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1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes] See the paragraph entitled "Contributions" in Sec. 1
for a clear statement of the contributions, and Sec. 2 for further details on the paper’s
scope.

(b) Did you describe the limitations of your work? [Yes] See Sec. 2 and Sec. 5.
(c) Did you discuss any potential negative societal impacts of your work?
(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes] See Sec. 2.
(b) Did you include complete proofs of all theoretical results? [N/A]
3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes]

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] See Appendix B.2.

(c) Did you report error bars (e.g., with respect to the random seed after running exper-
iments multiple times)? Error bars are not reported because it would be too
computationally expensive for the baseline models NCDE, NRDE and NCDE-FNO.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] The type of GPU is specified in
Sec. 4.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [Yes] Citations can be
found in the descriptions of the experiments in Sec. 4.
(b) Did you mention the license of the assets? [Yes] See the code provided as supplementary
material.
(c) Did you include any new assets either in the supplemental material or as a URL? [Yes]
The code, data and models are included in the supplemental material to reproduce the

experiments.
(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? The assets are licensed under the MIT License.

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A |

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [IN/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]

Appendix

This appendix is organized as follows. In Appendix A we provide a summary of the computational
aspects of SPDEs used for data simulation and model definition, emphasizing the important role of
the Fourier Transform (A.1) for simulating noise realizations of Wiener processes (A.2) and building
numerical solvers for SPDEs (A.3). In Appendix B we provide additional considerations about
our Neural SPDE model and further experimental details (B.2) and additional experiments on the
stochastic Ginzburg-Landau (B.3) and wave (B.4) equations, and on the deterministic Navier-Stokes
PDE (B.5).

13



A Computational aspects of SPDEs

We start this section with the definition of the Fourier Transform (FT). We then define the Discrete
Fourier Transform (DFT) as an approximation to the FT of a function observed at finitely many
locations. Next, we discuss the role played by the FT to sample realizations of Wiener processes,
necessary to build spectral solvers for SPDEs. The interested reader is referred to Briggs and Henson
[4] and Lord et al. [27] for further details.

A.1 The Fourier Transform

Let V be a vector space over the complex numbers (e.g. C% or C% *4r) Letr € NandletC C R"
be a compact subset of R". In the paper we used either r = dand C = Dorr = d + 1 and
C=10,T] xD.

Definition A.1 (r-dimensional Fourier Transform). The r-dimensional FT F,. : L*(R",V) —
L2(R", V) and its inverse F,-! : L*(R", V) — L%(R", V) are defined as follows

FD) = [ e jwyds, F )@ = [ gy

for any f,g € L?(R",V), where i = y/—1 is the imaginary unit and (-, -) denotes the Euclidean
inner product on R".

In practice, we do not observe a function on R" but on a subset C C R". Furthermore, functions
are observed at finitely many locations in C, and another transform—the discrete Fourier transform
(DFT)—is used for numerical computations.

In the sequel we denote by Il the set of periodic sequences indexed on Z, with period vector
(N1,..., Ny).

Definition A.2 (r-dimensional Discrete Fourier Transform). The r-dimensional DFT D,. : I —
ITxy and its inverse D, L. TIy — I are defined as follows,

i - 1 ) _
Dr(u)n = Z uke—2m(mN 1k)7 'DT_l(U)k — ‘det‘]\” Z ’Un€2m<"’N Ty
kEZ ARy iy

with N = diag(Ny, ..., N;) € N™*" and R y the rectangular domain Ry = {z e R" |0 < x; <
NZ‘, 1= 1,...,7’}.

The DFT of a sequence can be computed exactly and efficiently using the fast Fourier transform (FFT)
algorithm [8] which reduces the complexity from O(M?) to O(M log M) where M = N1 Ny ... N,.
Most importantly, the FFT algorithm is implemented in machine learning libraries such as PyTorch,
which provide support for GPU acceleration and automatic differentiation capabilities.

Note that if we have a finite sequence, we may still define its DFT by implicitly extending the
sequence periodically. In particular, when a compactly supported function is sampled on its interval
of support, and the samples are used as input for a DFT, it is as if the periodic extension of the
function had been sampled. More precisely, consider an input sequence which corresponds to the
evaluation of a function f on a regular grid of C = R . For simplicity, suppose that V; = IV; for all
i =1,...,r and consider the grid points z,, = nL/N; for n € Z" N R . Taking the DFT of the
sequence of general term u,, = f(x,,) we obtain for all n € Z",

Dy (u), = Z uke—Q‘m’(n,k/Nﬂ — Z f(xk)€_2ﬂi<y”"xk>7
keZrNRN k€Z"NRN

where y,, are the reciprocal frequency points given by y,, = n/L forn € Z" N Ry. The DFT of a
compactly supported (or approximately compactly supported) function f sampled on the regular grid
of points zj, approximates the FT of f at the frequency points y,, (up to a constant multiplicative
factor).

The FT is closely related to the notions of Fourier coefficients and Fourier Series defined hereafter.

Definition A.3 (r-dimensional Fourier series). Let f be a piecewise smooth function f : R” — V'
which is periodic in x; with period L; € Ry forall¢ = 1,...,r. The r-dimensional Fourier series of
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f is a representation of the form,

flz)~ 37 en(f)ermitE e,

nezr
where L = diag(Ly,...,L,) € R™*" and ¢, (f) are complex coefficients, called Fourier coefficients,
given by
1 ~2mi(L " nz)
. _ T n,r d , c 7T
)= g [ ¢ f(x)de, n
where R, C R" denotes the rectangular domain of sides L1, ..., L,.

We note that in the definition above, the sign ~ means that the series is a formal series and no
statement is made about the convergence of the series (the forms of convergence are studied in
Alimov et al. [1]). If f is compactly supported on R, we may still define its Fourier coefficients,
and in this case F..(f)(yn) = |detL|c,(f) at the frequency points y,, = L™ n.

Numerical consideration

Consider a function f which has compact support (or is periodic) which is observed at M locations
in its support (or its unitary cell Ry). When using the DFT to approximate M points of the
spectrum F,.(f)(yx) (or M coefficients c(f)), a so-called aliasing error usually occurs: due to the
periodicity of the DFT, the k' coefficient of the DFT includes the contributions not only of the k"
frequency mode, but also from higher modes of the underlying function f. In general the accuracy
of the highest frequency modes is more impacted by this error, and aliasing occurs specifically
when we compute nonlinear terms in the physical space. For example, in the main paper we
approximate the evaluation on a discretization spatiotemporal grid D x T of F,_ _&1 (Far1(K)Far1(f))
by Dd’jl (BDg41(f|px7)) where f = 1>0Hg ¢(z) and Hp ¢ is nonlinear. One possibility to mitigate
aliasing is to set to zero the DFT terms (arising in nonlinearities) corresponding to the highest
frequency modes before we apply the inverse DFT to go back to the physical space. This is precisely
what we do when we parametrize only kL. x ... x k3l x d;, x dj, entries of the complex tensor B,
and set the others to zero, hence resolving potential aliasing errors. We note that specific rules have
been proposed (notably in the literature on pseudo-spectral solvers) to deal with specific nonlinearities.
However, in the context of Neural SPDE we learn the nonlinearities, hence the number of frequency
modes that we retain is treated as an hyperparameter.

A.2 Stochastic simulation of Wiener processes

After defining Wiener processes we outline the sampling procedure that we used to simulate the
datasets in the main paper. For more details on computational aspects of SPDEs the reader is referred
to Lord et al. [27].

Throughout this section, H will denote a separable Hilbert space (e.g. H = L?(D)) with a complete
orthonormal basis {¢x }en. Let (Q, F, F;, P) be a filtered probability space.

A.2.1 Q-Wiener process

Consider an operator Q : H — H such that there exists a bounded sequence of nonnegative real
numbers { A }ren such that Q¢ = Ay for all k € N (this is implied by @Q being a trace class,
non-negative, symmetric operator, for example).

Definition A.4 (()-Wiener process). Let () be a trace class non negative, symmetric operator on H.
A H-valued stochastic process {W(t) : t > 0} is called a Q-Wiener process if

0) = 0 almost surely;

(

2. W (t;w) is a continuous sample trajectory R* — H, for each w € (;
(t) is Fi-adapted and has independent increments W (t) — W (s) for s < t;
(

—W(s) ~N(0,(t—s)Q) forall 0 < s < t.
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In analogy to the Karhunen Loéve expansion, it can be shown that W (t) is a Q-Wiener process if
and only if for all £ > 0,

W(t) = Z VA6 B5(t) (6)

where $3;(t) are i.i.d. Brownian motions, and the series converges in L?($2, H). Moreover the series
is P-a.s. uniformly convergent on [0, T for arbitrary T > 0. (i.e. converges in L*(Q2,C([0, T, H))).

In the Navier-Stokes example, we drive the SPDE by samples £ from a (Q-Wiener process in two
dimensions. Here we follow Lord et al. [27, Example 10.12] and explain how the sampling procedure
works in this case. Let D = (0,L;) x (0, Ls) and consider an L?(D)-valued Q-Wiener process
W (t). If the eigenfunctions of @) are given by,

1 .
¢k(-r) — eQ’LTr(klﬁl/Ll—‘rk‘g.’Eg/Lg)
vV IL1Ls

numerical approximation of sample paths from W (t) are easy to obtain through a DFT. Denote by

Ak the eigenvalues of @) (e.g. A\ = e~ for some parameter o > 0) and let 7 be the index set
defined by,

T ={(1,j2) €Z* : =J1/2+ 1< j1 < J1/2, — J2/2+1<jo < Jo/2}
The goal is to sample from the truncated expansion of W (¢),
W) = V/A6;8(t),

JjeT

at the collection of sample points,
$k=(L1k1/J1,L2k2/J2)T7 0<ki <J1—-1,0<k<J -1
Consider the random variable Z (¢, «) defined by,
Z(tn,x) = VALY VNj0;(0)8, & ~ CN(0,2),
JjeTJ

meaning that £ = a + ib with a, b £ (0,1) such that Z (¢, zx) is a complex random variable

with independent real and imaginary part with the same distribution as two independent copies of the
increment W (t,, + At, 2) — W7(t,,, x1). Furthermore, Z(t,,, 2;,) can be expressed in the form,

1 .]1/2 (12/2

B J1J2 Z Z Zjlx.izein(jl%+j2%> (7

J1==J1/2+1 ja=—J2/2+1

Z(tn,xk)

where Zjhjz = VAN, j,J1J2€7, ;, We recognize that the matrix with entries given by eq. (7)

is the 2D inverse DFT of the J; x Jo matrix with entries Z f
independent copies of

W (tn + At xg) = W (tnyan), 0<ki <J1—1,0<ky < Jp—1
by computing a single 2D inverse DFT.

1,jo- Therefore, we can sample two

A.2.2 Cylindrical Wiener process

If the operator @) = I is the identity, then () is not of trace class on H so that the series in eq. (6)
does not converge in L2(£2, H). This motivates the definition of cylindrical Wiener processes.

Definition A.5 (Cylindrical Wiener process). Let H be a separable Hilbert space. A cylindrical
Wiener process (a.k.a space-time white noise) is a H-valued stochastic process {W (¢) : ¢t > 0}
defined by

Wi(t) = Z ¢;B;(t) ®)

where {¢; } is any orthonormal basis of H and /3;(¢) are i.i.d. Brownian motions.
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In all examples except Navier-Stokes, we drive the SPDE by samples £ from a cylindrical Wiener
process in one dimension. Let D = (0, L) and consider an L?(D)-valued cylindrical Wiener process
W (t). As explained in Lord et al. [27, Example 10.31], if we take the basis

o1(2) = \/2/Lsin (krz/L)

numerical approximation of sample paths from W (t) are easy to obtain. The goal is to sample from
the truncated expansion,

J
W(t) = 6:8;(0), ©)

j=1
at the collection of sample points xy, = kL/J for k = 1,...,J. Observing that a trigonometric

identity yields,
Cov (W7 (t,2;), W (t,z)) = (tL/J), ik=1,...,J
the increments W7 (¢, + At, xy,) — W (¢, 1) ~ N(0,AtL/J) forallk = 1,... k.

A.3 Numerical solvers

In this section we present an overview of the numerical solvers for SPDEs we used to generate the data
for all the experiments. The stochastic Ginzburg-Landau (Sec. 4.1 and appendix B.3), stochastic wave
(Appendix B.4) equations have been solved using the finite difference method, while the stochastic
Korteweg—De Vries (Sec. 4.2) and Navier Stokes (Sec. 4.3) equations have been solved using the
spectral Galerkin method. We use the same setup as in Sec. 2. In particular, we focus on stochastic
semilinear evolution equations of the form

where W, is either a Q-Wiener process or a cylindrical Wiener process and L is a linear differential
operator generating a semigroup e*~. We consider nonlinearities F, G regular enough (see Lord et al.
[27, Assumption 10.23]) to guarantee existence and uniqueness of mild solutions of eq. (10) [27,
Thm. 10.26].

A.3.1 Finite difference method
We illustrate this numerical method for the reaction-diffusion equation
duy = (e02,u+ F(u)) dt + odWy,  u(0,z) = ug(x),

with homogeneous Dirichlet boundary conditions and where €, 0 > 0 are constants. We assume for
simplicity that ug, u;, W; are real-valued and D = (0, a). The generalization to higher dimensions is
straightforward.

Consider the grid points z; = jh, where h =  and j = 0, ..., J, for some spatial resolution J € N.
Let u s (t) be the finite difference approximation of [u(t,x1), ..., u(t,x y_1)] (similarly for Wy (t))
resulting from the solution of the following SDE

duy(t) = [—eMuy(t) + f(uy(t)]dt + ocdWy(t)

where f(uy) = [f(u1), ..., f(us_1)]T and M is the (J—1) x (J —1) matrix approximating Laplacian
(with free boundary conditions) which is given by

2 -1

1 -1 2 -1

One could modify M for specific boundary conditions. For instance in the case of periodic boundary
one should modify M; j_1 = Mj_1,1 = —1 (see Lord et al. [27, Chapter 3.4] for Dirichlet and
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Neuman boundary condition modifications of M). To discretize in time, we may apply numerical
methods for SDEs (see for example Lord et al. [27, Chapter 8]). Choosing the standard Euler-
Marayama scheme with time step At yields an approximation u s, to () at t,, = nAt defined
by

wynir = (I + AteM)™! (um + flugn) At + o (Wy(tnir) — WJ(tn)))

The increments (W (t,+1) — W;(t,)) are generated using techniques discussed in Appendix A.2.

A.3.2 Spectral Galerkin method

Consider again a separable Hilbert space H. Assume that the differential operator £ in eq. (10)
has a complete set of orthonormal eigenfunctions {¢; } ;e and eigenvalues A; < 0, ordered so that
Aj+1 < A;. Then, we can define the semigroup et as follows

eCh =Y e h,¢;)¢;, heH.
j=1

Define the Galerkin subspace V; = Span{¢1, ..., ¢; } and the orthonormal projections Py : H — V;
as follows

J
Pyh =Y (u,¢;)¢;, heH.
i=1
Then, the following defines spectral Galerkin approximation of eq. (10)
duy(t) = (Loug(t) + PyF(uy(t)))dt + PyG(uy()dW,(t), us(0) = Pyug

where uy := Pyuand L; := P;L and W; = P;W is as in (9). Using a Euluer-Marayama
discretization as above, we obtain the following discretization

UJpt+l = (I + Atﬁ‘])_l(u‘]}n + AtPJF(qu) + PJG(UJW)AWJ’”).

This approach is particularly convenient for problems with additive noise where the eigenfunctions
of £ and () (the covariance of the )-Wiener process W) are equal, which is the case for all the
experiments in this paper generated with this method. The eigenfunctions of the Laplacian with
periodic boundary conditions correspond to the Fourier basis exponentials; therefore, one can define
the projection P; in terms of the DFT.

B Further experiments

In this section with discuss additional details about the NSPDE model, its training procedure an of
the baseline models, including how the relevant hyperparameters have been selected for each model.

B.1 Derivation of the ODE parameterisation

If one assumes that £ is a polynomial differential operator of degree IV of the form

N on
L Z Z O7L
15:-47d ny ng
= Oxi*...0x

ni,...,Nd
ni+...+nqg=n

where Cy, ., € Car*dn gre complex matrices, then the FT of the kernel associated to £ satisfies

F(Ki)(y) = etP(y) ¢ (th,xdh’

for any iy € C¢, where e is the matrix exponential and P is the following matrix-valued polynomial

P(y) = Z Z (QW)nyfl"'y5d0n1,~»-~,nd'



Therefore, there exists a map A : C% — C% ¥ such that F(K;)(y) = ). It follows that

¢
zp=F 1! (etA}'(zo) + / e(t*S)Af(Hgyg(zs))ds) = F (v,
0
where v; : C? — C9 is the solution of the following ODE

t
U = Vg + / Avg + .F(H(;_f(fil(vs)))‘
0
as shown in section 3.2.

B.2 Additional experimental details

For all experiments the dataset is split into a training, validation and test sets with relative sizes
70%/15%/15%. For all models, a grid search on the hyperparameters is performed using the training
and validation sets. We use the Adam optimizer and a scheduler which reads the validation loss and
reduces the learning rate if no improvement is seen for a patience number of epochs. Additionally,
an early stopping method is used to halt the training of the model if no improvement is seen after a
patience number of epochs. The hyperparameters included in the grid search are stated below and
examples of hyperparameter selection results are provided in tables 5 to 9.

NSPDE The hyperparameters included in the grid search are the number of frequency modes used
to parametrize the kernel in Fourier space B = F441(K) and the number of forward iterations used
to solve the fixed point problem.

FNO The hyperparameters included in the grid search are the number of frequency modes used to
parametrize the kernel and the number of layers M. Note that the numbers of frequency modes in the
grid search differ from the ones used for the NSPDE model by a factor 2 to ensure that the effective
number of retained modes is the same. For both the NSPDE model and FNO, we kept the number of
hidden channels fixed to d;, = 32 as this systematically yielded better performances than previously
included values and enabled to perform the grid search in a reasonable time.

DeepONet The Deep Operator Network (DeepONet) [28] is another popular class of neural
network models for learning operators on function spaces. The DeepONet architecture is based on
the universal approximation theorem of Chen and Chen [6]. It consists of two sub-networks referred
to as the branch and the trunk networks. The trunk acts on the coordinates (¢, z) € [0,T] x D, while
the branch acts on the evaluation of the initial condition u on a discretized grid D. Therefore, the
DeepONet is not a space resolution-invariant architecture. The output of the network is expressed as

p
DeepONet(ug)(t, ) Z (uo)T(t, ) + bo,

where the by and the 75, are the outputs of the branch and trunk network respectively. The trunk
network is usually a feedforward neural network, and one can chose the architecture of the branch
network depending on the structure of the input domain. We follow Lu et al. [28] and use feedforward
neural networks for both the trunk and the branch networks. We perform a grid search on the depth
and width of the trunk and branch feedforward neural networks.

NRDE/NCDE/NCDE-FNO The hyperparameters included in the grid search are the number of
hidden channels and the type of solver as implemented by torchdiffeq [5]. We note that we used a
depth-2 NRDE model (depth-2 already results in d¢ = 8 385 for forcings observed at 128 spatial
points and higher depths models could not fit in memory) and recall that NCDE is a depth-1 NRDE.
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Table 5: Grid search NCDE (KdV)

Table 6: Grid search NCDE-FNO (KdV)

dp ~ #parameters solver validation loss dp ~ #parameters solver validation loss
8 136464 rk4 0.511 8 5761 rk4 0.140
16 272672 rk4 0.510 16 15617 rk4 0.142
32 545088 rk4 0.505 32 48769 rk4 0.145
8 136464 euler 0.560 8 5761 euler 0.310
16 272672 euler 0.561 16 15617 euler 0.314
32 545088 euler 0.556 32 48769 euler 0.321

Table 7: Grid search DeepONet (KdV)

Branch & trunk width  Branch depth  Trunk depth  # parameters

validation loss

256 3 4 1935616 0.258
128 3 4 885888 0.269
128 3 3 869376 0.279
128 3 2 852864 0.284
512 3 4 4526592 0.294
512 2 2 3738624 0.295
256 4 4 2001408 0.295
512 4 4 4789248 0.302
256 2 2 1738240 0.304
256 3 3 1869824 0.307
128 4 3 885888 0.311
128 4 2 869376 0.311
256 3 2 1804032 0.313
128 2 2 836352 0.315
256 4 2 1869824 0.316
128 4 4 902400 0.318
256 4 3 1935616 0.319
512 4 3 4526592 0.320
512 4 2 4263936 0.334
512 3 2 4001280 0.350
128 2 4 869376 0.350
512 3 3 4263936 0.359
512 2 3 4001280 0.366
256 2 3 1804032 0.370
128 2 3 852864 0.382
256 2 4 1869824 0.392
512 2 4 4263936 0.395
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Table 8: Grid search FNO (KdV)

dp depth modes1 modes2 # parameters validation loss

32 1 16 16 532993 0.163
32 1 16 50 1647105 0.117
32 1 32 16 1057281 0.163
32 1 32 50 3285505 0.117
32 2 16 16 1058337 0.163
32 2 16 50 3286561 0.120
32 2 32 16 2106913 0.163
32 2 32 50 6563361 0.118
32 3 16 16 1583681 0.163
32 3 16 50 4926017 0.120
32 3 32 16 3156545 0.163
32 3 32 50 9841217 0.120
32 4 16 16 2109025 0.163
32 4 16 50 6565473 0.122
32 4 32 16 4206177 0.163
32 4 32 50 13119073 0.120

Table 9: Grid search NSPDE (KdV)

dp ~ Picard’s iterations modes 1 modes?2 # parameters validation loss

32 1 32 32 1055233 0.023
32 1 32 100 3283457 0.011
32 1 64 32 2103809 0.030
32 1 64 100 6560257 0.009
32 2 32 32 1055233 0.018
32 2 32 100 3283457 0.012
32 2 64 32 2103809 0.015
32 2 64 100 6560257 0.010
32 3 32 32 1055233 0.016
32 3 32 100 3283457 0.013
32 3 64 32 2103809 0.022
32 3 64 100 6560257 0.011
32 4 32 32 1055233 0.019
32 4 32 100 3283457 0.012
32 4 64 32 2103809 0.021
32 4 64 100 6560257 0.016

B.3 Stochastic Ginzburg-Landau equation

Recall that the stochastic Ginzburg-Landau equations are of the form,
Oy — Au = 3u — u® + G(u)é, (11
u(0,2) =up(x), (t,z)€[0,T] x[0,1]

subject to either Periodic or Dirichlet boundary conditions. Periodic boundary conditions are given by
u(t,0) = u(t, 1) for all t > 0 and Dirichlet boundary conditions are given by u(t,0) = u(t,1) =0
for all ¢ > 0. Initial condition we take as in Sec. 4.1 ug(z) = (1 — z) + xn(x) with K = 0 or
# = 0.1 depending on a task. In both Periodic and Dirichlet case we can take 7(z) as in Sec. 4.1
though in Dirichlet case one must take ay = 0 to ensure ug being zero at the boundary.

We first reproduce an experiment from Sec. 4.1 on the additive stochastic Ginzburg-Landau equation
but with Dirichlet boundary conditions instead of the periodic. We compare it to the benchmark of
FNO model which was the most successful among all the benchmarks of Sec. 4. From Table 10 we
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see that even though Neural SPDE model depends on the spectral methods the errors did not increase
compared to the periodic equation in Sec. 4.1 (see Table 1). Our algorithm still outperforms FNO
whose relative L2 error increased slightly. The fact that Neural SPDE can be applied to non-periodic
equations could be perhaps explained by interpolation (Ly) and projection (IIy) neural networks that
could correct for non-periodicity of the data.

Table 10: Additive stochastic Ginzburg-Landau equation with homogeneous Dirichlet bound-
ary conditions. The experimental setup is the same as in the main paper. We report the relative L2
error on the test set. The symbol x indicates that the model is not applicable. N is fixed to 1 000.

Model u—u E—u (ug,é)—u
FNO 0.132  0.023 X
NSPDE (Ours)  0.135  0.008 0.010

We now take a look at the specific hyperparameter: number of forward iterations in the fixed point
solver. We also call this a number of Picard iterations P. Theoretically as P increases Fixed
Point Solver should converge to the true solution (see [11]). This suggests that higher P should
improve the performance of the Neural SPDE algorithms. In practise we observed in both additive
Ginsburg Landau equation from Sec. 4.1 and in KdV equation from Sec. 4.2 that P = 1 could
already be enough. This could be explained either by dominance of the linear part of the equation
or by overfitting in these cases. Thus we present an experiment on the multiplicative stochastic
Ginzbug-Landau equation over a longer (compared to Sec. 4.1) time interval. In the Table 11 we
compare NSPDE with P € {1,2, 3,4} and again include FNO benchmark (which performed best
in the previous experiments). We see that NSPDE with even P = 1 outperforms FNO. Relative
L2 error for T' = 0.05 increases for both NSPDE and FNO due to more complicated multiplicative
noise. In Table 11 we present for each P the best result over other hyperparameters obtained by
cross validation. One could clearly see an improvement in error as we increase the number of Picard
iterations P (with an exception of the case 7' = 0.05 where P = 3 outperformed P = 4). This
improvement becomes more apparent as the time frame 7" increases. Heuristically (and qualitatively)
this is due to the fact that for the short times solution of the SPDE is relatively close to its linearised
version and that nonlinearity of the equation starts to play a bigger role for larger 7.

Table 11: Multiplicative stochastic Ginzburg-Landau equation. We report the relative L2 error
on the test for FNO and NSPDE (Ours) for different number of Picard iterations on the task & — .

Time horizon | ENO  NSPDE (P = 1) NSPDE (P =2) NSPDE (P =3) NSPDE (P = 4)

T =0.05 0.040 0.023 0.018 0.016 0.017
T =0.10 0.068 0.042 0.041 0.040 0.040
T =025 0.105 0.079 0.077 0.073 0.072

B.4 The stochastic wave equation

In this section we consider the following nonlinear wave equation with multiplicative stochastic
forcing,
O2u — Au = cos(mu) + u? + u, (12)
u(t,0) = u(t, 1),
(0, x) = up(x),
Owu(0,z) = vo(x), (t,z) €[0,T] x [0,1].
The nonlinear stochastic wave equation arises in relativistic quantum mechanics and is also used in
simulations of nonlinear waves that are subject to either noisy observations or random forcing. We

refer a reader to Temam [34] for an overview on the nonlinear wave equation. The above equation
can put in a form of eq. (2) by rewriting it as a system for (u,v) = (u, d;u). To generate training
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datasets, we solve the SPDE using a finite difference method with 128 evenly distanced points in
space and a time step size At = 1073, As in Chevyrev et al. [7, eq. (3.5)], we solve the SPDE until
T = 0.5. We then downsample the temporal resolution by a factor 5, resulting in 100 time points.
Here, the initial condition is given by ug(z) = sin(27zx) + xkn(z), where 7 is defined in Sec. 4.1 and
for simplicity initial velocity vy is taken deterministic vo(z) = x(1 — z). Similarly to Sec. 4.1 we
either take x = 0 or k = 1 to generate datasets where the initial condition is either fixed or varies
across samples. Each dataset consists of N = 1000 training observations.

Table 12: Stochastic Wave equation. We report the relative L2 error on the test set. The symbol x
indicates that the model is not applicable. N is fixed to 1 000.

Model u—u E—u (ug,é)—u
NCDE X 0.142 0.432
NRDE X 0.146 0.445
NCDE-FNO X 0.029 0.037
DeepONet 0.190 0.143 X

FNO 0.151 0.026 X

NSPDE (Ours)  0.150  0.023 0.026

B.5 Deterministic Navier-Stokes PDE

In this final experiment, we demonstrate that our Neural SPDE model can also be used in the
setting of PDEs without any stochastic term. We do so by studying the example from [25] on
deterministic Navier-Stokes. More precisely, we consider the 2D Navier-Stokes equation for a
viscous, incompressible fluid in vorticity form:

Ow(t, z) — vAw(t,z) = f(z) —u(t,z) - Vw(t, z), te [0, 7],z €[0,1]* (13)
V- u(t,x) =0, te[0,T],z€[0,1]* (14
w(z,0) = wo(), x € [0,1]? (15)

where u : [0, T x [0, 1]> — R? is the velocity field, w = V x w is the vorticity with wy : [0,1]> — R
being the initial vorticity. Here f is a deterministic forcing term which we take as in [25]. We
follow the experimental setup from [25] and use the dataset (available under an MIT license) where
v =10"°, N = 1000 and T' = 20. We achieve similar performances as FNO with a L2 error of 0.17.
A comparison between a true and predicted trajectory is depicted in Fig. 3.

Navier-Stokes

initial condition time step 1 time step 2 time step 3 time step 4 time step 5 time step 6 time step 7 time step 8 time step 9 time step 10
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Figure 3: Top panel: Initial vorticity and ground truth vorticity at later time steps on a 64 x 64 mesh.
Bottom panel: Predictions of the Neural SPDE model.
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