> are 1 except one eigenvalue,
which is 1 + kGk2

2 and which corresponds to the eigenvector G. Using log(1 + C)  C, we can bound
log(det(⇤:)) by

log det(⇤:)  log det(⇤0) +
:’
B=1

kGB k2
⇤�1
B�1

.

Combining G  2 log(1 + G) when G 2 [0, 1], we get
:’
B=1

min
⇣
1, kGB k2

⇤�1
B�1

⌘
 2

=’
C=1

log
⇣
1 + kGB k2

⇤�1
B�1

⌘
= 2 ln

✓
det(⇤:)
det(⇤0)

◆
.

É

Lemma 5. (Lemma G.2 of Chen et al. (2023)) We consider a fixed policy c and Let &̃ be an estimate
of & c . We define a V-function +̃ and an advantage function �̃ by letting

+̃⌘ (B) =
1
[

log

 ’
12B

exp([ · &̃⌘ (B, 1))
!
, �̃⌘ (B, 0) = &̃⌘ (B, 1) � +̃⌘ (B).

Furthermore, we define a follower’s policy h̃ be letting h̃⌘ (1 |B) = exp([ · �̃⌘ (B, 1)). Then we have

DH (hc , h̃) �
[

2

8(1 + [⌫�)2 ·
⌦
h
c

, ( �̃ � �)2↵
B .

where ⌫� = 2
�
[
�1 log |B| + 1

�
.
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Lemma 6. For any ⌘ 2 [�] and (B⌘, 1⌘) 2 S ⇥B, using the same notation as in Lemma 5, we have

�
c

⌘
(B⌘, 1⌘) � �̃⌘ (B⌘, 1⌘) = (EB⌘ ,1⌘ � EB⌘ )

⇥
&⌘ (B⌘, 1⌘) c � &̃⌘ (B⌘, 1⌘)

⇤
+ 1
[

KL
�
h
c

⌘
kh̃⌘

�
.

Proof. This proof mainly follows Lemma G.4 in Chen et al. (2023). At first,we notice the fact that
1
[

H(hc
⌘
) = �1

[

⌦
h
c

⌘
, log hc

⌘

↵
B = �

⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘) �+

c

⌘
(B⌘)

↵
B , (A.2)

1
[

H(h̃⌘) = �1
[

⌦
h̃
c

⌘
, log h̃⌘

↵
B = �

⌦
h̃⌘, &̃⌘ (B⌘, 1⌘) � +̃⌘ (B⌘)

↵
B . (A.3)

Then we could write the difference of V-functions as

+
c

⌘
(B⌘) � +̃⌘ (B⌘)

=
⌦
h
c

⌘
,+

c

⌘
(B⌘)

↵
B �

⌦
h̃⌘, +̃⌘ (B⌘)

↵
B

=
⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘)

↵
B + 1

[

H(hc
⌘
) �

⌦
h̃⌘, &̃⌘ (B⌘, 1⌘)

↵
B � 1

[

H(h̃⌘)

=
⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘) � &̃⌘ (B⌘, 1⌘)

↵
B +

⌦
h
c

⌘
� h̃⌘, &̃⌘ (B⌘, 1⌘)

↵
B

�
⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘) �+

c

⌘
(B⌘)

↵
B +

⌦
h̃⌘, &̃⌘ (B⌘, 1⌘) � +̃⌘ (B⌘)

↵
B ,

where the first equality exploits the fact that +⌘ (B⌘) is constant w.r.t. 1⌘ 2 B and h
c

⌘
, h̃⌘ are

probability distributions on B; the second equality is by equation (A.2); the last equality is by simple
algebraic tricks.

Then, by direct calculation and omitting (B⌘, 1⌘) for & c

⌘
, &̃⌘ and (B⌘) for +⌘, +̃⌘, we have

�
⌦
h
c

⌘
,&

c

⌘
�+

c

⌘
� (&̃⌘ � +̃⌘)

↵
B =

⌦
h
c

⌘
� h̃⌘, &̃⌘

↵
B �

⌦
h
c

⌘
,&

c

⌘
�+

c

⌘

↵
B +

⌦
h̃⌘, &̃⌘ � +̃⌘

↵
B ,

where we use the fact
⌦
h
c

⌘
, +̃⌘

↵
B =

⌦
h̃⌘, +̃⌘

↵
B , since +̃⌘ is a constant w.r.t. 1⌘ 2 B. Therefore, we

can write + c
⌘
(B⌘) � +̃⌘ (B⌘) as

+
c

⌘
(B⌘) � +̃⌘ (B⌘)

=
⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘) � &̃⌘ (B⌘, 1⌘)

↵
B �

⌦
h⌘,&

c

⌘
(B⌘, 1⌘) �+

c

⌘
(B⌘) � (&̃⌘ (B⌘, 1⌘) � +̃⌘ (B⌘))

↵
B

=
⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘) � &̃⌘ (B⌘, 1⌘)

↵
B �

⌦
h⌘, �

c

⌘
(B⌘, 1⌘) � �̃⌘ (B⌘, 1⌘)

↵
B

=
⌦
h
c

⌘
,&

c

⌘
(B⌘, 1⌘) � &̃⌘ (B⌘, 1⌘)

↵
B � 1

[

KL
�
h
c

⌘
kh̃⌘

�
B .

We notice the fact that KL
�
h
c

⌘
kh̃⌘

�
= [

⌦
h
c

⌘
, �

c

⌘
(B⌘, 1⌘) � �̃⌘ (B⌘, 1⌘)

↵
12B . At last, we could get

�
c

⌘
(B⌘, 1⌘) � �̃⌘ (B⌘, 1⌘) = (EB⌘ ,1⌘ � EB⌘ )

⇥
&
c

⌘
(B⌘, 1⌘) � &̃⌘ (B⌘, 1⌘)

⇤
+ 1
[

KL
�
h
c

⌘
kh̃⌘

�
.

É

Lemma 7. We define a distance d1 on ⇥ by letting

d1 (\, \̃) := max
c2⇧,B⌘2S,⌘2 [� ]

n
⇡H

⇣
h
c,\

⌘
(·|B⌘), hc, \̃

⌘
(·|B⌘)

⌘
, (1 + [)

���A c,\
⌘

� A
c, \̃

⌘

���
1

o
. (A.4)

Let Nd1 (\, n) be the n-covering number of ⇥ with respect to the distance d1. For any X 2 (0, 1), we
set V1 = 2 ln(� · N (⇥,)�1)/X) + 8. For 8\ 2 ⇥,8⌘ 2 [�],

C�1’
8=1

Ec
8

Varc
8
,\

¢

B⌘

h
A
c
8
,\

⌘
(B⌘, 1⌘) � A

c
8
,\

¢

⌘
(B⌘, 1⌘)

i
 4⇠2

[
(!C
⌘,1 (\) � !

C

⌘,1 (\
¢)) + V,

where we define

Varc,\
B⌘

[/] = Varc,\ [/ |B⌘] = Ec⌘ ,h
c,\

⌘ [(/ � Ec⌘ ,h
c,\

⌘ [/ |B⌘])2 |B⌘],

⇠[ =
1
[

+ ⌫�, ⌫� = 2([�1 log |B| + 1).
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Proof. We first exploit Lemma 2 with -
⌘

C
= 1

2 (log hc8 ,\
⌘

(BC
⌘
|1C
⌘
) � log hc8 ,\

¢

⌘
(BC
⌘
|1C
⌘
)). We choose

filtration to be F⌘;C�1{-⌘
8

: 8 2 [C � 1]}. Let Nd1 (⇥, n) be the covering number for the n-covering
net of ⇥ with respect to norm d1 defined in A.4. Let ⇥n be the n-covering net of ⇥. By Lemma 2,
w.p. at least 1 � X, for a fixed \ 2 ⇥n and a fixed ⌘ 2 [�], we have

C�1’
C=1

-
⌘

C
=

1
2
(!C
⌘,1 (\

¢) � !
C

⌘,1 (\))

(0)


C�1’
C=1

logE(4-C |FC�1) +
1
X

(1)
=

C�1’
8=1

logEc
8

"s
h
c8 ,\ (·|B⌘)

h
c8 ,\

¢ (·|B⌘)

#
+ 1
X

(2)
 �

C�1’
8=1

Ec
8

h
D

2
H

⇣
h
c8 ,\ (·|B⌘), hc8 ,\

¢ (·|B⌘)
⌘i

+ 1
X

,

where the first equality is by the definition of !C
⌘,1; (a) is by Lemma 2; (b) is by the definition of -C ;

(c) is by the fact that log(G)  G � 1 and the definition of Hellinger distance.

By taking union bound on \ 2 ⇥n and ⌘ 2 [�], we have for any \ 2 ⇥, any ⌘ 2 [�], with probability
at least 1 � X, for 8C 2 [)]

1
2
(!C
⌘,1 (\

¢) � !
C

⌘,1 (\))  �
C�1’
8=1

Ec
8

h
D

2
H

⇣
h
c8 ,\ (·|B⌘), hc8 ,\

¢ (·|B⌘)
⌘i

+
log

�
�Nd (⇥, n)

�
X

. (A.5)

On the other hand, by the definition of d1 in equation (A.4), for any \, \̃ 2 ⇥, we have���D2
H

⇣
h
c,\

⌘
, h
c,\

¢

⌘

⌘
� D2

H

⇣
h
c, \̃

⌘
, h
c,\

¢

⌘

⌘���
(0)
=

���DH ⇣
h
c,\

⌘
, h
c,\

¢

⌘

⌘
+ DH

⇣
h
c, \̃

⌘
, h
c,\

¢

⌘

⌘��� · ���DH ⇣
h
c,\

⌘
, h
c,\

¢

⌘

⌘
� DH

⇣
h
c, \̃

⌘
, h
c,\

¢

⌘

⌘���
(1)
 2DH

⇣
h
c, \̃

⌘
, h
c,\

⌘

⌘
(2)
 2d1 (\, \̃),

where (a) is by the fact that 02�12 = (0+1) (0�1)  |0+1 | |0�1 |; (b) is by the fact that DH (·, ·)  1;
(c) is by the definition of d1. Then noting that !C

⌘,1 (\) = �Õ
C

8=1 [�
c
8
,\

⌘
(B8
⌘
, 1
8

⌘
), for any \, \̃ 2 ⇥,

we have ���!C
⌘,1 (\) � !

C

⌘,1 (\̃)
���  [) max

82 [C�1]

����c8 ,\
⌘

(B8
⌘
, 1
8

⌘
) � �

c
8
, \̃

⌘
(B8
⌘
, 1
8

⌘
)
���

 2[) max
82 [C�1]

���A c8 ,\
⌘

� A
c
8
, \̃

⌘

���
1

 2) · d1 (\, \̃),

where the second inequality uses the fact that
���⇣+ c,\

⌘
�+

c, \̃

⌘

⌘
(B⌘)

���  ���A c,\
⌘

� A
c, \̃

⌘

���
1

; and the last
inequality is by the definition of d1. Therefore, all the error terms in D2

H
(·, ·), !C

⌘,1 (\
¢) and !

C

⌘,1 (\)
induced by n-net could be bounded by 2)n . By adding an extra 4)n in equation (A.5), we have for
all \ 2 ⇥, ⌘ 2 [�], C 2 [)], w.p. 1 � X,

1
2
(!C
⌘,1 (\

¢) � !
C

⌘,1 (\))  �
C�1’
8=1

Ec
8

h
D

2
H

⇣
h
c8 ,\ (·|B⌘), hc8 ,\

¢ (·|B⌘)
⌘i

+
log

�
�Nd (⇥, n)

�
X

+ 4)n .

(A.6)
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In the rest of the proof we take n = 1
)

and let V1 = 2 log(�Nd (⇥,)�1)/X) + 8. By Lemma 5, we
have

8D2
H

⇣
h
c8 ,\ (·|B⌘), hc8 ,\

¢ (·|B⌘)
⌘
�

✓
[

1 + [⌫�

◆2
·
D
h
c,\

¢

⌘
, (�c,\

⌘
� �

c,\
¢

⌘
)2

E

�
✓

[

1 + [⌫�

◆2
· Ec,\¢

B⌘

⇣
�
c,\

⌘
� �

c,\
¢

⌘

⌘2

�
✓

[

1 + [⌫�

◆2
· Ec,\¢

B⌘

⇣
(Ec,\

¢

B⌘ ,1⌘

� Ec,\
¢

B⌘
) [A c,\

⌘
� A

c,\
¢

⌘
]
⌘2

=
✓

[

1 + [⌫�

◆2
· Varc

8
,\

¢

B⌘
[A c,\
⌘

(B⌘, 1⌘) � A
c,\

¢

⌘
(B⌘, 1⌘)],

where the second inequality is by Jensen’s inequality of G2; the last inequality is by Lemma 6; the
last equality is by the definition of Varc

8
,\

B⌘
(·). Therefore, by letting ⇠[ = 1

[
+ ⌫� and insert the

above result back to equation (A.6), we have
C�1’
8=1

Ec
8

Varc
8
,\

¢

B⌘

h
A
c
8
,\

⌘
(B⌘, 1⌘) � A

c
8
,\

¢

⌘
(B⌘, 1⌘)

i
 4⇠2

[
(!C
⌘,1 (\) � !

C

⌘,1 (\
¢)) + V.

É

Lemma 8. Let F⌘ = *⌘ ⇥*⌘+1 ⇥ ⇥, we define the following distance on for 5 , 5̃ 2 F⌘:

d2 ( 5 , 5̃ ) := max
⌘2 [� ]

n��
*⌘ � *̃⌘

��
1 ,

���)¢,\
⌘+1* (⌘ + 1) (·) � )

¢, \̃

⌘+1 *̃ (⌘ + 1) (·)
���
1

o
. (A.7)

Let Nd2 (\, n) be the n-covering number of F with respect to the distance d2. For any X 2 (0, 1), we
set V2 = 4�2 ln( �Nd2 (F,n )

X
) + 5. For 8{ 5 C

⌘
}
⌘2 [� ],C2 [) ] ✓ F

!
C�1
⌘,2 ( 5

¢

⌘
) � !

C�1
⌘,2 ( 5

C

⌘
)  �1

2

C�1’
8=1

Ec
8

h⇣
*⌘ � T⇤,\ C

⌘+1*⌘+1

⌘
(B⌘, 0⌘, 1⌘)2

i
+ V2.

Proof. At first we verify our loss ;
C

⌘
satisfies generalized Bellman completeness and boundedness,

which is defined as follows:

Assumption 4. The function ; : U⌘ ⇥U⌘+1 ⇥ ⇥ ⇥ (S ⇥A ⇥ B ⇥ R ⇥ S) ! R satisfies:

1. (Generalized Bellman Completeness) There exists a functional operator P⌘ : H⌘+1 ! H⌘ such
that for any (*⌘,*⌘+1, \) 2 H⌘ ⇥H⌘+1 ⇥ ⇥ and ⇡⌘ = (B⌘, 0⌘, 1⌘, B⌘+1) 2 (S ⇥A ⇥ B ⇥ R ⇥ S).

; (*⌘,*⌘+1, \; ⇡⌘) � ; (P⌘*⌘+1,*⌘+1, \; ⇡⌘) = E
B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ ) [; (*⌘,*⌘+1, \; ⇡⌘)] ,

where we require P⌘*¢
⌘+1 = *

¢

⌘
and that P⌘*⌘+1 2 H⌘ for any *⌘+1 2 U⌘+1 and ⌘ 2 [�];

2. (Boundedness) It holds that |; (*⌘,*⌘+1, \; ⇡⌘) |  ⌫; for some ⌫; > 0 and for any (*⌘,*⌘+1, \) 2
H⌘ ⇥H⌘+1 ⇥ ⇥ and ⇡⌘ = (B⌘, 0⌘, 1⌘, B⌘+1) 2 (S ⇥A ⇥ B ⇥ R ⇥ S).

First we verify the Generalized Bellman Completeness:

;
C

⌘
(*⌘,*⌘+1, \; ⇡C

⌘
) � E

B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ )
⇥
;
C

⌘
(*⌘,*⌘+1, \; ⇡⌘)

⇤
= [(*⌘ � D⌘) (B⌘, 0⌘, 1⌘) � )

¢,\ (B⌘+1)] � [*⌘ (B⌘, 0⌘, 1⌘) � T¢,\
⌘+1 (*⌘+1)]

= T¢,\
⌘+1 (*⌘+1) � )

¢,\ (*⌘+1) (B⌘+1)
= (E

B⌘+1⇠P( · |B⌘ ,0⌘ ,1⌘ ) [)¢,\ (*⌘+1) (B⌘+1)] � D⌘) (B⌘, 0⌘, 1⌘) � )
¢,\ (*⌘+1) (B⌘+1).

Therefore, the operator P⌘ is E
B⌘+1⇠P( · |B⌘ ,0⌘ ,1⌘ ) [)¢,\ (·) (B⌘+1)] and the generalized Bellman com-

pleteness holds. To check boundedness, we only need to notice that D⌘ 2 [0, 1],8⌘ 2 [�], so
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|;C
⌘
(*⌘,*⌘+1, \; ⇡C

⌘
) |  �,8⌘ 2 [�]. Then we generalize the proof of Proposition 5.1 in Liu et al.

(2024a) to show our wanted result.

We define the random variables - C
⌘, 5

as

-
C

⌘, 5
= ;

C

⌘
(*⌘,*⌘+1, \; ⇡C

⌘
)2 � ;

C

⌘
(P⌘*⌘+1,*⌘+1, \; ⇡C

⌘
)2
. (A.8)

For any 5 = (*⌘,*⌘+1, \) 2 U⌘ ⇥U⌘+1 ⇥⇥ and the operator P⌘ is defined as above. We first show
-
C

⌘, 5
is an unbiased estimator of the discrepancy function 3

C

⌘
(*⌘,*⌘+1; ⇡C

⌘
)2, which is defined as

3
C

⌘
( 5 ; ⇡C

⌘
) = E

B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ ) [;C⌘ ( 5 ; ⇡
C

⌘
)] = *⌘ � T¢,\

⌘
(*⌘+1).

For simplicity we also let 5P = (P⌘*⌘+1,*⌘+1, \)Consider that

;
C

⌘
( 5 ; ⇡C

⌘
)2 =

�
;
C

⌘
( 5 ; ⇡C

⌘
) � ;

C

⌘
( 5P ; ⇡C

⌘
) + ;

C

⌘
(P⌘*⌘+1,*⌘+1, \; ⇡C

⌘
)
�2

=
�
3
C

⌘
( 5 ; ⇡C

⌘
) + ;

C

⌘
( 5P ; ⇡C

⌘
)
�2

= (3C
⌘
( 5 ; ⇡C

⌘
))2 + ;

C

⌘
( 5P ; ⇡C

⌘
)2 + 23C

⌘
( 5 ; ⇡C

⌘
) · ;C

⌘
( 5P , \; ⇡C

⌘
), (A.9)

where the second equality is by the generalized Bellman completeness. Exploiting the completeness
again, we have

E
B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ )

⇥
3
C

⌘
( 5 ; ⇡C

⌘
) · ;C

⌘
( 5P ; ⇡C

⌘
)
⇤

=3C
⌘
( 5 ; ⇡C

⌘
) · E

B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ )
⇥
;
C

⌘
(P⌘*⌘+1,*⌘+1, \; ⇡C

⌘
)
⇤

=3C
⌘
( 5 ; ⇡C

⌘
) · E

B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ )
⇥
3
C

⌘
( 5 ; ⇡C

⌘
) � ;

C

⌘
( 5 ; ⇡C

⌘
)
⇤

=0.

Inserting the result back to A.9, we have

E
B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ ) [- C⌘, 5 ] = 3

C

⌘
( 5 ; ⇡C

⌘
)2
. (A.10)

Then for each time step ⌘, we define the filtration {F⌘,C })
C=1 with

F⌘,C = f

 
:’
B=1

�’
⌘=1

⇡
B

⌘

!
,

where ⇡
C

⌘
= {BC

⌘
, 0
C

⌘
, 1
C

⌘
, D
C

⌘
, B
C

⌘+1}. From the previous arguments, we can derive that

E[- C
⌘, 5

| F⌘,C�1] = E
h
E
B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ ) [- C⌘, 5 ] |F⌘,C�1

i
= Ec

C [3C
⌘
( 5 ; ⇡C

⌘
)2], (A.11)

Var
h
-
C

⌘, 5
| F⌘,C�1

i
 E[- (C

⌘, 5
)2 | F⌘,C�1]  ⌫

2
;
E[- C

⌘, 5
| F⌘,C�1] = ⌫

2
;
Ec

C [3C
⌘
( 5 ; ⇡C

⌘
)2], (A.12)

where Ec
C means the data ⇡

C

⌘
is generated by measure (cC , hcC

⌘
, %⌘). By Lemma 3, (|- C

⌘, 5
|  ⌫

2
;

and we set [ = 1
2⌫2

;

), for any fixed ⌘ 2 [�], C 2 [)],* 2 U, we have

�����
C�1’
B=1

E[-B
⌘, 5

| F⌘,C�1] �
C�1’
B=1

-
B

⌘, 5

����� 
1

2⌫2
;

C�1’
B=1

Var
h
-
B

⌘, 5
| F⌘,B�1

i
+ 2⌫2

;
log( 1

X

)

 1
2

C�1’
B=1

Ec
B [3B

⌘
( 5 ; ⇡B

⌘
)2] + 2⌫2

;
log( 1

X

).

Rearranging the above terms, we can get

�
C�1’
B=1

-
B

⌘, 5
 �1

2
Ec

C [3C
⌘
( 5 ; ⇡C

⌘
)2] + 2⌫2

;
log( 1

X

).

20



1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

Under review as a conference paper at ICLR 2025

By the definition of - C
⌘, 5

and the loss function !
C

⌘,2 in (4.8), we have

C�1’
B=1

-
B

⌘, 5
=
:�1’
B=1

;
B

⌘
( 5 ; ⇡B

⌘
)2 �

:�1’
B=1

;
B

⌘
(P⌘*⌘+1,*⌘+1, \; ⇡B

⌘
)2


:�1’
B=1

;
B

⌘
( 5 ; ⇡B

⌘
)2 � inf

*
0
⌘
2U⌘

;
B

⌘
(*0
⌘
,*⌘+1, \; ⇡B

⌘
)2

= !
C

⌘,2 ( 5 ).

Then we can derive that, for any fixed ⌘ 2 [�], C 2 [)], 5 2 U⌘ ⇥U⌘+1 ⇥ ⇥.

�!C
⌘,2 ( 5 )  �1

2
Ec

C [3C
⌘
( 5 ; ⇡C

⌘
)2] + 2�2 log( 1

X

). (A.13)

Then we consider !C
⌘,2 ( 5

¢). We first define the random variables . C
⌘, 5

as

.
C

⌘, 5
= ;

C

⌘
(*⌘,*¢⌘+1, \

¢; ⇡C
⌘
)2 � ;

C

⌘
( 5¢; ⇡C

⌘
)2
.

Similarly, we could show

E
B⌘+1⇠P⌘ ( · |B⌘ ,0⌘ ,1⌘ ) [. C⌘, 5 ] = (3C

⌘
(*⌘,*¢⌘+1, \

¢; ⇡C
⌘
))2

.

Under the filtration {F⌘,C })
C=1, we can derive that

E[. C
⌘, 5

| F⌘,C�1] = Ec
C [3C

⌘
(*⌘,*¢⌘+1, \

¢; ⇡C
⌘
)2],

Var
h
.
C

⌘, 5
| F⌘,C�1

i
 ⌫

2
;
Ec

C [3C
⌘
(*⌘,*¢⌘+1, \

¢; ⇡C
⌘
)2] .

By Lemma 3, (|. C
⌘, 5

|  ⌫
2
;

and we set [ = 1
2⌫2

;

), for any fixed ⌘ 2 [�], C 2 [)], 5 2 F , we have

�
C�1’
B=1

.
B

⌘, 5
 �1

2

C�1’
B=1

Ec
B [3B

⌘
(*⌘,*¢⌘+1, \

¢; ⇡C
⌘
)2] + 2⌫2

;
log( 1

X

)  2⌫2
;

log( 1
X

).

By the definition of . C
⌘, 5

and the loss function !
C

⌘,2 in (4.8), we have

�
C�1’
B=1

.
B

⌘, 5
=
:�1’
B=1

;
B

⌘
( 5¢; ⇡B

⌘
)2 �

:�1’
B=1

;
B

⌘
(*⌘,*¢⌘+1, \

¢; ⇡B
⌘
)2
.

Since such inequality holds for any *⌘ 2 U⌘, we have

!
C

⌘,2 ( 5
¢) = sup

*⌘2U⌘

(�
C�1’
B=1

.
B

⌘, 5
)  2⌫2

;
log( 1

X

).

Combining the above result with (A.13), for any fixed ⌘ 2 [�], C 2 [)], 5 2 F , we have

!
C

⌘,2 ( 5
¢)�!C

⌘,2 ( 5 )  �1
2

C�1’
B=1

Ec
B [*B

⌘
(B⌘, 0⌘, 1⌘)�T¢,\

B (*B
⌘+1) (B⌘, 0⌘, 1⌘)]+4�2 log( 1

X

). (A.14)

Then we generalize this result on a n-net Fn of F . By taking union bound over all ⌘ 2 [�], 5̃ 2 Fn
and a 5̃

¢ 2 ⇥n such that d2 ( 5¢, 5̃¢)  n , with probability 1 � X we have for any C 2 [)]

!
C

⌘,2 ( 5̃
¢) � !

C

⌘,2 ( 5̃ )

 � 1
2

C�1’
B=1

Ec
B [*̃B

⌘
(B⌘, 0⌘, 1⌘) � T¢, \̃

B (*̃B
⌘+1) (B⌘, 0⌘, 1⌘)] + 4�2 log(

�Nd2 (F , n)
X

). (A.15)
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By the definition of d2, we know���!C
⌘,2 ( 5̃

¢) � !
C

⌘,2 ( 5
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=

�����
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⌘
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⌘+1)] � [*⌘ (BB
⌘
, 0
B

⌘
, 1
B

⌘
) � )

¢,\

⌘+1 (*⌘+1)]
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⌘
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⌘
) � ()¢, \̃

⌘+1 � )
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��
1 +

���)¢, \̃
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���
1
)

2)d2 ( 5 , 5̃ ).
Similarly we could get���!C

⌘,2 ( 5̃ ) � !
C

⌘,2 ( 5 )
���  2)d2 ( 5 , 5̃ ),���[*̃B

⌘
� T¢, \̃

B (*̃B
⌘+1)] (B⌘, 0⌘, 1⌘) � [*B

⌘
� T¢,\

B (*B
⌘+1)] (B⌘, 0⌘, 1⌘)

���  2d2) ( 5 , 5̃ ).

Then we could generate equation (A.15) from Fn to F only paying an extra cost of 5)n . By setting
n = 1/) , for any ⌘ 2 [�], C 2 [)], 5 2 F , with probability 1 � X we have

!
C

⌘,2 ( 5
¢) � !

C

⌘,2

 � 1
2

C�1’
B=1

Ec
B [(*B

⌘
� T¢,\

B (*B
⌘+1)) (B

B

⌘
, 0
B

⌘
, 1
B

⌘
)] + 4�2 ln(

�)Nd2 (F , n)
X

) + 5.

Let V2 = 4�2 ln(
�)N

d
2 (F,n )
X

) + 5, then we are done. É

Lemma 9. (Lemma B.2 in (Chen et al., 2023)) For any fixed policy c and a fixed B1, let h̃ be an
estimate of the quantal response hc and let *̃ and ,̃ be estimates of* c and, c respectively. Based
on *̃ and ,̃ , we can estimate � (c) by ,̃ (B1). Then the error of these estimators can be bounded as
follows:

,̃ (B1) � � (c) 
�’
⌘=1

E
⇥
*̃⌘ (B⌘, 0⌘, 1⌘) � (Tc, h̃

⌘
*̃⌘+1)

⇤
+ �

�’
⌘=1

E
⇥��(hc

⌘
� h̃) (·|B⌘)

��
1
⇤
.

where we define

Tc,\
⌘

* (B⌘, 0⌘, 1⌘) = D⌘ (B⌘, 0⌘, 1⌘) + E
B⌘+1⇠%⌘ ( · |B⌘ ,0⌘ ,1⌘ ) [()

c,\

⌘+1 *⌘+1) (B⌘+1)],
)
c,\

⌘
(*⌘) (B⌘) =

⌦
*⌘ (B⌘, ·, ·), c⌘ ⌦ h

c,\

⌘
(·, · | B⌘)

↵
.

Furthermore, by Tc, h̃
⌘

*̃⌘+1)  T¢, h̃
⌘

*̃⌘+1), we have

,̃ (B1) � � (c) 
�’
⌘=1

E
⇥
*̃⌘ (B⌘, 0⌘, 1⌘) � (T¢, h̃

⌘
*̃⌘+1)

⇤
+ �

�’
⌘=1

E
⇥��(hc

⌘
� h̃) (·|B⌘)

��
1
⇤
.

Lemma 10. (Lemma B.1 in (Chen et al., 2023)) We consider a fixed policy c and let Ã be an estimate
of A . We define a V-function +̃ and an advantage function �̃ by letting

+̃⌘ (B) =
1
[

log

 ’
12B

exp([ · Ã c
⌘
(B, 1))

!
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where ⇠1 is defined as

⇠1 =
[

2 exp(2[⌫�)
2

(2 + [⌫� · 2[⌫�) ,

and T c

⌘
has been defined in equation (5.1).
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At first, we could decompose the regret into two terms:
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For the variance term, we have:
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Insert the last term back to equation (B.1), we have:
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By Lemma 8, set V2 = 4�2 ln( �Nd2 (F,n )
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To bound �2, we exploit Lemma 9 and Lemma 10,
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Where (a) is from Lemma 9, (b) is by Lemma 10, and Notice that -⌘
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where (a) is by the property of conditional variance; (b) is by Var[-] = E[-2] �E[-]2; (c) is by the
fact that 0  -C  1. Hence, we get
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Inserting the above result beck to equation (B.5), we have

�2 
)’
C=1

�’
⌘=1

Ec
C

h
(*C
⌘
) (BC

⌘
, 0
C

⌘
, 1
C

⌘
) � T⇤,\ C

⌘+1*
C

⌘+1 (B
C

⌘+1)
i

+
)’
C=1

�’
⌘=1

2⇠0 ·
h
|T c

C

⌘
(A \ C
⌘

� A
⇤
⌘
) (BC

⌘
, 1
C

⌘
) |
i

+
)’
C=1

�’
⌘=1

2⇠1 ·
h
T c

C

⌘
(A \ C
⌘

� A
⇤
⌘
)2 (BC

⌘
, 1
C

⌘
)
i
+ O(� log(�/X)).

Then using the fact that |T c
C

⌘
(A \ C
⌘

� A
⇤
⌘
)2 (BC

⌘
, 0
C

⌘
, 1
C

⌘
) |  |T c

C

⌘
(A \ C
⌘

� A
⇤
⌘
) (BC

⌘
, 0
C

⌘
, 1
C

⌘
) |, we can further

have

�2 
)’
C=1

�’
⌘=1

Ec
C

h
(*C
⌘
) (B⌘, 0⌘, 1⌘) � T⇤,\ C

⌘+1*
C

⌘+1 (B⌘+1)
i

+
)’
C=1

�’
⌘=1

2(⇠0 + ⇠1) ·
h
|T c

C

⌘
(A \ C
⌘

� A
⇤
⌘
) (BC

⌘
, 1
C

⌘
) |
i
+ O(� log(�/X)).
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C P���� �� D��������� C���������� B�����

We mainly generalize the proof of Proposition 1-3 in Xiong et al. (2022) in this section.

Proof of Proposition 1. We first note that the completeness assumption is satisfied in linear MSG
case whose proof can be found in Huang et al. (2021); Chen et al. (2023). Now we consider two
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Then we could repeat the above process to generate the similar bound. Another way to get an upper
bound for 32 is to write A

\̃

⌘
(B, 1) � A⌘ (B, 1) as a bilinear form and then use the classical decoupling

coefficient results on this class. The readers could see Dann et al. (2021); Chen et al. (2023) for
reference.

Proof of Proposition 2. We first note that the completeness assumption is also satisfied in generalized
linear MSG (Huang et al., 2021; Chen et al., 2023). Similarly, we consider two arbitrary vector
l⌘,l⌘+1 2 R3 whose norms are bounded �

p
3. We define a function *̃ 2 U such that *̃⌘ = q

>
l⌘

and *̃⌘+1 = q
>
l⌘+1. Furthermore more we take arbitrary \ = {\⌘}⌘2� ⇢ R3 such that k\⌘k 

p
3.

Then we could find A 2 FA and A⌘ = f(q(B, 0, 1)>\⌘),8⌘ 2 [�], (B, 0, 1) 2 S ⇥ A ⇥ B. Then
by Assumption 3, we can find some * 2 U and the corresponding vector l⌘ (*) 2 R3 such that
kl⌘ (*)k  �

p
3 and T⇤,\

⌘
(q(B, 0, 1)>l⌘+1) = q(B, 0, 1)>l⌘ (*) = *⌘ 2 U⌘. Therefore, we have

;⌘ (*̃, \, B, 0, 1) = *̃⌘ (B, 0, 1) � T⇤,\
⌘

(*̃⌘+1) = f(q>l⌘) � f(q>l⌘ (*))

By the Lipschitz condition we have
21

��
q
>�⌘ (*, *̃)

��  ��
;⌘ (*̃, \, B, 0, 1)

��  22
��
q
>�⌘ (*, *̃)

��
where �⌘ (*, *̃) 2 R3 and k�⌘k  2�

p
3.

For any {dB}
B2 [C ] ⇢ r1, i.e. we take sequence of {cB}

B2 [C ] ⇢ ⇧, we let qB
⌘
= Ed

B [q(B⌘, 0⌘, 1⌘)]
and let �⌘

C
= _� + Õ

C

B=1 ⇢
d
B [q(B⌘, 0⌘, 1⌘)q(B⌘, 0⌘, 1⌘)>], where _ � 1 is a tuning parameter. We

further have

Ed
B [;C

⌘
(*̃C , \C , BC

⌘
, 0
C

⌘
, 1
C

⌘
)] � `

C�1’
B=1

Ed
B
⇥
;
C

⌘
(*̃C , \C , BC

⌘
, 0
C

⌘
, 1
C

⌘
)2⇤

22
���⌘ (*̃C ,*C )>qC

⌘

�� � `2
2
1�⌘ (*̃C ,*C )>

C�1’
B=1

Ed
B
⇥
q(BB

⌘
, 0
B

⌘
, 1
B

⌘
)q(BB

⌘
, 0
B

⌘
, 1
B

⌘
)>

⇤
�⌘ (*̃C ,*C )

22�⌘ (*̃C ,*C )>qC
⌘
� `2

2
1�⌘ (*̃C ,*C )>�⌘C�1�⌘ (*̃C ,*C ) + 4`22

1_�
2
3


2

2
2

4`22
1
(qC
⌘
)> (�⌘

C�1)
�1
q
C

⌘
+ 4`22

1_�
2
3

Summing over C 2 [)] and ⌘ 2 [�], we have
)’
C=1

�’
⌘=1

 
Ed

B [;⌘ (*̃C , \C , BC
⌘
, 0
C

⌘
, 1
C

⌘
)] � `

C�1’
B=1

Ed
B
⇥
;⌘ (*̃C , \C , BC

⌘
, 0
C

⌘
, 1
C

⌘
)2⇤

!


�’
⌘=1

2
2
2

  
ln(det(�⌘

)
)) � 3 ln_

2`22
1

+ 4`_22
13�

2
)

!!

3�2
2
2

 
ln(1 + )

3_
)

2`22
1

+ 4`22
1_�

2
)

!

By setting _ = min{1, 1
`

2
2

2
1�

2
)

}, we have

31  2
2

2
2

2
2
1
3� (2 + ln(2�)))

Similarly, for 32, notice we could still write

<⌘ (\̃, B, 0, 1) = A
\̃

⌘
(B, 1) � A⌘ (B, 1) = q(B, 0, 1)> (\̃⌘ � \⌘) = q(B, 0, 1)>X⌘ (\̃, \̃)

Then we could repeat the above process to generate the upper bound. Similarly, another way to get
an upper bound for 32 is to exploit Lipschitz condition to upper and lower bound A

\̃

⌘
(B, 1) � A⌘ (B, 1)

by two bilinear forms and then use the classical decoupling coefficient results on this class. The
readers could see Dann et al. (2021); Chen et al. (2023) for reference.
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D P���� �� T������ 2

Proof. At first, we could decompose the regret into three terms:

Reg()) =
)’
C=1

� (c⇤) � � (cC )

=
)’
C=1

⇣
EG⇠d,0⇠c⇤ [D⇤ (G, 0)] � EG⇠d,0⇠cC [D\

C (G, 0)]
⌘

|                                                             {z                                                             }
�1

+
)’
C=1

⇣
EG⇠d,0⇠cC [D\

C (G, 0)] � EG⇠d,0⇠cC [D⇤ (G, 0)]
⌘

|                                                             {z                                                             }
�2

�
)’
C=1

V ·
�
DKL (c⇤ k cref) � (DKL (cC k cref))

�
|                                                    {z                                                    }

�3

.

First, we compute the upper bound of �1. By the definition of cC and \
C , we can get

E
G⇠d,0⇠c⇤ ( · |G ) [D⇤ (G, 0)] � VDKL [c⇤ k cref] � [1!

C (\⇤)
 E

G⇠d,0⇠cC ( · |G ) [D\
C (G, 0)] � VDKL [cC k cref] � [1!

C (\C ),
which is equivalent to

EG⇠d,0⇠c⇤ [D⇤ (G, 0)] � EG⇠d,0⇠cC [D\
C (G, 0)]

 VDKL [c⇤ k cref] � VDKL [cC k cref] + [1 ·
�
!
C (\⇤) � !

C (\C )
�
.

Now we introduce the Lemma 2 and Lemma 4 in Cen et al. (2024) to further bound the cross-entropy
loss:

Lemma 11 (Lemma 2 and 4 in Cen et al. (2024) when 0  '(G, H)  1). The following inequality
holds with probability at least 1 � X that

!
C (\⇤) � !

C (\C )  �(3 + 4
2)�2

[
2
C�1’
8=1

E
G⇠d,0⇠c8

h��
X
⇤ (GC , 0C ) � X

C (GC , 0C )
��2i + 2 log

✓
|R |
X

◆
,

where X
⇤ (G, 0) = '

⇤ (G, H1) � '
⇤ (G, H2), XC (G, 0) = '

\
C (G, H1) � '

\
C (G, H2).

Then, we compute the upper bound of �2.

�2 =
)’
C=1

⇣
EG⇠d,0⇠cC [D\

C (G, 0)] � EG⇠d,0⇠cC [D⇤ (G, 0)]
⌘

= 2
)’
C=1

⇣
EG⇠d,H⇠cC ['\

C (G, H)] � EG⇠d,H⇠cC ['⇤ (G, H)]
⌘

� 2
)’
C=1

⇣
EG⇠d,H⇠cbase ['\

C (G, H)] � EG⇠d,H⇠cbase ['⇤ (G, H)]
⌘

 2
)’
C=1

�
EG⇠d,H1⇠cC ,H2⇠cbase [XC (G, H1, H2) � X

⇤ (G, H1, H2)]
�
.
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By Multi-agent Decoupling Coefficient, we can further derive

�2/2  ` ·
)’
C=1

C�1’
8=1

⇣
E
G⇠d,H1⇠c8 ,H2⇠cbase [(X

C (G, H1, H2) � X
⇤ (G, H1, H2))2]

⌘
+ 3

4`

 ` · sup
G,H,8

cbase (H | G)
c
8 (H | G) ·

)’
C=1

C�1’
8=1

⇣
E
G⇠d,H1⇠c8 ,H2⇠c8 [(X

C (G, H1, H2) � X
⇤ (G, H1, H2))2]

⌘
+ 3

4`

= ` · sup
G,H,8

cbase (H | G)
c
8 (H | G) ·

)’
C=1

C�1’
8=1

⇣
E
G⇠d,0⇠c8 [(XC (G, 0) � X

⇤ (G, 0))2]
⌘
+ 3

4`
.

Note that

cbase (H | G)
c
8 (H | G) =

cbase (H | G)
cref (H | G) · cref (H | G)

c
8 (H | G) = ^ · cref (H | G)

c
8 (H | G)

Then by c
8 (H | G) / cref (H | G) exp('8 (G, H)/V) in Rafailov et al. (2024), we can derive | log c8 (H |

G) � log cref (H | G) |  2k'8 (G, ·)/Vk1  2/V (Cen et al. (2022), Appendix A.2), then cref (H |G )
c
8 (H |G ) 

exp(2/V). Then

sup
G,H,8

cbase (H | G)
c
8 (H | G) = ^ exp(2/V).

Now we sum over �1, �2 and �3. Thus, we can get

Reg()) = �1 + �2 + �3

=
)’
C=1

�
[1 · (!C (\⇤) � !

C (\C ))
�
+ �2

 �(3 + 4
2)�2

[1 · [2 ·
)’
C=1

C�1’
8=1

E
G⇠d,0⇠c8

h��
X
⇤ (GC , 0C ) � X

C (GC , 0C )
��2i + 2[1) log

✓
|R |
X

◆

+ 2` · ^ · exp(2/V) ·
)’
C=1

C�1’
8=1

⇣
E
G⇠d,0⇠c8 [(XC (G, 0) � X

⇤ (G, 0))2]
⌘
+ 3

2`
.

Now we choose [1 = 2`^ exp(2/V) · (3 + 4
2)2 · [�2 = 1/

p
) , then the inequality above will become

Reg())  2
p
) log

|R |
X

+ 2 · (3 + 4
2)2

[
�2
3^ exp(2/V)

p
) .
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