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A Experiments

In this section, we present a numerical experiment in Figure[I] to validate some of our theoretical
results on the optimality and sub-optimality of fixed and adpative regularisation for FTRL. We run
FTRL with different regularisers on the loss construction used in the proofs of our lower bounds from

section 4] which is described in[Appendix E.1]

For fixed T', we observe that the regret using FTRL with ¢,, is constant across dimension, while
the regret of FTRL with ¢, increases with dimension. In particular, ¢ outperforms ¢, in low-
dimension while ¢,, outperforms ¢, in high dimensions. This validates our results that ¢,, is optimal
in high dimensions (Section 2.3)) but not in low-dimension (Section 4.2) and that ¢ is optimal in low-
dimension (Section 2.2)) but not in high dimensions rmore, the adaptive procedure
from performs well in both low and high dimensions. However, this experiment suggests
that the theoretical threshold to = 3~2P/(P=2)4 from is perhaps overly conservative in

the transient setting between low and high dimensions (at least for this loss construction) and that a
larger threshold ¢ty = 2d performs better here.

—— FTRL - ¢,
25 - FTRL - ¢
—— FTRL - to=372P/P=2)d
402 204 — -to=2d
o
&
15 A
10 1
10° 10! 10?
dimension

Figure 1: Comparison of FTRL with different regularisation. We fix 7" = 40 (and L = 1, p = 10) and
vary the dimension. FTRL - ¢, refers to FTRL using the regulariser ¢ = 3||||3 from[Section 2.2

withni_1 = 4/ dl;:/P . FTRL - ¢, refers to FTRL using the regulariser ¢, = 1||z||% from|Section 2.3
withn_1 =

W. The final two correspond to using the procedure from|Section 3| with adaptive

regularisation. The first with the threshold t, = 3~27/(?=2){ from [Theorem 3.1L while the second
uses the threshold ¢ty = 2d.

Implementation Details: The experiment was run on google colab with the default settings
(including CPU) and takes around 5 minutes run. All the details of the loss construction and algorithms
are provided or referenced above. The closed-form updates are provided in Note that
the Bregman projections onto £,-balls are not available analytically, we use the minimize function
from the scipy.optimize library to compute the projections numerically (with method="SLSQP’).
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B Closed-form update of FTRL with specific uniformly convex regulariser
and related lemmas

Consider a regulariser 1/ differentiable on R?. Define the Bregman divergence of 1) as Dy(x,y) =
U(z) = ¥(y) — (Vi(y),x —y) forall 2,y € R%.

Lemma B.1. Fixr > 2. Let (z) = L||z|7. Let V = B,. Let g, € 0l,(x;). The update rule of

FTRL using {1(x) = nil () as regularisers is

t
(%+4 ::_ntjz:gs
s=1
ZTy41 = argmin Dy, (:c, Sign(ét+1)|ét+1 |r*—1>7

z€B)

where sign, power and absolute value functions are applied component-wise to vectors.
Proof. Given g; € 9¢s(x;), the update of FTRL with regulariser 1, is (see )

t
v = argmin{n () g, 2) +6(x) |
ze s=1

By Theorem 6.15 in [35]], this update is equivalent to

Tpq1 = argmin{nt<zt: s, T) + 1/1(@},

zERC o—1

Tyy1 = argmin Dy, (z, Ty41) -
zeB,

Now by Theorem 6.13 of [35], the first minimisation (over R%) is equivalent to

Ty = VY© (—77t i gs) )
s=1

where 1" is the Fenchel conjugate of .

For an arbitrary norm ||-||, the Fenchel conjugate of f(z) = 1|z||" is f*(z) = %Hx”i* (see
Lemma 2.2 in [23])). Therefore the Fenchel conjugate of ¢(x) is ¢*(z) = % |lz||7x and Vy*(z) =
sign(z)|z|™~!. Combining everything gives the result. O

We now provide two lemmas pertaining to the Bregman projections of the FTRL update in[Cemma B.T]
for specific cases that will be of use in the proofs in[Appendix E]

Lemma B.2. Consider z = ¢ - w where w is a vector with all entries equal to 1 and ¢ > d=/? so

that z ¢ B),. The Bregman projection argmin,cg Dy (x, z) with 1 (z) = Lz||m of z is d=/P -,

o
the rescaled version of w that has £,-norm equal to 1.

Proof. We make use of Lemma 5.4 in [5]]: if f is a convex and differentiable function on B, then x is
a minimiser of f(z) in B, if and only if V f(2) (y — x) > 0 for all y € B,,. Consider

f(@) = Dy(w,2) = 9(x) = ¥(2) = Vip(2)" (= 2),
Vf(x) = V() — Vij(2),
V() "

sign(z;)|;
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Consider x = d~'/ - w. From the lemma mentioned above, it is enough to show that V f ()7 (y —
x) > 0forally € B:

V@) (y — ) = (Vi(x) = Vi(2))  (y — 2)
— (d—(r—l)/p w—c"L. w)T(y —x)
— (Cr—l _ d—(r—l)/p)wT(aj _ y)

d
= ("t =g~/ (@t Zyz)

i=1
(@1 = =Dy @ )
(& = =)@ ey
0

Y

AVARAY;

where we used that "1 — d=("=U/" > 0 and ||y||; < d*~VP||y|l, < d'"VP forally € B,. O
Lemma B.3. Consider z = c - ey where ey is the first canonical basis vector and |c| > 1 so that

z ¢ By. The Bregman projection argmin,cg Dy (, z) with ¢(z) = L|z||7 of z is sign(c) - e1.

Proof. As in the proof of [Lemma B.2|, it is enough to show that V f(z)T (y — 2) > O forall y € B,),
with z = sign(c) - e1, and

f(@) = Dy(z,2) = () = 9(2) = Vip(2)" (z — 2),
Vix) = Vi(r) = Vi(z),
[V ()i = sign(wi)|as] "

) = Vip(2)) " (y — 2)
sign(c) - e1) — V(- e1))" (y — )
=sign(c) - (||~ = 1)ef (= — y)

= sign(c) - (|¢["7! = 1)(sign(c) — y1)
2 Oa

V@) (y—2)= (V¢
= (V¢

/\/\

where we used that |c| > 1 and y; < 1forally € B,. O
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ss C  Proofs for Section 2|

gsea C.1 Proof of Theorem 2.3

ges We follow and extend the analysis of FTRL from [35]] (Section 7) which is closely related to the
ges analysis in [30]]. FTRL with uniformly convex regularisation was orginally considered in [4] based
867 on the analysis in [30]. Existence and unicity of the update can be handled along the same lines as
gse Theorem 6.8 in [35] with uniform convexity.

sso The analysis begins with the following expression for the regret. We refer the reader to [35] for the
870  proof.

e71 Lemma C.1. Lemma 7.1 of [35] Denote Fi(x) = (z) + Zi;ll ls(x) and set x; €
72 argmin, oy Fy(x). Consider 11 = 7. Then, for any u € V we have

T T
Z&(Cﬂt) —{y(u) < Pp(u) — gggwl(w) + ;{Ft(xt) — Fipa(zegn) + &(xt)} 4

873 To bound the terms Fi(xy) — Fiy1(2i+1) + €4 (2¢), we use the uniform convexity of the regularisers.
874 In particular, we require the following result on uniformly convex functions, which is an extension of
g7s  Corollary 7.7 of [35].

s76  Lemma C.2. Let f : R? — R be closed, proper, sub-differentiable and ji-uniformly convex of degree
§77 v w.rt. anorm ||-||. Let x* = argmin, s f(z). Then for all x € dom f and g € Of(x), we have

ﬂ@—f@ﬂﬁgjmﬁﬂﬂdﬁl

878 Proof. By the uniform convexity of f, we have

f@") = min f(z)

z€dom f
> min {/(@) + (0.2~ 2)+ Dz —all"}
> f(a)+ min{ (g, 7~ a) + £}~ 2|}
= f(@) + min{(g.2) + =12}

= f(z) — ,umax{<_7g,2>—;||z‘|r}

z€R4
= f Tr) — —
(x) o
— fx) - H*m
=fl@)—n r*
r— r/ r—1)

Hw\l”

g79  where we used that the fenchel conjugate of @ is Rearranging gives the result. O

880 Since 1) is proper, closed, differentiable and j.;-uniformly convex of degree r; with respect to ||-|| 4

ss1 and the losses are proper and convex, Fi(x) + £:(x) = ¢ (x) + 22:1 £s(z) is also proper, closed,
ss2 sub-differentiable and y1;-uniformly convex of degree r; with respect to ||-;;. Applying[Lemma C.2]
ss3 to Fy + {4, we have with 2} = arg min, oy Fy(x) + 4 (x)

Fy(we) — Frp(wee1) + () = (Ft(ift) + ft(xt)) - (Ft($t+1) + ft($t+1)) +Ve(Te41) — Vi1 (Te41)

(Fi(@o) + telae)) = (Felad) + 6@D)) + v1(@es) = Yoo (o)

re—1 re/(re—1
— ||9t|\\t*/( D e(@es1) — P (zen),
D

thg

IN

IN
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where we used that g; € O(F; + £;)(x) since g; € 0l;(x¢) and x; = arg min, oy Fy(x). We omit
some technical details but the steps from [35] extend to our setting. Plugging the above into (@) gives

MTheorem 2.3
C.2  Proof of

Since v is p-uniformly convex functlon on V of degree r with respect to ||-||, then the regulariser used
by FTRL in round ¢, ¢, = 1 — i is —un1formly convex function on V' of degree r with respect

to ||-||. Since n; < mp—1, wt($t+1) — /ll)t+1(:rt+1) = <"7t1—1 — E Y(x¢41) < 0. By the Lipschitz
condition on the losses, we have ||g;[|« < L;.;. Applying|[Theorem 2.3| we have

LT* T
th () — () < Y(u )Jr i LI S

nr—1  Tept

t=1
e 1)1/”T1/m L ET:( pre )”*—1
a pt/r 7“ o1 Ly (re = 1) 1/rel/rs
_ LD -t Ly D Z .
B :ul/r 7‘*(7‘* — 1)1/7"#(7‘*—1)(1—1/7‘) — tl/r
Ly DV R 1 T
=S (0T e 3 )

Now note that

1 T 1 T
< - — 1—1/r:| _ *Tl/T*
ti/r _/0 xl/de [171/7’91j o

T 1/rl/r,
Ly DY™T . 1
— th(xt) _ gt(u) S H“T((T* - 1)1/ * 4 W)
t=1

The proof is concluded by noting that (r, — 1)/7 + W = r1/7rY/™ |Lemma C.4|was helpful
in finding the optimal step-size.

1M

C.3 Proof of[Theorem 2.5

Wehave d < T. Letk = |T/d] > 1. Let Y; ; be i.i.d. Rademacher random variables for 1 < ¢ < d,
1<j<kiePY;; =1) =P(;; = —1) = 1/2. Let ey, ..., eq be the canonical basis of R4,
Define g, = LY; ; - e; where t = k(¢ — 1) + j (for k rounds we stick to the same coordinate and
draw i.i.d. Rademacher random variables). Denote the point played by A by x; and fix the loss to be

l(x) = gTx (for t > dk, fix £;(z) = 0). The subgradient is g;, which is bounded by L in £,,, -norm.
The point x; depends on the losses up to time ¢ — 1 but not on ¢; and is independent of Y;, so for all ¢:
T
E[ly(2,)] = E[Y,L - ef 2] = E[Y;]Le/ Elay] = 0 = E[Y_ ()] = 0.
t=1

On the other hand, u = —d~/P Zle sign{E?zl Y, }ei € B, gives

T T
min ; ly(x) < Zﬁt(u)

= —Ld~ 1/17(2 mgﬂ{zk:}’é,j}@i)T(f:zk:njei)
i—1 j=1 i=1 j—1

= —Ld_l/pZ‘ZYi,j .
i=1 j=1
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We now make use of a result from [[13] (proof of Lemma 7.2): fix B > 0, consider X = Zf;l tiR;

where ¢; are positive integers such that Zile t; = k and R; are i.i.d Rademacher random variables.
Then E[|X|] > k/V/3B.

In our case, with B = k and t; = 1 for all 4, we have that E[|Z§:1 Yiill > \/k/3 > /T/6d (since
k= |T/d| > T/2d for T > d) which gives

T T d
~ ~ i [d Zdl*Q/p
E — mi E > *1/102 W= = Ld7 VP 2D =y 2
E[t_l Li(xy) ;Iengr; 2 ét(x)} >0+ Ld 2 6d Ld : L 5

The result follows by: sup,, ,,. Rr > E {Zle Oy(xy) — mingep, Z;‘P:l ft(x)} > Ly /%*2“1.

C.4 Proof of [ Theorem 2.7

We have d > T. Fort € {1,...,T}, let Y; be i.i.d. Rademacher random variables, i.e. P(Y; = 1) =
P(Y; = —1) = 1/2. Let eq, ..., ¢4 be the canonical basis of R?. At time-step ¢, denote the point
played by A by x; and fix the loss to be ¢;(x) = Y;Lel'w. The subgradient is Y;Le;, which is

bounded by L in ¢, -norm. The point ; depends on the losses up to time ¢ — 1 but not on ¢; and is
independent of Y3, so for all ¢:

T
E[l;(z,)] = E[Y;Lel'z;] = E[Y;|Lel E[z;] = 0 = E[Z Oy ()] = 0.

On the other hand,
T T
. = . T
min ) =L min x ( Ye )
z€B), t< ) x€B), Z e
t=1 t=1
is attained at x = —T~1/P ZtT:l Yie: € B, giving

T T T
min th(x) = LT P Z YtY;/etTet/ = —[/Tfl/pz:Y;2 — LTV — _pt/ee
t=1

z€B
P t,t'=1 t=1

.....

C.5 Uniform Convexity of p-OMD’s regulariser

In this section, we provide the proof of Proposition on the pg-uniform convexity of degree p of
P(x) = 3 |z|[5 on By, for p > 2.

Consider z,y € B,. Following the steps in Remark 2.1 of [45]], using convexity of ¢ we have for
A€[0,1/2],

b+ (1= N)y) = ¢(2A(m ; y) (- 2/\)y)
< 20 () + (1 - 20)0()

221z +yp (1—2))
=510,
pll 2 lp D

1ylI5-

From Clarkson’s inequality (equation (2.1) in [2]), we have that

N
P 2 2

Hx+y
2

p T —y
+[=

p
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Using this in the above we have

2xllzllp 22 llwlly  2xjz—yyp | (1=2))
_ < 2z =7 _ =2~ P
YO+ (1= Ny) < gt T - ST Iyl
p P 2 _
_ o Jellp +(1_A)Hy||p _ng Y|P
p p p it 2 lp
2AM(1 =X jjlx —y P
<) + (1= Nty - 228 )

This is an alternative characterisation of uniform convexity, we now show (following steps in
Definition 3.2 of [23]]) that it is equivalent to our original one (Definition @) From the convexity
and differentiability of i,

YY) + MVY(y), z —y) = ¥(y) + (VY(y), [y + Mz —y)] — )
<Yy + Az —y))

2M(1 =X —
< M) + (1 Ny - 2L T
p P
Rearrenging,
2M(1— A —
= M) — 1) < AWla) — () - 2T
2(1 =X —
— (V). 1) < () v(y) - DY)
p P
— (@) 2 vly) + (V)2 - o)+ [
b P
as A — 0. So for any =,y € B, we have the condition of uniform convexity with y = 21~P. ]

Remark C.3. It is not possible to get the parameter of uniform convexity p = 1. Consider the
1-dimensonal case, x = 1,y = —1:

B

1
w<x>+<w<x>,y—x>+§||x—y||;;=5+(y—x>+ Loy

1 2p
:7+(_1_1)+L
p p

1 —=2p+p2?
= 5 .
This is less or equal than ¥ (y) = % when
1—2p+ p2? < 1
b p
So our constant may be loose by a factor of p but 11 = 1 is not possible since p2'~P < 1 as soon as
p> 2

— 1-2p+p2P <1 = pu<p2tP.

In fact, we can slightly improve 1 from QP%I to ﬁ (we present our results with 2[,%1 because it

only changes the results by a small constant and slightly avoids clutter). Here is how: In the first step
of the proof, we used convexity of 1 to obtain the following bound,

A () + (- 20) < 2w () + (1 - 209().
However, from (B)), we have that
2 |z —y||P
YO+ (1= N)y) < X(e) + (0= Xt) ~ | =57 ©

and this provides a tighter bound than just using convexity:

w(2A<x—£y) (1 -2) < M,(#) - 2y - 2-2/\H(x+y;/2—y Z
< (o) + (1= Noly) - = [ (1 217),
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where we followed similar steps as in the original proof (Clarkson’s inequality). This provides an
even tighter bound than (6)) and applying these tighter bounds recursively gives

P 1
p 1—21_1)7

w(2A(55Y) + (- 200) £ (@) + (- D) - 22

using that y_,< (2'7P)t = 1/(1 — 2'7P). Following the same steps for the remainder of the proof

gives uniform convexity of 1 with 1 = ﬁ

C.6 Helper lemma

Lemma C4. Fixa,b > 0, n > 1. Let f(x) = % + ba""! for x > 0. Then f is minimised at
x* = (a/b(n —1))"/" and

flz*) = al‘l/"bl/”(—nﬁ 1)(n71)/nn1/".

Proof. Setting the derivative of f to 0 and solving gives

_i _ n—2 __ * a 1/n
= +(n—1bz""" =0 = z* = (7(7171)1)) :

Plugging into f gives

f(x*) a~((n;1)b)1/"+b.<(a>("—l)/n

n—1)b
— al—l/n(n _ 1)1/nb1/n + bl—l—l—l/nal—l/n(n _ 1)1/n—1

— al—l/nbl/n(n _ 1)1/n<1 + - i 1)

_ alfl/nbl/n(n_ 1)1/n n -
n—

:al—l/nbl/n( n )(n—l)/nn1/n.

n—1
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0o D Proofs for Section 3|

95t D.1 Proof of Theorem 3.1]
952 If T' < t(, then we have FTRL with fixed regulariser ¢, and from we have Ry <

953 L(2p*T)1/p* as in IfT > to,gives

T
Ry < ¢r(u) — min¢y (z +Z{ 1/(” 1 | t||\rtt*/ " 1)+¢t($t+1)—¢t+1(fft+1)}
Tt

zeV
_ 1
da(u) . o nfh i 11
<40 iyt S i b o (- )
it LICRDS o} + X {ontae (55 =5,
T T 1 1
+ Op(Ttni1) _ O t°+1) + Z {nt 1H9t||2+¢2($t+1)<7_*)}
Nto—1 t=tot1 Nt—1 un
sup,, By (rb 77
< 2 PeeB, O € P +Z{ t1 } + Z{m 1H tH}
Nto—1 t=to+1

954 The first two terms correspond to the regret of FTRL with fixed ¢,, regularisation on ¢, rounds.
955 Substituting the values of 7;_; and some algebra gives (see similar steps in the proof of

SUp,ep, Op(x .
2uPectsy 90) | S U ) < 1ote)
Mto—1 =1 P«

956 The last two terms correspond to the regret of FTRL with fixed ¢ regularisation over the remaining
957 T — tg rounds.

" Vdi—2/p Vdi—2/p
+Z{”1||t|\}—” AL Z\[

t=to+1 V2 2v2 t=to+1
- LN d1=2/pT N LVd=2/pT  Ly\/d'=2/r¢,
ST V2 2
= L\V2d'=2/PT — L\/d'~2/Pty/2,
958 where we used that Zt b1 U7 ftO —=dr = {Z\f} = 2(\/T — \/f). Combining, we have

Ry < LV2d'2/7T + L(2p.to) /7" — Ly/d'=2/vty)2.

959 The proof is concluded by ¢y = 3~2?/(P~2)d guaranteeing (2p*t0)1/p* — \/d'=2/Ptq /2 < 0 since

3 p=1_1 p=2
(2puto) /P < ﬁté/f’* =3t,"  2\/to/2 = 3ty7 \Vto/2 = \/d1=2/Pt, /2.
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w0 E Proofs for [Section 4

961 E.1 Loss construction for proofs

962 Many of the proofs in this section share the same loss construction, which we describe here. Assume
963 that T is divisible by 4 (use T'— 1, T" — 2 or T' — 3 if not). We define the following linear losses
964 ly(x) = L- 2T g, where g, € B,, is defined as

g = {(—1)t'€17

t<
—v, t>

UENE

965 where v € B,,, is a vector with equal entries defined as v; ; = d~1/P+ (so that ||v||,, = 1). Note that
o6 ||v||, = d*/P~1/P+_ The cumulative loss of the competitor:

LT vTv LT d‘=2/p- LT
e T = — =
Z& x v = feml Zét 2 ol 2 dl/p—1/p, 5 @
967 The cumulative sum of sub-gradients used in the FTRL update:
—61, ift < % is even,
LZQS—L 0, iftg%isodd, (8)
~(t-1-%)-v,  ift>1T

968 E.2 Proofs of [Proposition 4.1|and [Proposition 4.5

969 The two propositions are special cases of the following proposition.

o0 Proposition E.1. For r € [2,p], define ¢,(x) = L|z|. There exists a sequence of linear L-
Lipschitz losses (in £,-norm) for which FTRL with regulariser 1y (x) = ¢r(x) and any sequence
972 of decreasing n._1 suffers regret

9

X

7It1

T dre=pe)/mepel/7s )

Rr>L- mm(S?‘ 3

o973 We now prove this proposition. The loss construction is described in[Appendix E.1| From|[Lemma B.T}

re—1
Typ1 = argmin Dy, (z 51gn( Z ) —1 Zgg )

z€EBy
974 Define a1 = min{l, nt,l}. Using , the points played by FTRL on are given by

975 e Fort <T/2o0dd: z; =0
976 » Fort <T/2even: x; = a{:}l ey by
977 » Fort > T/2:
T re—1
o= min(\l I A1) ) e
T 1 v
:min(l,dl_r*/P*{nt_l(t—1——)} ) .
2 [oll,
078 by[Cemma B.2|where w is a vector with equal entries equal to 1.

o799 Fixn =nrp_ 1, a= min{l, 77}. Using that ;1 > 1, the loss in the first half of the rounds is
90 lower bounded as

T/2 T/4 T/4 T/4

LT r*flT
g b(xy) = g lo(zak) = E Qg 161 Top = g agfﬂ 1€1€1 > TR
=1 k=1
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981 If > 1, we have Rt > % > 4—7; and we are done. So for the rest we assume that « = 7 < 1/2.
2 Let k* = |d(+/P+=1/("«=1) /| 'm = min(k*,T/2 — 1). Note that v7v = d'~2/P+ = ||v||,,. The
983 losses in the second half is lower-bounded as

T T T

Yo bw)=— >

t=T/2+1 t=T/2+1

2—-1

~

'UT’U

[Iollp

ﬂﬁ

min{ 1,d*~ r*/p* (nk)™~ 1}

T

~

2-1
mm{l AT P ()T 1}
k

Ui T
A UL CRIE)

984 We bound the sum with an integral as follows,

I
-

Zkr*—l < / (x + 1)7“*—1 dr = — [(m + 1)7“*} < 7(m+ I)T*.
k=1 0 Ty 0 Tx
985 We get
T —1
T T
Z Ci () Z*dl*r*/p*L(erl)r* - (gfl—m).
t=T/2+1 Tx

ss6  Using the cumulative loss of the competitor from (I0), the regret is

T qge7tTo o gt ‘ T
Rp>=+ T = gpr/pT” 17*_<7_1_ )
5 T3 o m+) 2 m
Ty— lT ry—1
77 - r/pe T . (m—l—l)” +(1+m).
*

987 Let’s consider two cases:
ogs * k* > T/2 —1: m=T/2— 1. By the definition of k*:
d(r*/p*—l)/(r*—l) d(r*/P*_l)/(T*_l)
> |
n n

J == % -l = d(n/m—l)/(n—l) (% )

_n T
dr«/p«=1)/(r«=1) 9 —

Ui

= d(r*/p*—l)/(r*—l

<1+

989 since n < 1/2 and d(r«/p=1/(r«=1) > 1 (recall r < p). Using this in the regret, we get
=l P\ T
A S n (7) -l
Ty 2 * 2
1 n TN\m—1T T
=~ (wmem3) 373
Ly
2 2 2
T re—1
202G
2 r, \2

SENCEE S

90 where we used that r, € [1,2] and that f(z) =1 — % >1(1-1/z)forz €1,2).
9o1 * k* < T/2 — 1: m = k*. By the definition of £*:

Rr

Y

(re/pe=1)/(ra—1) (re /pe—1)/(r.—1)
d > [d J -k L ——
1 = 7 /e D/ S
N — R | P T <

A0 /oD / (1) 4 /=D /(1)
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since again ) < 1/2 and d(r</P«=1/(r«=1) > 1 We also have k* +1 > w. Using
this in the regret, we get
T*flT re—1
RT — TIT _ dlfr*/p*L(k* + l)r* + (1 + ]{3*)
Tx
T —1 * —
T k41 n x rel x
o (d(”/p*_l)m_l) (k* + 1)) +(1+ k)
re—1 * —
n~—T 14k (3)“ 1 N
> - = 1+k
2 3 +(L+ k%)
re—1 —
e (i-2(5)7)
= 1+k)(1——(=
4 +(L+47) e \2
re—1 *
o1 T+(1+k)<1_i)
- 4 2 Ty
7]T*71T d(r*/P**l)/(T**l)
= +
4 2rn
1/74 d(r**P*)/"‘*P*Tl/T*
7,*7 (re/Px—1)/Turpl/rs
z 21/r+2/74 d T = 4
re—1
where again we used that 1 — % 3 > 1(1—1/r,) since r, € [1,2] and in the Istar step we

minimised over 7 using Lemma

T qr=Px)/T«Pxpl/Tx

=, i . If T is not divisible
T

Combining both cases, we have that Ry > min(

(re—px)/TxPx _ /7%
by 4 and weuse T — 1, T — 2 or T — 3, we have Ry > min(%,d ! Z(T 3 ) >

T 4T =Px)/TxPx (ng)l/r*
8r? 8

min( > for T' > 6, concluding the proof.
E.3 Proof of[Lemma 4.3
Consider a € argmin,cp (21, ..., Ti—1, 2, Tiy1,...q). Since 1 is sign-invariant, —a is also in

the argmin. Consider g(z) = ¥ (z1,..., -1, 2, Tit1,...-Zq). 1t is straightforward to show that the
strong-convexity of ¢ applies g. By convexity, we have

0(0) = 950+ 5(~0)) < So(a) + 59(~a) = gla) = ming(2),

2 2 2 2€R
and by strong convexity, it is actually the unique minimiser. Hence
. oY(x
0=argmin (..., x;-1, 2, Tiy1,...) = V(@) =0
z€R 8.1‘1' z;=0
= Vi(2)Te; =0 foranyx € Byst.x;=0. (9)
For a set S and a vector x, denote x_ g the vector = with the coordinates in S replaced by 0. Denote

Sy = {17 e n} We prove the following claim by induction on n < d:

n
o 2
V(@) 2 lrs,) + 5 Zl 77
Base Case:, by strong convexity

(@) = (o) + (Vo) o =g+ Sllr — o

2
— w(x_{l}) + <V1/J((E_{1})’xlel> + %

2
T .
=p(z_q1y) + %,u using ().
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Inductive Step: suppose true for k. Similarly to the base case: by strong convexity,
1
’(ﬁ(x,Sn) > w(x*SnJrl) + <Vw(m*5n+1)7x*3n - x*5n+1> + EHx*Sn —L—Sni1 ||2

= @b(x*SnJrl) + Tp1 <V¢(x78n+1)7 6n+1> + anrl

2
= ’@[J(xfanrl) + 2$n+1 using @
The result follows by the inductive hypothesis:
V() > p(r_g, Z:z:
'LL n
> @b(aj—’sn~+1) + ) 1%14—1 + EE :Uf
i=1
/L n+1
2
> Lb(ll,sn44) + EE :i; z;

When n = d, we have ¢)(z) > §||z||3.

E.4 Proof of[Lemma 4.4

As discussed in we prove a more general version of for coordinate-wise

step-sizes, where the FTRL update is allowed to have a different step-size 7;_1 ; for each coordinate:
. d t—1

Tt :argmlnxev{w +Zz 1Tt—1,i - T4 ZS 1gsi}

We consider a slight variation of the loss construction described in Assume that T is
divisible by 4 (use T'—1, T'— 2 or T'— 3 if not). We define the following 11near losses ¢y () = L-zTg,
where g; € B, is defined as

where v € B,, is a vector with equal entries defined as v; ; = d~1/P+ (so that ||[v||,, = 1) and
i(t) = arg max;e(q) 72| (t—1)/2],i (i.e. the coordinate of the largest step-size in the previous even

round). Note that ||v[|, = d'/P~1/P+. The cumulative loss of the competitor:

LT vTo LT d'—2/p LT

T - _ - _
th 75” v = jglngt 2 oll, 2 di/e=1/r 9 (10)

The cumulative sum of sub-gradients used in the FTRL update:

ez(t), ift < Z iseven,
LZQS—L 0, if t < T is odd, (11)
—(t—l—%)-v, ift > Z.

* First we consider 2 < ¢ < 7'/2. When t is odd, z; = argmin,cg ¢ (x) = 0. When ¢ is
even,

Ty = arg Iélin{qp(x) - nt,l’i(t)LezEt)a:}
zeb)y

= (@) — M1 Lot eiwy < ¥leiw) — 77t717i(t)LeZEt)€i(t) =1—Ln_1,0)

1 1
= l(x) =alepy >1— ———>1— ——————  bydefofi(t
t(@t) # o nt—l,i(t)L 77t—1,i(T/2)L Y ®)
1
>1—-——>1/2
nry2,i(1/2)L
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1023 when 1 = 172 i(1/2) = maXe(aq /2, > 2/L. So we have (—1 accounts for first 2
1024 rounds not being like the rest)

T2

T/4-1, ifn>2/L

2 gim> {0/ ifn<2;L

t=1 ’ K ’
1025 Hence if n > 2/L, we have Ry > LT/4 — 1 and the statement of the theorem holds. If
1026 7 < 2/L, we look to the second half of the rounds.
1027 * Let’s now consider ¢ > T'/2 and assume 7 < 2/L. Note that by definition of 7, we have
1028 the forallt > T'/2 and for all ¢ € [d], n,; < n < 2/L. Fix f; =t —T/2 — 1. The FTRL
1029 update is

Ty = arg r;in{w(x) — LB 2" (o1 © U)}
xebBy
1030 Letu = v/||v]|, be the competitor. We can write z; = A;u+ azu’ (A; > 0) as a component
1031 in the direction of u and a component orthogonal to u. We have
% % 1 -
V() 2 Sy = £ Ol + o [ut[3) 2 5 X2ud! /7.

1032 Now from the FTRL update, (in the first implication, we use that ;1 ; < 7 and z; ; >
1033 0,v; > 0)

1
Y(xy) — LBl (-1 ©v) <0 = 5/\5116114/1’ < nLBxiv

1
= §>\t2ﬂd172/p < LB

2nLp,
> )\t < m
2nLpy 43
_ T, __
— Et(:ct) =—L-v Ty = *LAt Z *Lludl_Q/p Z *Lm,
1034 since n < 2/L. If d > (4T /)P’ *=2), we have forall t < T
43 Bt L
blae) 2 _L,ud1*2/17 =-Ll7 =3
T
LT LT LT
— Rr>—+ Z Et(l‘t)>7—T:T
t=T/2+1

w035 If T'is not divisible by 4 and we use 7' — 1, T — 2 or T' — 3, we have Ry > 208 1 > LT for
1036 1 > 6+ %, concluding the proof.

1037 E.5 Proof of Lemma 4.7

1038 Assume there exists a constant ¢ > 0 such that for all 7" and any sequence of losses, Ry < cILVT.

1039 Consider T' > 16¢? and a multiple of 4. We define the following linear losses ¢;(x) = z - g, where
1040 ¢¢ € [—1,1] is defined as
-1t L, t< I,
gt = {( ) _ 2
L t>1

1041 Recall that the FTRL update is 7, = argmin,¢_; y {m— (Zi;ll gs) -z +¥(x)}. Setn = nr/a_1.
1042 With this sequence of losses, the points played by FTRL satisfy

1043 o fort <T/2+ 1 and ¢ odd, we have 22;11 gs =0,s0x; =0.
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1044 » fort <T/2+ 1andt even, we have 22;11 gs = —Lsoz, = arg minwe[fl’l]{—nt,lx +

1045 Y(x)}. Fort <t < T/2 (both even), we have
—np_1Lxy + Y(xy) < —np_1Lxy + Y (xy) using the definition of x;/
= =1Ly +(we) + L1 — N 1)
< —m—1Laxy +Y(xp) + L(ni—1 — npr—1)xe using the definition of z;
= (M1 — M-y Loy < (-1 — Ny 1)Ly
— Ty < T4 using that ny 1 < Mp—1.
1046 So for all t < T'/2 even, we have x; > /2.
1047 e fort > T/2, we have Zi:l gs = —L({t—T/2—-1)sox; = argmin,¢_q y {—m_1L(t—
1048 T/2—1)-z+¢(z)}.

1049 The regret can then be written as follows

LT\ _ LT LT
RT—Z& (z) - (- )>2+:rT/2—Lf %ﬂxh (12)

1050 from which we can show the series of following statements.

1051 1. We first show max, o, 1o, /7 #1244 > 50 if not, zz 4y < L forall t < [2¢y/T] and from
1052 (12):
T T/2+42¢VT] T
RT Z 7 — L( Z Tt + Z It)
t=T/2+1 t=T/24[2¢VT]+1
T/2+4|2¢VT] T
LT 1
SRt GD YRS LD V)
t=T/2+1 t=T/2+[2¢VT]+1
LT L T
L
> cL\/T,
1053 which contradicts our initial assumption that Ry < c¢LvT so we must have
1054 MAX, s 190 F] LT 4¢ = 5- Note that 2¢V/T < T/2 is ensured by T > 16¢2.
1055 2. Next, we show that n > ;’(Llfﬂ) let * = argmax, ;.7 2 44, by the definition of
1056 Ty T
2
T T
02 —ng e L(G+E 1= 5 )ogr +9(g)
N n%+t*_1L(t* - 1) > (1/2)
v(1/2) _ v(1/2)
—t = 1> T i4%_1 = 2 .
M=MNr/2-1 Z NT 14«1 Lt — 1) 2%eLVT
1057 where in the first implication, we used that ¢($g+t*) > 1(1/2) (since 1 is increasing on
1058 [0,1] and LTy ge > 1/2) and 1 <L
1059 3. From l) we also have Ry > %xT/g. To achieve Ry < cL\/T, we must have
1060 Trse < .
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1061
1062

1063

1064

1065

4. By the definition of z7, = argmin,¢;_ j{—nLz + ¢ (x)}, forany z € [4c/VT, 1] we
have

—nLaps +(xr)2) < —nlx + ()
— (e) 2 il —arye) 2 n(z = 2) >
5¢ ¥v(1/2) ¢ P(1/2)
w(ﬁ> Z 0T VT ol

w(1/2)( 4(:)

2e\/T x_ﬁ

5. Now fix & € [0, 1]. There exists 7" (multiple of 4) such that = € { \/;%4, %} Using that 1)

is increasing on [0, 1] and from the previous point, we have

5¢ ¥(1/2) v(/2) T ¥(1/2)
v(z) 2 1/’(\/T7+4) Z 2T+ 4) = AT +4) 252" 2 002 ©

using that T'/(T + 4) > 1/2 for T > 8. The result is shown with u = 1(1/2)/100c.
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F Proofs of

Throughout this section, we will use the notation R for the pseudo-regret. In fact since a randomized
learner is equivalent to a random choice of deterministic learners, we will consider in the proofs
below deterministic learners and the regret is equal to the pseudo-regret. In addition, since our loss
constructions are oblivious to the learner’s actions, even for randomised learners, the pseudo-regret is
equal to the regret.

We split the proof into the case where p > 4/3 is “large" and the case where p € [1,4/3] is
“small" and consider separate loss constructions for each. We first highlight the intuition of the loss
constructions.

« For p > 4/3, we take inspiration from the loss construction which [6] use to prove a Q(dv/T)
lower bound for low-dimensional (d? < T) £y,-balls with p > 2. The construction consists of linear
Gaussian losses where the mean of each coordinate is the same distance from 0 but the learner
does not know the sign. When the dimension is large enough, the learner does not acquire enough
information to determine the signs of these means in the 7" rounds to get sub-linear regret. This
construction will not work when p < 4/3 because when p is close to 1, the lack of a distinct
corner in the £,,-ball allows any point on the boundary (including +e;) with correct signs to achieve
similar loss to the competitor (a corner). The learner can therefore focus on +e; simplifying the
problem to one-dimension where sub-linear regret is achievable.

* For p < 4/3, the construction consists of linear Gaussian losses where the mean vector has a
single non-zero positive entry, unknown to the learner. When the dimension is large enough, it does
not acquire enough information to determine the non-zero coordinate of the mean in the 7" rounds
to get sub-linear regret. This construction will not work when p > 4/3 because for p > 1 the
learner can exploit the £,-ball’s proximity to the hypercube by playing points with all coordinates
close to —1, bypassing the need to identify the correct non-zero mean coordinate.

We present the proofs with a Lipschitz constant of 1 but they extend straightforwardly to arbitrary
L>0.

F1 Casep > 4/3
Theorem F.1. Fix T and § > 0. Consider p > 4/3 and

C\T 1 C\T Px/2 2
; ( log ) € }

0 " \eips 5

for some universal constants c1,Cy. For any OCO algorithm with bandit feedback on V- = B, there

exists a sequence of random linear losses ({y)¢c|r) with sub-gradients (gt )ie[r) such that || g¢|[,, <1

for all rounds t with probability at least 1 — § and

1
d > max{lGT, — log
C1

T
HS[}QI“} > Eija

where the expectation is with respect to the randomness of the losses.

F.1.1 Proof

The following loss construction and analysis is inspired from the proof of Theorem 4 of [6]. Their
construction is designed for the low-dimensional setting in such a way that the learner has to balance
exploration and exploitation rounds. We only consider the losses corresponding to exploration rounds
and generalize the analysis to the high-dimensional setting.

Let ¢ > 0 be such that e?* = 1/d. Let T < ad (with o« = 1/16). For a fixed £ € {—1, l}d, define
the losses as £;(z) = 27 g where g¢ ~ N(e¢, dw%Id) (i.i.d.). We show that (when ¢ is sampled
uniformly at the start and fixed throughout the rounds)

BB, [Fr] > 1o
We use [, for the expectation with respect to § and Egtg for the expectation with respect to gf with £
fixed. We will also use z; ; to mean the ¢-th coordinate of z;.
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1os For fixed &: E ¢ [(2)] = E[2Tg}] = - 27¢€. So the competitor 2* = argmin, gy ¢ - £Ta =
1100 —d~1/PE Let us define 7 = L thl [x¢]. In particular one has
Ec[Rr] =T -&"(z - 2*).

1110 The following lemma expresses the expected regret in terms of the expected number of rounds and

1111 coordinates for which the learner plays on the wrong side of £. The proof is in[Appendix F.1.3]

Lemma F.2 (Generalization of Lemma 6 of [6]]).
d

N T
* t=11

i=1
1112 And now the next lemma shows that the expected number of rounds and coordinates for which the
1113 learner plays on the wrong side of ¢ is linear in both 7" and d. The proof is in[Appendix F.1.4]
n1e Lemma 3. With T < ad = 15, we have BeE ¢ 3 S {ay& > 0} > 4L

16’
1115 Combining both lemmas, we have

1 T
E[Rr] > —517* . {;;H{xt &> 0}} Ep*Td— 4p*T > =,

1116 since p > 4/3 so p, < 4. Now to ensure the L1psch1tz-cond1t10n with high-probability, we get an
1117 extra factor of 1/5 (see the next section), concluding the proof.

1118 F.1.2 Bound on Sub-gradients

1110 Recall that p > 4/3 sop, < 4. Fix ¢ € {—1, 1}d. ge ~ N(e€,d72/P+ ;). So g, = d~ /P X + ¢
1120 where X ~ A(0, I;). From [43]], we have

B0t = (B[S ]) " = ([ 2O < ) i <
i=1

= E[llgelp.] < 2+sd1/P* —241=23.

121 Fix § > 0.
1122 * For p, < 2: By Theorem 1.1 in [37] for some constants C7,c; > 0,
P([1X ], < (1+AE[IX]p.]) > 1 = Cy exp(—e16%d).
1123 Assuming d > é log C(lsT, we have § = C%d log % <1and
1)
P(IX . < (1+BE[IX],.]) 21— 7.

1124 * For 2 < p, < 4: By Theorem 1.1 in [37]] for some constants C7,c; > 0,

P(|Xp. < (1+ BE[IX]}p.]) = 1 - Crexp(—c1Bpad®/?).

py/2

1125 Assuming d > <Clp log CIT) , we have 5 = W log ClT < 1and

B(IX1,. < 1+ HEIX],.]) 2 1- 2.

1126 In both cases, with probability at least 1 — § /T
1XIlp. < (1 +BE[IX]p.] < 2E[IX]l,.] < 4d*/",

— |lgellp, <d™ VP X|p, +ed"/P <4+1=5.

1127 By a union bound over all rounds, with probability 1 — 4, ||g¢||,, < 5 for all rounds ¢. So rescaling
1128 the losses by a factor of 5 gives sub-gradients whose £,,_-norm is bounded by 1 with high-probability
1129 and a regret bound of:

B[R] = 5
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130 F.1.3 Proof of[Lemma F.2

131 Let W; = {z €[d:x & < O} and S = E[Zt 1 ZZ 1]I{xt & >0 ] We have that

E[Rr] =eT &' (z 2"

—EZE 5[2 &x“} +5ZE s{z flx“} + eTd" /P

Z¢W1 €Wy
> e Zﬂzgf [Z fixm} + eTd/Ps
t=1 €Wy

1132 Therefore, it is sufficient to show that

EZEs{Zfzx“}—kerl/p*i S.

ieWy P«

1133 Since ||z, w, ||, < 1 (we use x4y, to mean that the coordinates of x; that are not in W are 0), by
1134 Holder’s inequality we know that

e Y Gme = (@ow) (€€w) = —lzew, ol —cw,llp. = Wil /Pee.
€Wy

1135 Noting that (see (T4) below)

1
(Wil /Pee = ((d — [W|)eP) /P < (de?*)V/Pe — ;ep*IWtCI, (13)
1136 we have
1 d
c Eiwpy > —eP WC P \L/Px — — opx [z & >0 — (deP 1/p«
Z;thp"() 5o 2 Hoeati 2 0} = ()

T d .
. 5ZE [ G 2 —ng [ 16 > 0}] — 1a=ry /e = 2 i,

i€EWy t=1 i=1 Dx
1137 which concludes the proof.

1138 Proof of : Since z'/P+ is concave: for all z,y € R, 2/P+ < y'/P« ¢ p%yil/p(x —y). In
1139 particular, with z = P+ (d — s), y = eP*d, we have

1 Px 1
e(d — s)1/P+ < ed'/Pr — R V. —ePrs, (14)
Dx ({.ﬂ’*d)l/P Dx
1140 since eP+d = 1. Using s = |W| gives the result.
1141 F.1.4 Proof of[Lemma F.3
1142 Atround ¢ conditioned on &, the observed feedback is
213
C=al gt ~ N(e-2T€, 0?), where 0?2 = d2/p*2'

1143 Denote p¢ for the law of the observed feedback up to time 7" conditioned on ¢, i.e., the law of
1144 ( ff s eees fqé) Consider ¢ and ¢’ differing only in coordinate 7 € d. By Pinsker’s inequality we have

1
drv (pe, per) < 3 Dy (pe, per ).
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1145 By the chain rule for the KL divergence / operations on conditional densities:
D¢ (fh oo fT) }
Y23 (fl) a3} fT)

ps(ft|ft—1---7 fl)
ope |1
ety pg{ogpg' (ft|ft_1...,f1)}

Dxv(pe,per) =E(p,,.. fr)~pe [log

Il
]~

o
Il

pe(felfe—1- fa

Il
M=

1

~
I

1146 Now since ; is a deterministic function of fi, ..., f;_1 and given x4, f; ~ N (ex} &, o) under pe,
1147 we have that the inner expectation is a KL divergence between Gaussians:

Pg(ft\ft—lwfl) . (5% §—ex; f) 4525”?,1' . 2525”?,1'
Eftwpg(.lfl’m’ftfl)[log pé’(ft|ft—1---,f1)] B

20?2 - 207 o
T 2,.2 T 2,.2
e“xy; e°xy;
= Dkri(pe,pe) =2 By o )mpe {Tz z} = 221%[ > z}
t=1 t t=1 t

= drv(pe,per) <

1148 Now, using £_; to refer to all the coordinates of £ except the i-th and &; (resp. &; _) to denote that
1149 the i-th coordinate of £ is +1 (resp. —1),

T

Ee [Ep [ I{ae€i > 0}]| = Ee_Ee,[E, (3 st = 0le- i
t=1 t=1
T T
1
— SEe_, [Epm > Haei- 120} +Ep, [ Law - (-1) 2 o}]}
t=1 t=1
1 T T
= 3B, [Bp, [DHowi 2 0}] + Z 1=y, > 0}]]
t=1
>3 +3 ZEg |Ere,, [oei > 0}] — By, [z > 0}]]
T 1<
> 5 ZZEE 1|:dTV(p§z+7p§'L )+ drv(pe, ,p51+)] using Pinsker’s inequality
t=1
T T,
= 5 - Z [ [dTV(pfvafif) =+ dTV(pfifapﬁw )}
T T
> =
=2 4
T T
2 2

1150 Summing over all possible coordinates 7, we get:

T

P2 [t 0] 2 5 S

t=1

s
I
—
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1151 Note that due to the concavity of the square-root:

1152 So we get

Lo ¢ [ &L e
TEngf Zzﬂ{xt,ifi >0} > 5~ dZ]E&,gf o2
t=1 i=1 t=1 !
_ g T
d
= — —\VdT
2
1
> d(5 - Va)
_d
T4

1153 since € = (1/d)"/P» and T < ad = d/16.

115 F2 Casel <p<4/3

1155 Theorem F4. Fix T and § > 0. Consider p € (1,4/3] and

1 C T p*/Q
d > max{(128p*T)2, (ﬁ log %) ,62},
1P*

1156 for some universal constants c1,Cy. For any OCO algorithm with bandit feedback on V- = B, there
1157 exists a sequence of random linear losses ({1),cr) with sub-gradients (g )| such that || g¢|l,, <1
1158 for all rounds t with probability at least 1 — § and

T
E[RT} Z TG’

1159 where the expectation is with respect to the randomness of the losses.

1160 F.2.1 Proof

1161 Before the start of the game, draw Y ~ Unif(1, ...,d) and define the losses as /;(x) = 27 g} where

Y{N N(0302)7 lfz#}c
Ii Y A\N(1/2,02), ifi=Y,

1162 where o = (8,/p,d"/P*)~!. We show that EyE,, . Ry > T/16.
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1163

1164
1165
1166
1167

1168

1169

1170

171
1172

1173

1174

Fix o € [0, 1] and define A;(a) = {¢ : y;; > —a}. Then
E[RplY =i] =

17 .
+5E _;ymw:z}
L1

2

E| Z Yti + Z yt,i\Y:i]

t¢A;(a) teA;(a)

vV
N N I L I

B[S (b X Caw=i

_tg’EAi(oz) teA;(a)

E[7 — [4i(0)| + ol Ai(a)[Y =]

—aﬁEU%mmY=4
(1-a)= [ZH{ZJMZ a}|Y—Z]

The following lemma bounds the expected number of rounds where the learner suffers large regret (as
measured by o)) when Y = ¢ compared to an environment where all coordinates of g, are 0-mean for
all ¢ (i.e. there is no better direction). We denote I, expectations with respect to this environment.

The proof is in

Lemma F.5. Let 07 = ||y;||3 - 02 then

—~
—_

E[él{ym > —allY =i] > Ky, [il Hy, > —a}] —

From the lemma, we have

T

E[Rr|Y =i] > (1- a)%{Epo > Hyei = —a}] -

t=1

Taking an expectation with respect to Y we have:

E[Ry] = ;iE[RTW — 4]

v

s Q_da) Z{Epo [gﬂ{yt,i > —a}] -T

t=1
(1 . Cl) T d
- {EPO[ZZH{y“Z —al]-T

t=1 i=1

For the first term: fix @ = (d/2)~'/? and note that if Z?:l I{y,; > —a} < d/2, then there are
more than d/2 coordinates of y; whose value is less than —a, this means

d d?2
p — p:77:1
||Z/t||;) > 2 «Q 2d )

which contradicts y; € B, so we must have Z?Zl ]I{ym > ,a} >d/2.

For the second term, using Jensen’s inequality and the concavity of v/z,

d T 4 . -
> [i] = | a2 i) = 5 e (] =

i=1 t=1

Ul
IS
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Combining we have

1—a(T Tl T)

E[Rr] > 152 (5~ Too\/og

2 20V 2d/°

e Sinced >e2 > 27t 1 —a=1—(2/d)'/? >1—-277/P =1/2.
e« If d > (128p,T)? then d > 2T'/o? and:

T 1 T T T
T = > T —

T
2 2°-2 42
>

The condition on d follows from the definition of o and p, > 4:

128p,T 2T
42/ps g2’

d > (128p,T)% > (128¢T)Y/ (1=2/P) — ' =2/P+ > 128¢T — d >

We hence have IE[RT] > T/16. The following section ensures that the Lipschitz-condition is
satisfied with high-probability.

F.2.2 Bound on sub-gradients

Recall that p < 4/3, so p, > 4. Given Y = i, g ~ N(3e;,0%14). So g, = 0 X + Je; where
X ~ N(0, I). From [43], we have

E[IX],.]) < (E Dx ) - ( [i2p*/2W])l/p*.

i=1

From [3]] (Theorem 2.2), we have

F(p*;-l)zr(p*; )<r(p*—1)(p* 1)/2 eXp(_p*Q—l) 2p ; -1 <2V p/2 g (pa—1)/2
— (217*/2F((p*\;n1)/2))1/1?* Sy

= E[||IX|,.] < 2y/p.d'/?

— E[||g:]lp.] < 2¢/Brod"/P* +

Fix § > 0. By Theorem 1.1 in [37]] for some constants C7,c; > 0,

B(1X . < L+ BE[IX],.]) > 1~ Oy exp(—eiBp.d?/P).

pe/2
Assuming d > ( log ClT) , we have g = log CzlsT < 1land

1
C1Px c1qd?/Px

P(IXlp. < (14 BE[IX]p.]) > 1~ 2.

So with probability at least 1 — 6 /T

1Xlp, < (1 + BE[IX]lp.] <2E[|IX|p.] < 4v/prd™/?",
1
= ||ge|lp. < 4y/Prod/P + 5 < 1,

where the final inequality follows from o < W

By a union bound over all rounds, with probability 1 — 4, ||g.||,, < 1 for all rounds ¢.
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1190 F.2.3 Proof of[Lemma F.5|

1191 Given Y = 17, the observed feedback at round ¢ is exactly

fY _yt gt ~N(5 ytz7gt)7 whereat = ||ytH

1192 Denote p; for the law of the observed feedback up to time 7" given Y = i, i.e., the law of (f{, ..., f&.).
1193 Denote pg (use Y = 0 in notation), the law of the observed feedback up to time 7' When all coordinates
1194 of g; are O-mean for all ¢ (i.e. there is no better direction). Under pg, f ~ N (0, c2). By the definition
1195  of the total-variation distance (drv),

E[{y;; > —a}|Y =0] —E[Il{y;; > —a}|Y =i] < drv(po,pi)
T T

= E[Z]I{ym > —a}ly =0] - E[Z Ky > —a}tlY =i] <Tdov(po,pi).

1196 By Pinsker’s inequality we have
1
drv(po,pi) < §DKL(p07pi)~
1197 By the chain rule for the KL divergence / operations on conditional densities:

po(fh ) fT)}
pi(f1s s f1)

T
po(ft|ft—1~--7f1)
:E E p |log ——"—— "2~
(Frooft) po[og pi(ft|ft—1-~,f1)]

Dx1.(po,pi) = Ef1,....fr)~po {log

o~
I
=

po(felfim1-- fo
E(t1stioi)mpo {Epro(-lfl:.‘.,ftfl) {10% M} }

Il
B

1

~
I

1198 Now since yt is a determlnlstlc function of fi,..., ft_1 and given Y, fi ~ N(0,0%) under pg
1199 and f; ~ (Qyt iy O ) under p;, we have that the inner expectation is a KL divergence between
1200 Gaussians:

po(ft‘ft_l...,fl) _ (0*?}1&,1/2)2 _ yt2,7,
Eftwpg(‘lfl""’f"_l)[log pi(ft|ft—1-~-7fl)} N 207 - 8o}

ZEpo[y“}

t=1

T
yt
- DKL pOapz ZE (f1yesfe—1) "’p0|: Z:|

= drv(po,pi) <

1201 Combining gives the result.

1200 K3 Casep — 1

1200 Theorem F.6. Fix T and § > 0. Consider d > max{T/a, 8letT?, 8} andp € [1,1+1/log d]. For

1204 any OCO algorithm with bandit feedback on V- = B, there exists a sequence of random linear losses
1205 (£1)ser) with sub-gradients (gt )ie[r) such that ||g¢||,, < 1 for all rounds t with probability at least
1206 1— 0 and

T
]E[RT} Z T67

1207 where the expectation is with respect to the randomness of the losses.
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1219

1220

1221

1222

1223

F.3.1 Proof

We use almost the same loss construction as the proof of Before the start of the game,
draw Y ~ Unif(1,...,d) and define the losses as ¢;(z) = 2’ g; where

Y /\/(()5672>7 if i 7é Y,
i VAN(/2,02), ifi=Y,

)

where o = (4v/2exp(1)y/Iogd)~!. The only difference with the proof of [Theorem F.4|{being the

value of . We also follow the same steps until we reach for o = (2/d)/?:

2 20\ 2d/°

1—a/T 1 T

>
BlRr] =2 = ( T )
« Fromd > 8,wehavep < 2and 2Pt! <8 <dsol—a = 1—(2/d)'/? > 1-27P/P = 1/2.
» From the definition of o = (4v/2 exp(1)y/Iogd)~!

1 /T [Tlogd | TVd T
R — = < _— = =
5\ 24 2exp(1) 7= 2exp(1) p 2exp(1) 7

since d > 8*e*T2. This gives:

IN

1
4

—T—]— >
2 20V 2d —

T 1 /T T T T
T - ——=—
2 4 2
We hence have IE[RT] > T/16. The following section ensures that the Lipschitz-condition is
satisfied with high-probability.

F.3.2 Bound on sub-gradients

Recall that p < 1 + @ S0 P, > @ + 1. We have

E[[[X[loe] < v2logd.

By the Borell-TIS inequality,
P([1Xloo > E[|X]loc] +8) < exp(=52/2).
So with probability 1 — § /7', we have (using d > T'/§)
1Xloe < E[IX]lx] + 12108 = < /208 + 12105 < 2/ZIogd
= lgull. < 1X . + 5 < 0d7 [ X + 5 < cexp(1)2y/2Togd + 5 =1

where the final equality follows from o = (4v/2 exp(1)y/Togd) ™" and we also used that d'/P+ < e.

By a union bound over all rounds, with probability 1 — 4, ||g.||,, < 1 for all rounds ¢.
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1230
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1233

1234
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1236

1237

1238
1239

1240

1241

G Results for Online Mirror Descent (OMD)

G.1 OMD with uniformly-convex regularisation

The results in this section are from [39] (Proposition 7). We include them for completeness.

Let ¢ : R? — R be a proper, closed and differentiable y-uniformly convex functlorl on V of degree
7 > 2 w.r.t. anorm ||-|. The Bregman Divergence w.r.t. ¢ is defined for all 2,y € R? as

Dy (z,y) = (x) —(y) — (Vi(y), z — y).
Given x1 € V, attime-stept = 1, ..., T, Online Mirror Descent (OMD) with step-size 1; > 0 outputs
the following update where g; € 9¢;(z;),
Tpp1 = argn‘}in{nt@t,x) + Dy (, xt)}- (15)
xE

The standard regret bound of OMD stems from the following one-step regret bound lemma (e.g. see
Lemma 6.9 in [33]).

Lemma G.1. The iterates (I3) of OMD satisfy for all u € V,

Dy (u, ) — Dy (u, 41) — Dy (@441, %)
Tt

Cy(xy) — e (u) < (g, 0 — Tq1) +

From Lemma|G.T]and the uniform convexity of ¢, we can bound the regret of OMD.

Theorem G.2. The iterates of OMD with decreasing step-size 11 < 0 (1 < t < T) satisfy
forall uw € V (recall that r is the conjugate of v, i.e. 1/r + 1/r, = 1),

T
D’ll)(u’xt re—1 T
th(l"t) —ly(u) < o —— + 'u,,* T 277 llgelli- (16)

If the step-sizes are constant: n, = n (1 <t < T), we have

a Dy (u,x
S b — i) < el m) _1Z||gt|“ (17)
t=1

n 7" lf*

Proof. By the uniform convexity of 4, Dy(¢41,2¢) > &lz; — 441", Using this in Lemma [G.1]
along with Holder’s inequality, we have for all u € V,

Dy (u, ¢) = Dy(u, xe41)  pl|lwe — 2 ||
Ui r un
Dy(u, ) — Dy (u, 411) o llze — 2 ||
ui r ui '

Ci(xe) — Le(u) < (ge, 2t — Tpq1) +

< gellllze — zeqall +

Consider f(z) = ;|2|". Then the Fenchel conjugate of f is f*(y) = ;-|y|™ (see Lemma 2.2 in
[23]) and from Fenchel’s inequality, we have zy < 1|z|" + % |y|™, which we use in the following,

" | ptr
G gell« ) - Tert_xt-H”

||9t||*||$t - 37t+1||

1/r 1/r
1/p N
< (mn all.)” +T(m1/r|xt—xt+l||)
re—1

o e Bl — e
- T*Mr*fl HgtH* + r e ’

3The function v can be defined on a subset X C R? but conditions on its behaviour on the boundary of X
are then required for OMD to be well defined. For simplicity, we consider v defined on R?, though the results in
this section hold more generally (see Theorem 6.7 of [35] for more detail).
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1242 where we used that = 7, /(r, — 1). Plugging this into the above inequality,

re—1
* Dy(u,xy) — Dy (u, x
b)) — () < o gy + Deltot) = Dl tnn) (18)
Tl U
1243 Denoting D = maxi<¢<1 Dy (u, 2¢), the result follows by summing ¢ over all rounds,
T T
Dy(u,x¢) Dy (u, Ti41) 1
E l -/ < E ( ANt — ’ ) Te—
2 () t(u) < 2 T e r MT* 1 E "t llgell%*
T—1 T
Dy(u,z1)  Dy(u,x741) 1 1 1 —1
= - + E ( — —)D U, T e E i T
m nr M1 e o (U, Tip1) r*,ur**l 2 Uz llgell
T-1

I /\

th( nt) r/ﬂ“* 1277” el

1
D 11 - .
f+D(n——f) rw 1217 lgell:

Tt+1

m m —1
D 7*—1
:7]7 r Mh—l ZT} |gt|r ’

1244 For constant step-size, the result follows similarly by summing (T8) over ¢, giving a telescoping sum,

T T
Dy(u,z1) — Dy (u, x 1 -
§ :Et(l’f) . ft(u) < Tﬁ( 1) w( +1) + S E ||gt||**

n
DUJ (U7 J["1
< elnnil, T antu* ,
1245 which concludes the proof. O
1246  G.1.1 Regret bounds
1247 When we have L-Lipschitz losses w.r.t. ||-|| and we can bound D, (u, 1) < D, then the regret bound
1248 for constant step-sizes becomes
D TL™
RTS*—I—??T*_I -
n T

1249 Assuming the time-horizon 7" is known, optimising the above bound w.r.t. ) using Lemma[C.4] gives
ri/r 1/rl
Ry < ——LDY"TY/", (19)
pt/r

1250 for np = (Dp/T)Y/" /" /L. With 7 = 2, we recover the standard regret bound of OMD using a
1251 strongly-convex regulariser Ry < L+/2DT/p.

1252 G.1.2 Anytime and adaptive bounds

1253 When 7' is unknown, we can use the bound in and the time-varying step-size

DY (r = )Yt/ 1 LD /7y, e
e = L : tl/r* to get RT S 1/7, )

(20)

1254 where D,y is a bound on maxy <;<7 Dy (u, 21 ). Though this can be unbounded when D is bounded,
1255 for our purposes of £,,-balls, Dy, will only be a constant away from D. The doubling trick can
1256  also be used to obtam anytime bounds that depend on D instead of Dy, .« (see e.g. [26]). This uses
1257 constant step-size OMD on time-horizons of doubling lengths until the unknown true 7" is reached.
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We can also obtain bounds that adapt to the sequence of observed subgradients of the form

Dt/ 1/ d AT
Ry = 1—/: : (ZH%H**)
K i—1

by using 1, = Dl (r — 1)Y/7 /7 /(SF_ ||gil|=* )2/~ . This follows the same lines as for OMD
with strongly convex regulariser (see Section 4.2.1 of [35]]).

G.2 OMD on /,-balls

* For the low-dimensional setting, consider OMD with regulariser ¢o(z) = 1| z[|3. We have
Dinax = sup, yep, 3ll7 — yll3 = 2d'~2/? and using that ¢ is 1-strongly-convex with respect to

[||l2, we have from withr = 2and g, = /24227,
R < 2L 2d1—2/rT.

* For the high-dimensional setting, consider OMD with regulariser ¢, (x) = %Hxﬂg We have
Dax = sup, yep, Dy, (z,y) = 2 (see below) and using that ¢,, is 2! ~P-uniformly-convex of
1-1/p
degree p with respect to ||-|| ,, we have from withr =pandn = 1 (”;1) :

t
RT < 2p1/ppi_1/P*LT1—1/p.
To show Dpax = 2: Fix z,y € B, and ¢(z) = %||J:||£ The sign, power and absolute value
functions below are applied component-wise to vectors.

Dy(z,y) = ¥(z) —¥(y) — (Vib(y),z —y)

d
1 1 . —
= Ml =yl + D { signto) -yl ™ (s — 20) |

=1
1 1 d
= ~Jally = < llylls + > { l:l? - sign(y.) - |y~ |
p p =1
1 1 d
= llallp+ (1= 2 )yl = - {sien(us) - [yl ': }
p p i=1
1 I o
< o (1) = Do {stent) -l
p p i=1

We show that the last term is bounded by 1 by using Holder’s inequality,

(sign(y) - [y"~ 1, 2) < lylP~Hloll2llp < 1,
where in the last inequality we used (recall that ¢ = p/(p — 1))

d 1/q d 1/q
gl o = (Dl @) = (Slwal?) ™ = gl < 1.
=1 i=1

Hence sup,, ,cp, Dy(z,y) <2 = Dax.

. . . . 1/ 1/p. 2P/ (P=2)
* We now show how to achieve anytime optimal bounds. Fix ¢, = (\/ip / Pp, *) .

Proposition G.3. Consider running OMD with the following regularizers
1)1/ P« .
Wy (z) = (ZSP(I') = %Hl’”%, N = %7 ift <to,
- —3/ .
bo(w) = Llwl3, =L >t
Assume Uy convex, closed, and 04, (xy) not empty. Then, OMD guarantees

Ry < PR LTY i <,
= | 2LV2Td~2/p, ift >t
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Proof. If T' < ¢, we have just run OMD with ¢,, as regulariser over all rounds and the regret
bound is the one for the high-dimensional setting above.

Otherwise, from the standard bounds from the OMD analysis

Dy (u,x D U, T
Rr <Z( wp 1) Dy, t+1)) " 12 p.—1

Mt DPxHp t=1
Dy, (u,x D u, T
+ Z ( wQ t 7wb2( y L1 ) Z "
t=to+1 "It 2 t=to+1
D, 2 &
1
< — n " + — + o Mt
*_1 t
Mto p*ﬂg ; 2p2 t:tzg;i-l

Dy LyD; <~ 1
2y 5
nr 2n A= VT

< 2 /Ppl/Pe Ltt/P 4 L\/TDy + L\/Dy(VT — Vo)

= 2L\ 2Td ~2/p 4 2pM/Ppl/Pe [P _ [\ fod1-2/py,
where we used Dy = sup,, e, Dy, (2, y) < 2d'=%/?, D, = SUP, yen, Dy, (2,y) <2, p2 =1
and p, = 2'7P. The proof is concluded by noting that 2p1/ppi/p*Lt(1)/p* — L+/2d'=2/Pt is

2p/(p—2)

negative for ty = (\/ipl/ppi/p*) -d O

< 2p1/pp1/17* Lt(l)/p* +

G.3 Failure of fixed separable regularisation for OMD

Proposition G.4. OMD with regulariser 1 € V and any sequence of decreasing n; cannot be
optimal across all dimensions. Specifically there are no constants cp,c; > 0 such that for all T,

Rr < e, LT'"V? foralld > T and Ry < ¢;LN'Td'=2/? foralld < T.

The proof is identical to the proof of for FTRL with the corresponding versions of
[Cemma 4.4|and [Lemma 4.7 for OMD given below.
Lemma G.5. for OMD] Consider d = 1 (V = B, = [-1,1]) and ¢p € F. OMD

with regulariser 1 and arbitrary decreasing step-size 1; can only guarantee R < cL~/T for some

constant ¢ > 0 and all sufficiently large T if for all x € [—-1,1], ¥(x) > ’%10/3:52.

Proof. Assume there exists a constant ¢ > 0 such that for all 7" and any sequence of losses, Ry <
cL/T. Consider T > 16¢? and a multiple of 4.

By considering the dual-version of OMD, we have that if there are no projections up to time ¢, the
update of OMD at time ¢ + 1 can be written as

t ¢
zep1 = VYy (— > nigi) = arg Igin{lﬁ(ﬂ«") + Uig;-rfﬂ}, 21
i=1 re i=1
where 1)}, is the restriction of the fenchel conjugate of ) to V = B, = [—1,1].

We now follow the same steps as FTRL with a slight modification to the loss ¢;(x) = x - g; where
g+ € [—1,1] is now defined as

_mi ot < Todd
un — 2 ’
gt =4 L, t < % even,
T
—L, >3,

Assume 1) is small enough s.t. x5 € int V = (—1, 1) (i.e. no projection is needed). If not, we can
modify the losses slightly so that z3 = 0 (if 03 is large enough, if it is not then set g; = g2 = 0 and
start the above losses from ¢ = 3) and then proceed similarly (i.e. if 73 is still so large that x4 = 1,
then again modify the losses slightly so that z5 = 0 etc). Set n = 1y /2. With this sequence of losses,
the points played by OMD satisfy

48



1303

1304
1305

1306

1307

1308
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e fort <T/2+ 1andt odd, we have Zi;ll 1sgs = 0,80 z; = 0.

« fort < T/2+1andt even, we have 3"} 1.9, = —n;-L s0 2 = arg min, ¢y {—mz+y(e)}.
For ¢t < t' < T'/2 (both even), we have

—nuLay + Y(xy) < —np Lry + (xy) using the definition of z;/
= —neLxy + Y(xe) + Lne — e )
< —miLxy +(xy) + L(ng — ne)ze using the definition of x;
= (m — neyLay < (ne —ne) Ly
= Ty <1y using that ny < 7;.

So for all t < T/2 even, we have x; > xp/5.
o fort > T'/2, we have Zi;ll Nsgs > 22:1 NsGs SO Ty < Typiq.

The regret can be written as follows

T
LT LT LT
Ry = E le(wy) — (—72 ) > — 5 733T/2 - L E Tt (22)
t=1 t=T/2+1

Following similar steps as the proof of for FTRL, we get

1. We first show that x T ifac \/ﬂ cifnot, x ¢ +(2C\fl and from :

IT T/24|2¢VT) T
Ry >=--1L > w-L > T
t=T/2+1 t=T/2+[2cVT]
T/2+(2¢VT) T
LT
> L > 5L > 1
t=T/2+1 t=T/2+[2¢VT]+1
LT L T
:———LZC\FJ ( —[20\/?]_*)
2
> 5(20\@
> cL\/T,

which contradicts our initial assumption that Ry < ¢L/T so we must have TL 4 roey/T) >
2
%. Note that 2¢v/T' < T/2 is ensured by 7' > 16¢2.

2. Next, we show that > ;bc(]_j/ 2%. Until the points reach 1 there are no projections so we can
use @ to write the OMD update as (note that even if 27 | ,. 7 = 1 the following still
2

holds
Z42evT]-1 T 4[2evT]-1
LIy [2eyT) = arger‘r/lin{w(x) + Z M:iG; - x} = arger‘r/lin{w(x) —x Z 77i}
i=1 i=Z+1

Z4+2¢vVT]-1
= —TI o007 Z m+¢(x%+[2m/ﬁ)§0
i=Z+1
L 4[2¢vT]-1
=y(1/2)< Y p<2eVTy
i=T+1
1/2

eV}

2eV/T
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where in the second implication, we used that ¢ (z 12 v71) = ¥(1/2) (since ¢ is in-
creasing on [0, 1] and TL 4 roeyT) 2 1/2), L1 roeyT) < 1 and n; < ngp/p = 1 for all
i>T)2.

The remaining steps are identical to the proof of O

Lemma G.6 (Cemma 4.4|for OMD). Consider V = B, with p > 2 and assume losses are L-Lipschitz
in £,-norm. Let 1 be a convex function satisfying for some y > 0 and any x € R%, ¢(z) > £&]|z||3.

Ifd > (4T/,u)p/(p_2), there exists a sequence of linear L-Lipschitz losses (in {,-norm) for which
OMD with regulariser 1)(x) and any sequence of decreasing . suffers regret Ry > %LT.

Proof. We consider the loss construction described in[Appendix E.1| with a slight modification to the
loss 4(z) = L - 2T g; where g; € By, is now defined as

—IL] ey, ¢t < L odd,
Ui
gt =1 L-eq, tg%even,
—L v, t>%.

By again considering the dual-version of OMD, we have that if there are no projections up to time ¢,
the update of OMD at time ¢ + 1 can be written as

t t
T = VY (—L Z nigi) = arg r‘l}in{z/}(x) +L Z mgiTx}, (23)
i=1 *€ i=1
where 1)y is the restriction of the fenchel conjugate of 1) to V' = B,,.

* First we consider ¢ < T'/2. As in the proof of [Lemma G.5| assume 7, is small enough s.t.

xy € int B, (i.e. no projection is needed). By (23), the steps are then the same as for FTRL

since when ¢ is odd, 2; = 0 and when ¢ is even, z; = argmin,cp_ {w(x) — Lnte{x}. So

we have
T/2 .
Zngt S T/4, 1f77T/2 Z Q/L
pot £ =10, if nr/o < 2/L.

Hence if npjo_1 > 2 /L, we have Rp > LT /4 and the statement of the theorem holds. If
nrya—1 <2 /L, we look to the second half of the rounds.

* Let’s now consider ¢ > T'/2 and assume 7)7/5_1 < 2/L. Fix 8; =t —T/2 — 1. Until the
points reaches the boundary there are no projections so we can use (1)) to write the OMD

update as
t—1 t—1
Xy = arg min{w(ac) +L Z nig?x} = arg min{w(x) —L-vTz Z m}
reB, i—1 reB, =T /241

d t—1
= arg min Z{g(zl) — La;d='/1 Z m}.

i=1 i=T/2+1

Let u = v/||v||, be the competitor. Note that z; = A;u (since the update is coordinate
invariant) so only reaches the boundary once x; = w and for which the above equality
still holds (this is true because it is true for the last iterate before the projection and then
Zf;i 1;9; 1s greater than for this last iterate so the argmin will give z; = u). We have
At > 0 and

1 _
blae) = Slladl3 = 5A2ud' =27,
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1343 Now from the OMD update,

t—1 t—1
1
() — Lot ay Z 7, <0 = iAfudl_Q/p — ML Z 7, <0

i=T/2+1 i=T/2+1
2L 2L6m 46,
== A S Z M= 1o, S s
‘u,d /p =T7a1 ud /P 'ud /p
ALB
— 7T _ _ Pt
— ét(l‘t) =—ILv Ty = L/\t > Md1_2/p,
1344 since 1; < npjp < 2/Lforalli >T/2.1fd > (4T/,u)p/(p’2), we have forallt < T
ALB, L
ft(l‘t) Z —m Z —5
T
T LT LT LT
= Rr > — + Z Et(ﬂ%)>7—T=T
t=T/2+1

L(T—3)

1345 If T is not divisible by 4 and weuse T'— 1, T — 2 or T' — 3, we have R >
1346 concluding the proof. O
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