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Abstract

Physics-Informed Neural Networks (PINNs) embed physical laws into deep learn-
ing models. However, conventional PINNs often suffer from failure modes leading
to inaccurate solutions. We trace these failure modes to two structural pathologies:
gradient shattering, where gradients degrade with depth and provide little training
signal, and flow mismatch, where training pushes predictions along trajectories
that diverge from the PDE solution path. We introduce ResPINNs, which reformu-
late PINNS as residual flows, differentiable networks that iteratively refine their
own predictions through explicit corrective steps, in the spirit of classical iterative
solvers. Our analysis shows that this design mitigates both pathologies by keeping
updates aligned with descent and by preserving informative gradients across depth.
Across canonical PDEs and the PINNacle benchmark suite, residual flows improve
accuracy by up to two orders of magnitude.

1 Revisiting Failure Modes in PINNs

In recent years, Physics-Informed Neural Networks (PINNs) [Raissi et al.,2019]] have emerged as a
neural surrogate for numerically solving partial differential equations (PDEs) by embedding PDE
residuals, initial, and boundary conditions into the training loss and leveraging automatic differentia-
tion. Despite recent advances, PINNs remain vulnerable to intrinsic failure modes. |[Krishnapriyan
et al.| [2021]] document several types of PDEs that are especially challenging, often due to parameters
that induce high-frequency or complex solution behaviors. In such cases, PINNs may fail to propagate
initial conditions accurately. A typical manifestation is the emergence of overly smooth solutions
which can minimize empirical loss while ignoring temporal dynamics. To address these shortcomings,
various strategies have been proposed, including optimization techniques [Wu et al., 2024, |Wang
et al., 2021} |Liu et al.,[2025, Wong et al., 2022, |Bu and Karpatne, 2021]], adaptive sampling [Daw.
et al.| 2023]], architectural modifications [Zhao et al.| 2024} Xu et al.,[2025, |Wang et al.| [2021].

Orthogonal to these advances, we revisit the failure modes of PINNs from lenses of optimization
dynamics and representation flow identifying two structural problems. First, gradient shattering: As
depth increases, the input—output Jacobians of PINNs decorrelate exponentially, while their norms
either vanish or explode. Since PDE residuals require repeated differentiation of the network outputs,
this effect is amplified in PINNs, making optimization unstable even when the residual loss is small.
Second, flow mismatch: training updates in latent space need not align with true descent directions,
so the network can satisfy residual constraints locally while drifting globally, failing to propagate
initial conditions. To address these issues, we introduce residual flows: networks that iteratively
refine predictions through small corrections around the identity. This view connects directly to three
established perspectives: (i) residual networks, where skip connections stabilize gradients; (ii) neural
ODEs, where depth corresponds to integrating a continuous-time flow; and (iii) classical iterative
solvers, where predictor—corrector updates progressively reduce error. In the PINN setting, these
formulations coincide: residual flows stabilize Jacobians and keep updates aligned with loss descent.
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Our contributions are threefold. Diagnosis: we trace PINN failures to gradient shattering and flow
mismatch. Reformulation and Unification: we propose residual flows, a view that encompasses
prior sequence-modeling designs as special cases of stepwise refinement. Evidence: theory and
experiments show that this residual-flow structure underlies stable optimization and accurate PDE
solutions.

2 Mitigating Failure Modes with Residual Flows

PINNs can minimize residual loss yet diverge from true dynamics. We interpret this as a latent-
space flow problem governed by two stabilizing principles: (i) update—descent alignment and (ii)
near-identity Jacobians.

Preliminaries. Letwu : Q X [0, 7] —R™ satisfy operators O € { F,Z, B} (interior, initial, boundary)
with O(u) = 0 on corresponding regions xo. A PINN uy minimizes a weighted residual loss
L(ug) = 30 A0 Bz t)mxo [0 (ua) |*.

Gradient shattering. Let Jy(z,1) = V(, nug(z,t) € R™*(d+1)  Mean-field analysis (Thm.
App. [E) shows that correlations in Jy decay exponentially with depth while norms vanish or explode,
destroying derivative signals essential for PDE residuals. Preventing this requires Jacobians close to
identity.

Residual-flow formulation. To understand gradient misalignment in PINNSs, training can be viewed

as a latent flow indexed by solver time k, dz(,f) =T(2(k), k; z,t) with z2(0) = E(x,t). A discrete
step with implicit step size « gives zx11 = 2 + Tk (2x; ), a small residual correction advancing zj,
toward the PDE solution. Residual networks, neural ODEs, and progressive refinement schemes all

instantiate this structure.

Local descent and Jacobian neutrality. For a loss £(z;) with S-Lipschitz gradient:
Lemma 2.1 (Depth-aware descent). For updates zp11 = zi + Tk(zx), k=0... K—1, let J, =
0zp41/0z¢. If VL is 5-Lipschitz near {zy,}, then for some (), < B(Hf:_kl | 7e]l2)2,
K-1
Lzx) < £(20) + 3 (Vo L) Tilr)) + 2 IT(2)12].
k=0

Lemma [2.1| implies that the first-order loss change at step k is governed by (V,, L(z1), Tk(Zk)ﬁ
so each update behaves as a gradient step whose effect scales with its alignment to —V, £(zy,)
Misaligned or overly large updates cause flow mismatch, producing drift despite decreasing loss.
Alignment alone, however, does not ensure stability: even well-aligned updates can yield vanishing
or exploding gradients when Jacobian spectra drift. Residual formulations mitigate this by enforcing
near-identity Jacobians.

Theorem 2.2 (Jacobian neutrality). If J, = I + Ay with | Axll2 < ag < 1, then |o;(Jx) — 1] < ay
and k(Jy) < }f—g’; Thus, gradients remain bounded through depth.

Together, these results explain stability: alignment mitigates flow mismatch, while Jacobian neutrality
suppresses shattering. Proofs and detailed statements are deffered to Appendix[C]

Empirical illustration. Figure[I|shows Jacobian spectra for a 1D convection PDE. Residual PINNs

(ResPINNs) maintain near-unit singular values and stable conditioning, whereas standard PINNs
exhibit spectral dispersion, confirming smoother latent-space evolution and reduced failure modes.

3 Empirical Evaluation

Experimental setup. We evaluate three realizations of the residual-flow formulation: (1) ResPINN,
a discrete residual network where each block performs a correction hyy1 = hg + af (hg; 0k);

(Tr(25),— V2, L(2)) |
1Tk )TV 2, L2111

"The gradient alignment is GAy, =
and GAy < 0 ascent.

GA > 0 indicates descent, GAx = 0 neutrality,
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Figure 1: Jacobian spectra across depth for the 1D convection problem. ResPINNs maintain near-unit
singular values and stable conditioning, while standard PINNs show spectral dispersion, consistent
with the Jacobian neutrality result.

Table 1: Quantitative results on four PDE benchmarks (rMAE, rRMSE). Lower is better.

Model \ Wave Reaction Convection Heat
\rMAE rRMSE rMAE rRMSE rMAE rRMSE rMAE rRMSE
PINNSs 0410 0.414 0980 0979 0.851 0.899 0.896 0.940
FLS 0.102 0.119 0.022 0.039 0.173 0.197 0.749 0.787
PINNsFormer 0356 0.363 0.015 0.030 0.453 0.522 0213 0.224
KAN 0.143 0.146 0.017 0.034 0.605 0.659 0.090 0.104

PINNMamba 0.020 0.020 0.009 0.022 0.019 0.020 0.054 0.058
ResPINN (ours) | 0.013  0.015 0.005 0.008 0.003 0.005 0.004 0.005

(2) O-PINN, a continuous-depth variant integrating h = fo(h,t) with an RK4 solver; and (3)
Progressive Residual Flow, a curriculum model that incrementally adds residual blocks, analogous
to multistage refinement in numerical solvers. All models use three-layer blocks of width 64 with
explicit skip connections and are trained on 101 x 101 space—time grids using L-BFGS and wavelet
activations [Zhao et al.,|2024]]. Benchmarks include four canonical PDEs (Wave, Reaction—Diffusion,
Convection, Heat) and the PINNacle suite [[Zhongkai et al., [2024] of 16 additional PDEs such as
Burgers, Poisson, and Navier—Stokes. Baselines cover standard PINNs [Raissi et al., 2019], FLS
[Wong et al., 2022[], QRes [Bu and Karpatnel 202 1[], KANs [Liu et al., 2025]], and sequence-based
models [Zhao et al.,[2024, [Xu et al., 2025]]. Dataset handling, optimizer settings, and further details

appear in Appendices

Benchmark performance. We evaluate whether residual flows mitigate known failure modes in
PINNs. Table[I]reports relative mean absolute error (rMAE) and relative root mean squared error
(rRMSE) across four canonical PDEs (Wave, Reaction—Diffusion, Convection, Heat). Classical
PINNSs perform poorly on Reaction and Convection, consistent with prior observations. Sequence-
based models such as PINNsFormer and PINNMamba include shallow residual components but lack
full residual refinement. In contrast, ResPINN, which stacks residual updates throughout depth,
achieves the lowest errors —often by an order of magnitude—confirming that end-to-end residual
flows provide consistent gains. Additional per-equation analyses appear in Appendix [D}

Iterative refinement and gradient alignment. To test whether residual flows behave as iterative
refiners rather than feature learners, we measure two diagnostics. First, the relative update magnitude
|75 (2:)|l/]|2: || decreases monotonically with depth in ResPINNS, indicating progressively smaller
corrections. Second, the cosine alignment between T;(z;) and the negative loss gradient remains
positive throughout training, consistent with descent-aligned refinement. Figure [3| summarizes these
effects; full curves for additional PDEs appear in Appendix
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Figure 2: Qualitative comparison on Convection PDE. Top: predicted solutions. Bottom: pointwise
errors. ResPINN predictions remain stable across the domain, while standard PINNs drift.
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Figure 3: Left: relative update size ||T;(z;)||/||2:|| across depth. Right: gradient alignment. ResPINNs
operate in the small-step, descent-aligned regime.

Ablation and generalization. We compare discrete (ResPINN) and continuous (O-PINN) residual
flows under tanh and wavelet activations. Detailed tables appear in Table [](Appendix [H). Results
show complementary strengths: O-PINN benefits families requiring smooth integration, while
ResPINN remains competitive across discrete tasks. On the broader PINNacle benchmark
2024]], ResPINN attains stable solutions across evaluated PDEs, which span multiscale and
stiff systems. Comprehensive results and resource analyses are provided in Appendix [H] Appendix [A]
provides a roadmap for reproducing the reported values.

4 Conclusion

We presented PINNs as residual flows, networks that solve PDEs through iterative small-step re-
finement. This view reveals two stabilizing factors: gradient alignment, ensuring descent-oriented
updates, and Jacobian neutrality, maintaining well-conditioned mappings. Preliminary results on
canonical PDEs and the PINNacle suite show that residual-flow architectures (ResPINN, O-PINN,
and progressive variants) deliver consistent improvements and interpretable optimization behavior.
This framework offers a basis for exploring how residual formulations, continuous-time limits, and
solver-inspired parameterizations can unify and stabilize neural PDE solvers, as well as extend toward
deeper architectures and direct residual flows in solution space.
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A Reproducibility Statement.

All PDE setups (governing equations, domains, analytic solutions, and meshes) are detailed in
Appendix [F} Theoretical results and proofs appear in Appendix [C| with the mean-field shattering
adaptation in Appendix [E| Architectural and solver specifications for ResPINN, O-PINN, and
Progressive Flow are given in Appendix [G] and additional alignment/refinement diagnostics are in
Appendix [[] PINNacle task definitions and results are reported in Appendix [Hl An anonymous code
respository containing implementations of residual flows and scripts reproducing the experiments is
available at https://anonymous.4open.science/r/resflows-0FD5

B Related Work

Failure Modes in PINNs Despite recent advances in PINN literature, they remain vulnerable
to intrinsic failure modes. Krishnapriyan et al.| [2021] document several types of PDEs that are
especially challenging, often due to parameters that induce high-frequency or complex solution
behaviors. In such cases, PINNs may fail to propagate initial conditions accurately. A typical
manifestation is the emergence of overly smooth solutions which can minimize empirical loss while
ignoring temporal dynamics. To address these shortcomings, various strategies have been proposed,
including optimization techniques [Wu et al.,|2024, |Wang et al., 2021} [Liu et al., [2025| /Wong et al.,
2022, |Bu and Karpatnel 2021]], adaptive sampling [Daw et al.,|2023| |Wu et al., 2023]], architectural
modifications [Zhao et al., 2024} [Xu et al., 2025} Wang et al.| 2021]]. Nevertheless, these methods do
not explicitly address the instability caused by noisy gradients, often referred to as gradient shattering,
which can mislead training and limit robustness. We propose residual flows as a mechanism to align
these gradients with the optimization.

Neural Operators. Neural operators such as DeepONet [Lu et al.l [2021a] and FNOs [Li et al.}
2023|] are data driven surrogate models that approaximate the PDE solution operator from labeled
data, whereas PINNs rely on enforcing PDE residuals and boundary/initial conditions. Since our
work focuses on PINNs, we benchmark mainly against PINN variants and restrict our analysis to
failure modes specific to this class of methods.

Flows in Machine Learning. The idea of flows is well-established in Machine Learning. Nor-
malizing flows learn invertible maps that transform a base density into a data density by composing
simple bijections and tracking Jacobian determinants for exact likelihoods [Rezende and Mohamed,
2015, Dinh et al., 2017, |Kingma and Dhariwall 2018, |Chen et al., 2018]]. This probabilistic goal is
orthogonal to ours: we do not model densities or require invertibility. Our flow perspective instead
concerns optimization dynamics of PINNs exhibiting failure modes.

Residual networks and connections. Residual connections stabilize training by composing near-
identity transformations [He et al., [2016| |Greff et al., 2017, Jastrzebski et al., [2018} [Haber and
Ruthotto, 2017, [Lu et al.l 2018, |Chen et al., 2018]|. In PINNs, they appear in several proposals, often
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alongside other architectural changes, so their specific contribution is unclear [Wang et al., 2020,
Zhao et al., 2024, Xu et al., 2025]]. PINNsFormer [Zhao et al., 2024]] and PINNMamba [Xu et al.,
2025]] both employ residual connections but attribute gains to sequence modeling, while PirateNets
[Wang et al., |2024] explore adaptive residual scaling and physics-informed initialization without
connecting them to failure modes.

Continuous-depth limits and Neural ODEs. Taking residual networks to the continuous-depth
limit yields Neural ODEs, parameterized by vector fields and solved numerically [[Chen et al., 2018].
Connections to solver stability and residual architectures have been emphasized [Lu et al., 2018]
Haber et al.,|2019]], and continuous-depth models have been adapted to scientific machine learning
[Yin et al.l 2023} |Verma et al.,[2024].

Positioning. Our contribution differs from likelihood-based flows and prior PINN adaptations. We
explicitly characterize two structural failure modes in PINNs, gradient shattering and flow mismatch,
and propose a residual flow formulation that enforces gradient alignment and Jacobian neutrality.
The mechanism is architecture-agnostic: it can be instantiated as a residual stack, as a continuous-
depth Neural ODE with explicit solvers, or as a purely iterative refinement scheme without ODE
machinery. This unifies discrete residual nets, continuous flows, and solver-style iterations under a
single stabilization principle tailored to PINNs.

C Proofs

We study feature evolution through a latent flow induced by residual transformations in continuous
network time:

dz(k)
dk

Remark C.1 (Analytical surrogate). Equation equation [I]is not intended as the literal dynamics of
fully connected PINNs, but as an analytical surrogate that lets us study feature evolution and gradient
misalignment using the language of residual flows.

= T(z(k),k; x,t), k€0, K], 2(0) = z := E(z,t) € R%, (D

Lemma C.2 (Integral form). If T (-, ) is continuous, then z is a solution of equation[l|on [0, K] if
and only if

k
2(k) = 2o —|—/ T(Z(T),T; :L',t) dr, 0<Ek<LK. 2
0

Proof. (=) Integrate equation[I|from 0 to k to obtain equation[2]
(<) If equation E] holds and T(z(7),T) is continuous in T, then by the fundamental theorem of

calculus the map k v~ z(k) is differentiable with % = T(z(k), k) and 2(0) = z, i.e., z solves
equation([l] O

Theorem C.3 (Banach contraction mapping). Let (X, || - ||x) be a Banach space andlet F : X — X
satisfy
[1F(z) = F()x < elz=7lx, V27 €X,

for some 0 < ¢ < 1. Then F admits a unique fixed point z* € X, and the iterates 2"+ = F(z(")
converge to z* for any initial 2(°) € X.

Theorem C.4 (Existence and uniqueness of a solution of a residual flow). Let T : R% x [0, K] — R
be continuous and assume there exists L > 0 such that

[T(z1,k) =T (22, K)| < Ll[zr = zel, [T R)| < L+ |[2]), )
forall 2,21, 2, € R™ and k € [0, K|. Then the IVPadmits a unique solution z € C([0, K], R).

Proof. Fix 6 > 0 and consider the Banach space X = C([0,6],R%) with norm |z|x =
SUPg<s<s ||2(s)]|. Define the flow operator

k
(Fz)(k) = ZO+/0 T(z(7),7)dT.

If Fz = 2, then by Lemma|C.2} z solves the IVP on [0, 4].



For z,z/ € X and k € [0, ¢],

k
I(Fz)(k) = (F2)(®)]| < /O IT(2(7),7) = T(Z'(7), 7) dr < Lz — 2| x.

Thus ||Fz — Fz'||x < Lé||z — 2’| x, so F is a contraction whenever L§ < 1. By Theorem|C.3] F
has a unique fixed point in X, which is the unique solution on [0, §]. Repeating the argument on
successive intervals of length § extends the solution uniquely to all of [0, K]. O

Definition C.5 (Discrete Residual Step). Let Ak > 0 and &k, := nAk forn = 0,..., N with
NAK = K. The explicit Euler discretization of the residual flow %) = T'(z(k), k; 2, t) with
z(0) = 2o := E(z,1) is

Znt1l = 2Zn + AKT (2, kn; x,t), z0 = E(x,t).
Equivalently, this is a residual update with T, (z,,) := Ak T(zy, kn; x,t).
Definition C.6 (Convergence/order). Let z(-) denote the (unique) solution of the IVP on [0, K]. A
time-stepping scheme producing {z, }2_, is said to converge with order p on [0, K| if there exists a
constant C, independent of Ak, such that

OglaéxN H —an < C(Ak)P.

Theorem C.7 (First-order convergence of the residual flows). Assume the hypotheses of exis-
tence/uniqueness hold (global Lipschitz and linear growth in z for T'), and that the solution z is twice
continuously differentiable on [0, K]. Let {2, } be defined by|C.3| Then the discrete formulation of
the residual flows converges with order 1:

Og%XN Hz(kn) —an < Ck Ak,

where Ck depends on K, the Lipschitz constant L of T' in z, and maxyco k] ||Z(k)]|,
pendent of Ak. Sketch. Taylor expand z(ky11) = (k) + Ak 2(k,) + Ry, with ||R,,|| < C (Ak)2
Using (k,) = T(z(k‘n), kn) and subtracting the Euler step gives the error recurrence e,,1 <
(14 LAk) en + C (Ak)? where en = ||2(kpn) — zn||. Apply the discrete Grinwall lemma to obtain

en<CP RSN Ry e i _1AI€

Proposmon C.8 (Gradient alignment in residual flows). Let £ : R%* — R be continuously differen-
tiable, and let z : [0, K| — R be a continuously differentiable solution of the residual flow IVP
equation[I} Then, for all k € [0, K],

ik L(z(k)) = (VL(z(k)), T(z(k), k; z,1)). )

1 If
(VL(2(K)), T(2(k),k)) < 0 forallk € [0, K], )

then L(z(k)) is nonincreasing on [0, K|.
2. If there exists a constant ¢ € (0, 1] such that
(T(=(k), k), ~VL(:(K)))
1T (z(k), F)HIV L z(R)]]

then L(z(k)) is strictly decreasing on I.

> ¢ and ||T(z(k),k)| >0 forallkel C|0,K],
(6)

Proof. The chain rule gives equatlonl 4l Under equatlonl 4 L(2(k)) < 0forall k, so L(z(k)) is
nonincreasing.

For equation 6] write

d (T'(2(k), k), =VL(2(k)))
L L(k) = = |IVLEE)IT(2(K), k 7
5 £(0) = = IVECED] T DI R TR )
< —c|IVLGEEDINT(=(F), K- ®
On any interval I where ¢ > 0 and ||T'(2(k), k)|| > 0, the right-hand side is strictly negative, hence
L(z(k)) is strictly decreasing on I. O



Proof of Lemma[2.1} Since £ has -Lipschitz continuous gradient, we have for any «, v in a neigh-
borhood of z:
L) < L(uw)+ (VL(u),v —u) + §||v — ul?.

Apply this inequality with u = 2z and v = 241 = 2 + Ti(2k):
L(zr41) < L(2k) + (Vo L(2x), Ti(2x) + 51Tk (z6) 1.

To capture the effect of depth, note that subsequent updates depend on how T is transformed through
the Jacobians J; = 0zy1/0z. The gradient at zy, is related to the gradient at zj41 by the chain rule:

vzk‘c(zk-i-l) = J]:vzk+1£(2k+1).

Rolling this back from step K to step k shows that each local Lipschitz constant is scaled by the
squared operator norms of the Jacobians:

K-1

Iv2LGollz < B TT I1elz)
=k

2

. - 2
Therefore there exists a local smoothness constant 3, < 3( f kl || Jell2)” such that

L(zri1) < L(2k) + (Vo L(20), Ti(2)) + 51 Te(z0) 1.
This completes the proof. O

D Dissecting Existing Approaches to Failure Modes

A central challenge in PINNs for time-dependent PDEs is the propagation of initial conditions across
time. Several recent works have sought to address this by introducing explicit sequence modeling.
For example, Krishnapriyan et al.| [2021]] proposed recursive sequence-to-sequence training, rolling
solutions forward in time with separate networks. While effective for short horizons, this strategy
is memory- and compute-intensive, and does not generalize reliably outside the training window.
More recent approaches have adapted modern sequence architectures: |[Zhao et al.|[2024] introduced a
transformer-based framework (PINNsFormer), while | Xu et al.|[2025]] proposed state-space models
(PINNMamba). Both report improved accuracy and robustness, attributing their gains to the ability
of attention or structured recurrence to capture long-range temporal dependencies.

At first glance, these results seem to suggest that sophisticated sequence modules are essential for
overcoming failure modes in time-dependent PINNs. Yet this conclusion is not entirely satisfying:
improvements could equally stem from side effects such as increased parameterization, altered
optimization dynamics, or more flexible local mappings. In other words, what appears as a benefit of
“long-range temporal modeling” may instead be an artifact of broader architectural changes. This
motivates a sharper question: are sequence modules truly the driving factor behind the reported
improvements, or are we attributing gains to the wrong mechanism? To probe this, we designed
a controlled ablation study. Training setup, initialization, and sampling were kept fixed, and only
the internal sequence modules were varied. Specifically, self-attention and state-space operators
were replaced with deliberately simple local mappings (a linear projection or a shallow MLP), with
parameter counts carefully matched within =10%. This isolates the effect of explicit sequence
modeling from confounding factors such as model capacity or optimization differences.

The evidence in Table[2]challenges the conventional explanation. The table compares both transformer-
based (PINNsFormer) and state-space—based (PINNMamba) architectures against ablated versions
where their sequence modules are removed or replaced with simpler alternatives. For PINNsFormer,
the encoder is retained while attention is stripped out and substituted either with a linear projection or
a shallow MLP. For PINNMamba, the state-space operator is removed outright or replaced by an MLP
with matched parameter count. Across all three PDE benchmarks, these simplified variants perform
comparably to the original models, indicating that explicit attention or structured recurrence is not
essential for maintaining accuracy. This suggests that the improvements attributed to sophisticated
sequence modules may instead arise from a different architectural mechanism.

Across both transformer- and state-space—based PINNs, one component remains consistent: the use
of residual pathways that carry predictions forward through incremental corrections. Unlike attention
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Table 2: Ablation study on Convection, Reaction and Wave PDEs. The relative MAE values are
reported. Removing attention and replacing it with linear mappings preserves or even improves
performance, despite the drastic reduction in complexity.

Model Convection Reaction Wave (rtMAE)
(rMAE) (rMAE)
PINNsFormer (Original) 0.510 0.015 0.270
Encoder Only 0.043 0.017 0.058
-Attention + Linear 0.012 0.022 0.022
-Attention + MLP 0.009 0.016 0.142
PINNMamba (Original) 0.019 0.010 0.020
-SSM 0.012 0.013 0.029
-SSM+MLP 0.063 0.014 0.015

or structured recurrence, these pathways are present in every variant tested, including the simplified
ablations. This observation points to residual connections—not sequence modules—as the common
mechanism underlying stability and accuracy.

Why might residual pathways play such a critical role? At a high level, they enforce an update rule
that keeps each layer close to the identity, nudging predictions forward through small, controlled
steps rather than drastic transformations. This structure has several consequences that help explain
the observed robustness:

(H1) Because updates are incremental, optimization becomes more stable: each layer only needs
to make small corrections, reducing the risk of divergence.

(H2) The skip connections implicit in residual design bias the layer Jacobians toward the identity,
which mitigates gradient shattering and helps preserve information across depth.

(H3) The repeated corrections accumulate like iterations of a solver, progressively refining the
solution in the manner of predictor—corrector schemes.

Taken together, these hypotheses recast the source of robustness in time-dependent PINNs: not the
sophistication of sequence modules, but the refinement dynamics induced by residual flows. In the
remainder of this paper, we have put these hypotheses to the test.

E Mean-field gradient shattering for PINN Jacobians

Our analysis of gradient shattering follows directly from the mean-field studies of deep random
networks by [Poole et al.| [2016], [Balduzzi et al.| [2017]], Pennington et al.| [2018]], and |Yang and
Schoenholz|[2017]]. We adapt their derivations to the input—output Jacobians relevant for PINNs.

Theorem E.1 (Adapted from prior work on shattered gradients). Consider a depth-L, width-n
fully-connected network with random Gaussian initialization as in|Poole et al.|[|2016|], Balduzzi et al.
[2017]. Let Jo(z) = V ,up(2) denote the input—output Jacobian at input z. In the mean-field limit
n — oo the following hold:

(A) Exponential decorrelation. For nearby inputs z, ', correlations between Jacobians decay
exponentially with depth:

E[cos(Jy(2). Jo()] = O(p"),  p e (0.1).

(B) Norm growth/decay. Jacobian norms scale exponentially with depth:
E[lJo(2)[IF = ©(+"),

with v = 1 only on the edge-of-chaos manifold; generically v # 1, yielding vanishing or
exploding norms.

11



500
1500
40 1250 40 400
1000 300
750
200
20 500 20
100
250
0 0
-20 -20
-40 —40
0 0
-05 0.0 0.5 1.0 -0.5 0.0 0.5 1.0

Figure 4: A 2D histogram of input-output Jacobian for convection PDE evaluated on a 50x50
equispaced grid. (left) A trained PINN. Few gradients follow the linearity of the solution while the
most mass is concentrated around O which is a sign of vanishing gradients. (right) The Jacobian of
the analytical solution.

Proof sketch. The argument mirrors |Poole et al. [2016], Pennington et al.|[2018]]. Pre-activations
converge to Gaussian processes in the mean-field limit, and input sensitivities evolve via multiplicative
recursions depending on E[¢’(u)?]. Cross-input correlations shrink by a factor p < 1 per layer, while
sensitivity norms scale by ~. Full details can be found in the cited works; here we simply specialize
the analysis to the input—output Jacobians of PINNs.

Empirical illustration. The mean-field analysis predicts vanishing or exploding Jacobian norms
and exponential loss of correlation across nearby inputs. Figure ] provides an empirical counterpart:
for the convection PDE, we plot the distribution of input—output Jacobian entries on a 50x50
evaluation grid. For a trained PINN, most Jacobian values concentrate near zero, indicating collapsed
sensitivities, with only a few gradients reflecting the true structure of the solution. By contrast, the
analytical Jacobian remains well spread, showing the expected variation across space—time. This
behavior has been also observed on other PDES where PINNs exhibit failure modes.

F PDE Setups and Metrics

F.1 Metrics

In our experiments, we report three metrics: the training loss (defined in Eq. (2)), the relative mean
absolute error ('MAE), and the relative root mean squared error (rMSE). For a set of evaluation points
S, model prediction ug, and ground-truth solution u*, we define

Z |u9(sc) — u*(a:)| Z (uo(z) — U*(m))Q
IMAE = %5 ,  IMSE= |5 . 9)

3 |ut (@) 3 (u (@)

€S zeS

Note that both ug(x) and u*(x) can take positive or negative values; consequently, rMAE and rMSE
may exceed 1.

F.2 Benchmarks

To comprehensively test our algorithm, we include four benchmarks. The first three correspond to
canonical PDEs widely used in the PINN literature (see Figure 7), while the last one is the large-scale
PINNacle benchmark [Zhongkai et al.|[2024]).

1D-Reaction. This one-dimensional nonlinear ODE models chemical reactions:
ou

e —pu(l—u)=0, ze€(0,2m),te(0,1),
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with initial and boundary conditions

r—m)?
u(z,0) = exp <_(2(77/4))2) ;o u(0,t) = u(2m,t).

The analytic solution is
h(x)ert (r —7)?
t) = h(zx) = —_—
wet) = et v 1 —h@y M@ eXp( 2(n/4)2 )

with p = 5. Prior work [Raissi et al.| [2019], Krishnapriyan et al|[2021] identified this case as a
“PINN failure mode” due to the nonlinear term, and its sharp interior boundary adds further difficulty.
Following PINNsFormer [Xu et al.|[2025]], we sample 101 points on the initial/boundary sets and a
101 x 101 grid on the residual domain. Evaluation uses the same mesh.

1D-Wave. A standard hyperbolic PDE from acoustics and fluid dynamics:

0%u 0%u
— —4-—==0 0,1), t € (0,1
atQ 81‘2 ’ IE(’)7 6(’)5
with initial and boundary conditions
0 0
u(xz,0) = sin(rz) + 1 sin(Brz), % =0, u(0,t) =u(l,t)=0.

The analytic solution is
u(z,t) = sin(rz) cos(2mt) + 3 sin(Brz) cos(2Bmt),

with 5 = 3. Compared to Reaction and Convection, the solution is smoother, making it easier for
deep models. Training/evaluation meshes are sampled as in Reaction.

1D-Convection. A hyperbolic PDE relevant in fluids, atmosphere, and heat transfer:

ou ou
5 +B% =0, ze€(0,2m), te(0,1),

with
u(x,0) = sin(z), «(0,t) = u(2m,1).
The analytic solution is u(z,t) = sin(x — St), where we set 5 = 50. Despite its simple closed

form, this problem is challenging for PINNs due to the high-frequency oscillations and sharp loss
landscape |[Krishnapriyan et al.|[2021]]. Training/evaluation meshes follow the same setup as above.

Heat Equation: The heat equation is a second-order parabolic PDE that describes heat distribution
in a given region over time. It is a classic example of a diffusive system, which presents challenges
related to numerical stiffness.

2 .
* Equation: % = a%, with o = 0.1.

* Domain: (z,t) € [0,1] x [0, 1].
* Initial Condition: u(x,0) = sin(7rz).
* Boundary Conditions: «(0,¢) = 0 and u(1,¢) = 0 (Dirichlet).

« Analytical Solution: u(z,t) = sin(rz)e ™ ¢,

PINNacle. The fourth benchmark is PINNacle Zhongkai et al.|[2024], built on DeepXDE [Lu
et al.|[2021b]]. It comprises 20 PDE tasks covering fluid dynamics, heat conduction, nonlinear and
multiscale phenomena, and high-dimensional settings. We found that several subtasks are unsolved
by existing methods (e.g., Heat—2d-LT, NS-2d-LT, Wave-2d-MS, Kuramoto—Sivashinsky). These
involve long-time dynamics or high-order derivatives, which present challenges beyond those noted
in the original paper. To focus on training paradigms rather than backbone design, we omit these four
hardest cases and evaluate on the remaining 16 tasks. Dataset details are summarized in Table
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Table 3: PDE benchmarks from PINNacle |[Zhongkai et al.| [2024]. We list input dimensionality,
training/testing sizes, and representative simplified equations. All PDEs here are second-order. Full
formalizations, coefficient meanings, and boundary/initial conditions appear in Zhongkal et al.[[2024].

PDE Dimension Niain Nest  Key Equation
1D+Time (1d-C) 16384 12288 % +u-Vu—vAu=0
Burgers . .
2D+Time (2d-C) 98308 82690 same form in 2D
2D (2d-C) 12288 10240 —Au=0
Poisson 2D (2d-CG) 12288 10240 —Au+ k*u = f(z,y)
3D (3d-CG) 49152 40960 —u;Au+ kPu= f(x,y,2), i=1,2
2D (2d-MS) 12288 10329 —V(a(x)Vu) = f(z,y)
2D+Time (2d-VC) 65536 49189 % — V(a(z)Vu) = f(x,t)
Heat 2D+Time (2d-MS) 65536 49189 G — =i tiny — 5y, =0
2D+Time (2d-CG) 65536 49152 % —Au=0
. — L Ay= Su=
Navier_Stokes 2D (2d-C) 14337 12378 w-Vu+Vp— - Au=0, V-u=0
2D (2d-CG) 14055 12007 same form

1D+Time (1d-C) 12288 10329  wuy —4ug, =0

Wave )

2D+Time (2-CG) 49170 42194 [V? — L 2% Ju(, 1) = 0

_ _ _ 2
Chaotic (GS)  2D+Time 65536 61780 U= e1bu+il “)2 uo
vy = e9AV — dv + uv
N (T

High-dim 5D (P-Nd) 49152 67241 ;Au — =25 sin(Za)

5D+Time (H-Nd) ~ 65537 49152 2% — kAu+ f(z,t)

G ODE Solvers and Residual Flows

For completeness, we recall the connection between residual updates and classical numerical ODE

solvers. Consider an ODE
dh(t)

7 = f(h(t)vt)v h(O) = ho.

G.1 Residual Flow Solvers
Forward Euler. The simplest explicit solver advances in steps of size a > 0 via
hit1 = hi + o f(hi, tr).
This is precisely the form of a residual block: each step applies a correction around the identity.

Runge-Kutta (RK4). Higher-order solvers reduce truncation error by evaluating f at intermediate
points. The classical fourth-order Runge—Kutta scheme computes

k1= f(he,tr),
ko = f(hk + %k‘l,tk + %),
ks = f(he + Sko,te + 5),
ks = f(hi + aks, tr + @),
hi+1 = hi + %(/ﬁ + 2ko + 2k3 + k4).

ResPINNs correspond to Euler-like discrete updates , while O-PINNs instantiate the continuous limit
using RK4 integration with weight sharing. Implementattion details follow.

14



e o

Linear } [ Linear J (i) First Order Method

Residual Flow Network E Activation Activation
Multi-Layer Perceptron i

(@1) v

Residual Flow Model Residual Flow Blocks (ii) Runge-Kutta(RK4) Method

Figure 5: ResPINN overview. Inputs (z,t) are encoded to a latent state 2(0), which is iteratively
refined by a residual flow in pseudo-time s. The flow is realized either as a stacked residual (Euler)
network or as a higher-order explicit solver RK4. The terminal state i (.S) is decoded to the PDE
solution u(x, t).

\ Wave \ Reaction | Convection
Model | IMAE rRMSE | tMAE 1RMSE | rMAE 1RMSE
O-PINN -+ tanh 0.038 0.039 0.018 0.035 0.014 0.016

O-PINN -+ wavelet 0.053  0.059 0.003 0.005 0.003 0.003
ResPINN + tanh 0.030  0.030 | 0.008  0.017 0.015 0.016
ResPINN + wavelet | 0.070  0.074 | 0.008  0.009 0.006  0.006

Table 4: Ablation on activation functions for continuous (O-PINN) and discrete (ResPINN) residual
flow models. Results are reported on Wave, Reaction, and Convection PDEs using relative MAE
and rRMSE.

G.2 Implementation of Residual Flows

ResPINN (discrete residual stack). A fixed-depth network composed of K = 10 residual blocks,
each block containing three fully connected layers of width 64 with a skip connection. A linear
encoder maps inputs to latent space, and a single fully connected output head maps back to the PDE
solution.

O-PINN (continuous residual flow). Uses the same residual block as the vector field fy, but instead
of stacking layers explicitly, the dynamics are integrated with RK4. This yields a continuous-depth
model whose trajectory corresponds to an effectively deeper residual flow.

Progressive Flow. Starts with three residual blocks and adds two new blocks at each training
stage while freezing earlier ones. Both encoder and decoder are linear projections, ensuring that
representational capacity resides in the blocks. At each stage, the final projection layer is re-initialized
and trained as a predictor of the PDE solution, providing a direct probe of iterative refinement.

An overview of ResPINN and O-PINN archirectures is shown in Figure [3
H Ablation and Generalization

H.1 Residual Networks and Neural ODEs

To disentangle the effect of discretization from architectural or activation choices, we compare
the continuous-depth formulation (O-PINN, integrated with a fixed-RK4 ODE solver) against its

15



Table 5: Results on PINNacle. Baseline results are from Wu et al.|[2024], Xu et al.[[2025]. OOM
means Out-of-Memory.

PINN PINNsFormer PINNMamba ResPINN
Equation rMAE RMSE rMAE RMSE r™MAE RMSE rMAE rRMSE

Burgers 1d-C 1.1le-2  33e-2 93e-3 1l4de-2 3.7e3 1.1e3 4.6e-3 1.4e3
Burgers 2d-C 45e-1 52-1 OOM OOM OOM OOM OOM OOM
Poisson 2d-C 7.5e-1  6.8e-1 7.2e-1 6.6e-1 6.2e-1 5.7e-1 7.8e-1 7T.le-1
Poisson 2d-CG ~ 5.4e-1  6.6e-1 54e-1 6.3e-1 1.2e-1 1l4e-1 4.4e-3 8.6e-3
Poisson 3d-CG  4.2e-1 50e-1 OOM OOM OOM OOM OOM OOM
Poisson 2d-MS  7.8e-1  6.4e-1 13e+0 1.le+0 7.2e-1 6.0e-1 9.0e-1 7.5e-1
Heat 2d-VC 1.2e+0  9.8e-1 OOM OOM OOM OOM OOM OOM
Heat 2d-MS 47e-2 692 OOM OOM OOM OOM 6.5e-3 4.5e3
Heat 2d-CG 27e2 232 OOM OOM OOM OOM OOM OOM

NS 24d-C 6.1e-2 5.1e-2 OOM OOM OOM OOM OOM OOM
NS 2d-CG 1.8e-1 1.1e-1 1.0e-1 7.0e-2 1.1e-2 7.8¢-3 1.4de2 9.8e-3
Wave 1d-C 5.5e-1 5.5e-1 5.0e-1 5.1e-1 1.0e-1 1.0e-1 3.4-2 3.7e-2
Wave 2d-CG 2.3e+0 1.6e+0 OOM ooOM OOM OOM OoOM OoOM
Chaotic GS 2.1e-2  9.4e-2 OOM OOM OOM OOM OOM OOM

High-dimPNd 1.2e-3 1.1e3 OOM OOM OOM OOM OOM OOM
High-dimHNd 1.2e-:2 533 OOM OOM OOM OOM OOM OOM

discrete counterpart (ResPINN), each trained with either tanh or wavelet activations. This ablation
allows us to test whether the improvements stem from the residual flow discretization itself or from
particular activation functions. The results in Table ] show that O-PINN and ResPINN exhibit
complementary strengths: the continuous formulation benefits some PDE families (especially with
wavelet activations), while discrete residual stacks remain competitive elsewhere.

H.2 Experiments on Complex Problems

To assess generalization, we evaluate on PINNacle [Zhongkai et al.l[2024]. On challenging multiscale
tasks, baselines such as PINNsFormer [Zhao et al., |2024]] and PINNMamba [Xu et al., [2025]] either fail
to converge or run into out-of-memory errors, whereas ResPINN trains successfully while maintaining
comparable accuracy on the remaining tasks. Details of the PINNacle experiments are shown in
Table

I Additional Alignment plots

Gradient Alignment To validate the theoretical analysis in Section 2] we examine how residual
updates align with the local loss gradient across depth. Figures[7]and [§] plot the cosine and inner-
product measures of alignment for the 1D convection problem. In ResPINNs, both quantities remain
near zero, consistent with small-step, near-isometric transformations that stabilize optimization
without oversteering along the loss gradient. Standard PINNs, by contrast, show large oscillations
and sign changes, indicating alternating over- and under-alignment that amplifies gradient noise and
destabilizes propagation. These trends empirically support the view that residual flows operate in a
descent-aligned but numerically stable regime, as predicted by the depth-aware descent lemma and
Jacobian neutrality theorem.

Progressive residual refinement. Figures[9and[10]illustrate the stagewise behavior of progressive
residual flows. Each training stage appends new residual blocks while freezing earlier ones, forming
an explicit refinement hierarchy. For the convection problem with 3 = 50, early stages reproduce
typical PINN failure modes, failing to capture temporal dynamics, whereas later stages introduce
increasingly accurate temporal features as residual corrections accumulate. Similarly, on the wave
equation, absolute error maps show systematic error reduction with depth, indicating that each residual
stage refines rather than relearns the solution. These patterns empirically support the interpretation of
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Figure 6: Relative transformation magnitude || T'(zx)||/||zx|| per block for the convection problem.
ResPINNs keep ratios near unity, suppressing spectral growth and stabilizing gradient flow. In
contrast, PINNs amplify inputs more strongly, reflecting anisotropy and poor conditioning.

progressive residual flows as multistage iterative solvers that stabilize training through incremental
correction.

J Qualitative Error Analysis

Figures |1 1| and |12 visualize predicted solutions and corresponding pointwise errors for the wave
and reaction PDEs. Across both equations, residual-flow PINNs preserve accurate propagation of
temporal and spatial features, maintaining stability throughout the domain. Baseline models, including
standard PINNs and sequence-based variants, exhibit localized drift or smoothing, consistent with
gradient misalignment and Jacobian instability discussed in Section [2] These maps complement the
quantitative benchmarks by showing that residual refinement mitigates characteristic PINN failure
modes even in regions of steep gradients or oscillatory behavior.
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Figure 7: Cosine alignment between block updates and local loss gradients for the convection problem.
ResPINNs remain close to zero, indicating residual updates act primarily as stabilizers rather than
directly following descent directions. PINNs oscillate between positive and negative values, reflecting
inconsistent alignment and unstable propagation.
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Figure 8: Inner product between block update T'(z ) and the local loss gradient across block depth for
the 1D convection problem. ResPINNs maintain values close to zero, consistent with near-isometric
transformations. Standard PINNs exhibit larger fluctuations, indicating unstable amplification of
activation directions.
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Predictions (all stages)
Stage 1 | rMSE=0.838 Stage 2 | rMSE=0.637 Stage 3 | rMSE=0.530 Stage 4 | rMSE=0.008
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Figure 9: Predicted solutions across blocks. Earlier blocks run into failure modes where they fail to
capture temporal dynamics of the convection PDE on 8 = 50. With more residual steps, the model
captures increasingly fine temporal dynamics.

Absolute Errors (all stages)
0.0 Stage 1 | rMSE=0.062 Stage 2 | rMSE=0.037 Stage 3 | rMSE=0.037
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Figure 10: Absolute Errors across blocks on wave PDE.
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Figure 11: Qualitative comparison on 1D wave PDE. Top: predicted solutions. Bottom: pointwise
errors.
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Figure 12: Qualitative comparison on 1D Reaction PDE. Top: predicted solutions. Bottom: pointwise
errors.
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