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ABSTRACT

In recent years, constrained decentralized stochastic bilevel optimization has be-
come increasingly important due to its versatility in modeling a wide range of
multi-agent learning problems, such as multi-agent reinforcement learning and
multi-agent meta-learning with safety constraints. However, one under-explored
and fundamental challenge in constrained decentralized stochastic bilevel optimiza-
tion is how to achieve low sample and communication complexities, which, if not
addressed appropriately, could affect the long-term prospect of many emerging
multi-agent learning paradigms that use decentralized bilevel optimization as a
bedrock. In this paper, we investigate a class of constrained decentralized bilevel
optimization problems, where multiple agents collectively solve a nonconvex-
strongly-convex bilevel problem with constraints in the upper-level variables. Such
problems arise naturally in many multi-agent reinforcement learning and meta learn-
ing problems. In this paper, we propose an algorithm called Prometheus (proximal
tracked stochastic recursive estimator) that achieves the first O(e ') results in both
sample and communication complexities for constrained decentralized bilevel opti-
mization, where € > 0 is a desired stationarity error. Collectively, the results in this
work contribute to a theoretical foundation for low sample- and communication-
complexity constrained decentralized bilevel learning.

1 INTRODUCTION

In recent years, the problem of constrained decentralized bilevel optimization has attracted increasing
attention due to its foundational role in many emerging multi-agent learning paradigms with safety or
regularization constraints. Such applications include, but are not limited to, safety-constrained multi-
agent reinforcement learning for autonomous driving (Bennajeh et al.,|2019)), sparsity-regularized
multi-agent meta-learning (Poon & Peyré, |2021)), and rank-constrained decentralized matrix com-
pletion for recommender systems (Pochmann & Von Zuben, |2022)), etc. As its name suggests, a
defining feature of constrained decentralized bilevel optimization is “decentralized,” which implies
that the problem needs to be solved over a network without any coordination from a centralized server.
As a result, all agents must rely on communications to reach a consensus on an optimal solution.
Due to the potentially unreliable network connections and the limited computation capability at
each agent, such network-consensus approaches for constrained decentralized bilevel optimization
typically call for low sample and communication complexities. To date, however, none of the existing
works on sample- and communication-efficient decentralized bilevel optimization in the literature
considered domain constraints (e.g.,|Gao et al.[(2022); Yang et al.| (2022); |Lu et al.|(2022); |Chen et al.
(2022b) and Section 2] for detailed discussions). In light of the growing importance of constrained
decentralized bilevel optimization, our goal in this paper is to fill this gap by developing sample- and
communication-efficient consensus-based algorithms that can effectively handle domains constraints.

Specifically, this paper focuses on a class of constrained decentralized multi-task bilevel optimization
problems, where we aim to solve a decentralized nonconvex-strongly-convex bilevel optimization
problem with i) multiple lower-level problems and ii) consensus and domain constrains on the upper
level. Such problems naturally arise in security-constrained bi-level model for integrated natural
gas and electricity system (Li et al.,|2017)), multi-agent actor-critic reinforcement learning (Zhang
et al.,[2020) and constraint meta-learning (Liu et al.| 2019). In the optimization literature, a natural
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approach for handling domain constraints is the proximal operator. However, as will be shown later,
proximal algorithm design and theoretical analysis for constrained decentralized bilevel optimization
problems is much more complicated than those of unconstrained counterparts and the results are
very limited. In fact, in the literature, the proximal operator for constrained bilevel optimization has
been under-explored even in the single-agent setting, not to mention the more complex multi-agent
settings. The most related works in terms of handling domain constraints can be found in (Hong
et al.| [2020; (Chen et al.| 2022a; |Ghadimi & Wang| [2018)), which rely on direct projected (stochastic)
gradient descent to solve the constrained bilevel problem. In contrast, our work considers general
domain constraints that require evaluation of proximal operators in each iteration. Also, these works
only considered the single-agent setting, and hence their techniques are not implementable over
networks. Actually, up until this work, it is unclear how to design proximal algorithms to handle
domain constraints for decentralized bilevel optimization. Moreover, it is worth noting that existing
methods for hyper-gradient approximation in both single- and multi-agent bilevel optimization are
either based on first-order Taylor-type approximation approaches (Khanduri et al., [202 1} |Ghadimi &
Wang| [2018]; [Hong et al., 2020)), implicit differentiation (Ghadimi & Wang} 2018} |Gould et al., 2016;
Ji et al.||[2021)), or iterative differentiation (Franceschi et al.l [2017; Maclaurin et al., 2015} Ji et al.}
2021}), all of which suffer from high communication and sample complexities that are problematic in
decentralized settings over networks.

The main contribution of this paper is that we propose a series of new proximal-type algorithmic
techniques to overcome the challenges mentioned above and achieve low sample and communica-
tion complexities for constrained decentralized bilevel optimization problem. The main technical
contributions of this work are summarized below:

* We propose a decentralized optimization approach called Prometheus (proximal tracked stochastic
recursive estimator), which is a cleverly designed hybrid algorithm that integrates proximal
operations, recursive variance reduction, lower-level gradient tracking, and upper-level consensus
techniques. We show that, to achieve an e-stationary point, Prometheus enjoys a convergence rate
of O(1/T), where T is the maximum number of iterations. This implies O(e~!) communication
complexity and O(y/nKe~! + n) sample complexity per agent.

* We propose a new hyper-gradient estimator for the upper-level function, which leads to a far
more accurate stochastic estimation than the conventional stochastic estimator used in (Khanduri
et al.| 2021;|Ghadimi & Wang, 2018}, Hong et al.}|2020; |Liu et al., [2022)). We show that our new
hyper-gradient stochastic estimator has a smaller variance and outperforms existing estimators both
theoretically and experimentally. We note that our proposed estimator could be of independent
interest for other bilevel optimization problems.

* We reveal an interesting insight that the variance reduction in Prometheus is not only suffi-
cient but also necessary in the following sense: a “non-variance-reduced” special version of
Prometheus could only achieve a much slower O(1/v/T) convergence to a constant error-ball
rather than an e-stationary point with arbitrarily small e-tolerance. This insight advances our under-
standing and state of the art of algorithm design for constrained decentralized bilevel optimization.

The rest of the paper is organized as follows. In Section[2] we review related literature. In Section[3] we
provide the preliminaries of the decentralized bilevel optimization problem. In Sectiond] we provide
details on our proposed Prometheus algorithm, including the convergence rate, communication
complexity, and sample complexity results. Section [5] provides numerical results to verify our
theoretical findings and Section [6|concludes this paper.

2 RELATED WORK

In this section, we first provide a quick overview of the state-of-the-art on single-agent constrained
bilevel optimization as well as decentralized bilevel optimization.

1) Constrained Bilevel Optimization in the Single-Agent Setting: As mentioned in Section [I]
various techniques have been proposed to solve single-agent bilevel optimization, such as utilizing
full-gradient-based techniques (e.g., AID-based methods (Rajeswaran et al., 2019; [Franceschi et al.,
20181 et al.l 2021)), ITD-based methods (Pedregosal, 2016}, Maclaurin et al.l 2015} Ji et al., [2021)),
stochastic gradient-based techniques (Ghadimi & Wang|,2018; [Khanduri et al., 2021} (Guo & Yang,
2021), STORM-based techniques (Cutkosky & Orabonal 2019), and VR-based techniques (Yang
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et al., 2021). However, none of these existing works have considered domain constraints. To our
knowledge, the only works that considered domain constraints in the single-agent setting can be
found in (Hong et al.| |2020; |(Chen et al., 2022a; |Ghadimi & Wang} |2018). In (Ghadimi & Wang,
2018)), the authors proposed a double-loop algorithm called BSA, where in the inner loop the lower
level problem is solved to sufficient accuracy, while in the outer loop projected (stochastic) gradient
descent is utilized to update the model parameters. The double-loop structure of BSA led to slow
convergence. In (Hong et al., [2020), a two-timescale single loop stochastic approximation (TTSA)
algorithm based on projected (stochastic) gradient descent was proposed to solve the constrained
bilevel optimization problems. However, TTSA has to choose step-sizes of different orders for
the upper and lower level problems to ensure convergence, which leads to suboptimal complexity
results. Later in (Chen et al.| 2022a)), an algorithm called STABLE algorithm is proposed to utilize a
momentum-based gradient estimator and combines the Moreau-envelop-based analysis to achieve
an O(e~2) sample-complexity. As mentioned in Section |1, however, the methods in (Ghadimi &
‘Wang, [2018}; [Hong et al., 20205 |Chen et al., [2022a)) consider only simple constraints. Moreover, the
aforementioned methods are not applicable in the decentralized setting.

2) Decentralized Bilevel Optimization: Decentralized bilevel optimization has also received in-
creasing attention in recent years. For example, | Yang et al.| (2022),|Lu et al.|(2022) and (Chen et al.
(2022b) respectively proposed stochastic gradient (SG)-type decentralized algorithms for bilevel
optimization and achieve an O(e~?2) sample-communication complexity. The VRDBO method in
(Gao et al.} [2022) employed the momentum-based techniques for decentralized bilevel optimization
to achieve better O(e~ 1) complexity results. However, VRDBO updates upper- and lower-level
variables in an alternating fashion. As will be shown later, our Prometheus algorithm updates
upper-level and lower-level variables simultaneously, which renders a much lower implementation
complexity than VRDBO. Besides, Prometheus achieves O(y/nKe~! + n) sample complexities,
which is a near-optimal sample complexity and outperforms existing decentralized bilevel algorithms.
It is worth noting that, the in aforementioned works, consensus requirements exist on both lower-
and upper-level subproblems. To certain extent, such a formulation can be viewed as multiple agents
collaboratively solving the same bilevel optimization problem. In contrast, our work only has a con-
sensus requirement in the upper-level subproblem, which implies multiple different lower-level tasks.
This is more practically-relevant and a more appropriate formulation for multi-agent reinforcement
learning, multi-agent meta-learning, etc. We note that the most related work on decentralized bilevel
optimization is (Liu et al.l 2022}, which also considered multiple lower-level tasks. However, the
INTERACT method in (Liu et al.l 2022) is unconstrained and cannot handle non-smooth objectives
considered in our work. In contrast, we propose a special proximal operator X; ; to address this
challenge. Last but not least, we note that none of the aforementioned works on decentralized bilevel
optimization took domain constraints into consideration. For clearer comparisons, we summarize and
compare the complexity results of all algorithms mentioned above in Table [I]

3 PROBLEM FORMULATION AND MOTIVATING APPLICATIONS

1) Network Consensus Formulation for Decentralized Bilevel Optimization: Consider an undi-
rected connected network G = (N, £) that represents a peer-to-peer network, where A/ and £ are the
sets of agents (nodes) and edges, respectively, with |A/| = m. Each agent i has local computation ca-
pability and can share information with its neighboring agents denoted as \; = {i’ € N : (i,i') € L}.
Each agent 7 has access to a local dataset of size n. All agents in the network collaboratively solve
the following constrained decentralized bilevel optimization problem:

1 m
min — 3 70(x) +hxi)] £ ZZ (xi, 7 (x5 €5)) + h(xs)]
=1 1= lj 1
st yi(x;) = argmin g(x;,y;) £ — Zg Xi,yiiGj) iy xi =%, if (i,7) €L, (1)

yiERP2 j 1

where X' C RP! is a convex constraint set, and x; € X and y; € RP? are parameters to be trained for
the upper-level and lower-level subproblems at agent 4, respectively. Here, £(x;) = f (x;,y}(x;)) =
i Z;”:l f (xi, ¥} (x:); &;) is the local objective function, and h(x;) is a convex proximal function
(possibly non-differentiable) for regularization. The equality constraints x; = x;/ ensure that the
local copies at connected agents ¢ and 4" are equal to each other, hence the name “consensus form.”
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Table 1: Comparisons among algorithms for bilevel optimization problems. Sample complexities
(both upper and lower) as defined in the sense of achieving an e-stationary point defined in (), n is
the size of dataset at each agent.

Algorithms Constriants Samp. Complex. Comm. Complex.  Decentralized
BSA (Ghadimi & Wang] 2018} v O(e™?) - X
SUSTAIN (Khanduri et al.} 2021) X O(e™19) - X
RSVRB (Guo & Yang}[2021) b O(e™ %) - b
VRBO (Yang et al.}[2021) X O(e™15) - X
AID-BiO /ITD-BiOi et al.| (2021) X O(ne ) - X
TTSA (Hong et al | [2020) v O(e=5/?) -
STABLE (Chen et al | [2022a) v O(e™?) - X
DSBO (Yang et al.} 2022) X O(e™?) O(e7?) v
SPDB (Lu et al.} 2022) X O(e?) O(e™?) v
DSBO (Chen et al.}[2022b) X O(e™2) O(e™?) v
VRDBO (Gao et al.}[2022) X O(e=19) O(e™ %) v
INTERACT (Liu et al.} 2022) X O(ne 1) O(e™) v
INTERACT-VR |Liu et al.{(2022) X O(vnKe ! 4+ n) O™ v
Prometheus [Ours.] v O(vnKe ' +n) O™t v

Next, we define the notion of e-stationarity point for Problem (I) for convergence performance
characterization. We say that {x;, y;, Vi € [m]} is an e-stationarity point if it satisfies:

Elx -1@x[*+E|x—1®x[*+ Elly—y*|* <¢ 2)

Saddle point Consensus error lower problem error
error

where X £ % 27;1 Xi, ¥V yi,..yL]T, and y* y}‘T, ...y:‘nT}T, and X is a proximal point

that will be defined later in Section[d] The first term in (2) quantifies the convergence of the X to a
proximal point of stationarity of the global objective. The second term in (2)) measures the consensus
error among local copies of the upper variable, while the last term in (2)) quantifies the (aggregated)
error in the lower problem’s iterates across all agents. Thus, e — 0 implies that the algorithm achieves
three goals simultaneously: i) consensus of upper variables, ii) stationary point of Problem (T}, and
iii) solution to the lower problem. As mentioned in Section[I} two of the most important performance
metrics in decentralized optimization are the sample and communication complexities.

£yl yn) T andy £

2) Motivating Applications: Problem (T]) arises naturally from many interesting real-world applica-

tions. Here, we present two motivating applications to showcase its practical relevance:

* Multi-agent meta-learning (Rajeswaran et al., |2019): Meta-learning (or learning to learn) is to
find model that can adapt to multiple related tasks. A popular meta-learning framework is the
model-agnostic meta learning (MAML), which minimizes an upper objective of empirical risk on
all tasks. Consider a multi-agent meta-learning task with m lower level problems and m agents
collectively solve this meta-learning problem over a network. This problem can be formulated as:

m

min Z} J (6 yi (%)) st yi(x) € argmin g (x,y:) i =1,....m. 3)
i=

Here, agent 7 has a local dataset with n samples, x € X is the constrained (e.g., due to safety)

model parameters shared by all agents, and y; are task-specific parameters solved by each agent.

* Decentralized min-max optimization (Huang et al.||2022)): Another application of the constrained
decentralized bilevel optimization in (I) is the decentralized nonconvex strongly-concave min-max
optimization problem, which is typically seen in, e.g., multi-agent reinforcement learning (Zhang
et al., [2021)), fair multi-agent machine learning (Baharlouei et al., [2019), and data poisoning
attack (Liu et al., [2020b). A decentralized min-max optimization problem is a special case of a
decentralized bilevel optimization problem because:

m m

. . * * _ . _ X .

min max, E 1 f(x,yi) <= min _El fxyi(x7)),styi(x)= argmin, f(x,yi),Vi.
i=1,...,m *= 1=
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4 SOLUTION APPROACH

In this section, we first present the Prometheus algorithm for solving the constrained decentralized
bilevel optimization problems in Problem (IJ) in Sections #.TH4.2] Then, we provide its theoretical
convergence guarantees in Section[4.3] Lastly, we will reveal a key insight on the necessity of using
the proposed variance reduction techniques in Section[#.4] Due to space limitation, we relegate the
proofs and the notation Table. 2]to supplementary material.

4.1 PRELIMINARIES
To present the Prometheus algorithm, we first introduce several basic components as preparation.

1) Network-Consensus Matrix: Our Prometheus algorithm is based on the network-consensus
mixing approach: in each iteration, every agent exchanges and aggregates neighboring information
through a consensus weight matrix M € R™*™_ We define X as the second largest eigenvalue of the
matrix M. Let [M],;s represent the element in the -th row and the ¢'-th column in M. The choice of
M should satisfy the following properties: (a) doubly stochastic: 3 ;" | [M];ir = 337 [M]yr = 1;
(b) symmetric: [M];; = [M]y;,Vi,i' € N and (c) network-defined sparsity: [M];; > 0 if
(i,4") € L; otherwise [M];» = 0, Vi, € N.

2) Stochastic Estimators: In Prometheus, we need to estimate the stochastic gradient of the bilevel
problem using the implicit function theorem. We note that in the literature of bilevel optimization

with stochastic gradient, a commonly adopted stochastic gradient estimator is of the form (Khanduri
et al.,[2021; |Ghadimi & Wang, [2018}; |[Hong et al., 2020; Liu et al., 2022):

_ - 1 X
V(X Viti €ij) = Vaf Xist, Yirt3 &) — —Viayg(Xit, ¥ie; GV Hiw Vy f(Xirt, it ), 4)

Lg
: Xi,t,Yi,3C) .
where H, , 2 K Hk(K)( - W) Here, K € Nis a predefined parameter and k(K) ~
U{0,..., K — 1} is an integer-valued random variable uniformly chosen from {0,..., K — 1}.

A . . . —1
It can be shown that H, ; is a biased estimator for the Hessian inverse [V?,yg (x,y;¢ )] =

Y (IT— V2, 9(x,y;¢))". However, this estimator has the limitation that it only incorporates the
first term in the Taylor approximation, thus resulting in a large variance and could eventually increase
the communication complexity of decentralized bilevel optimizaiton.

To address this issue, in this paper, we propose a new stochastic gradient estimator as follows:

VQ ity Yt 'ZC pER i i p
Hi,O_I;Hi,k_IJr(I ryd (Kt Yeri€ )> S Y H( Vaoyg b Yiai & ));

L L
g =1 p=1 9

_ _ 1
VF (%, yit; & FVx f (Xie, it &) — fviyg (xivt, ¥i.636)) Ho i Vy f (Xit, yints 6. (&)
g

Compared to the conventional estimator, the key difference in our new estimator lies in the matrix
H; .. The new Hessian inverse estimator is inspired by ideas in stochastic second-order optimiza-
tion (Agarwal et al., 2016). Similar technique to estimate the Hessian inverse can also be found
in [Koh & Liang|(2017). However, our Hessian inverse estimator differ from |[Koh & Liang| (2017)
in the following key aspects: (i) In our Hessian inverse estimator, we multiply the hessian term
Vflyg(x,y;f) by 1/L, as it ensures that 1/Lg x Viyg(x,y;f) will have eigenvalue less than 1.
Otherwise, the power series of the Hessian Inverse will not converge. In comparison, Koh & Liang
(2017) does not have 1/L,, term because the authors assume w.l.o.g. that the Hessian Viyg(x, y) =1,
which implies that the authors implicitly assume L, = 1. (ii) [ Koh & Liang| (2017) is only designed
for solving a conventional single-level minimization problem with loss function L(-). In comparision,
our proposed stochastic estimator can be used in bilevel learning especially for solving non-smooth
regularizers in the upper-level problems. Note that our H, ;, is in a recursive form that is able to
capture the entire Taylor series at once without increasing the sample complexity. Thanks to this
recursive form, H; ;. utilizes O(k?) samples, as opposed to only O(k) samples in the conventional
I:Ii’ r-Hessian inverse estimator, thus leading to a much smaller variance and eventually much lower
communication complexity. It is worth noting that although our Hj ; estimator leverages more
training samples, the computation cost is the same as that of I:IZ 1 due to the recursive structure in ().
In Sections {f.3]and [5] we will theoretically and numerically demonstrate the smaller variance of our
new estimator over the conventional one.
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4.2 THE Prometheus ALGORITHM.

Our Prometheus algorithm is an advanced triple-hybrid of proximal, gradient tracking, and variance
reduction techniques. The procedure of Prometheus can be organized into three key steps:

 Step 1 (Local Proximal Operations): In each iteration ¢, each agent ¢ performs the following
proximal operations to cope with the domain constraint set X" for the upper-level variables:

X = Xi(xi,) = argminye p[(Wi, X — Xi) + 5% — x> + h(x)], (6)

where 7 > 0 is a proximal control parameter and u,; is an auxiliary vector. The proximal
update rule is motivated by the SONATA method (Scutari & Sun, [2019) used in a decentralized
minimization.

o Step 2 (Consensus Update in Upper-Level Variables): Next, each agent ¢ updates the upper and
lower model parameters x;,y; as follows:

Xitr1 = Z M x4 4+ (X (Xi0) — Xit)s Vi1 =it — BVig, )
i'eEN;
where « and 3 are constant step-sizes for updating x- and y-variables, respectively. Note that
updating x; ;41 in Eq. (]Z[) is a local weighted average at agent % and plus a local update in the spirit
of Frank-Wolfe given a proximal point. The right-hand side of Eq. (7)) performs a local stochastic
gradient descent update for the y-variable at each agent i.

Remark 1. The used auxiliary proximal operator X; ; and the resultant local update o (X;(x; ) —

x;,¢) in the consensus step play an important role in helping us alleviate the non-smooth objective

challenge. It will be difficult to achieve convergence guarantees in decentralized learning if we use

Xit+1 = Px(Xir — au; ;) = argmin||X — (x;; — au;)||? instead. See proof details in Lemma
xE

[]and[7)in our Appendix.

e Step 3 (Local Variance-Reduced Stochastic Gradient Estimate): In the local gradient estimator
step, each agent ¢ estimates its local gradients using the following stochastic gradient estimators:

vf(xi,tv yi,t) - % Z;'Lzl vf(xi,ta yi,t; gzj)v lf mOd(t7 CI) = 07
Pi(Xit,Yit) = pi(’%’,t—la)’i,t—l)f ) B B (8a)
+ﬁ Zjesi,t (Vf (X'L',h Yizt, gl]) 7Vf (Xi,t—la Yit—1, SZ])) )

?g(xiﬂh yi7t> = % 2?11 ?g<xi,t7 Yizts C’L])a if mOd(ta q) = 07
di(Xit, yit) = di(Xi—1,¥it-1) (8b)
JF@ Yjesi. Vo (Xie,yie, Gj) =V (Xi-1,¥it-1,Gj)) -

Here, S;+ is the sample mini-batch in the ¢-th iteration, and ¢ is a pre-determined inner loop
iteration number. The local stochastic gradient estimation is a recursive estimator that shares some
structural similarity with those in SARAH (Nguyen et al.;[2017), SPIDER (Fang et al., | 2018)), and
PAGE (Li et al.}[2021) used for traditional minimization problems.

* Step 4 (Gradient Tracking in Upper-Level Parameters): Each agent i updates u;; and v; ; by
averaging over its neighboring tracked gradients:

u;; = Z Miiruy -1 + Pi(Xits ¥ie) — Pi(Xit—1,¥i-1); Vit =di(Xit, yit) (9
i'eN;
To summarize, we illustrate the Prometheus algorithm in Algorithm |I]

4.3 CONVERGENCE PERFORMANCE ANALYSIS OF THE Prometheus ALGORITHM

Now, we focus on the convergence performance analysis for the proposed Prometheus algorithm.
Before presenting the main convergence results, we first state several technical assumptions:
Assumption 1. For all { € supp (7,) where supp(7) is the support of 7, x € X', X C RP* |y € RP?,
the lower-level function g has the following properties : i) g(x,y;() is pg-strongly convex with
ftg > 0, Vyg(x,y;() is Ly-Lipschitz continuous with Ly > 0; ii) || V2, g(x,y; g)||2 < C,, for
some Cy, >0,V g(x,y;¢) and V3 g(x,y; () are Lipschitz continuous with constants L, > 0
and Ly, > 0, respectively.
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Algorithm 1 The Prometheus Algorithm at Each Agent <.

Set parameter pair (X; 0, y:,0) = (x°,y°).
Calculate local gradients: w; 0 = V f(Xi.0,¥i.0); Vio = Vy9(Xi0,¥i.0);
fort=1,--- ,T do
Update local parameters (x; ;+1,¥:.:+1) as in Eq. (@)-(7);
if Prometheus : then
Compute local estimators (p; (X t+1,¥i.t+1)s di (X ¢+1, ¥it+1)) as in Eq. @);
end if
if Prometheus-SG: then
Compute local estimators (p; (X t+1, ¥i.t41)s di (X ¢+1, ¥it+1)) as in Eq. (T0);
end if
Track global gradients (u; 441,V +1) as in Eq. (9);
end for

Assumption 2. For all £ € supp () where supp(7) is the support of m, x € X', X C RP?, the upper-
level function f has the following properties : Vx f(x,y;&), Vy f(x,y;§) (w.r.t. y) are Lipschitz
smooth continuous with constant Ly, >0, Ly, > 0. [|Vy f(x,y;€)[| < Cy,, for some Cy, > 0.

Assumption 3. i) The stochastic gradient estimate of the upper-level function satisfies:
EelIVF(x,y:€) — Ee[Vf(x,¥:9)]l7] < JJ%; and ii) The stochastic gradient estimate of the lower-

level function satisfies: E¢[||Vyg(x,¥;¢) — Vyg(x,¥)|?] < 02
We note that Assumptions][I] [2and [3[b) are standard in the literatures of bilevel optimization (see,

e.g.,/Ghadimi & Wang| (2018)); Khanduri et al.|(2021). In addition, Assumption Eka) has been verified
in (Khanduri et al., 2021)).

To establish the convergence result of Prometheus, we first prove the Lipschitz-smoothness of the
new gradient estimator proposed in (3), which is stated as follows:

Lemma 1. (Lipschitz-smoothness of the new stochastic gradient estimator in (3))). If the stochastic
functions f(x,y;&) and g(x,y; () satisfy Assumptions [IH3| then we have (i) for a fixed y €

RP2, (xl,y;f) — ?f(xz,y;g)HQ < L% | x1 — )<2||2 ,V X1, X2 € RP1; and (ii) for a fixed
x € R, VS (x,y1;8) = V[ (x, y2;§)|‘2 < L} lyr - ya|l?,Vy1,y2 € RP2. In the above

expressions, Ly > 0 is defined as: L} := 2L7 +6C7, L}y(m) +6C7 L gly(ﬁ) +
g\200— 1)
6C; fyﬁ Zj—lj (1 - %g) %Lz

Gy Gyy*

Remark 2. We note that the Lipschitz-smoothness constant L of Lemma|[l]is smaller than that of
the conventional estimator in (@), which we denote as Lop, here, i.e., L f < Leony. This also shows
superiority of our new estimator. Due to space limitation, we state the deﬁnltlon of Leony I LemmaE]
in the appendix.

Next, we need the following Lipschitz-continuity properties of the approximate gradient V f(x,y),
the lower level solution y*, and the true gradient V¢(x), which have been proved in the literature:

Lemma 2. (Ghadimi & Wang, [2018) Under Assumptions [IH2l we have [|[Vf(x,y) —
Vi) < Ly x)=yl. lly"x)-y" (x| < Lylxi—x2f,[[Vl(x1) -Vl (x2)]| <
Ly HX1*X2|| for all x xl,xQ € RPty € RP2, where the Lipschitz constants are defined as:

L& L+ fyc"” +Cp, (5 Bowy L‘f"” L2 L+ =2 ‘”y ,and L, = Cjw )

9 g
Lemma [2] establishes the smoothness of the implicit function in (I)), which only relies on the
Assumptions E] and[Z]to hold. Lastly, following the same token as in (Hong et al.,|2020), we show a
critical fact on the exponentially fast decay of the bias of our stochastic estimator in (3)), which is

stated below.
9z y

Lemma 3 (Exponentially Decaying Bias). Under Assumptions[TH3] the stochastic gradient estimate
of the upper level objective in (5) satisfies |V f(x,y) — E[Vf(x,y;&)]|| < < ny (1— )k,

g

The assumptions and Lemmas above lead to the main convergence result of Prometheus which
is stated next.
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Theorem 1. Under Assumption , if the step-sizes o <min {2\(}(2‘[)?7) e (81\;‘27; 8137 305"

A=MpgB'® 8yBr 20Ly 7 A=A TVBOI-A) pg(1-A) g5 (1022 <
23040L2L2 ? 12m(1-X)? 27(1— /\)61°L2 ’24mL’-}/37 12m > 240L2 9L§m6+3r’ 6+37J°
VA4A0L, 1— 1-X 2 .
B < { TR 116L’\f , (ifz}(OLgl),? )2, 81‘2“’? }, then the outputs of Prometheus satisfy:
1= ‘ 1
T 2 [Elx - 1o m? + Bl - 1o x? + Ely: - ¥ilF] =0(7):
t=0

Remark 3. Tt is worth noting that, compared to existing works on decentralized bilevel optimization,
the major challenge in proving the convergence results in Theorem [I] stems from the proximal
operator needed to solve the upper-level subproblem, which prevents the use of conventional descent
lemma for convergence analysis (see Eq. (34) in the appendix). Also, compared to single-agent
constrained bilevel optimization, one cannot provide theoretical convergence guarantee by using
the direct projection method X; ; = argmin, . y|x — (x;; — T7u;)||* as in (Hong et al.| 2020;
Chen et al., |2022a)) due to the gradient tracking procedure in the decentralized learning. Instead, we
use a different proximal update rule as shown in (6). We will numerically show in Section [5] that
Prometheus with the direct proximal operator can only converge to a neighborhood of a stationary
point. Further, Theorem [T]implies the following sample and communication complexity results:

Corollary 2 (Sample and Communication Complexities of Prometheus). Under the conditions of
Theorem [T} to achieve an e-stationary solution, Prometheus requires that: i) the total number of
communication rounds is O(e~!), and ii) the total number of samples is O(y/nKe~! + n).

4.4 DISCUSSION: THE BENEFIT OF VARIANCE REDUCTION IN Prometheus

Since the variance reduction in (8) in Step 3 of Prometheus requires full gradient evaluation, it is
tempting to ask what is the benefit of using the variance reduction technique. In other words, could
we relinquish variance reduction (VR) in Step 3 to avoid full gradient evaluation? To answer this
question, consider changing Step 3 to the following basic stochastic gradient estimator without VR:

Pi(Xit, yit) = Vf(Xit,¥it, &i0); di(Xi,t,¥i,t) = Vg(Xit, it Cio)- (10)

Interestingly, the following convergence result states that there always exists a non-vanishing constant
independent of m, n, and « if (10) is used in Step 3 of Prometheus (i.e., a constant only dependent
on problem instance and cannot be made arbitrarily small algorithmically).

Proposition 3. Under Assumption , with step-sizes o < min{ <= 35 Lf7 32[, 2\(/17( L\ZTT) 515

1-)) (1=M)pigt® _1y (1-X) A)*u
6%77,—(\1/?/\)’478(WL?)B’ 23040L%L2 ,O(T 2) m\F Bt} B < min{ 8Lf’4802L2L270( “5)}h we

have the following result if replaces Step 3 in Prometheus,

T—1
1 — 2 ~ — 2 1 /
72 (B~ 1o + Bl 105 = o( =)+ (an

- . C _ 1.5
where the constant C”, is defined as C/, = 9(6:;3 )((9;’79“(1 Z )K)? +Uf)+mﬁm ol

Remark 4. A key insight of Proposition [3]is in order. The SG-type update in (I0) is similar to the SG-
type update in unconstrained bilevel optimization in the single-agent setting (Ji et al.,2021). However,
unlike the SG-type method in (Ji et al.,2021)) that can approach zero at an O(1/ VT ) convergence
rate, the SG-type method can only approach a constant error C”. at an O(1/+/T) convergence rate in
the constrained decentralized setting. The non-vanishing constant error C? is caused by the variance
0)20 and 03 of the stochastic gradient . This make the benefit of using the variance reduction techniques

to eliminate the {oy, o, }-variance in order to approach zero asymptotically.

5 NUMERICAL RESULTS

In this section, we will first conduct experiments to demonstrate the small variance of our new stochas-
tic gradient estimator. Then, we will compare Prometheus’ convergence with several baselines.
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MNIST CIFAR-10 MNIST CIFAR-10

—— Prometheus-SG { —— Prometheus-SG | —— Prometheus-SG —— Prometheus-SG
—— Prometheus —— Prometheus —— Prometheus —— Prometheus
Prox-DSGD o | —— Prometheus-dir | —— Prometheus-dir —— Prometheus-dir

10 \ —— Prometheus-dir Prox-DSGD \ Prox-DSGD \ Prox-DSGD
g5 || 5 || g |\ & o\
:::\\_‘ N ’ “\:&
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Communication round Communication round Communication round Communication round
Figure 2: Five-agent network. Figure 3: Ten-agent network.
1) New estimator vs. conventional estimator: Note that the major dif- 12 v
ference between the new and conventional estimators lies in how they esti- 10
mate the Hessian inverse of the matrix A. Thus, it suffices to compare the € s
. . . . . . . ®
Hessian inverse approximations. The conventional estimator to estimate  § o
- - k(K .
the A~! canbe denotedas Al = K Hp(:1) (I—A;), while the new es- 4 —:E
. 2
: A—1 _ k(K) 1747 -
timator can be denoted as A~ = 3 7 7 [[)_, (I— Ay). To see the ben- Conventional _ New

K=10 K=10

efits of our estimator and due to the high complexity of computing matrix
inverse, here we consider a small example A = [[0.25, 0.0], [0.0, 0.25]],
so that AL = [[4,0],[0,4]]. Let A, be a random matrix obtained from

Figure 1: Hessian inverse

estimator comparison.
true

A plus Gaussian noise. We use AL and A~! to estimate A, respectively. We run 10000
independent trials with X' = 10 and the results are shown in Fig.[I] We can see from Fig. [T| that the
new Hessian inverse estimator has a much smaller variance than the conventional one. Additional

experiments on varing K and different matrix A are relegated to our Appendix.

2) Convergence Performance: We verify our theoretical results of Prometheus by conducting exper-
iments on a meta-learning problem tested on MNIST (LeCun et al.,[1998) and CIFAR-10 (Krizhevsky
et al.,|2009)) datasets. Due to space limitation, we provide additional experiments on hyper-parameter
optimization in the appendix. Due to the lack of existing algorithms for solving constrained decentral-
ized bilevel optimization problem, we compare the convergence performance of Prometheus against
several stripped-down version of Prometheus:

* Prometheus with Stochastic Gradient (Prometheus-SG): Prometheus-SG is the SG-type algorithm
discussed in Section Pi(Xit,Yit) = VIiXit, Yit, &i0); di(Xi e, Yir) = V9(Xit, ¥it; Go)-

* Prometheus with Direct Proximal Method (Prometheus-dir): Instead of performing X;; =
arg miny ¢y [(W; s, X — X;4) + Z{|x — x;¢[|* + h(x;)] in Prometheus, Prometheus-dir directly
adds the constraints on x: X; ; = arg miny v||x — (x;+ — 7u; )%

* Proximal Decentralized Stochastic Gradient Descent (Prox-DSGD): This algorithm is motivated
by the DSGD algorithm, which can be viewed as Prometheus without using gradient tracking.
Specifically, we updates local gradient as w; ; = V f (X1, ¥i.e5&i0); Vi = V9(Xi 1, Yit; Gio)-

We also note that the Prox-DSGD algorithm can be seen as a generalization of DSBO (Yang et al.,

2022), SPDB (Lu et al.;,2022), DSBO (Chen et al., [2022b) with the proximal operator. Prometheus -

dir can also be seen as an extension of the algorithm INTERACT (Liu et al.,2020a) to handle the

constrained decentralized bilevel optimization problem. We compare Prometheus with these base-
lines using a two-hidden-layer neural network with 20 hidden units. The consensus matrix is chosen
asM=1- m, where L is the Laplacian matrix of G and Apax (L) denotes the largest eigenvalue
of L. Due to space limitation, we relegate the detailed parameter choices of all algorithms to the
appendix. In Fig.[2] we compare the performance of Prometheus, Prometheus-SG, Prometheus-dir,
and Prox-DSGD on the MNIST and CIFAR-10 datasets with with a five-agent network. The network
topology can be seen in Fig. []in Appendix D] We note that Prometheus converges much faster than
than all other algorithms in terms of the total number of communication rounds. In Fig.[3] we also
observe similar results when the number of tasks (and agents) is increased to 10. Our experimental
results thus verify our theoretical analysis that Prometheus has the lowest communication complexity.

6 CONCLUSION

In this paper, we studied the constrained decentralized nonconvex-strongly-convex bilevel optimiza-
tion problems. First, we proposed an algorithm called Prometheus with a new stochastic estimator.
We then showed that, to achieve an e-stationary point, Prometheus achieves a sample complexity of
O(K/ne~! + n) and a communication complexity of O(e~1). Our numerical studies also showed
the advantages of our proposed Prometheus and verified the theoretical results. Collectively, the
results in this work contribute to the state of the art of low sample- and communication-complexity
constrained decentralized bilevel learning.
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Variable Definition
N Set of nodes.
L Set of edges.
m Number of agents.
1 i-th agent.
J 7-th local sample at each agent.
T Total iteration numbers.
t t-th iteration.
K K € Nis a predefined parameter.
k k is an integer-valued random variable uniformly chosen from {0, ..., K — 1}.
« Upper-level step-size.
15} Lower-level step-size.
T Proximal control parameter.
g Constant from the strongly-convex assumption, see details in Assumption.
L, Constant from the Lipschitz continuous assumption, see details in Assumption.
Cy., Constant from the bounded gradient assumption, see details in Assumption.
Ly, Constant from the gradient Lipschitz continuous assumption, see details in Assumption.
Ly,, Ly,  Constant from the Lipschitz smooth continuous assumption, see details in Assumption. E
y Constant from the bounded gradient assumption, see details in Assumption.
of,0g Constant from the bounded variance assumption, see details in Assumption. [3|
Consensus weight matrix M. € R™*™,
A Second largest eigenvalue of matrix M.

Table 2: Notation Table.

A ADDITIONAL THEORETICAL RESULTS

Lemma 4. (Lipschitz-smoothness of conventional stochastic gradient estimator).  With

the conventional stochastic gradient estimator Vf(x;:,yi ;&) = Vaf(Xityiei &) —
k(K V2 9(xi,yi,CF) i i
L%Viyg(xi,t, Vie; C0)- Hp(:1) (I— %)Vyf(xi)t, yit; £). If the stochastic functions

f(x,y;€) and g(x,y; ¢) satisfy Assumptions[IH3} then we have

(i) Fora fixed y € RP?, B |V f (x1,5:€) = V (%2, 5:8) ||° < L2 | %1 — x0]*, ¥ x1, X2 €
R,

(i) For a fixed x € R”, E¢ ||V (x,y15€) — Vf (%,¥2: &) |* < L2 lly1 — y2l* . Vy1,¥2 €
RP2,

We have
K K
Ly, 42003, 18, () roch i3, ()
con fT Jay y 2Mng _ /’LQ fy Gzy 2/,0ng — Mg

g
K2 g\ 2PE=D

+6C% C% max{k(K)*(1- =2 - gyy.
L 12

O (12)
Gay ~ fy L527 k(K) g

In the above expressions, Lcony > Ly, Ly is the Lipschitz constant for our proposed stochastic
gradient estimator and can be found in Lemma.

B PROOF OF MAIN RESULTS

Before diving in our theoretical analysis, we first introduce the following notations:

= 1 ¢ T T 17
Xt = E Zx’i,tvxt = |:X17ta U 7X7n,t] )
=1
=
Pt = [pl(xl,taYI,t)Tv T 7pm(xm,t;ym,t)T] y

13
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T
dt = [dl(xl ty Y1 t)Ta"' 7d (thaymt)T]

sz xztayzt a Zd thath (13)

)

To prove Theorem|[I] we structure our proof into the following key steps:

Step 1:

Lemma 5 (Descending Inequality for upper function). Under the stated assumptions, the following
descending inequality holds for Prometheus:

) B oLy ot 2, arr  o?Ly ot . -2
(i) — 0(3)) <(22L -1 — o — e =1
(Xe41) — £(Xe) _(er o )%t ® Xy | ( + T + o m )% ® |
300 3a
22Nyt vl g — 1@l — b (k) + B (R
+ 2rm ; lyis —yiell” + 2rm||ut @ | (Xe41) + h (%)
—_— || v 1.ty Y1 - 9 14
2rm”mz f(Xit,yit) w2 (14)
where y;, = argminy g(X; ¢, y).
Proof.
~ . T
Xi,r = argmin (u; 1, X — X;¢) + 5 % — xi.¢]* + b (x), (15)

xEX
X X —1 s X 16
X fr . —_
1 = Xt + ’2_1 Xit — Xt |, (16)

It follows form the optimal conditions of h(x;) that
0> (i +7(Xip —Xip) +0h (Xiyg) Xy — Xy)

> (Wi + 7 (X — Xit) , Kip — Xe) + 7 [Rie — %el|” + 1 (Rie) — h(%e) . (17

> (Wi 7 (R — Xit) , Ko — %) + 7 |Kie — %e|? + (Oh (Rie) , Rie — %)

From convexity, we have:

Z (Xit) (X¢)). (18)

i=1

1
m

1 m
h(Xe41) < (1= a)h (%) + ah (mz_: ) < h (%)
Therefore, it follows that
1 - _ aT | . _ _ _
a— > (Wi T (R Xig) iy — Ke) + — % - 1) + h (Rep1) — h (%) <0. (19)

Then, we have

- (o) L _ Ly, _ -2
((Xeq1) = €(Xe) < (VURe), Xey1 — X)) + *||Xt+1 — X

2
® 2
<V€ < sztxf>> ate szt*xt
em

1 & N = _ a’Ly 1 . B
<o 2 (VE(R) Far = %)+ S5 = x|
© 1< - _ o?Ly 1 . _
SQE ; (VE (it) — U — T (Xt — Xi,t) y Xit — Xt> =+ L= ||Xt — ]-XtH

aT

=% = 1" = b (Rep1) + 1 (%)

14
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O = _ AT ~—
:fZ<V€(xt)—u”,X”—xt e X’Lt xt7X2t_Xt>
m
=1 i=1
OéQLg - _ (&% ~
+=5, 3 — 1% [1* — = [|%¢ — 1%]|° — b (Req1) + B (%0)
a & _ 1 &
_mZ<V€(xt) E Z Vﬂ(xzht),x,t Xf>
=1 11=1
a 1 &
+mz<mZV€(x“7) ult,th—Xt>
i=1 11=1
T m . _ (07 L/ _
T — D (Xt — X, X — %) + % — 1% — — ||Xf — 1% = b (Rey1) + D (%)
m 2m
o N1 B a a7 ~ B
Sl QTHV“Xt)—Vf(Xz‘,t)HZ‘Faziﬂxi,t—XtHQ
i=1 i=1
ax~ 1,15 a |
— ) = Vﬁi—iQ**z—Q**i—_g
+m22r”mzl (Xiy ) — Wil +m2 [1%ie — X ||* + m212r||x,t x|
1= 1= 2 7

m 2
aTt T _ a“Ly | . _ oT | _ _ _
Y R =Xl T R = 1P = %= P = (%) + (%)

=1
Qa1 . a ar <= 1 _
S oy Lellxe — x| + EZ Sl — x|+ EZgHXi,t — x|?
i=1 i=1 =1
m
+— Z*H*ZVgxn, - ZVQ(Xil,hyil,t)HQ
7,1 1 i1:1
a w3 QT
- - \V4 _ _ % s — %12
o 2 gl Z o) = Sl + 6 = )+ 55 =)

AT =T _ a’Ly . _ aT | . _ _ _
Y R = Kl o T = P = = 1P = B (%) + (%)

(2) aLy  ar
— 2mr 2rm

3a
+ Lz% Z lyie—

2rmHEva Xits Yir) — W%, (20)

— )X — 1%+ (— + —— +
m

3o _ _ _
2+ %Hut —1@a|® = b (Req1) + h (%)

where (a) is because of Lipschitz continuous gradients of /, (b) is because of the updating rules. (c) is
from (d) and (e) are because of the triangle inequality. (f) is from the definition of u; ¢, 4;(x; ¢) .

O
Step 2:
Lemma 6 (Error Bound on y*(x)). Under the stated Assumptions I I letting o < 5 L , we have
Iyiess =yioalP <= 2207 =yl + 9000y = vl
e e

15



Under review as a conference paper at ICLR 2023

Proof.

2= yie = Bvie — ythz = |lyie — ythQ + ﬁ2||Vz‘,t||2 —2B(yii — y;tavi,t>~
(22)

¥it+1 = ¥il

Under the Assumption m(a), we have:
J
9(Xit,y) — 9(Xit,yit) — ?QHY —yirll? = (Vyg(Xit, ¥it) ¥y — Vi)

:<Vi,t7 Y*}’z‘,t+1> + <Vy9(Xi,t, Yi,t) —Vit, Y — Yz',t+1> + <vyg(xi,t7 Yi,t)v Yit+1 — Yz',t>
:<Vz',t7 y_}’i,t+1> + <Vyg(Xz‘,t, Yi,t) — Vit Y — yz’,t+1> + <vyg(xi,t7 Yi,t)7 Yit+1 — yz’,t>
2, (23)

L) 2yl |
43 Yit+1 —Yit 45 Yit+1 — Yit

With 5 < 1/2Lg, it follows that
2

= 12> 22
4ﬂ Yit+1 Yit D) Yit+1 Yizt
> 9(Xi, Yipt1) —9Xie Vi) — (Vyg(Xi, it ) Yi+1 — Yie)- (24)
Combining (23) and (24), with the update y; ;11 — yi: = —BVi,, we have:
i
Q(Xi,t,Y) - g(xi,t;}’i,t—‘rl) - 79Hy - Yi,t||2
1
>(Vit, ¥ = Yig+1) H(Vyg(Xi, ¥ie) — Vi, ¥ — Yig+1) — @H}%’,Hl —yitll?
=(Vi,, Y = Vi) T (Vi. Vi — Yig+1)  (Vyg(Xie, ¥ie) — Vi, ¥ — Yijg+1) — §||Vi,t||2

=(Vit,y = ¥ie) + BlViel? + (Vyg(Xie, ¥ie) = Vi, ¥ — Yips1) — %\Vi,tHz

33
=(Vi,t, Y = Yie) T (Vyg(Xit,¥it) = Vi, ¥ — Yii1) + Z”Vi,tH2~ (25)
Lety = y;;, we have
R R Ky ox 2
9t ¥ia) = 9ie Vi) = Sl¥ie = vl
* * 36 2
2(Vits Yig — Vie) F(Vyg(Xit, ¥it) = Vi, ¥ig — Yigr1) + ZHvi,tH
@ . 2 g | 3p
> <Vi,t7Yi,t = Vi) — —IVyg(Xit, yit) — Vz‘,t||2 - JHyi,t = Vi1l + *||Vz‘,t||2
Hg 8 4
®) * 2 2
>(VityYie — Vi) — ;Hvyg(xz‘,m}’i,t) — Vil
g9
« 33
— L2 )lyr, = yidl® = B2 llyia — il + 2 vl
é<v’i,t7Yi,t = Vi) — —IVyg(Xit, yit) — Vz‘,t||2 - JHyi,t - yz‘,t||2 + (5 — )||Vi,t||2,
g 4 14
(26)

where (a) follows from —(x,y) < 2=||x[|> + £[ly[> and ¢ = &, (b) is due to ||x + y||? < 2||x[|> +

2|ly||?, and (c) is from y; 441 — yi,e = —BVi .
Since g(x; ¢, y;t) < g(X4¢,¥i+1) and mutiplying 25 on both sides of Eqgs. , we have

1193 4p
*7; lyie=yiell® = 28(vie, y5 i —¥ia) — —IVyg(Xit: i) = Vil *+(
fbg 2 2
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Then, we have

X PaB 45
—2B(Vit Vit —Yie) < —75 ||Yi,t_Yi,t||2 + ;Hvyg(xi,taYi,t)_vz}tHQ_(i_
g

Next, combining (22)) and (28) and setting /3, we have

* Pl 45
i1 —yidl? <1 - g Wyie = yiell* + M—IIVyg(xi,nyi,t) —viil?
g
2
v J‘gf Vel
1ig3 4p B
<(1- g Myie— Yi,t||2+;Hvyg(xmyi',t) *Vi,t||2+7|\vi,t\|2- (29)
g

Then, it holds that
||Yi t+1 — y;tJrl ||2 = Hyi,tJrl - yi‘,t —+ y;'k,t - y;'k,t+1||2

(1+ 4 —=))yitr1 — 2+(1+7)||Yi,t_yi7t+1“2
Ng
(b)
L0+ 29y = Y () s — i
B
©  pgBe mBe . RN
<01+ 220 = By =yl o+ (14 2 T gt y) = v
e <1+—5>L2||x” xi,mHQ
g
@ B NS
<%y, ym||2+—||vyg<xmyn>—v”uQ @+ Ty
5 5 )
+7||Xi,t_xi,t+1” , (30)
Hg

where (a) follows from ||x + y||> < (14 1/¢)||x]|? + (1 + ¢)|ly|* and ¢ = p,4/3/4, (b) follows from
Assumption 3] (c) follows from plugging (29), and (d) due to the facts that:

g8 g3 BgB  pgB g _ HgB
(1+4)(1 2>*1+4 2 8 st 4’
pgB. 483 Hg 1 45 96
1 — ) — < 1+77 - = 5
0y )ug =0+ 2ug)ug 2pg
4 1 4 5
]_ - - _— 31
T B = 5B T B ngB Gh

Plugging (B1)) into (30) yields:
Iyiir1 = Viel? = lyie = el

Bl 95
<= Sl -yl + E\Wyg(xvgt,ym) — Vil
g

5L2
1+ 20 4 22— a2 (2)
fgf3
This completes the proof of the lemma. O

Step 3:
Lemma 7 (Iterates Contraction). The following contraction properties of the iterates hold:

_ 1 -
x: = 1@ %[ <(1+ )| — 1@ % [|* + (1 + ;)02\\Xt—1 — x|,
1

17
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Jur = 1@ <(1+ e2)X?[up1 — 1@ w2
1
+ 1+ )P — P (33)
Cco
where ¢; and co are arbitrary positive constants. Additionally, we have
e — -7 < 8] (xe—1 — 1 © %e—1)|> + da2[[(x1—1 — 1@ %)
+40?||(Re1 — 1@ %)
Iyt = ye-1ll* < B%|lveall?, (34)

Proof. Define M=Mg I,,,. First for the iterates x;, we have the following contraction:
IMx; — 1@ %)% = [M(x; — 1@ %,)[*> < A2|x; — 1@ %2, (35)

This is because x; — 1 ® x; is orthogonal 1, which is the eigenvector corresponding to the largest
eigenvalue of M, and A = max{|Az], |A\n,|}. Hence,

1 m
x; — 1@ %2 = |[Mx X —X —1[x — - X
[Ix¢ Q@ Xy| I t—1 + o(Xe—1 t—1) t1+am; t—1)

1 -
< (T He)Nxi1 —10% |2+ (1 + C—l)a2||xt,1 —x 1% (36)

For u;, we have
s — 1@
:||Mllt—1 +Pp:—Pi-1— 1@ (ﬁt—l + P(Xi,t, Yiyt) — f)(Xi,t—h}’i,t—l))Hz
<(1+ Vs — 1@ w2+ (1 )b~ P
-1® (p(xi,t;}’i,t) — p(xi,t—17}’i,t—1)) 2
<1+ )X lumy — 1@ ap_q|?

1 1
+(14+)IT-=11")I)(p: — pr—1)|?
Co n
2 2 B _ 2 1 _ 9
<1+ )N |ur — 1w q|* +(1+ Cz)Illot pi—1|”. (37)

where (a)is due to [T — L(117T) @ I|| < 1.
According to the update, we have
e = xe-1]|? = [Mxe—1 + a(Rem1 — Xe—1) — X112
=[|(M = D)%, 1 + (e — x1) 1 < 2/|(M = Dz |* + 202 %01 — x4
—2|(M — D)(xt-1 — 1@ %1-1) |2 + 2071 — %01
<8 (%1 = 1@ %1)|I* + 207 |% 1 — x|
<8 (x¢—1 — 1@ %e—1)||* + 40| (%1 — L@ Xy—1) ||* + 407 (Rem1 — 1@ %e—1)[?,  (38)

1yt — Yie—1l* < B Viu—1l* (39
O

Step 4: With the results from Step 1, we have

O(Xi41) — f(it)

<( aly ar arr oLy ar

oY — L@ R? + +( -+ -z -1

2mr 27" 2m 2m

18
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30 3o
L=y —vielP + o—lw — 1@ 0> — h( h (%
+ 2rm & 1||Y7,,t Vil +27,m||ut @ | (Xet1) + 7 (Xe)

- v URTIN &) - 2

+2TmHmZ F(Xit, i) — e

With the results from Step 2, we have

Iyiee1 = ¥ ll? = lyie — yialP?

g3 96
< - g lyi:— yz',t||2+f2ﬂ IVyg(xit,yit) —
g

NS 5L
-1+ g ) [viell® + 7;||Xi,t —Xie1]?
g
Combing {@0) and (@T) and telescoping the inequality, we have
(1) — %)+ (xr10) — R (50) + 5ot By = vl ~ I
20(8 + 4a?)L2 +
aly 2, aTtr o Lg
<(5,—+ 2rm Zth—1®thl (—+%+ Z||xt_1®xt|\

T
3a 3a _
L’ ZZH)’t yt||2+%2||ut_1®ut“2
t=0

i=1 t=0
T m .
so L wlv o B (1= )
_— _ \V4 , _ 2 Mg g . 5
+ 2rm ; ”m ; f(Xt Yt) ut“ 4 20(8 + 4042)[/12/ ; HYt Yt||

T
Mg(l -\ 93 g8 B2 5
Py Y Sy - 14 P9
+ 20(8+4a2)L§\[ 2tq ; IVyg(xe,y1) = vill* = (1 + A ) 2 E [[vel

502
+ Tg Z 1%t — x|

T
aly 2 arr oLy  ar . o
< -1 - 4 _ -1
*(er 27”m ZHXt @ %l ( + 2m + 2m m);llxt %
m T
ek > lyi - ytnu*zuuﬁlwz
m : :
T m T
3 1 = N A 1O *
+ 2rm ; ||m ;vf(xhyt) ut” 4 20(8 +4052)L32, o Hyt yt”
T
pe(L—A) 96 N )
AN \V/ _ Ll

2 T
72 D Bl = 1x)|* + 40 (3 = L@ %)|* + 40| (R — L@ %)),
t=0

where the last inequality follows from Eqgs. (34).
Proof of Theorem[]]

From the variance technique in Prometheus, we have
Etva(Xi,f,, Yi,t) - pi(xi,ta Yv:,t)||2
=E||V f(%i,t: ¥it) — Pi(Xit, yie) + Eg, ,[Pi(xit,¥it)] — Eg, , [Pi(xit, vi)l|?
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:Et”pi(xi,ta Yi,t) - Eg’i,t [Pz‘(Xi,u yi,t)]”2 + Etva(Xi,ta Yi,t) - Eg’i,t [Pz‘(Xi,u yi,t)]”2

2 Cgrycfy Hg K 2
<Eil|pi(%it,yie) — B, [Pi(%ie, yir)||I7+ (——=(1- 7] )5, (43)
' Hg Ly

Moreover, with t € ((n, — 1) ¢, niqg — 1] N Z, we have

E¢||pi(xit, ¥ie) — Eg, , [Pi(xi,z, vi)ll?

s
1 _ _ _ _
=E||pi(Xit—1,Yii—1) + S E (Vg(Xi g, Yik: &it) — VI(Xi—1,Yih—1:&it)]
=1

- Eg},t [Pi(Xit,yie)] + Eg’m [Pi(Xit—1,¥it—1)] — Eg},t [Pi(Xit—1,¥it—1)] ||2

S
1 _ _
=Ee|lpi(%ii—1,¥i-1) — Bg, , [Pi(xie-1, vi-)]I” + HE Z [Vo(xik: ¥is €ir)
i=1

- vg(xi,k—la}’i,k—ﬁ gi,t)] - Egm [pz‘(Xz‘,t, yi,t)] + ng [pi(xi,t—h Yi,t—l)]||2

(b
<Et|pi(xi,t-1,¥i,t-1) — Eg, , [Pi(xi¢-1, vit—1)]|?

1
EL%Et(nxi,t — X1 P+ |yie — Yie-1l?)s (44)

where the last inequality use the mean variance theorem.

+

Telescoping over ¢ from ((n; — 1)g + 1 to ¢, where ¢ < n;q — 1, we obtain that

Etl[pi(xie, yit) — Eg, , [Pi(xit, vi)l|?
SEt ||pz (Xi,(nt—l)qa Yi,(nt—l)q) - E&, [pi(xi,(nt—l)tp Yi,(nt—l)q)} H2
1 ) t—1

oL Eq([[xi,0 — %i,e-1] it = Vil 45
+mfugmxw¢me+w¢y¢m (45)

Next, for ||p; — p¢—1||?, we have the following cases:

Case l:t € ((ng—1)g,mq — 1] NZ:

2
1 _ _
5] Z Vaef (Xiit:¥i0565t) — Ve (Rive—1, Vi 1:&5¢) (46)

T JES ¢

m
Elp: — pial® = ZE
i=1

_ !
Sl

SN E|Vaf (R Vii &) — Voef (Kiim1¥ia-13650) || (47)

1=1jES; ¢t

m m
< L3 Y Elxioms = xial® + L3 Y Elyi oo —vill”
i=1

i1
<L3(lIxe = %=1 + B2[[ver|®). (48)
Case 2: t = nuq:
Elp: — pt—1||2
=E|p: — pt—1 — E¢, ,pi(Xit, ¥it) + Eg, ,Pi(Xit, yirt)
- E&,t [Pi(Xit—1,Yie—1) + Eéi,tpi (Xie—1, Yi,tfl)Hz
<3E|lp: — Eg, , [Pi(xit; yit)||? + 3E||pi_1 — Eg, ,[pi(xit-1, Yii—1)|?
+ 3LIE([|x: — ;-1 + B*[[ve-1 )

(a) 2
<3E ‘ Pn:q — Egiytpi(xi,ntqv Yi,nf,q)H + 3L?62E antq—l H2
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2
+ 3E p(xh(ntfl)zp Yi(ni—1)q — Egiytpi(xi,(ntfl)qaYi,(ntfl)q)
! 3L? 2 2 2
0 B (e el e = yeal?) + 3R gt~
r'=(ny—1)g+1
(49)
where (a) is from @3)) and set ¢ = n.q.
Telescoping from r = (n; — 1) ¢ + 1 to n.q and set | S| = ¢, we have
nyq
> Ellpy —pral?
r=(ns—1)qg+1
2
<3(g+1E ‘ Prig — Eg, ,Pi(Xinigs Yineg)
2
+3(g+1E Hp(nt—l)q = K¢, ,pi(Xi,(n,—1)g5 Yi,(ni—1)q)
ntq 4L2 ) )
+ Y LR (Ixe =%l + llye - yeal?)
r=(ny—1)g+1 q
ntq 4L2
= Y ZE(le - xalP + lye - yealP). (50)
r=(n¢—1)g+1 q
2
Since E Hpmq ]Egl tpl(xl negs Yi mq)H =E Hp(m—l ]Eéivtpi(xi,(nt—l)qa Yi,('m—l)q) =0,
and with eqs.(@6),we have
T T
> P — Pl <D0 [ALFE e — xe-a||” +ALT lys — yia[*] (51)

Since Et”pi(xi,(nt—l)qvyi,(n,—l)q) - EEM[pi(xi,(nt—l)(pyi,(nt—l)q)]”2 =0, ‘S| = ¢, W€ can
conclude that

T m
1 _
Z I~ ZVf(xi,t,yi,o -’

T 1 m T
ZZO EZ (Xits Yit) I_)th2 :Z||Vf(xi,t7Yi,t) _pi(xi,taYi,t)||2

t=0

T Cy. C @ K
<2 —x 1I2 — v, 1|I? T2y “Jy (1 _ B9 2.T
<L5Y (e =il o flye = yima[?) + (22 L))
t=0
T
<3 Y (8 (a1 = 1@ %) 4 40| (i1 — 1@ %)

t

~ m C . C K
+4a2\|(xt_1—1®>-<t_1>H2+6QZ||VM_1|\2>+(9;—fy (1—“9) )>-T, (52

i=1 9

I
=3

where the last inequality follows from (34).

Similarly, we have
T m
1 2
E — E Xz t Yi, t Vi,t”
m
t=0 i=1
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T
SL? Z(”Xt — x>+ lye — ye1?)
t=0
T
<L3Y (8l (xeo1 — 1@ %12 + 402 (xe-1 — 1@ %o
t=0
F 40 |Rea — 107 )P+ 823 Ivie ). 53

i=1

Besides, with the results from Step 3, the update rule of p;(x; ¢, y;,) and 1) , we have

I — 1@ %]? < (14 e)A2[xemt — 1 ® %o <1+é>a2||f<t_1fxt_1||2,

e = 1@ @l = -1 = 1 Beeal < (L4 ¥ = Dljws = 10 @
0 DL+ Y v )

=1

(@)
S((T+ )X = Dfue-y = 1@ 8| + (14 )4L2(8H(Xt 1= 1@% )|

+4a? | (xe-1 — 1@ R 1)|* + 40?||(Keo1 — L@ K1) |* + 52 Z IVie-all®), 54

i=1
where (a) follows from egs.(38).
Then, we have
741 — 1@ Xrya|® — [[x0 — 1 @ Xo?
T+1 1 T+1
<((1 A -1 1 —-1% 1P+ 1+ 2)a? %, 1 — 1@ %1% 55
<((T+a) );th 1= 1®@x 1"+ ( +Cl)0< ;HXt 1= 1% (55)
Juryr — 1@ ar]? = [lug — 1 ® a2
T+1 1 T+1
<((1 A2 -1 1= 1@ q||* + (1 4+ —)4L> 8(xt—1 — 1 @ %¢—1)]|?
<((1T+e2) );”ut 1 @ a1 ||” + ( +02) f;( [l (¢ -1 ®X¢—1)|
9 _ 2 21/ = 2 2 2
+4a”(xp-1 — 1@ X¢1) || + 4™ (Ke—1 — L@ X¢1)||7 + B[ vie1]]7). (56)

Combing (53), (36), and (@2)), we have

E{(%r+1) — {(%o) + h(Zr41) — h(xo) + 2L~ /51wy P — llys — vol]

20(8 +4a?)L3
+ %[HXTJA -1® XTHHQ —|lxo—1 ®ion] +Bllur4 —1® ﬁT+1||2 —fluo—1® ﬁ0”2]}
<(oke ﬂ)i e = 1@ %P + (S + S+ Lo %>i % — 1 © %"
=5 2m 2m m- =

m T

T m
3a N 3a 1 = _
L’ ZZHYt fyt||2+TTmZIIEZVf(xt,yt)*ut|\2
i=1 t=0 i=1

pgB (1
sz”*ZV”fvyt )il - ZWWZIM vl

T

T
frg(1— 6 2 2 = 2
+ E L E 8 -1® + 4 11— 10X
20(8 4042 L?QJ 2# port et H X¢—1 Xt 1)” Q H(Xt 1 X 1)”
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+10?(Remr — Lo x )P+ 5 Y i) - (14 225 Zn vi|?

=1
L T
72 8ll(x: = 1 @%)||* +4a?||(xr — L@ X )[* + d®[| (% — 1 @ %,)||*)]
t=0

T+1 T+1

1 1
+7((1+Cl) —]. ]E”Xt 1—1®Xt 1“ +7 1+ E”Xt 1 — X— 1”
75 )2 VALY
T+1
FA((L+ )N = 1) Y Elug — 1@
t=1
1 T+1
- 2 _ S 2
+(1+ cz)BLf > BE[|(x¢-1 — 1@ %)
t=1
+ 4a”E|| (- 1—1®>’<t DI +40”E[|(Re—1 — 1@ K1) |I” + BZE[[ve—1]?)
(a) Ong 2, L arr OéQLg aT e 9
-1 - — -1®x
G+ 3o ant @7+ (T G+ ) 2 %1%

2

m T T
«
ZZHyt yell” + mL D Bll(et-1 = 1@ %)l + 40®|| (xp-1 — L@ X1
t=0

zltO

: Cy.,Cr, K
02 (Rems 1@ x| Y vl + (P (1 ) ey
i1 Hg g
T

T
3a
+ D ILFD (8l (ki1 — 1@ %1 ||* + 40”| (k-1 — 1 @ Re1)|?

2r
M t=0

2 2 Hgf fig (1 2
+4o?[[(Re-1 — 1@ %) [P + 8 ZHVM %)) - n W[ZH% =yl

<.
—

Mﬂ

T
Bl Gee—1 = 1@ %e—1)[|* + 402 || (xp—1 — L@ %¢—1)||?
0

prg(1 —
_ Mg\ F T A L
+ 20(8 + 4042 L2 24 tzz: .

Il
=3

2
P07 (R~ 1O %)+ 82D Vi) - (14 202y Z||vt||2

i=1
T
Z 8ll(x: — L@ %) + 40®[|(x¢ — 1 @ %) |1> + 40°|| (% — 1 @ %) |?)]
=0
1 T41 1 T41
+7((1+Cl) —1 E”Xt 1—1®Xt 1”24—7 1—|— EHXt 1 — X¢— 1||2
SRIRA > e
T41
+ B((1 4+ c2)A* = 1) Z Elui—1 —1® t—1]?
t=1
1 T+1
+(1+ —)BL > (8Bl (%41 — 1 ® %—1)|?
t=1
+40”E||(x¢-1 — 1 @ %1 || + 4°E||(Xi—1 — 1 @ %;1)||? + BZE||vi1]]?), (57

where (a) follows from (32)) and (53). Next, choosing ¢; = ¢ = % — 1, we have

= - = = I 1-A — * * -
U(Xr41) — U(Xo) + h(Xr41) — h(Xo) + M\/BUYTH —yrall? = llys — voll?]
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1 B _ _ _
+ ﬁ[”xﬂl — 1@ %41l — x0 — 1@ Xo|*] + Blllursr — 1 ® try1 || — lug — 1 ® 6]
T T T
<O I —1@%)* + O % —1@x|>+C5 > llye — yil®
t=0 t=0 t=0
T T
CiY w— 1@+ 5 v
=0 t=0
3a C, C K
lo} ( Gy Iy 1— Hg )2 T, (58)
2rm Ihg L,

where the constants are

oLy 5L2~2/ prg(1—A) pg(1—A) 98
O =(220 4 Ty 1 (84 4a2)[ Y LZ\/B+20 L\/BL?—

2mr  2rm 1198 20(8 + 4a2) (8+4a?)L2 Fou
L+ T I+ = D, (59)
G == %‘Lamie_%) 4a2[i%20é9$§a3>)@ﬁ 20(8+4 L2\[ 295
—&-%Lfc ﬂ] 7/\ \/37 (60)
o :LQ% - ’Zﬂﬁg’jm\/é 61)
ng%ﬂ%A—D& (62)
s zoéggrlzx_aj))Lg VBl Miﬁ) +537)\L2
+BQ(M\/BL2 gi + 2rmLf). (63)
To ensure C] < 1 , we have
1 :(% * ;T )+ (8+da )[552 202:395311;?)22‘/3* 20(8+4 LQ\[ ?‘gi
L+ L8+ (- Dy
2
<(;n€i+;T)+(8+4a2)[ij,g’20(8+4a2 LQ\f M160L2 VBL] f
+2ia Lf+—L B+ (A - )%
§[14\_/BA +(14;§ - 18\_/§ + 116;% + 11g;) +(A— 1)%}
B S P NS Ll NS b S Ll SO GRS BRI Sl S )

VB T4V T 8yF 16v8  16v8 1 VB
(1-X\)m T (1-X\)m

2VB(Letr) 64377 8/BL2 srar B < mm{ 3Lf 716Lf} "= i

where v < min{

To ensure C) < 0, we have

ar arr o’L, ar 5L2 g (1—A g (1 —X) 98
Gy = (43 S paar s U Gy = By

2m  2m  m fgB 20(8 + 4a?) L2 (8+4a?)L2

3a 1 1 1

71’/2 7[]2 -2 -

o T T TR
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ar arr o’L, ar 1(1=X) (I-=X) 98
< (& e L /P e 222
G T om T om ) T35 VB+ 160L§\/Bf2
3o 1 1 1
L L2 2
P TR T3
aT aT aT aT aT aT aT aT T aT

< (8T L 9Ty 8T oT or L o7 __ o7 65
_(12m+12m)+6m m+12m+12m+12m+6m+12m 6m’ 65)

: 8/Br 20127 r1-3) TV/BO-X)
where o < min{ s, 13,0075y srg=aAr SLIm’ 2amL%B° ~ 12m 2

-
T 6437

To ensure C% < 0, we have

2rm 4 20(8 +4a?)L2

2
1B pg(1—2A)
= 8 240L2\/B 12 8g+4a2)L2‘/B

ﬂgﬂ ,ug (1- :ugﬂ ﬂg(l A)
< _ Pg\r A _Mg\m A
- 8 208+ 4a2 L2 \/B 4 20(8+ 4a2)L2 \/B

03 L2 3o ,Uzgﬁ [Lg(l — )\) \/B

_HgB pg(1 =) B0 g (L= N)
= 8 20(8+4a?)L2 Vi -5 240L2 (66)

By ﬁ *(1=a)
2880L2L2"

where o <

To ensure C /4 < 0, we have
C;__7+ A-1)B<0 67
m ( ) ’ (67)

where o < (1 — N) B2 ol = -

To ensure Cf, < 0, we have

— 2
O I (L S LA LR e

pg (1 —
20(8 +4a?)L2 20(8 +4a?)L2 2u  2rm

H(1*>\) 25 3 2(1* ) 98 3a o

= 9240L§ T+ﬂ )\L +6% ‘/BL7 2rm 2rm 1)
A) g5

6

7#9@‘”@ fg(1 — A) B° Ng(l_ )57 pg(l —
- 240L2 2 24012 240L2 6 24012

<0, (63)

o pg(1=X)% N2 2u Be(1=X) B* T _ T
where § < mm{(1440L§L2}) ' B1L7 ha< 24002 9L m6+3'r’r = B+a3r-

With the above conditions, we have
1 X
= (Blx — 1@ %> + El|%: — 1@ %¢||> + Elly: — y71%)
t=0

N

p]
Tmin{l; T B 5“‘2’(1_”}

IN

+C, = 0(1/T), (69)

E [po
1 L
1 VB 6m> 8 240L2

_ _ A)
where py = £(x0) +h (%) + oottt VBT —yi I+ Bllu — 10w 2+ Jg e~ 1@%, ), Cf =

Ba_ 2 Cf2 (17%)21{
Y

2rm gy
5 .
mind 122 1 or Bl.5 ng(1=X)
4 /B'6m>’ 8 240L’§

We would like to note that the term C”, decays exponentially fast with respect to K. To show the
sample complexity, we note that the number of sample complecomplexity per agent in the outer loops
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can be calculated as: [%} - n. Also, the number of samples using in the inner loop can be calculated

as T'S. Hence, the total sample complexity can be calculated as:

T+q

f%]n—&—T-SS n+T-KVM=Tyn+n+T Kyn=0(/nKe ' +n).

Thus, the overall SFO complexity is O(y/nKe~! + n). This completes the proof.
Proof of Proposition 3]

Based on stochastic gradient estimator, we have

1 m
Ef”%zvf(xi,ta)’i,t) ) —EgH*X;Vf Xits Yit) sz Xits Vi)
K3
m m

—ESH*ZVJC thaYlt _7va thath,sz)”
:% ZEgﬂvf(Xi,in,t) - vf(xi,hyi,t; g¢0)||2
i=1

1« - . - . - .
= Z]Egﬂvf(xi,t, Vi) = Be[Vf (i, ¥it: &0)] + Be [V (%0, it €0)] = VI (%it, Vit €)1

i=1

ZE:HVJC Xit,Yit) = Ei[?f(xi,ta}"i,ﬁgio)]HQ

=1

2 «— _ . _ .
+— Z IEe[V f(Xit: yits Ei0)] — Vf (Xies yies Eio) |1

i=1
Cy., O H Kz 2
dp(Gonhe (19) )* + 207, (70)
Hg Ly !

where (a) follows from the triangle inequality and (b) is from Assumption 3[b) and Lemma 3]

()2

Besides, with the results from Step 3 and the update rule of p;(x; ¢, y;.+), we have

1 -
e — 1@ %> < (1+ e0)A2[xm1 — 1@ a2+ (1 + —)a?|[%em1 — x|
&1

Jur = 1@ w? = lumr = 1@ [ < ((1+c2)A” = Dy — 1@ w |

1 m
(L L3 =[P4 82 ) Vi)
=1
(a)
(1 ) = Dlfws — 10 P+ (L4 LS xim — 1@ %) P
m

+40®(|(x-1 = 1@ %) | + 40| (K1 — L@ %) [P+ 62 [vie—al®). (7D

i=1
where (a) follows from Eq. (38).
Additionally, we have

E¢IVg(xi,yi) — > = ||Vg(x,yi) — 9(x5,¥i:Go) | = 0. (72)

Thus, combing @2)-(71)), we can conclude that

= = = = I 1-A * *
]E{f(XTH)—€(X0)+h(XT+1)—h(Xo)+2Om?8(+4a2))L5\/B[||YT+1—YT+1||2_|YO—YO||2]

1 _ _ _ _
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MV

26



Under review as a conference paper at ICLR 2023

g (

20m(8 + 4a?) L2

2 T

1- )

S i -l

9 t=0

ar

+(—+
m

aTrTr

— +

2m

(0%

2

pg(1—A)

4

20m(8 + 4a2)L2

9
ffZHvygxt,yn—vtu (e

-

| R

ly?

T

t=0

—Yt||2

vl

7;2 8ll(xe — 1@ %) + 4?(|(xs — 1@ %)[I” + 40| (% — 1 @ %) [|7)]
=0

1
+ ﬁ((l

+B8((1 +

+(1+—

+40°E||(x4-1 — 1@ % 1)||? + 4R (X1 — 1@ %) ||* +

Choosing ¢; = ¢y = 5

E{l(Xp41) — €(X0) + h(Xp41) —

+C1)

T+1

1) Elxi —1@%|* +

t=1
T+1

)N =1) > Elu; — 1@ 8>

t=1

T+1
BL3 " (SEl|(xi—1 — 1® %)

pg(1—
20m(8 + 4a?) L2

—|Ix0 = 1@ %o*] + Blllurs1 — 1 @ Gry1]]* — luo — 1 ® ao*]}

T

t=1

— 1, we have

A

h(Xo)

1

—1+

VB!

T+1

Z]EHXt T A

BE[ve-1]?).

T T
<C Y Elxi —1@%|*+C2 Y El% —1@%]° +Cs > Elly: — y;

t=0 t=0 t=0
T T
+C4ZEHut—1®ﬁt||2+C5ZEHVt”2
t=0 t=0
3a ., C,. Cs w 98 pg(1—A)
2 Ty y 1— rg 2 N ‘AN 2 LT
g =, L, ) + )+2ug 20m(8 + 40?) L2 Vo]
where the constants are
alL, ar i PLVB (1= 1))
Cr=(—L 4+ )4+ (8+4 Y 2 L] A=
! (2m7“+2rm)+( +4a7)] gl 20m(8+4a2)L§+1—/\ B+
ar arr oL, ar
= o W)
5L pg(1—N) 1 1
4 e —at—=
o [ugBQOm(8+4a2 LQ\[Jr LAl e VB’
3 pgB pg(1-A)
C —L2 g g—
8 2rm 4 20m(8 + 4a2)L2 VB,
3a
Cy = A —
1=5— +(A-1)8,

27

1)

2L T )

4 5 < 112
- — g -1

m m ) t=0 ||Xt ? Xt”

T
Z Ju; — 1@ w?
t=0

NgBS/z

(73)

- * * - 1 =
12 VB[IF7+1 = ¥ ll? = llys — voll?] + ﬁ[”XT-&-l —1@xp?

(74)

1

\/B?
(75)
(76)
(77)

(78)



Under review as a conference paper at ICLR 2023

/‘g(l —A) Pl BQ

1
g\ ) PgrrNE 3_ - 72
Cs = 20m(8+4042)L§‘/B(H i e el (79)

To ensure C; < %, we have

al, ar o DLEVB (1 =)

— 8+4
2mr+2rm)+( +4a%)] g 20m(8 +4a?)L?

)

BLEVE  py(1— )
fg3  20m(8 + 40?)L?
I—X  1-2\ I-X  1-2)
A—1
4\/B+4\/Bm+( 83 * 165>+( )
I—X 1-X ,1-X 1=\ 1 1—A
+ + + tA-1) ==~
4/B 4B (8\/3 8x/3)( 1
(1-=X\)m T T

where o < mln{Qf(LerT) 6437 8,3Lf} p< SLf =

To ensure Cy < 0, we have

Cr = (

—( aly T

2mr  2rm

+ (8 4 4a?)[ ]+(8+4a2)[%L?6]+(>\—1)

<[
<[

(80)

ar arr o’L, ar
Co=(—+— -—
2 (m + 2m + 2m m )

e 71 2 1
125 20m(8 + 402) L2f+ s e /R Gl
1 (1-) 4 1 1
< or o atbe 2 12 2 1
S R PR by B e w U (o Rl w Gl
£+£+ﬂ_ﬂ+(£+ﬂ)+w ar
~—12m  12m 6m m 2m  12m 3m’

‘rf T(1— A) }
7 6(1—=X)? 48mL2ﬂ

+4a?[—L

ar arr o’L; ar

(81)

6m —
3 _ T
where o < min{z— 3T, = o

To ensure C3 < 0, we have

3a pgB pg(1—A)
22 _HeP ML TA)
Co= L ™ 20m,(8 + 402) L2 VB

ngB  pg(1—A)
g 8 240L2 \/B fl 20m(g8+4a2)L12/\/E

Ngﬂ pg(l — ,ugﬁ pg(1—A)
<
= 8 2008 +4a?) L2\/B 4 20m(8+4a2)L§‘/B
2
_HgB (1= o BN
s SRt <o 82
=8 20m(8+4a2)L2f_ 8 240mL2 (82
piB' (11—

where o < ~5— o572 12

To ensure C4 < 0, we have

3o
Ci=5—+(A-1)B <0, (83)

2rm
where v < (1 — \)3=5™.

To ensure C5 < 0, we have
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<~ Fomi? 240 2 \f + 8 L7 <0, (84)

4 2
(1=X2)"pg

where § < gomnrziz-

With the above conditions, we have
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Then, we can conclude that:
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C SUPPORTING LEMMAS

C.1 ProoF oF LEMMA[I

V£ (x1.¥:€) = VI (x2.5:6) |

(a) 1
g

Hi,K:| Vyf (x1,y;€))
- iy b yidl) | £ k] o f (i) I
g

(b) 1
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g

1
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LHZ»,K} Vyf (x2,y: &) I (88)
g

where (a) follows from triangle inequality and the definition of V f ( X,¥; E), (b) follows from the
gradient Liptichz assumption.

For the last term, we have

1 1
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where (a) and (d) follow from Assumption [I}2] and the triangle inequality and the Lemma A.1 in
(Khanduri et al.,|2021), and (b) follows from Ly, -Lipschitz continuity assumption and expanding j to

k, (c) is because of the triangle inequality, and (d) follows from L, -Liptichz continuity assumption.

On both sides taking expectation w.r.t k, we have
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Further, Ej, HVf ( X,¥1; 5_) - Vf ( X,y2; 5_) H < L¢|ly1 — y2||* follows the same procedure.
C.2 PROOF OF LEMMA[3]
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This completes the proof.

C.3 PROOF OF LEMMA [

Similar to Egs. (B8)—(9), and with the conventional stochastic gradient estima-
tor Vf(xie,yi;&ij) = V(i yis &) — Kv2yg(xzt7yzta<'0) : H';(:I?(I

VI og(xit,yi:¢)
WL—;”)Vyf(Xi,t,Yi,t; 59)7 we have

B |V F (x1,y:€) — Vf (x2.y:8) ||
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Since we are aiming at finding a constant L., which satisfied the Liptichz inequality for all &,
2(k(K)—1)

Eq. (93) needs to hold with the maximum value of k(K')? (1 - ’L‘—Z) .

Thus, we have
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Thus, we can conclude that L2, > L.

Further, E,, HVf ( X,V1; f_) - Vf ( X,y2; 5_) Hz < Leonw||ly1 — y2||? follows the same procesure.
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Figure 4: Network topology. Figure 5: Network probability comparison.

D FURTHER EXPERIMENTS AND ADDITIONAL RESULTS

D.1 TOPOLOGY SETTING

We test three different topologies on a 10-agent system. The datasize for each agent is n = 100. We
set the constant learning rate « = 0.5, 8 = 0.5 and mini-batch size ¢ = [\/n] = 10, pre-defined
parameter K = 10. As shown in Fig.[5] we can observe that Prometheus is insensitive to the network
topology, but the convergence metric 91 slightly increases as p. decreases.

D.2 LEARNING RATE SETTING

We use a 10-agent system with a generated topology as shown in Fig.[d] In this experiment, the
dataset size for each agent is n = 100, mini-batch size ¢ = [/n] = 10, pre-defined parameter
K = 10. Fig.[7]illustrates the convergence metric 9t of Prometheus with different learning rates o
and 3. We fix a relatively small learning rate 5 = 0.5 while comparing «; and set & = 0.5 while
comparing (. In this experiment, we observe that methods with a smaller learning rate have a smaller
slope in the figure, which implies a slower convergence.

D.3 ADDITIONAL EXPERIMENTS ON OUR NEW STOCHATIC ESTIMATOR

Recall that the conventional estimator to estimate the A ~! can be denoted as Ac_ol,w =K H’;g) (I—
A ), while the new estimator can be denoted as Al = Z?,(fl) ;:1 (I — Aj). Here we consider a

4-dimension matrix example A = 0.25 * I; and 10-dimension matrix example A = 0.1 x I;. Let
A be a random matrix obtained from A plus Gaussian noise. We use A_}, and A ! to estimate
A1, respectively. We run 10000 independent trials and the results are shown in Fig. @ We can see
from Fig. [f] that the new Hessian inverse estimator has a much smaller variance than the conventional

one.

D.4 ADDITIONAL EXPERIMENTS ON DECENTRALIZED HYPER-PARAMETER

Next, we compare Prometheus with other baseline algorithms using the logistic regression prob-
lem (Grazzi et al.| 2020} Ji et al., [2021) with the same formulation as in (I)), where f;(x,y;(x)) =
|D\1]’i| Z(aﬁc]-)E’Dm],i Q(afyja cj)’ 9i (X? Yz) = ﬁ Z(aj,Cj)EDlm- Q(a?yl7 Cj) + ﬁ lel

le exp(xr)yfrk. Dy, denotes the the training dataset and D,y ; is the validation dataset for
agent 7, respectively, () indicates the cross-entropy loss, ¢; denotes the number of classes, and p is the
number of features. We use the “a9a" dataset from LIBSVM repository, which is publicly available
at (Chang & Lin| [2011). We divide the a9a dataset into training, validation, and testing sets, which
contain 40%, 40%, and 20% samples, respectively. We compare the proposed Prometheus algorithm
in terms of test accuracy and loss, using ten-agent communication networks, with the network con-
nection probability p. = 0.5, step sizes @ = 3 = 0.01. As shown in Fig.[9] Prometheus performs
better than all other algorithms in terms of the total number of communication rounds.
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Figure 9: Hyper-parameter experiment on a ten-agent network.
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