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Overview

Goal

The goal is to efficiently sample possible transition paths
connecting two low-energy states separated by a
high-energy barrier.

Transition Path Sampling

We consider the transition dynamics in Brownian

systems with Langevin dynamics.

Stochastic Differential Equation (SDE)
dxy = by(xy) - dt + E¢dW;

Reference process (Langevin dynamics)
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Easy to sample by simulating SDE
plry =x | xg = A)

Difficult to sample when conditioned on endpoint

Transition Path Sampling with
Doob’s h-transform

Design choices

e Every sample matters: our method avoids wasteful
forward simulation and importance sampling
(simulation-free)

 Optimization over sampling: we optimize over an
expressive variational family of approximations
through neural networks

 Problem-informed parameterization: we enforce
the exact boundary condition, thus reducing the
search space

Doob’s h-transform
Doob’s h-transform allows us to condition the underlying
SDE on the event that the state Bis reached at t = T".

Consider the unconditioned reference process Pt

dr; = bt(l't) - dt + = dW, Lo ~ PO

With Doob’s h-transform, we can condition it on the
endpoint by adding an additional drift term to get . :
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where h(z,t) := p(xr € B | 2: =) and G, := 551:5{

diL’t|0’T = (bt (xt|O,T) -+ QGth lOg h (xt|0,T7 t)) - dt + Etth

Variational Formulation of

Doob’s h-transform
/Theorem
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The following Lagrangian action function has a unique
solution which matches the Doob h-transform

T
S=min [ dt [ do qyor(x) (vuor(a), Grvor(a)
0

q,v
such that
0q X
D) (9, g0z @) (i) + 2Civr0.2(2))
82
-+ Z (Gt)ij 0101 Qt|O,T(x)
ij v
with  go(x) = d(x — A) qr(z) = 6(xz — B)

At optimality:
q:|o,T(33) = Pt|0,T(5’7)

vij0,7(%) = Vg log h(z,1)
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Computational Approach

Tractable Drift
We assume ¢:o,7(x)to follow a Gaussian and train a neural
network to predict the parameters.
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Optimization \Want SDE whose evolution follows g¢jo,7(x)
and is of the form:

dzyor = (be(@go.1) + 2Gt vyo.1(Z4p0,7)) -dt + E¢ AW,
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where  vyo,7(Ttj0,7) ® Vi log h(xso,t)

Assuming Gaussian g:|o,r (), we can solve for corresponding
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and substitute this vector field into the objective above

Algorithm 3 Variational Doob A-Transform (Single Sample with Gaussian Paths)
Input: Reference drift b;, diffusion matrix G; = EtE;—”,
conditioning endpoints xog = A,z = B
while not converged do

Sample x; for t ~ U(0,T') from current qt(|90) T

using
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Calculate u¢ | 7(z¢) using the output of the neural network

3,&1,(9) 1 32(9)
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Calculate vy 7 () using uiﬁ)’eq), (x;) and the base drift b;(x;)
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offorp(@e) = 5(G) 7 (uffip (@) — bilay)

Calculate S

,0 ’0
S = (WO (@), Gy v (x2)

e Note: z; ~ q§|90) - and thus need to backpropagate through b, ()

using reparameterization trick
Update 6 < optimizer(, VyS)

end while
return

2D Toy Experiments

Muller-Brown Potential

(a) MCMC (b) Ours
Method # Evaluations () | Max Energy () MinMax Energy ({)
MCMC (variable length) 3.53M -13.77 £ 16.43 -40.75
MCMC 1.03B -17.80 + 14.77 -40.21
Ours 1.28M -14.81 £+ 13.73 -40.56

Mixture of Gaussian Parameterization

We introduce a mixture of Gaussians to capture more
complex distributions and more paths.
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Dual-Channel Double-Well Potential

(a) Single Gaussian  (b) Mixture of Gaussians

Molecular System: Alanine Dipeptide
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Method States  # Evaluations () Max Energy ({) MinMax Energy ({)
MCMC (variable length) Cv 25.82M 1,212.81 & 19,444.46 28.67
MCMCH* Cv 1.29B 288.46 + 128.31 60.52
MCMC (variable length) relaxed 80.23M 269.16 + 248.51 39.11
MCMC relaxed N/A N/A N/A
MCMC (variable length) exact N/A N/A N/A
MCMC exact N/A N/A N/A

38.40M
51.20M
51.20M
51.20M

Ours (Cartesian)

Ours (Cartesian, 2 Mixtures)
Ours (Internal)

Ours (Internal, 2 Mixtures)

804.24 + 0.20
828.77 + 27.34
352.20 + 0.04
371.16 + 82.88

803.62
803.44
352.08
239.66
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Molecular System — Chignolin
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