
1 APPENDIX

1.1 PROOF

Let’s start with some useful lemmas.

Lemma 1.1. ((Kakade & Langford, 2002)) Consider any two policies π̂ and π, we have

η(π)− η(π̂) =
1

1− γ
Es,a∼ρπAπ̂(s, a).

Corollary 1.1. Consider any two policies π̂ and π, we have

• V π(s0)− V π̂(s0) =
1

1−γEs,a∼ρπ(·|s0)A
π̂(s, a).

• Qπ(s0, a0)−Qπ̂(s0, a0) =
γ

1−γEs,a∼ρπ(·|s0,a0)A
π̂(s, a).

Proof. The first formula is simple, due to η(π) = Es0∼ρ0
V π(s0).

Let’s prove the second formula.

Qπ(s0, a0)−Qπ̂(s0, a0)

=γEs′∼P (s′|s0,a0)

[
V π(s′)− V π̂(s′)

]
=

γ

1− γ
Es′∼P (s′|s0,a0)Es,a∼ρπ(·|s′)A

π̂(s, a)

=
γ

1− γ
Es,a∼ρπ(·|s0,a0)A

π̂(s, a).

Lemma 1.2. ((Tomczak et al., 2019)) Consider any two policies π̂ and π, we have

η(π)− η(π̂) =
1

1− γ
Es∼ρπ̂,a∼πA

π̂(s, a) +
1

1− γ
Es,a∼ρπ̂

[
π(a|s)
π̂(a|s)

− 1

] [
Qπ(s, a)−Qπ̂(s, a)

]
Lemma 1.3. Consider a current policy π̂, and any policies π, we have

Es,a∼ρπ(·)A
π̂(s, a)− Es∼ρπ̂,a∼πA

π̂(s, a)

=
γ

1− γ
E

s,a∼ρπ̂(·)
s′,a′∼ρπ(·|s,a)

[
π(a|s)
π̂(a|s)

− 1]Aπ̂(s′, a′)

Proof. From Lemma 1.1 and 1.2, we have

Es,a∼ρπAπ̂(s, a)− Es∼ρπ̂,a∼πA
π̂(s, a)

=Es,a∼ρπ̂

[
π(a|s)
π̂(a|s)

− 1

] [
Qπ(s, a)−Qπ̂(s, a)

]
According to Corollary 1.1, it is easy to get the conclusion.

Theorem 1.1. Consider a current policy π̂, and any policies π, we have

η(π) = η(π̂) +

k−1∑
i=0

αiLi(π, π̂) + βkGk(π, π̂)
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where

Li(π, π̂) = E
s0,a0∼ρπ̂(·)

···
si−1,ai−1∼ρπ̂(·|si−2,ai−2)

i−1∏
t=0

(rt − 1)li(π, π̂),

Gk(π, π̂) = E
s0,a0∼ρπ̂(·)

···
sk−1,ak−1∼ρπ̂(·|sk−2,ak−2)

k−1∏
t=0

(rt − 1)gk(π, π̂),

li(π, π̂) = Esi∼ρπ̂(·|si−1,ai−1),ai∼π(·|si)A
π̂(si, ai),

gk(π, π̂) = Esk,ak∼ρπ(·|sk−1,ak−1)A
π̂(sk, ak),

and

rt =
π(at|st)
π̂(at|st)

, αi =
γi

(1− γ)i+1
, βk =

γk

(1− γ)k+1
.

Proof. From Lemma 1.3, this formula creates a link between Es,a∼ρπ(·)A
π̂(s, a) and

Es′,a′∼ρπ(·|s,a)A
π̂(s′, a′), resulting in a recursive relationship.

According to Lemma 1.2, and using recursive relationships, defined
li(π, π̂) = Esi∼ρπ̂(·|si−1,ai−1),ai∼π(·|si)A

π̂(si, ai),

we have
η(π)− η(π̂)

=
1

1− γ
Es0∼ρπ̂,a0∼πA

π̂(s0, a0) +
γ

(1− γ)2
Es0,a0∼ρπ̂ [r0 − 1]Es1,a1∼ρπ(·|s0,a0)A

π̂(s1, a1)

=
1

1− γ
l0(π, π̂)

+
γ

(1− γ)2
Es0,a0∼ρπ̂ [r0 − 1]

(
l1(π, π̂) +

γ

1− γ
Es1,a1∼ρπ̂(·|s0,a0)[r1 − 1]Es2,a2∼ρπ(·|s1,a1)A

π̂(s2, a2)

)
=

1

1− γ
l0(π, π̂) +

γ

(1− γ)2
Es0,a0∼ρπ̂ [r0 − 1]l1(π, π̂)

+
γ2

(1− γ)3
E

s0,a0∼ρπ̂(·)
s1,a1∼ρπ̂(·|s0,a0)
s2,a2∼ρπ(·|s1,a1)

[r0 − 1][r1 − 1]Aπ̂(s2, a2)

· · ·

=

k−1∑
i=0

αiLi(π, π̂) + βkGk(π, π̂)

Corollary 1.2. According to the definition of Gk, we have

|βkGk(π, π̂)| ≤
γk

(1− γ)k+2
ϵk+1Rmax,

where ϵ ≜ ∥π − π̂∥1 = maxs
∑

a |π(a|s)− π̂(a|s)| and Rmax ≜ maxs,a |R(s, a)|.

Proof. According to the definition of Gk(π, π̂), and defined ϵ ≜ ∥π − π̂∥1, we have
|Gk(π, π̂)| ≤ ϵk · |Esk,ak∼ρπ(·|sk−1,ak−1)A

π̂(sk, ak)|

≤ ϵk · |
∫
a

(π − π̂)Qπ̂(s, a)da|

≤ Rmax

1− γ
ϵk+1
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Combining with βk, we can get this conclusion.

Corollary 1.3. Compared with Theorem 2 of the paper (Tang et al., 2020), we give a tighter lower
bound.

Proof. From the paper (Tang et al., 2020), they give the gap between the policy performance of π
and the general surrogate object

Ĝk =
1

γ(1− γ)

(
1− γ

1− γ
ϵ

)−1(
γϵ

1− γ

)K+1

Rmax

Next, from Corollary 1.2, we will prove that the following inequality holds

γk

(1− γ)k+2
ϵk+1Rmax < Ĝk.

That is, we need to prove

γk

(1− γ)k+2
ϵk+1Rmax <

1

γ(1− γ)

(
1− γ

1− γ
ϵ

)−1(
γϵ

1− γ

)K+1

Rmax

After simplification, we get

1

1− γ
<

1

1− γ − γϵ
.

The inequality obviously holds. So, we give a tighter lower bound.

Theorem 1.2. Consider a current policy π̂, and any policies π, we have

η(π)− η(π̂) ≥
k−1∑
i=0

αiL̂i(π, π̂)− Ĉk(π, π̂)

where

L̂i(π, π̂) = E
s0,a0∼ρπ̂(·)

···
si−1,ai−1∼ρπ̂(·|si−2,ai−2)

si,ai∼ρπ̂(·|si−1,ai−1)

i∏
t=0

rtA
π̂(si, ai),

Ĉk(π, π̂) =
γRmaxIk≥2

(1− γ)2(1− 2γ)

(
1− γk

(1− γ)k

)
∥π − π̂∥1 +

γkRmax

(1− γ)k+2
∥π − π̂∥21

and Ik≥2 is the indicator function w.r.t. k ∈ N , αi =
γi

(1−γ)i+1 .
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Proof. For the definition of Li(π, π̂), we have

η(π)− η(π̂)

=
1

1− γ
Es0∼ρπ̂,a0∼πA

π̂(s0, a0) +
γ

(1− γ)2
Es0,a0∼ρπ̂ [r0 − 1]Es1,a1∼ρπ(·|s0,a0)A

π̂(s1, a1)

=
1

1− γ
l0(π, π̂)−

γ

(1− γ)2
Es0,a0∼ρπ̂Es1,a1∼ρπ(·|s0,a0)A

π̂(s1, a1)

+
γ

(1− γ)2
Es0,a0∼ρπ̂r0

(
l1(π, π̂) +

γ

1− γ
Es1,a1∼ρπ̂(·|s0,a0)[r1 − 1]Es2,a2∼ρπ(·|s1,a1)A

π̂(s2, a2)

)
=

1

1− γ
l0(π, π̂)−

γ

(1− γ)2
Es0,a0∼ρπ̂Es1,a1∼ρπ(·|s0,a0)A

π̂(s1, a1)

+
γ

(1− γ)2
Es0,a0∼ρπ̂r0l1(π, π̂)−

γ2

(1− γ)3
Es0,a0∼ρπ̂r0Es1,a1∼ρπ̂(·|s0,a0)Es2,a2∼ρπ(·|s1,a1)A

π̂(s2, a2)

+
γ2

(1− γ)3
Es0,a0∼ρπ̂r0Es1,a1∼ρπ̂(·|s0,a0)r1Es2,a2∼ρπ(·|s1,a1)A

π̂(s2, a2)

=
1

1− γ
l0(π, π̂) +

γ

(1− γ)2
Es0,a0∼ρπ̂ [r0 − 1]l1(π, π̂)

+
γ2

(1− γ)3
E

s0,a0∼ρπ̂(·)
s1,a1∼ρπ̂(·|s0,a0)
s2,a2∼ρπ(·|s1,a1)

[r0 − 1][r1 − 1]Aπ̂(s2, a2)

· · ·

=

k−1∑
i=0

αiL̂i(π, π̂)−
k−1∑
i=1

αiĤi(π, π̂) + βkĜk(π, π̂)

where

L̂i(π, π̂) = E
s0,a0∼ρπ̂(·)

···
si−1,ai−1∼ρπ̂(·|si−2,ai−2)

si,ai∼ρπ̂(·|si−1,ai−1)

i∏
t=0

rtA
π̂(si, ai),

Ĥi(π, π̂) = E
s0,a0∼ρπ̂(·)

···
si−1,ai−1∼ρπ̂(·|si−2,ai−2)

si,ai∼ρπ(·|si−1,ai−1)

i−2∏
t=0

rtA
π̂(si, ai),

Ĝk(π, π̂) = E
s0,a0∼ρπ̂(·)

···
si−1,ai−1∼ρπ̂(·|si−2,ai−2)

si,ai∼ρπ(·|si−1,ai−1)

i−2∏
t=0

rt[ri−1 − 1]Aπ̂(si, ai),

and αi =
γi

(1−γ)i+1 , βk = γk

(1−γ)k+1 .

It is easy to prove that the following inequality holds

Ĥi(π, π̂) ≤
Rmax

1− γ
∥π − π̂∥1, Ĝk(π, π̂) ≤

Rmax

1− γ
∥π − π̂∥21.

Since
∑i=0

k−1 αi =
γ

(1−γ)(1−2γ)

(
1− γk

(1−γ)k

)
, we have

η(π)− η(π̂) ≥
k−1∑
i=0

αiL̂i(π, π̂)−
γRmaxIk≥2∥π − π̂∥1
(1− γ)2(1− 2γ)

(
1− γk

(1− γ)k

)
− γkRmax

(1− γ)k+2
∥π − π̂∥21
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Theorem 1.3. Define two sets

Ψ1 =
{
µ | α0L̂0(µ, π̂)− Ĉ1(µ, π̂) > 0

}
,

Ψ2 =
{
µ | α0L̂0(µ, π̂) + α1L̂1(µ, π̂)− Ĉ2(µ, π̂) > 0

}
,

then we have

Ψ2 ⊆ Ψ1.

Proof. Let µ ∈ Ψ1, we have

L̂0(π, π̂)−
γRmax

(1− γ)2
∥µ− π̂∥21 > 0 (1)

Below, we will show that µ may not be in the set Ψ2.

For L̂1(π, π̂), we can get

L̂1(π, π̂) = E
s0∼ρπ̂(·),a0∼π(·|s0)

s1∼ρπ̂(·|s0,a0),a1∼π(·|s1)

Aπ̂(s1, a1) (2)

= E
s0∼ρπ̂(·),a0∼π̂(·|s0)

s1∼ρπ̂(·|s0,a0),a1∼π(·|s1)

Aπ̂(s1, a1) +

 E
s0∼ρπ̂(·),a0∼π(·|s0)

s1∼ρπ̂(·|s0,a0),a1∼π(·|s1)

− E
s0∼ρπ̂(·),a0∼π̂(·|s0)

s1∼ρπ̂(·|s0,a0),a1∼π(·|s1)

Aπ̂(s1, a1)

(3)

≥ E
s1∼ρπ̂(·),a1∼π(·|s1)

Aπ̂(s1, a1)−
Rmax

1− γ
∥π − π̂∥21 (4)

The last inequality uses Es0∼ρπ̂(·),a0∼π̂(·|s0)ρ
π̂(·|s0, a0) = ρπ̂(·) and Hölder’s inequality (Finner,

1992).

Combining with L̂0(π, π̂) and Ĉ2(π, π̂), we have

L̂0(π, π̂) +
γ

1− γ
L̂1(π, π̂)−

γRmax

(1− γ)2
∥π − π̂∥1 −

γ2Rmax

(1− γ)3
∥π − π̂∥21

≥L̂0(π, π̂) +
γ

1− γ

(
E

s1∼ρπ̂(·),a1∼π(·|s1)
Aπ̂(s1, a1)−

Rmax

1− γ
∥π − π̂∥21

)
− γRmax

(1− γ)2
∥π − π̂∥1 −

γ2Rmax

(1− γ)3
∥π − π̂∥21

=
1

1− γ
L̂0(π, π̂)−

γRmax

(1− γ)3
∥π − π̂∥21 −

γRmax

(1− γ)2
∥π − π̂∥1

Combining with the inequality (1), we have

L̂0(µ, π̂) +
γ

1− γ
L̂1(µ, π̂)−

γRmax

(1− γ)2
∥µ− π̂∥1 −

γ2Rmax

(1− γ)3
∥µ− π̂∥21 ≥ − γRmax

(1− γ)2
∥µ− π̂∥1

From the above inequality, it shows that µ may not be in set Ψ2. So, we have Ψ2 ⊆ Ψ1.

1.2 ADDITIONAL EXPERIMENTAL RESULTS

To verify the effectiveness of the proposed RPO method, we select six continuous control tasks
from the MuJoCo environments (Todorov et al., 2012) in OpenAI Gym (Brockman et al., 2016).
We conduct all the experiments mainly based on the code from (Queeney et al., 2021). The test
procedures are averaged over ten test episodes across ten independent runs. The same neural network
architecture is used for all methods The policy network is a Gaussian distribution, and the output
of the state-value network is a scalar value. The mean action of the policy network and state-
value network are a multi-layer perceptron with hidden layer fixed to [64, 64] and tanh activation
(Henderson et al., 2018). The standard deviation of the policy network is parameterized separately
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(a) HalfCheetah
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(b) Hopper
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Figure 1: Learning curves on the Gym environments. Performance of RPO vs. PPO.

Table 1: Hyperparameters for RPO on Mujoco tasks.

Hyperparameter Value

Discount rate γ 0.995
GAE parameter 0.97
Minibatches per epoch 32
Epochs per update 10
Optimizer Adam
Learning rate ϕ 3e-4
Minimum batch size (n) 2048
ϵ 0.2
ϵ1 0.1
weighting parameter β 0.3

(?). For the experimental parameters, we use the default parameters from (Dhariwal et al., 2017;
Henderson et al., 2018), for example, the discount factor is γ = 0.995, and we use the Adam
optimizer (Kingma & Ba, 2015) throughout the training progress. For PPO, the clipping parameter
is ϵPPO = 0.2, and the batch size is B = 2048. For GePPO, the clipping parameter is ϵPPO = 0.1,
and the batch size of each policy is B = 1024. For TRPO and off-policy TRPO (OTRPO), the
bound of trust region is δ = 0.01, and the batch size of each policy is B = 1024.

To verify the effectiveness of the proposed RPO method in discrete environments, we randomly
selected twelve Atari games for our experiments and the code is based on (Zhang, 2018). We run
our experiments across three seeds with fair evaluation metrics. We use the same hyperparameters
ϵ1 = 0.1 and β = 3.0 in all environments and do not fine-tune them.
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(c) Hopper

Figure 2: The performance of RPO vs. RPO-3 in three other environments.
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Figure 3: Learning curves on the Atari environments. Performance of RPO vs. PPO.
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