
APPENDIX A
PROOF OF THEOREM 4

The Proof of Theorem 4. We first note that
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For notational clarity, we will now temporarily drop the feature
index q and the layer index l. To bound the second term, we
note that:
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i )− ĥ(λi))⟨Pnf, ϕ

n
i ⟩Gnϕ

n
i

∥∥∥∥∥
≤ max

1≤i≤κ
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Now, turning our attention to the terms from (10), we have∥∥∥∥∥
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where the final inequality again follows by using Lemma 1.
Meanwhile, the term from (13) can be bounded by∥∥∥∥∥
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By the Cauchy-Schwarz inequality, Remark 1, and Lemma 1,
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where in the last line we used the fact that d ≥ 2.

Therefore, combining Equations (11) through (16) and
reinstating the feature and layer indices, we have
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where C̃ = max{C, 1} and in the final line we have absorbed
κ into the implied constant.

When d = 1, we repeat the same string of inequalities up



to eq. (15) and obtain
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ĥ(λi)(⟨Pnf, ϕ
n
i ⟩Gn

Pnϕi − ⟨f, ϕi⟩M)Pnϕi

∥∥∥∥∥
≤κO

(√
log n

n2/7

)(
∥fq

ℓ−1∥2 +O

((
log n

n

)1/4
)
∥fq

ℓ−1∥∞

)

+ κO

((
log n

n

)1/2
)
∥fq

ℓ−1∥∞

≤κ

(
O
(√

log n

n2/7

)
∥fq

ℓ−1∥2 +O
(√

log n

n1/2

)
∥fq

ℓ−1∥∞
)

(17)

Then, combining eqs. (11), (14) and (17), and again absorb-
ing κ into the implied constant we obtain
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ĥpq
ℓ (λi)(⟨Pnf

q
ℓ−1, ϕ

n
i ⟩Gn

ϕn
i − ⟨fq

ℓ−1, ϕi⟩M)Pnϕi

∥∥∥∥∥
≤CκO

(√
log n

n2/7

)(
∥fq

ℓ−1∥2 +O

((
log n

n

)1/4
)
∥fq

ℓ−1∥∞

)

+ κO
(√

log n

n2/7

)(
∥fq

ℓ−1∥2 +O

((
log n

n

)1/4
)
∥fq

ℓ−1∥∞

)

+ κ

(
O
(√

log n

n2/7

)
∥fq

ℓ−1∥2 +O
(√

log n

n1/2

)
∥fq

ℓ−1∥∞
)

≤C̃

(
O
(√

log n

n2/7

)
∥fq

ℓ−1∥2 +O
(√

log n

n1/2

)
∥fq

ℓ−1∥∞
)
.

Thus by (7) and (8), we have derived the relationship that,
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Then, we have the recurrence relation
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Therefore, one may verify by induction that for all ℓ ≥ 1 we
have
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The proof now follows from the definitions of ϵn,ℓ and δn.


