A Technical Appendices and Supplementary Material

A.1 Feature Regularity Conditions and General Log-concave Distributions

The literature on learning halfspaces with noise typically assumes that the feature vector x has an
isotropic log-concave distribution [Balcan and Long}, 2013} |/Awasthi et al., 2017, |[Zhang et al., 2020,
Shen} 2023|]. The log-concave and isotropic log-concave distributions are defined as follows.

Definition 1 (Isotropic log-concave distribution [Lovasz and Vempala, 2007]]). A random vector
z over RY with probability density function ¢,(-) follows a log-concave distribution if In ¢, (-) is
concave. Moreover, it is isotropic if E [z] = 0 and E [zz"] = I.

The following lemma summarizes some important properties of (isotropic) log-concave distributions
that have been proved by literature.

Lemma 2. Suppose z € R? with probability density function ¢,(-) follows a log-concave distribution.
Then, the following holds.

(a) (Klivans et al.| [|2009] Lemma 5.17) For d = 1, assume that E [zﬂ = C?, then for every
t>0,P(|z|>t) <e L

Moreover, if z is isotropic, then,

(b) (Lovdsz and Vempala| [2007] Lemma 5.2) ¢,(z) > (1(d) for all 0 < ||z||2 < 1/9, where
B(d) =278,
(¢) (Lovdsz and Vempala| [2007|] Lemma 5.5) For d = 1, ¢.(z) < 1.

(d) (Klivans et al.|[2009] Lemma 7 ) For d > 2, ¢,(z) < Bg(d)e_ﬁif(d)“Z“% where B2(d) =

—7d
2844%/2¢ and 3(d) = 2(d—1)(202(d—1))<d*1>/2'

Following Lemma[2] one can show that any mean-zero isotropic log-concave distribution satisfies
the regularity conditions in assumption 2] Importantly, in this part, we show that the regularity
conditions can hold even for a mean-zero log-concave distribution that is not isotropic. In this case,
eigenvalue bounds on the covariance matrix of the distribution determine the corresponding regularity
parameters.

Lemma 3. Let x € R? (d > 2) have zero mean and a log-concave distribution. Suppose the
eigenvalues of its covariance matrix ¥ = & [XXT} are all bounded within [\, \] for some positive
constants \, \, then the distribution of X satisfies the regularity conditions in assumption |2} with

parameters L = Lz/(%), Ly = /315(\2), R=3VAU = %, Uy = 52)(\2), §= —52”/%), Q = V) for

Bi(1), B1(2), B2(2), B5(2) given in Lemmal2]

A.2 Numerical Experiments

In this subsection, we conduct numerical experiments to evaluate our proposed algorithm. To
highlight the challenges posed by Massart Noise and strategic behavior, and to demonstrate the
effectiveness of our algorithm, we compare its regret against two benchmarks: (1) the Strategic
Perceptron algorithm from |/Ahmadi et al.[[2021]], designed for noiseless online strategic classification,
and (2) the PAC learning algorithm for halfspaces with Massart Noise from |Zhang et al.| [2020]],
designed for non-strategic classification. Note that these benchmarks are both originally designed for
full feedback settings, whereas our work focuses on partial feedback. We evaluate the performance
of these benchmark algorithms both when they have access to full feedback (while our algorithm
does not) and when they only use partial feedback as our algorithm.

We test the algorithms under two different settings, with key parameters outlined in Table|l| Each
setting is replicated 30 times, and we report the average regret for each algorithm. Our analysis
includes a performance comparison of the different algorithms and an investigation of how various
problem parameters influence our proposed algorithm.

Benchmark against Strategic Perceptron by Ahmadi et al.|[2021] To understand the impact of
Massart Noise, we compare our algorithm with the Strategic Perceptron algorithm from |/Ahmadi et al.
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Table 1: Numerical experiment settings.

Index Dx 7l n(x) 5 w*
Setting 1 Standard Normal 0.1 n(x) = (1 — exp(—||x]2)) 0.1 (L,0)
Setting 2 Unit Ball 0.1 n(x) =17 0.1 (1,0)

[2021]]. This algorithm provably achieves only a finite number of mistakes under a noiseless model
where the feature-label relationship is deterministic and the true and negative classes are strictly
separated by a positive margin. [Ahmadi et al.| [2021] modify the classical Perceptron algorithm by
setting a higher threshold for classifying an agent as positive and proxy surrogate features to estimate
the agents’ true features. Their proxy feature is defined as follows.

Definition 2 (%,, proxy feature ,|Ahmadi et al|[2021]). For a given classifier h(-) = sgn({w,-)+m),
an agent (x,y) reports his feature as r according to Lemma Then the corresponding proxy feature
X; inAhmadi et al.|[2021)] is defined as

%, =TT IW (w,r) =vyandy, = —1; )
¢ ry otherwise.

Algorithm 5: Original Strategic Perceptron with Full Feedback (Ahmadi et al.| [2021]))

Accept the first agent without declaring any classifier
if y1 = 1 then
Wo < I
else
Wo  —rI
W = Wa/|[Wallo
fort=2---,7Tdo
Declare classifier h¢(r) = sgn({w¢,r) — ), receive agent response r¢

Classify the agent as §; = Ay (ry)
if Yt §£ :ljt then

Wit = Wi + YeXe, Wip1 6 W1 /[[Wep |2
else

Wip1 <= Wy

Their original algorithm, designed for the full feedback setting, is presented in Algorithm[5] Algo-
rithm [6] below directly adapts this algorithm to our partial feedback setting. Specifically, instead of
using all data points that incur misclassifications for update, the refined algorithm uses only positively
classified agents with true labels —1 to adjust the coefficient vector.

Algorithm 6: Strategic Perceptron with Partial Feedback

Accept the first agent without declaring any classifier
if y1 = 1 then
Wz “— I
else
Wz “— —I
Wy = W2 /[[Wallo
fort=2---,Tdo
Declare classifier h¢(r) = sgn({w¢,r) — ), receive agent response r¢
if (w,r;) > ~ then
Accept the agent and receive his true label y;

else

Reject the agent without getting his true label
if y» = —1 then

Wil < Wi — Xt, Weg1 < Wit /|| Weg]|2
else

Wil < We
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Figure 3: Average regrets of our algorithm and two Strategic Perceptron based-benchmark algorithms
over different time horizons 7' under the two settings listed in Table |1} Results are based on 30
independent replications of the experiment.

Figure [3illustrates the average regret of each algorithm over 50,000 cycles in both settings listed in
Table[I} We observe that our algorithm’s regret grows sublinearly, while the two benchmarks’ regrets
may accumulate linearly. The original Strategic Perceptron with full feedback (the dashed red line)
demonstrates slightly better performance compared to its partially feedback-modified counterpart (the
dashed green line). However, the improvement remains marginal, suggesting that our partial feedback
setting is not the primary cause of the Strategic Perceptron’s failure. Intuitively, the ineffectiveness of
the two benchmarks stems from their sensitivity to noise when updating with data from all admitted
agents. When 0(w*, w;) is relatively small but (w;,r;) (equals (w¢,x¢) when (w¢, 1) > ) is
large, the algorithm is more likely to admit a ‘wrong’ agent (y; = —1 but h(r;) = 1) due to noise
rather than an inaccurate classifier. Since the perceptron algorithm updates are based on mistakes
(Rosenblatt| [[1958]]), the presence of noise increases the probability of misleading updates for the
classifiers. In contrast, our algorithm explores a small band near the decision boundary, whose
bandwidth decreases proportionally to (w*, wy), k = 1,2, --- , K across batches. Within this band,
wrong admissions are more likely due to suboptimal classifiers than noise, making the update more
effective. This enables our algorithm to gradually converge to the optimal decision.

Benchmark against Non-Strategic Learning under Massart Noise by Zhang et al. [2020] Next,
to highlight the impact of agents’ strategic behavior, we compare our algorithm against the algorithm
proposed by [Zhang et al. [2020] (see Algorithm [7), which is designed for adaptively learning
halfspaces with Massart Noise in the non-strategic classification setting. Their algorithm also adopts
a localization scheme that focuses on data within an increasingly narrow band near the classification
boundary and uses online mirror descent in batches for classifier updates. However, they do not
consider the impact of agents’ strategic behavior. We test the performance of their algorithm under
strategic manipulation in both full feedback and partial feedback settings. The two settings differ
in: 1) whether the principal can collect labels of those who are negatively classified (full feedback)
or not (partial feedback) and 2) the algorithm chooses different bandwidths for updates, namely,
{r|—bx < (Wi, Tr;) < by} for the full feedback setting and {r |0 < (wy ;, 1k ;) < by} for the
partial feedback setting.

As shown in Figure [d] after a common pure exploration phase, the regret of the non-strategic learning
algorithm in both full feedback and partial feedback settings grows linearly. This is because the
non-strategic learning algorithm ignores agents’ strategic manipulation. Consequently, true negative
agents may misreport their features to be positively labeled. In contrast, our algorithm accounts for
agents’ strategic behavior and is able to efficiently learn the ground truth distribution.
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Algorithm 7: Non-Strategic Learning under Massart Noise

Input: Feedback setting ', noise level bound 7, lengths { T} U {Tk } i, bandwidths {by, }7—,, step
sizes {ak}szo, feature dimension d
wo = Non-Strategic-Initialization(F, Tinit) // See Algorithm [g
w1 = Non-Strategic-Refinement(F, wo, 77, To, bo, o, d) // See Algorithm [9)
for k < 1to K do
wi+1 = Non-Strategic-Batched-Enhancement(F, w1, 7, k, Tk, bk, ok, d) // See Algorithm

Algorithm 8: Non-Strategic-Initialization
Input: Feedback setting F, iteration length Tinic
for ¢ < 1 to Ty do
Uniformly draw wig,; € S?
Declare ﬁmil,i(r) = sgn({Winit,i, I')), agent (Xinit,s, Yinit,;) arrives and reports Tinit,s
Make classification decision Einil,i(rinit,i)
if ' = “full” then
collect label ¥init,s
if ' =“partial” then
collect label yini,;only if ﬁinit,i(rinh,i) =1
if I = “full” then
return wo = T,-l,,,-, o ity Y,
if ' = “partial” then
return wg = ﬁ ZZT’:”’{ rinit?iyinil,iﬂ (<Wim'z,z', I‘imr,i) > 0)

Algorithm 9: Non-Strategic-Refinement

Input: Feedback setting F', Initial vector wo, noise level 7, iteration length T, bandwidth b, step size av,
feature dimension d
Initialization : wo 1 = wo/||Wol|2

for ¢ <— 1 to Ty do
Declare classifier §o,; = ho.i(r) = sgn((wo,i, r)), agent (X0, yo,;) arrives and reports ro ;
if F' = “full” then
Make classification decision §jo,1 = ho,;(ro,;) and collect label yo ;
Compute gradient:
£o,i = [—7rod (Yo,i = Jo,1) + (1 — 7)ro,:l (yo.: 7 Fo,1)[I(—bo < (Wo,i,r0,:) < bo)
if ' = “partial” then
Make classification decision o1 = izoﬂ-(ro,i) and collect label yo ; only if §o ; = 1
Compute gradient:
£o,i = [—7ro,: I (yo,i = Po,1) + (1 = 7)ro:l (yo,i 7 Ho,1)]L(0 < (Wo,,T0,:) < bo)
Set constraint set: Wy = {w | ||wl]2 < 1, (w,Wo) > c1(1 —27)}
Update w: Wo ;41 = arg minwew, {(€o,i, W) + %%, where p = lnlzlg(:)dll
Normalize: Wo,i+1 = Wo’i+1/||WO7i+1 ||2
Compute mean vector: wi = T%] ST woy

return w1 = w1 /||w1]|2

Impact of Different Parameters We examine three groups of additional settings to analyze the
impact of different parameters. For each group, we test both settings from Table|l1| The average regret
over 30 independent experiments for each group is depicted in fig. [5lup to 50,000 cycles.

We first examine how different maximum manipulation distances v = 0.1, 0.2, 0.5 affect the regret of
our algorithm. As depicted in Figure[5](al) and (a2), larger -y values result in higher regret. Intuitively,
a larger v permits more agents to manipulate their features, so the strategic manipulation problem
becomes more severe. This causes all algorithms to have worse performance.

Next, we vary the feature space dimension, setting w* to be (1,0) (d = 2), (1,0,0,0) (d = 4), and
(1,0,0,0,0,0) (d = 6), respectively. The average regret across different time horizons is shown in
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Algorithm 10: Non-Strategic-Batched Enhancement

Input: Feedback setting F, initial vector wy, noise level 7, batch index k, iteration length 7}, bandwidth
by, step size ay, feature dimension d
Initialization :wj 1 = wy,
for i < 1to Ty do
Declare classifier hy ;(r) = sgn({w,i, r)), agent (Xk,i, Yk,s) arrives and reports r ;
if ' = “full” then
Make classification decision §x,; = hi,i(rk,:) and collect label yy ;
Compute gradient:
8k,i = [Tkl (yo,i = Ur,i) + (1 — 7)ro,il (yo,s # Gr,s)[LI(—bo < (Wo,s,10,:) < bo)
if ' = “partial” then
Make classification decision g ; = fzkl(rkz) and collect label y ; only if §r; = 1
Compute gradient:
8k,i = [—7re,:l (yo,i = Ur,i) + (1 — 7)ro,sI (yo,s # Jr,s)]I(0 < (Wo,4,T0,:) < bo)

Update: W i+1 < arg minwew, (&k,qi, W) + i% where p = lnl("g)dll , the constraint set

Wi = {w] |lwll2 < 1, ||w — w2 < 0, starting angle 0 = 57
Normalize: Wk i+1 = VA\’k,¢+1/||VAVk7i+1H2

~ 1 Ty
Compute mean vector Wi41 = Ty Zi:l Wk.i

return Wgt1 = VAV]C+1/HVAV]C+1 ||2
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Figure 4: Average regrets of our algorithm and two Non-strategic learning based-benchmark algo-
rithms over different time horizons 7" under the two settings listed in Table|l} Results are based on 30
independent replications of the experiment.

fig. 5] (b1) and (b2). As expected, the d = 2 setting yields the lowest regret, while d = 6 setting
yields the highest, consistent with our regret bound.

We finally investigate the impact of the noise level 7] on our algorithm’s convergence in fig.[5|(c1) and
(c2), setting 77 to 0.1, 0.2 and 0.4. Surprisingly, the impact of the noise level manifests in opposite
trends across the two settings. In setting 1, a higher noise level results in greater regret when 7' is large
enough. Conversely, in setting 2, increased noise levels lead to a lower regret rate. This discrepancy
might stem from the fact that as the noise level rises, the learning accuracy of the clairvoyant optimal
classifier diminishes. Given that regret is defined as the difference in cumulative error between our
algorithm’s classifiers and the clairvoyant optimal ones, the noisier environment could potentially
narrow this gap.

A.3 Technical Lemmas

In this subsection, we list some technical lemmas as instruments for our further proofs.

Properties of Regular Distributions
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Figure 5: Average regrets of our algorithm over different time horizons 7" on various parameters.
Results are based on 30 independent replications of the experiment.

Lemma 4. Suppose that the distribution of a random vector x ~ Dy satisfies the regularity conditions
outlined in Assumption|2| then, it has the following properties.

(a) Forv¥w € S andV b > 0, Ly min{R, b} <P (0 < (w,x) < b) < U;b.

(b) There exist positive constants cg, cg > 0, such that for any two unit vectors vi, vy € sS4, if
0<0(vi,ve) < 7, then

sl (sgn((vi, %)) # sgn((va, x))) <0 (v1,v2) < coP (sgn((vi, %)) # sgn((v2,x))) .
3
Proof. (a) Since (w,x) forms a projection of x onto a certain 1-dimensional hyperplane, property

(a) trivially holds by conditions 1 and 2 in Assumption 2}

(b) Let z == ({v1,x),(ve,x)), which is a projection of x onto a 2-dimensional subspace V;
spanned by v; and vy. Let ¢y, (-) and Dy, denote its density and distribution, respectively. Let
Gy, = {z|sgn(z1) # sgn(z2)}, then,

Pxp, (sgn((vi,x)) # sgn((ve, x))) = Poup,, (2 € Gvs)
:/ ov,(2z) dz
zeGy

> / Lo dz
z€GyNB2(R)

Z L2R29 (Vl,Vg) .

Where the first inequality holds by condition 1 of Assumption[2|that Ly < ¢y, (z) for all ||z[> < R.
The last inequality holds by an observation that fz €Gv, NB2(R) 1dz > 320(v1, v3). Hence, we prove
2

the first inequality of (3).
To prove the second inequality of (3), for Ve > 0, we have

Py, (sgn((v1,x)) # sgn((vz, x)))
= PZNDVQ (Z S sz)

< Puupy, (2 € Gy, [12]2 < €) + Ponpy, ([12]2 > €)

< / P15 (2) + P, (| (Vi %) [ > €) + P, (| (v2, %) [ > €)
z€G v, NB2(e)

- / 013 (2) + Py (| (v1,%) | > €) + P (| (Vs X) | > €)
z€Gy, NB2(¢)

< Usf (v, va) €+ 2exp(1 — Qe) .
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Where the last inequality holds by the fact that ¢y, (z) < Usexp(—d||z||2) < U, according to
Assumption [2| condition 2 and Py.p, (| (w,x) | > €) < exp(1 — Qe) for ¥w € S? according to

Assumption 2| Condition 3. Taking € = w, then we have

U.
P sen((v1, ) # sen((va,x)) < (3 +2) 0w
Thus, we complete the proof of the second inequality in (3). O

Probability Tail bounds

Definition 3. ((o, b)-subexponential, Wainwrigh [2019], Deﬁnition 2.7) A random variable X with
mean (i = E [X] is (0, b)-subexponential, if for VA € [—1, £].

E [exp(A(X — 2))] < exp ("?2) |

Lemma 5. ((o,b)-subexponential tail bound, another form of|Wainwrighi| [2019|], Proposition 2.9)
Suppose X is a (o, b)-subexponential random variable with mean £ | X| = p, then with probability

at least 1 — 9,
/ 1 1
X<pu+ 2021n5+261ng,

also, with probability at least 1 — 6,

1 1
XZM_1/2021n5_2b1n5~

Lemma 6. (A Bernstein-type bound for i.i.d. random variables, another form of\Wainwright| [2019)],
Equation (2.18)) Suppose { X }I¥_, is sequence of i.i.d. (o,b)-subexponential random variables, then,
with probability at least 1 — 0,

N N
; g +a,/2N1n5+2b1n6

and, with probability at least 1 — 9,

N N 1 1
X; > E[X;| — 2NIn - — 2bln — .
; 7; [Xi] — o4/ n5 n(s

Lemma 7. (A Bernstein-type bound for a martingale difference sequence, another form of|\Wainwright|
[2019], Theorem 2.19) Suppose { X }I, is a sequence of conditionally (o, b)-subexponential random
variables adapted from filtration {F;} |, i.e.,

E [exp(A(X; — E[X; | Fi_1])) | Fi1] < exp (02;2) = [_11) 2] .

Then, with probability at least 1 — 6,

X; < Xi| Fioa] +oy/2NIn < + 2bIn
> Xi <Y EIXi| Fia +oy/2NIn< +2bIn 3,

i=1 i=1

and, with probability at least 1 — ¢,

N
1 1
X; > (X | Fiz 2NIn—- —2bln - .
;:1 ; E: | 1] — o4/ n5 n6
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Lemma 8. (Azuma-Hoeffding’s Inequality, another form of |Wainwright [2019]], Corollary 2.20)
Suppose { X}, is a sequence adapted from filtration {F;}:_, such that X; € [a,b], Then, with
probability at least 1 — ¢,

N N I I
;Xi S;E[XHfi—1]+(b*a)\/§N1ng,

and, with probability at least 1 — §,

N N 1 1
th > ZE[XA Fio1] — (b—a),/iNlng .
=1 i=1

We show in the following lemma how to determine the parameters (o, b) prescribed in Definition
by a given probability tail bound.

Lemma 9. Suppose a random variable satisfies P (| X| > a) < Cexp(—2) for given C,v > 0, then

X is (6vy/1 + 2C, 6v)-subexponential. Also, if Y is a random variable that satisfy |Y'| < M, then,
XY is (6Mv+/1 + 2C, 6 Mv)-subexponential.

Proof. First, consider | X |'s moment generating function E [e*¥1] | for VA > 0, we have:

E [eMXq = /JFOO]P’(eMXl > u) du
0
§1+/+OO (|X|>ln/\u) du
1

+oo .
<14+ C’/ u~ >z du .
1
From the above inequality, we get that E [e*¥1] <14 E3 < 00if 0 < XA < 1. Set A= 2, as
E {eéle} = Z:’OO ](ELE()! ]‘, we have:
E [|X]*]
(2 )Z'

<E{e%|X|} <1+20. )

Now we introduce a new random variable X’ that is an independent copy of X, then we can bound
E [exp(AM(X — E [X]))] by Jensen’s inequality, E [exp(A(X — E [X]))] < E[exp(A(X — X"))].
Therefore, we only need to bound E [exp(A(X — X'))]. For VA € [—&&, L],

]E[(X X’) = E[(X - X)Zum]

1=0 =0

OOE X2z 221/\22 ) )
[ | ] <1+ (1+420) Z( y> 2%\

<14y
=1+ (1+20) i(:&m)% <142(1+2C)(3vN)?

i=1

< exp(2(1+20)(3vA)?) =

exp ((61/\/1—;720)2)\2) |

where the first equality holds by Taylor expansion, the second equality holds since [ [(X - X’ )l] =0

for all 4’s that are odd. The first inequality holds by the fact that |z — z/|* < 2¢=1(|z|* 4 |2'|*) for
all ¢ > 1, and that X and X’ have the same distribution. The second inequality holds by @). The

third inequality holds since >_:~ | (3v\)% = 153(@);)2 <2x (3vA)? when A € [~ &5 ]. The last

inequality holds by the fact that 1 4+ x < e” for all x € R.
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Thus, by definition of (o, b)-subexponential, we conclude that X is (6v4/1 + 2C', 6v)-subexponential.
Now we prove the subexponential property of XY". Since [Y'| < M and P (| X| > a) < Cexp(—2),

P(XY|2a) <P(1X|2 ) < Cexp (57 ) -

Replacing v by M v, we conclude that XY is (6Mv+/1 + 2C, 6 Mv)-subexponential. O

Lemma 9] directly accommodates to our regularity assumption and leads to the following corollary.

Corollary 2. (Subexponential property of regular distributions) Suppose x is a random variable that
satisfies Assumption then, for ¥V w € BY, (w, x) is (%, %)-subexponential.

Proof. By Assumption [2| Condition 3, P[| (w,x) | > ¢] < exp(l — @t) for V't > 0. Then by
_ _ 1 — 6VI¥% _ 6

Lemma@ setC =e, v = ok then, 6vv1 + 2C = o) = 6v = o we conclude that x is

(%, %) -subexponential. O

The relationship between E [(w*, —g;. ;)] and 6 (wy, ;, w*) Recall that in the non-strategic setting,

we shall adjust the coefficient by solving a sequence of adaptively constructed online regret mini-
k

mization problems miny ey, Z?ﬁl (W, 8Lqi) — Z;il (W*, gk.q) with gg, ; = [—7xp I (Y, = 1) +
(1 = 7)xk,: I (yk; = —1)JI(xx,; € Dy,;) via mirror descent over k = 0. .., K batches, using local
data within increasingly narrow bands Dy ; = {x : 0 < (wg;,x) < bg}. The key ingredient
underlying this guarantee is that the gradients gy ; are well constructed so that |(wy, ;, g )| is
small and meanwhile E [(w*, —gy, ;)] upper bounds 6 (w*, wy, ;). Here, we show the relationship
between E [(w*, —gy, ;)] and 6 (wy, ;, w*) for k = 0,1, -- , K, which is critical in the guarantees of
Algorithm [3]and Algorithm 4]

Fix batch k and iteration 1, to connect E [(w*, —gy, ;)] and 6 (wy, ;, w*) we introduce a new variable
fri(Wg ) in (B). Later, we will show how E [(w*, —gy ;)] upper bounds fy ;(wy ;) and how
f,i(Wk ;) approximates 6 (wy, ;, w*).

frei(Wii) = E[| (w5, x) [T((w*,x) <0)| x € D] . 5)

Now, we show that E [(w*, —g}, ;)] can upper bound f, ;(wy, ;) by the following lemma.

Lemma 10. Given a unit vector wy, ; € S? and an agent with true feature-label pair (X, ;, yx,i). For
gri =[xk (ye: = 1)+ (1 = 7)xpil (yg; = —1)|I(xks € D) and fi i(Wy ;) defined in ().
The following holds.

E[(w*, —gr.i)] > (1 = 20) fii(Wi,:)P (X € D) -

Proof. First, for convenience, we rewrite gy, ; as the following.

8ri = [—NxXk Ll (Yei = 1) + (1 — M) xp il (yg,i = —1)|I(xx,: € D)

1
= (—ka i ( >> Xp,il(Xp,i € D) -
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Then, we have

Blw—gel] =B [{w*, (o — (5 0) ) s Y T0us € D]

1 1
<W*, <2yk,z’ - <2 - 77)) sz> Xp,i € Dkv} P(xk,: € D)+ 0

(W™, xk:) Elyk,i| Xk | Xk € Dii] P(x € Dy )

I
=

E
1 = *
— 5 -0 E [<W an,i> | Xk,i S Dk,,’] P (X S Dk,i)

Y

1
( — ’I]) E [| <W*,Xk’i> | | Xk,i € Dk,i] P (X S Dk,i)
I N
— (2 — n) E[(w*, %) | Xk, € Dii]P(x € Dy ;)
(1 — 277) E H <W*,Xk’i> |]I(<W*,Xk’i> < 0) | Xk,i € Dkﬂ'] P(X S Dk,i)
= (1 —27) fr,i(wr,i)P (x € Dyi)

where the second and third equality hold by the law of iterated expectations, and the inequality holds
as the following.

E Yk, | xki] = (1= n(xx,i))sgn((W, X)) — n(xp,i)sgn((W*, Xk,i))
= (1 — 2n(xx,q:))sgn({W", X))
> (1 —27)sgn({(W*, xx4)) -

Next, in the following lemma, we show that fj ;(wy ;) measures the closeness of w* and wy, ;.
Lemma 11. For fixed batch k and iteration i, if § (W*, wy, ;) = ¢, then the following holds.

1. When 0 < by, < % and ¢ € [%’“, g] we have

Lo

R% .
32U, ¢

Jri(Whyi) >

2. When 0 < by, < % and ¢ € [g,w— %}, we have

Jri(Wri) > %Rz(ﬂ — ).

Proof. We prove the two cases respectively.  For Case 1, define the region G; =
{x |0 < (wg,x) < bg, —%R sing < (w*,x) < —%R sin gb}, see Figure|§|as an illustration. We
have the following

(W, x) [T((w*,x) <0)I(0 < (wy;,x) < by)]
(w*,x) |L(x € G1)]

v

v

RsingE[I (x € Gy)]

VoIV
%‘,_.oo\»—‘»k\»—‘ Sllle
h

[\v]

%,

©

=

Where the first inequality holds since G; C {x|0 < (wy;,x) < b, (w*,x) < 0}. The third in-
equality holds by the fact that sin ¢ > % for 0 < ¢ < 7. And the last inequality holds by the claim
that P (x € Gy) > %LgRbk which we will show later.
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\ 5 .

Figure 6: Illustration of region G (the red region) in Case 1. Which satisfies G; =
{x]0< (w,x) < b, —1Rsin¢g < (w*,x) < —1Rsin¢}.

Hence, we can establish the lower bound of f, ;(wy ;) by:

fri(wii) = E[| (W, x) [L((W",x) <0)[ 0 < (Wi, x) < b
E[] (w*,x) [I({(w*,x) <0)I(0 < (Wg,i, ) < b)]
P (0 < (Wi, x) < by)
L Ly R2 by
7]1]’(0 < (Wi, x) < b)

2
_32U1R ¢

Where the last inequality holds by Lemmad] property (a).

Now we show the claim that P (x € G1) > %LgRbk. For a given vector x, we first project x
down to the subspace Vo C R? spanned by w* and wy, ; and denote the projected value z =
(W, %), (W, x)).

Without loss of generality, let w = (0, 1) and w* = (sin ¢, cos ¢). Asillustrated in Figure[6] the paral-
lelogram ABCD denotes the region G1, where A = (1R,0), B = (3R,0),C = ( R+ tand)’bk)’

= ( LR+ o ;’I’; 3 bk> Since C is the farthest point to the origin with respect to the Euclidean Norm,

andH( R+ o) <H( R+m¢,bk)H = IR+ 5 + by < SR+ % + b < R, then

tan ¢
forallz € {z = (21,22) | —3Rsing < z; < —1sing, 0 < 2z < b}, we have ||z < R. Also,
the area of parallelogram ABCD is b - iR = ink. In addition, by Assumption condition 1, the

density ¢y, (z) of projected value z satisfies ¢y, (z) > Lo for all z € Vo N B2?(R). Hence, we can
lower bound P (x € G;) by

1 1
]P(X S Gl) > Lo - ZRbk = ZL2Rbk .

The proof of Case 2 is similar to that of Case 1. Define the region Ga =
{x]0 < (wpi,x) < by, —3Rsin(m — ¢) < (w*,x) < —1Rsin(r — ¢)} (see Flgure' We re-
place ¢ in the proof of Case 1 by m — ¢, by choosing A = (—lR O) = ( 1R, O)

C= ( 1R+ tan(ﬂ ¢)7bk), D= ( 1R + m bk) and then we complete the proof. O

Lemma|[TT]|directly leads to the following corollary.

Corollary 3. If 0(w*, wy,;) < 5, and f (W) < 160U R?0y, then O(w*,wy ;) <

O
5"

Proof. We conduct a case analysis.
LIfO (w*,wy,;) < R , then by our setting of by, in Algorlthmland Algorlthm@ 0 (w*, wy ;) <

b o O
R S5

30



Figure 7: Illustration of region G2 (the red region) in Case 2. Which satisfies Gy, =
{x]0 < (wp,i,x) < bp, —3Rsin(r — ¢) < (w*,x) < —1Rsin(r — ¢)}.

2. If % < 0 (w*,wgi) < 3, then by Lemma we have fi ;(wg;) > L, R%*0 (W*, Wy i),

= 320,
combing it with the condition that f, ;(wy ;) < lﬁf)—szQHk, we have 0(w*, wy, ;) < %.

O
Other lemmas We also outline some other lemmas that are used in the subsequent proof.
Lemma 12. (Triangular inequality of angles) Suppose vectors x,y,z € R satisfy 0 < 0 (x,y) < 5
and 0 < 0 (x,z) < T, then,

[0(x,y) —0(x,2) | <0(y,2) <O(xy) +0(x,2) .

Proof. Without loss of generality, assume that ||x||> = ||y|l2 = ||z|]|2 = 1. First, we decompose

vectors y and z into components along the direction of x and perpendicular to x, respectively, as:
y = cos(0 (x,y))x + sin(f (x,¥))y 1,
z = cos(f (x,2z))x + sin(d (x,2))z x,
where y | x and z 5 are unit vectors that are perpendicular to x. Hence, we have
cos(f (y,z)) = (y,z) = cos(0 (x,y)) cos(8 (x,2)) + sin(f (x,y)) sin(0 (x,2)) (y1,2.) ,
where the second equality holds since (x,y,) = (x,z,) = 0. Since y, and z, are both unit

vectors, by Cauchy-Schwarz inequality, —1 < (y,z;) < 1. Also, since 0 < 0 (x,y) < 7 and
0<0(x,2z) <75, wehavesin(f (x,y))sin(f (x,2z)) > 0. Putting all together, we have:

cos(f (y,z)) < cos(d (x,y)) cos(d (x,2z)) + sin(f (x,y)) sin(d (x,2))
_ (6)
— cos(0 (x,y) — 0 (x,2)) .
and

cos(0 (y.2)) > cos(6 (x,y)) cos(0 (x,2)) — sin(8 (x,y)) sin(6 (x,2)) o

=cos(f (x,y) +6(x,2)) .

Since cos(z) is decreasing in z € [0, 7], and cos(z) = cos(—z) for all x € R, we get 0 (y,z) >
|0 (x,y) — 0 (x,2) | from (6), and 6 (y,z) < 0 (x,y) + 6 (x, z) from (7). O

Lemma 13. Given a random vector x ~ Dy that satisfy Assumption 2} then with probability at least

1-46, J
1
o2 3 (9)

Proof. We bound || x| element-wisely. Given x ~ Dy and j € [d], let x; be the j-th coordinate of

x. Let ell € R denote the unit vector whose j’th coordinate is 1 while other coordinate is 0, then,
by Assumption[2} condition 3, for V a > 0

P(|lzj| >a)=P (‘ <e[j],x> ‘ > a) <exp(l —Qa) .
Taking union bound over all coordinates, we have
P (|lx]|oo > @) < dexp(l — Qa) .
Taking a = é (1 +1In (%)) in the above inequality and hence we complete the proof. O
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A.4 Proofs for Section 2]

In this subsection, we outline some important results to describe the relationships between classifier

h(-) for unmanipulated features x and classifier h for reported features r = r(x, iL), which is critical
for the subsequent algorithm design.

Proof of Proposition 1]

Proposition 1. For any (w,m) € S% xR, the output of h(r) = sgn({w,r) +m—=) forr = r*(x, h)
is identical to the output of h(x) = sgn((w,x) +m) for any x € R%.

Proof. For fixed w € S? and m € R, we categorize the agent population into three

classes according to their true features x: {x|(w,x) +m < 0}, {x]|0 < (w,x) +m < v} and
{x|(w,x) + m > ~}. Then, we discuss their classification output by h(x) and h(r) with respect to

r = r*(x, h), respectively.

1) When (w, x) +m < 0, h(x) = —1. At the same time, (w,x) +m —v < —7, by Lemmal[l] agent
in this region will report his feature truthfully, i.e., r = x. Thus, i(r) = sgn({w,r) + m — ) =
sgn((w,x) +m — v) = —1. Hence, we have h(x) = h(r) = —1 for Vx € {x|(w,x) +m < 0}.

2) When 0 < (w,x) + m < 7, h(x) = 1. At the same time, —y < (w,x) + m — v < 0, by
%emma agent in this region will manipulate his feature as r = x + (y — m — (w, x))w. Thus,
h(r) = sgn({w,r) +m —v) = sgn((w,x + (y — m — (w,x))w) + m — ) = 1. Hence, we have
h(x) =h(r) =1forVx € {x|0 < (w,x) +m < 7}.

3) When (w,x) +m > v, h(x) = 1. At the same time, (w,x) +m —v > 0, by Lemmal|l} agent
in this region will report his feature truthfully, i.e., r = x. Thus, i(r) = sgn((w,r) +m — ) =
sgn((w,x) +m — ) = 1. Hence, we have h(x) = h(r) = 1 forVx € {x|(w,x) + m >~}. O

Inferring agents’ true features from their reported features Proposition [I] directly leads to the
following corollary, enabling us to infer an agent’s true features x given a classification rule h(-) and
his corresponding reported features r.

Corollary 4. For given announced classifier iz() = sgn ((w,-) + m) and agent response r, then,
his true features x satisfy the following.

1 if(w,r) +m#0, thenx =r;
2. if(w,r) +m =0, then —y < (w,x) +m < 0.

A.5 Proofs for Section 3]

In this subsection, we show the theoretic guarantees of Algorithm[2] Algorithm [3]and Algorithm 4]
respectively.

Theoretical Guarantees of Algorithm A key observation in the non-strategic and noiseless
classification scenario is that y (w*,x) > 0 holds for all (x,y). Consequently, xy always forms
an acute angle with the optimal normal vector w*. Considering agents’ strategic responses and the
bandit feedback setting, we introduce Lemma [4]to show that, under our construction in Algorithm 2}
W is an unbiased estimator of E[xy].

Lemma 14. In Algorithm[2] we have
E[wo] = Elxy] .

Proof. In Algorithm [2| at iteration ¢, the principal declares classifier ?Ll(nllzl(r) = sgn({Winiti, I))

and iLl(anzl(r) = sgn((—winu;,I)), and receives response rl(nllzl and rl(angl respectively. By
Corollary we get that ri(nliz,i]l (<winit,i,ri(nliz’i> > 0) = xi(nliz’i]l (<wmit’i,xi(nli2’i> > 0) and
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1(112121]I (< Winit,i, I 1(mt)1> > O) = 1(112121]I <<_Winiln 1(n131> > O) AISO’ (Xl(nllZl’yl(nllt)l) and

(Xl(n?w yl(fn) 1) are i.i.d. drawn from D, hence,
E (el (Wi vl ) > 0) + i T ((~winii v ) > 0)]

=K |:Xi(r112iyi(nit)i}1 (<Winit,i; ln1t1> ) imtiyimti (<_Winit,ia X1(n212,1> > O>:|
= B [xyl ((Winici, X) > 0)] + E [xyI ((Winits, ) < 0)]
=E[xy] .

Thus, we have

T;
B 1 it
E [WO] = Tnit § :E |: 1(111131?!1(11112,1]I (<Wm1t1’ 1(n121> > O) 1(112121 1(n21t)1]I << Winit,i, I 1(n121> > O):|
ini

O

Now we show that wy constructed by Algorithm [2has a positive inner product with the optimal
coefficient w* with high probability.

Proposition 2. For some constants cg,c1 > 0, when Algorilhmruns for Ty = coIn T/ (1 — 27)?
iterations, its output W satisfies (W*, Wo) > c1(1 —27) > 0 and 0 (w*,wq) < 5 with probability
at least 1 —2/T2.

Proof. First, considering the non-strategic classification problem, we establish a lower bound of
E[{(w*, x) y] as the following.

E[(w*,x) y] = E[E[y| x] (w*,x)]

E[[(1 - n(x))sgn({w*,x)) — n(x)sgn((w*, x))] (w*,x)]
E[(1—2n(x))[ (w*,x)|] ®)
(L =2n)E[|(w*,x)|]

(1—27) L1 R?,

AV,

where the first equality holds by the law of iterated expectations. The second equality holds by the
definition of Massart Noise. The third equality holds since sgn({w*, x) (w*,x)) = | (w*,x) |. The
first inequality holds because 7(x) < 7, Vx € R%. Now we prove E [| (w*,x) || > L, R? for the last
inequality as the following: let xy, = (w*,x) denote a 1-dimensional projection of x. Then, by
Assumptlon' condition 1, ¢y, (xv,) > Ly for all -R <xy, < R. Hence, we have

R R
E[| (w*,x)|] > 2/ Xy, dv; (Xv; ) dxy, > Ly X 2/ xdr = L1 R? .
0 0

Second, considering agents’ strategic response, we find an unbiased estimator of E [(w*, x) y]
through samples. By Lemma , Wy = Tilni[ Zz o rfl}lzzy‘(mt)lll <<wmm, l(nl]zz> > O) +

rflz Zyl(fn) B (<—wm,t T 1(n212 1> > O) is an unbiased estimator of E [xy]. Therefore, E [(w*, Wq)] =

E[(w*,x)y] > (1 - 2i) L, RZ.
Finally, using the results of concentration inequalities, we establish the high prob-
ability bound of (w*,wyq). By Corollary <w ,1‘1(111121>H(<Wmm, 1(mzz> >0) =

(wr D (W) > 0)  and (@) (—wim @) 50) =

<w x(2) > I << Winit,i, X ( ) > > 0) Then, by Assumption [2[condition 3 and LemmaEl, we get

1nit, [ lﬂlt

that both < ’ 1(r1112 2> yl(l'lllt) zI[ (<Wm1t i, T 1(n12 z> > 0) and <W I‘1(11212 7,> yl(n21l)7,]I (<7W1ﬂ1tﬂ’ 1(n212 7,> > 0)
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are (%, %) -subexponential. Thus, by LemmaH we have that with probability at least 1 —

T2
T;
1 it 1) (1 ( )
m ; <W ’rl(mt z> ymlt) 1]1 (<w1mt > Tinit z> > O)

T 9
1 = InT 24InT
E [((w*, %) yI({Winit.s, x) > 0)] — —= - —= )
init ; >y (< it > )] Q Tinit Q ﬂnit
and with probability 1 — TQ,
T .
1§ @ \, (@ 2
/Tinit Z; <W*’ rini1;,i> ylmt Z]I (< Winit, i, 1mt z> > O)
- (10)
T N
1 32 /InT 24InT
> E [(w* T({Winit,i, X - = :
B init Z [<W ’X> 4 (<Wnt’ > < 0)] Q Tinit Q ﬂnit
=1

Taking the union bound for (9 and (T0), then, with probability at least 1 — -,

i 0) = 7 3 () 1 (2 > )
1 &/, o\ @ 2)
+ T ; <W 7rinit,i> Yinit,i L <<_Winit,i’ Tiniti ) = O)
JRL 32 [InT 24InT
Z T ;]E (w2 yl((winicir ) > Ol = B\ [T~ G T
Tinit
+ g S B v x) < O] - [ —

InT B g InT
Tinit Q Tinit
% InT - ﬁ InT
Q 71init Q T{nit

:E[<w*,x>y]f%

> (1 -2 L1 R® —

1

> 5(1 —27)L1R%.

The first inequality holds by (@) and (I0). The second inequality holds by Lemma [T4] The last
inequality holds by setting T}y = [(1220777)?;%-‘ , then 63 1I}T < (1 2i7) L1 R? and ‘g 1;1: <
is L (1 — 27) L1 R? for large enough T'. Thus, we complete the proof of Prop051t10nl O

Theoretical Guarantees of Algorithm [§] Recall that in the i’th iteration of Algorithm [3} we
declare classifier hg ;(r) = sgn({wpg_;, r)) and construct the gradient as gy ; = [—7ro I (yo; = 1) +
(1 —7)ro il (yo; = —1)]I (O < (wo.,i,10,i) < bp). In Lemma. we establish the high probability

upperbound of Y"1 E[(w*, —&0.4))| Fo.i—1] by Yi2; (W*, —&o.1).
Lemma 15. In Algorithmﬁ 3| with probability at least 1 — 1 / T2, we have

ZE —80,i))| Fo,i—1 <Z —80,i)

+ F\/1+2pb0\/T01nT+ glnT,

where p = max { Uy exp(9), 22520},
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Proof. Since (W*, —go;) = (W*,x0,;) 1 (0 < (wo;,%0,:;) < bo) (3y0,i — (5 — 7)), we first estab-
lish the probability tail bound of (w*, xg ;) I(0 < (W, X0,;) < bo).

We partition X ; into two orthonormal vectors, for notational convenience, we omit the subindex 0, ¢
of X¢_; and let x|, denote the ingredient of X ; that is parallel to wo ;, i.e., X|w = (Wo,i, X0,i) Wo,i
and x v denote the ingredient of x ; that is vertical to wq ;, i.e., X1 = X0,; — X||,p- Then,

(W, x0,:) I(0 < (wo,i,%0,:) < bo)
= (W*, X)) 10 < (wo i, %0,i) < bo) + (W, x1w) 1(0 < (Wo,i,%0,:) < bo) - (11)
(a) (b)

Thus, we have to bound part (a) and (b) in (TT)), respectively. First, we bound part (a) as
(W, X)) 1(0 < (w5, %0,:) < bo) = (W*, (Wo., X0,3) Wo,i) [(0 < (wo.i,%0,;) < bo)
< bg (W*, Wo ) (12)
<bg.
Where the first equality holds since x| = (Wo,i, X0,;) Wo,;. The last inequality holds by Cauchy-

Schwarz Inequality. Next, we bound part (b) in (TI). For ||wg; — w*||2 < ro and a > by, we

have )
P (| (W*,x1w) I(0 < (Wo,4,%0,i) < bo)| > a—bo)

=P ([(Ww" x1w)| 2 a—bo, 0< (wo,i,X0,i) < bo)
=P (| (W], X0,i) | > a—bo, 0<(Wo,%0,:) < bo) ,
where we prove the second equality as the following

(WX ) = (W Xiw) + (W Xiw)

<Wj_w7X0,i> = <Wj_w7XJ-W> + <Wj_w7x\|w> .
since <Wﬁw,xlw> = <w‘iw,x”w> =0, we have (W*, x| w) = (W}, X0,i)-

Denote X = <ﬁ, XO.i> and Y := (wq i, X0,). Then, (X,Y") forms a projection of xg ; onto a
1w ’

2-dimensional subspace V5 spanned by ﬁ and wo ;. Let ¢y, denote the density of (X,Y). By
1w

Assumptioncondition 2, we have ¢y, (X,Y) < Usexp(—d||(X,Y)|2) = Uz exp(—0v X% + Y?).
Hence, we can bound the above probability by

P (| (W*,x1w) 10 < (Wi, X0,:) < bo) | >a—bo)

* — b
=]P’< <VUW XO,i>‘ > a707 0 < (wo4,X0,) < bo)

Wi ll2’ ~ vl
400 bo
:/ , ov, (X, Y)dXdY
a—bg

Tw? o2

+o0o b
< Ug/ » / " exp (—5\/)(2 n Y2) dXdY
—a— J0

= (13)
T o 12
“+oo
S Ugbo . exp(f5X)dXdY
Tw* o T2
U- —b
CE PR (_506*0)
s W ll2
< Us exp (9)

a
5 bo exp <_67"0) .

The last inequality holds by the fact that || w* — wyg ;|2 < 7o, which implies ||w?* || < 70, and that
by < ro = 2, which implies exp (5?—3) < exp (6). Combing (12) and (I3)), for a > b,
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P ((w*,x0,:) 1(0 < (Wo,4,%0,i) < bo) >a) <P (| (W, x1w) (0 < (Wo,i,X0,:) < bo)| > a—bo)

0
< Lze(®), exp( 5a) ,
0 To

(14)
For 0 < a < by,
P ((w*,%0,;) 1(0 < (wo 4, %0,:) < bg) >a) <P (] (W*,x0,)I(0 < (wog,i,%0:) < bo)| >0)
<P(0 < (wpi,X04) < bo)
< Uibo
15
S Ulb() exXp <5bo> exp <_5a> ( )
To 0
< Uy exp(0)bg exp <5a> )
To

The third inequality hold by Lemma ] property (a). The fourth inequality holds by 0 < a < by. The
last inequality holds since by our construction, by < rg = 2.

Let p = max { Uy exp(6), %%p(‘s) }, by (T4) and (T3), we conclude that for V a > 0,

P (I(0 < (wo.,%) < bo) (W*, %) > a) < pbg exp (-52}) (16)
Thus,
P (| (w*, ~8o,:) | > a)
=P (‘ (W”,%0,1) 1(0 < (W0, X0,i) < bo) (;yO,z <; - 77)) ’ > a)
<P (] {(w",%0,i) I(0 < (Wo,i,%0,i) < bo) | = a)

Where the first inequality holds since | 3yo,; — (3 — 7) | < 1. In the last inequality, since [[wo,; —
w*||2 < [[wo,ill2 + ||[W*]|2 = 2, we take 7o = 2 in (T6) and get the upper bound.

By Lemma@ (W*, —go,) is (13/T+ 2pby, 12)-subexponential. By Lemmal we can get that with
probability at least (1 — 1/72),

To
ZE gOz )‘ ]:07, 1] Z<W*7_g07i>
i=1
48
+F\/1+2pbo\/TolnT+?lnT.

O

The following lemma establishes a high-probability upper bound for the average of fy ;(wyg ;) over
Tp iterations.
Lemma 16. In Algorithm [3| if (w*,wo) >

stants ca,cs,cq > 0, when setting bandwidth

377 277)gdln d(InT)?, step size ag = c4 r““ﬁ‘]T, then with probability at least 1 — 3/T?, we

have

(1 — 2n)L1R?, then there exist some con-

1
2
bo = ca(1 — 202, iteration number Ty =

7T(1 — 2’7])L2R2

To
1
i 7 < i 17L 2
T ;:1 fo,i(wo,) < mln{ 1R } 58300,

Proof. Recall that in the non-strategic setting, gr; = [—7x0:I(yo:=1) + (1 —
7)x0,:1 (y0,; = —1)|]I(x0,; € Do), where Do ; = {x|0 < (wq ;,x) < by} is just the localization
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region. Since the announced classifier is /g ;(r) = sgn((wo;,r)), by the construction of g ; in
Algorithm [3]and Corollary 4, we have

g0,i = [—7r0,il (Yo, = 1) + (1 — 7)ro,il (y0,; = —1)]1(0 < (Wo,i,T0,:) < bo)
1)]

= [=x0,il (yo,s = 1) + (1 = 7)x0,:1 (yo,; = —1)]I(x0,; € Do,i)
= 80,i -
Then, by Lemma|[I0] we have
E[(w*, —80,:)] = E[(W", —g0,i)] > (1 —27) fo,i(Wo,))P (x € Do) . a7

We proceed to establish the high probability bound of ZiTil E [(w*,—80,:)]. By Lemma with
probability at least 1 — 1/72, we have

To

Z]E % —80.)| Foia] <D (W, —8o.)

i=1 (18)
48
+ ?\/1 + 2pbo\/ToIn T + ST,

where p = maX{ Uz exp(6), Uz%p(‘”}

Next, we move on to upper bound 221 (W*, —8o,;) through a nonstandard regret analysis of online
mirror decent.
— _1
Let B(vi,v2) = 55 |
p= lnl’(lg(g)d 21. In each iteration ¢, the regularizer, B(-, wg ;1) is 1-strongly convex with respect to

|vi — V2|2 denote the Bregman divergence w.r.t. 2(p 0 | - [I2, where

I - |l [see|Shalev-Shwartz [2007]]]. From the analysis of online mirror descent [see|Orabonal [2023],
Lemma 6.9], with step size o, we have

2
. g, -
(080,i, Wo,i — W*) < B(W*, wo ;) — B(W*, Woi11) + 70|‘g0,i||<21

where ¢ = In(8d) > 2. Summing the above equality over i € [Tp], we get

To 2 To

> (oo Wo.i — W*) < B(wW*, wo1) — B(W*, Wor,41) + Z 80,412 -
i=1

Dividing both sides by «, and moving 221 (wo,i, 80,;) to RHS, we get

T() T() T()
* ~ 1 * ~ « -
D (W —8oi) < OTO[B(W s Wo1) — BW*, wor, 1)l + Y (Woi, —8oi) + 70 > llgoll?
i=1 i=1 i=1
To a To
SCTB(W Wo1) + > (Wosi, g01>+702\|§0,i .
0 i=1 i=1
(19)
Now we need to bound the three terms in RHS of respectively.
First, we bound B(w*, wg 1) = B(w*, wy)
w* — wol|2 @ - ® dllw* —
B(w*,wo1) = | ollp @ [lw* = woll{ © dlw* — woll3 ¢ 2 2dIn(8d).  (20)

2p—=1) — 200-1) — 20p-1

Where inequality (a) holds by the fact that ||x||, < ||x||; forall p > 1 and x € R?. Inequality
(b) holds since ||x|; < \f||x||2 for all x € R% Inequality (c) holds since |[w* — wyll2 <
[W*|l2 + [[woll2 = 2 and ;= < In(8d) — 1 < In(8d).

Next, we bound Ziil (—Wo.,i, 80,i)-
Since  (—wo,i,8o,i) = (Wo.i-%0.4) (390, — (3 = 1)) 1(0 < (Wo,i,%0,i) < bg), then
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| (—w0.4,80,) | < bo and E[(—wq;,80,)] < boP(x € Dy;), by Lemma [8] with probabil-
ity at least 1 — 1/72, we have

To To
> (~woi:804) < Y E[(—wo,i,80,) | Fo.im1] + bo/ToIn T
i=1 i=1 . 21
< by ZPr(x € Do)+ bov/ToInT .
i=1

Finally, we bound 3°;°, [|8o,i[|2. Since [|go,ill; < 2[|go.illc. We only need to upper bound

ST ll@o.4l|%., which satisfies

1 1
o = H]I(O < (Wo,i,X0,i) < bo) (_2y0,i + (2 - 77)) X0,

By Lemma we have with probability at least 1 — 1/T,7T2,

< [%0,illoo -
o0

lIo0,i

1 3
||X0,i||oo S a (1 + 1n(dT0T2)) S @th .

Thus, taking the union bound over i € [Tp], we have with probability at least 1 — 1/7°2,

To

2
> lgosill% < To % (glnT) = 52 o(InT)? .

i=1

Hence, with probability at least 1 — 1/7°2,

Z 1&0.i]|2 < ZLZHgoZH2 Ty(InT)? (22)

Combing (T8), 20), (ZI) and (22) together, and take the union bound, we get with probability at least
1-3/T2,

(1—2n) Z Jo.i(wo,i)P (x € Do)

=1

To
< Y E[(w*, —g0,)]

=1

o 24 48 (23)
< Z (W*, —80.4) + =+/1+ 20bo\/ToInT + = InT

v 5 5
< M bOZPr x € Do) +bo/ToInT + —2 180‘0 To(InT)?

Qo

i=1

24 4
+ ?\/1 + 2pbo\/To In T + FglnT,

where p = max{ U exp(9), Uz%p(é)}. By LemmaEl, property (a), and the fact that by < R, we

have L1by < P(x € Dy ;) < Uiby, dividing both sides of (23) by (1 — 277) L1byTp, we get
1 &
T Zfo,i(wo,i)
0=t
1 2d 1n(8d) U; 1 InT 18ayp 9
< — + —bo + - — 4+ ——————(InT
ap (1—=20)LiboTy | (1—2m)L, ° ' (1—2qL, V To ' (1- 277)Q2L1b0( )
24 InT 48 InT
————\/1+2pb T —— .
Ao VTN T T T et To
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By our setting, by = min{l,LlRQ}M = (1 — 217)2, T, =

283007
576(14+2pbo)d In(8d)(In T)? 1 2 _ QVdIn(8d) _  /dmd
U220 = Gagrdind(InT)*, a0 = V77 = gy then we
finish the proof. O

The following lemma established by [Zhang et al.| [2020] indicates that by the construction of the
constraint set WV, any two vectors in VW, form an angle that is no bigger than 7 — %( 1—27) L1 R2.

Lemma 17. (Zhang et al.| [2020], Lemma 19) For any two vectors u,v. € W, =
{wlllwl2 <1, (w,wo) > £(1 —27)L1R?}, we have 0 (u,v) < = — 5(1 — 27j) L1 R%.

We use the following corollary to show that, in the ’th iteration, a small value of f; ;(wyg ;) indicates
that wg ; and w* are close.

Corollary 5. If w* € Wy and fo,;(wo,;) < min {1, L1 R?} %}?Hz, then 0 (W*, wq ;) < 75 .
Proof. We first exclude the case that 6 (w*, wg ;) > 7, which we prove by contradiction. Suppose
0 (w*,wo,;) > Z.By Lemmaand our choice of by, 6 (W*, wo ;) < m—3(1—2n)L1R? < m—by.
From Lemma , we get fri(Wyi) > =22~ R? (m — 0 (w*, wy ;). Together with the condition that

= 32U,
— 4
foi(wo) < T2DLL R e have 0 (w*, W) > 7 — &5 (1—27) L1 R? > 7 — L(1—27) L, R,

which is a contradiction. Thus, we conclude that § (w*, wq ;) < 7.

. 1—27) Ly R? Lo R? .
Next, since fo;(wo;) < it 323)U12 < 16’6U1 . g, by Corollary setting 0y = %, then

s
? ﬁ. D

IA
o=
=)
I

9 (W*7 WO,i)

Putting all pieces together, now we are able to show the main theoretical guarantee of Algorithm [3]
Proposition 3. For the constant ¢, in Proposition[2land some constants cz, cs, cq > 0, when the initial
vector Wy satisfies (W*, W) > c1(1 — 27]) and Algorithmruns with bandwidth by = c3(1 — 27})?
for Ty = c3dInd(InT)? /(1 — 27)8 iterations with step size ag = c4\/dIn(d)/(v/To InT), then its
output wy satisfies 0 (w*,w1) < /4 with probability at least 1 — 3/T?.

Proof. In Algorithm [3] the constraint set we choose for gradient update is Wy = {w| ||[w]|2 <
1, (w,Wo) > c1(1—27)}, where ¢; = 1Ly R?, since (w*, Wo) > c¢1(1 — 27j), we can conclude that
w* € W.

Next, Lemma|16|shows that with probability at least 1 — 3/7°2,

7'('(1 — 217)L2R2

24
28800, @4

To

1

T Z fo.i(wo,i) <min {1, L, R*}
i=1

Let Aq denote the set {z | fo.i(Wg,;) > min {1, L1R2} %W}. Combing (24), we have:

410 . 2
> — i(Woi) 2 —— ]-7
~ T ; - fO, ( 0, ) To Hlln{ 1 }

m(1 — 27)) Lo R?
28800,

. ) m(1—27) Ly R?
mln{l,LlR } 300,

Solve the above inequality and we get % < %.

From Corollary set 0y = 5, we know that when i € Ap, O(w*, W) < 16~ Thus,

T, A
1 * ) ’Ai()| = @
T z;COS(e (W, wo,i)) = T, o8 (10) T

(=) ()7



where the first inequality holds since cosz is decreasing in z € [0,n] and cosz > —1. The
second inequality holds since cosz > 1 — lxz for all © € [0, 7]. The last inequality holds since

(1-1%) (1 -1 (%)2) — 5~ 0.73 > 0.71 ~ cos (§). By the concavity of cos(f (w*,)), using
Jensen’s inequality, we conclude that when the above inequality holds, we have

1 & 1 & ™
L ) >= * woi)) > %)
cos (9 <W T ;WQz)) > T ZZz;cos(Q (W*,wq,;)) > cos (4)

Thus, we can get that with probability at least 1 — 3/7°2, Algorithmreturns a vector wy such that
f(w*,wy) < 7. O

Theoretical Guarantees of Algorithm E| The following lemma shows that if, in batch k, iteration
1, we can identify agents whose true features lie in the localization region Dy, ;, and we use proxy
features to construct a proxy gradient gy, ;, then E [(w™*, —g ;)] upper bounds E [(w*, —g ;)] (and
hence upper bounds 6 (w*, wy, ;)).

Lemma 18. Given a classification rule h(r) = sgn((wy.;,r) + my. ;) with fixed wy.; € S% and
arbitrary my, ; < 0, an agent (X, ;, Yg, i) reports his feature as ry, ; according to Lemmall| Construct
proxy data as

Xy = (v + (b — (Wea tri) )Wha) T (Yri = 1,Xki € Dis)
Xy = (Thi = (Whis Thi) Wei )L (yks = —1,Xp € Dy i)

and define the gradient as

8k,i = [—ﬁxk i + (1 — )Xk z} I (Xk,i S Dk,i) .

Then, we have
E[(W*, —8k,i)] > E[(W", —gr)] -

Proof. First, by Lemma given wy, ;,my 4, for V xi ; € R%, we have

Tii+ (b — (Wki, Tk i) )Whi = Xks + (b — (Wh i, Xk i) ) Wi
and
Thi — (Whis Thi) Whyi = Xkyi — (Wi, Xk,i) Wi -
Therefore, when x, ; € Dy ; = {x]| 0 < (wy ;,x) < by}, we have the following

<W*,5<L-> = (w*,rp;+ bk — (Wi, Tri) )Whi) L(yk,i = 1, Xis € Di;)

= (W, Xpi + (be — (Whis Xk,i))Whi) [(yg,i = 1, Xpi € Dy i) (25)
= [(W*, xp0) + (be — Wiy Xk0)) (W W i) [ T(yr,i = 1, Xk € Dyi)
> (W xp ) L(yk,i = 1, xpi € Dyi)

where the inequality holds since (W*, wy, ;) > 0 and (wy, ;,Xx;) I (X; € Dg ;) < by.

Similarly,
<W*,5<;;i> (W rgi — (Wi i Tri) Wi i) Dy, = —1, Xis € D)
= (W, Xpi — (Whyis Xki) Weyi) (Y = —1, Xpi € Dii) (26)
= [(W*, Xp,i) — (Whir Xpa) (W5 Wii) ] T (Y, = =1, Xpi € Dii)

< (W5 xpi) T(yks = =1, Xpi € Dyy) -

where the inequality holds since (w*, wy, ;) > 0 and (W, ;, X i) [ (x,; € Dg;) > 0. Combing (23))
and (26)), we have

[< gk:z ]
] [ R ()
> 7k [(W Xk,i) L(yk,i = 1, Xk € Dii)] — (1= )E[(W*, xk0) [(yk,i = —1, Xki € Dii)]

=E[(w", —gri)] -
O
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The following lemma shows that by pairwisely comparing agents’ responses under two different
declared classifiers designed in Algorithm[@ we can unblasedly estimate the proxy data desired by
Lemmaﬂ 18| and hence construct a gradient estimator gy, ;, accordingly.

Lemma 19. Given x;l, Xy, ; and gy ; defined in Lemmafor the proxy data x(1 +) )Ac,(:z_) Afff),

%)
Xk.i

and gradient estimator gy, ; defined in Algorithm 4} we have

E & - x5 =B |51

and

Moreover,

E[(w", —gki)] = E[(W", —8ka)] -

Proof. For fixed normal vector wy; and bandwidth by, recall that D,(cll) =

{x]0 < (wg,,x) <v+bg} and D(z) = {x|bp < (Wp,,x) <y+0br}. Then, we can ver-
ify that Dy, ; = D,(fll) / D(Z) By CorollaryEl we have

5(;1 =[rg;+ bk — (Wi, Tr i) ) Wi |I(ye: = 1, Xp; € Dy ;)

= [Xp,i + (b — (Wi X0,3) )W i [T (Yi = 1, Xps € Dyi)

Xy = [Tk — (Whis Thi) Wi [y, = —1, Xpi € Di )
= [Xpi — (Whyo, Xpi) Waa) L (Yre = =1, Xii € Dry)
5 = e (o) ] 1o = 11 < (nf2) < 4)
= [x,(clz + (bk — <Wk,i,X](€172>) Wi } I (y,(cll) =1, x,ilz S D,(Clz)) ,
5(,(61’;7) = rl(:z <Wk Z,I',(C12>W } I (y,(C ) -1,y < <W;€“I‘](€2> < 7+bk)

= {x,(clg - <W;H,x,“>w;” I (y,(fz) =—1, x(l) D,(cll)) ,

|
(- e e 302 =1 (w2 = 0

(bk — <Wk,i7X§€,l)'>) Wkﬂ} I <y](€1) =1, X(2) € D(Q))

1 = 12— (w1 (o2 = 1, () = 2)
= [X;(fz - <Wk,i,X1(€2,3>Wk,i} I (3/;(@22 =1 X(Q) Dl(€21)) -
Also, (x§C 2, y,(cll)) and (x,(fz, y,(fl)) are drawn i.i.d. from D, thus,
E )?:Eiéﬂ Afff)} E Hx,(clz (bk — <Wk’i,X](€172>) W;m} I (yl(cl) =1, Xl(cl) S D(l.))}
—E Hx,(fz (bk - <w;“,x§§22>> Wy, } I (y,(fz) =1, x,gz D,(fz)ﬂ
= E [[x+ (b — (w0 wi ]l (y = 1, x € DY)

—-E {[X + (b — (Wi, X)) Wi i1 (y =1, xe D(Z)ﬂ
=E[x+ (by — (Wi, X)W ]I (y =1, x € Dy ;)]

~E[x,] -
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17 ) _ f{l(f;_)} =E {ik J Therefore,

B
Bl )= (o7 5500 (o )]
=ik [(w %) = (1= E [(w, %]

O
Next, we establish the high probability bound of 3" 7% E[(W*, =& ) | Fr.i—1] by 1%, (W*, —8.4).

Lemma 20. Ar batch k ofAlgorithm when ||W* —wy, ;|| < 1, for Vi € [T}], then with probability
at least 1 — 2/T?, we have

Ty

ZE _gkz ‘sz 1 <Z _gk,i>

=1

48
+ ?\/1 +2p(y + bk)rk\/Tk InT + L InT,

where p = max { Uy exp(6), 22500},

Proof. First, we partition (w*, —gy, ;) into two parts, as the following:
(W*, —8k.i)
= (Wi = x5 - - mELT - x57))
= (whax " - a7 = (whasl T - s

() (b)

27

Since the randomness in part (a) arises from one sample, while the randomness in part (b) arises
from another independent sample, parts (a) and (b) are independent. Therefore, we can bound them
separately. We first discuss the high-probability tail bound of part (a).

We partition ﬁfc,g 1+) (1- ﬁ)f{,(:;_) into two orthonormal vectors. For notational convenience, we

omit the subindex k,7 and let X|jw denote the component of x that is parallel to wy, ;, i.e., X|jw =

<wk7i, X) Wi, and X |  denote the component of x that is orthogonal to Wy, ;, i.e., X | w = X — X w-
Then,

< * ’r_]f(](glz—i_) (1 n)xg; )>

1 A (1,— . A (1,—
= < (s = - ))|w>+< (P —a-axY) ) @
(al) (a2)
Hence, we have to bound part (al) and (a2) in (28)), respectively.
To bound part (al) in (28)), we have

<w* )E|(‘1v+)> = <W* r‘(l“), (bk — <Wk,7;7r](€173>) Wk7i> I (y,(cll) =1,7< <Wk i r; Z)> <7v+ bk)
1 1 1
o (e ) o2 =1 () <)

*’Ek‘k’i I[ y(l) 17’y< ki () <’V b
> ki W Ik +
Sbk7

(29)
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where the last inequality holds because (w*, wy, ;) < ||[W*||2||W ||z < 1. Similarly,

(o) = (wnarfl = (waorl) wi) 1 (0 = 1 (wsr2) =7+ )
= <w*7 rf\i), |(\1,),> I (yl(clt) =1 <W;€ i r; 3> =+ bk) (30)

=0.

Combing (29) and (30), we can bound part (al) as

< (D = =mxgl ))|w>§bk. (31)

Next, we bound part (a2) in (28). From Lemmal(I] we get that

I‘(ll‘),v = (I‘,(Cz (bk - <Wk77r](€12>> Wk,i)L = (I‘SZ <Wk s I‘;(C Z)> Wk,qz)l = X(f\),v ,

hence,

(we (i = a—mx7) )

(a2)

=7 {w, (rV) _ ) : ) — < <

7 <W , (I‘kﬂ + <bk: <Wk:,z7r;m>) Wk,z) LW>H( =1,7< <ch z,rk > v+ bk)
—(1-mn) <W* (rfg 2 <Wk,i,1‘;(flg> Wk,i)J_ >H (y;(:l) =-1,~< <Wk 1,1‘2 2> <~+ bk)
(<Y E (o8 = 1. ) € D) — (1 =) (e x,) 141 = 1, w2 € D)

=1
= (w0 (5040 - (;—ﬁ))]x(x;:z enfl)

where the second equality holds by Corollary 4]

Since ‘ nyf,) (% —77) } < 1, we only need to establish the high probability bound of
<W X(L) >H ( (1) € D(1)> for a > by, we have

IP’(‘ <w xg_l‘)ﬂ>]l< EDklz) ‘>a—bk)
=P (|(wrx )] 2 0=t 02 (wiixls) <+ )
:P(KWLW’Xk >‘ a—bk.70§<w;“, EH)> ’7—|—b>
where the last inequality holds because (w* xﬂ_l‘)v = (w LW,x(j‘),v> + <w|*‘w,x(f‘)w> =

1 1 1 1
<WJ_W7XS_\)IV> = <WJ_W’XS_V)V> + <Wj_w’x\(|v31> = <Wj_w7xl(c,2>'

Let X = <ﬁ7 X Z> and Y := (wy;, Xp ;). Then, (X,Y") forms a projection of x;, ; onto a

2-dimensional subspace V5 spanned by m and wy, ;. Let ¢y, denote the density of (X,Y"). B
condition 2 of Assumption 2] ¢y, (X,Y) < Uz exp(—6]|(X,Y)]|2), thus, we can bound the above
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probability by

IP(‘ <w*,x5_1v)v>1[(x € D,(;Z)) ’ > a—bk>

/ - / T #(X,Y)dXdY

a—byp

Twi T2
Y+bk
<U / ) / exp(—6v/ X2 + Y2)dXdY
I\wkaHz 0
“+o0
< U2('7+bk)/ , exp(=0X)dXdY
||w1wk||2
= M exp (_5a:bk>
Y Wiy ll2
< Blt+b) o (aabk)
(5 Tk
< Us exp(8)(y + bg) exp (—6a) 7
5 .

where the third inequality holds since ||[w* — wy, ;|| < 1 < T, which implies ||[w?  [|2 < 7. The
last inequality holds since b, < 71 by our setting.

Since ’(%y,(cl) -(3- 77))‘ < 1, for a > by, we have

5T

(| (wvrox) (5 (5-9) ) 1 (2 e D) | 20—

<2 (| (wx )1 (x) € D) [2a-b) < U, exp(ég(nyrbk) - <571> |

(32)

Combing (32)) and (3T), we get that for a > by,

(| ol — - |2 0) <2 (| (v (b — - ) ) )

< L) +b) (_5a

) Tk
(33)
For 0 < a < by,
P (| (wraxil? = =7 ) [z a) <P (| (wrm - 1 -nx{7) | > 0)
<P (x,(:z € Dlglz))
(34)

< Ui(y +bw)
< Uy exp(0)(y + bg) exp (—5:) .
k

Where the third inequality holds by Lemma 4] property (a) and the last equality holds since a < by, <
Tk.

Combing (33) and (34), we establish probability tail bound of (a) in 27): for Va > 0 and p =
max { Uy exp(0), Uz%p(&)}, we have

P (| (waxli? — -7 | 2 a) <ol 4 i) exp (—&i) .

Following the same technique, we can bound part (b) of (27) for a > 0 by:
(| (wro - - w7 [ 2 o) < pre (02
, o
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By Lemmaﬂ part (a) and part (b) in (27) are ( 14+ 2p(y + b)), 5rk) -subexponential, thus, by
Lemma we get that with probablhty atleast 1 — 1/772,

3 (s (1) 7]

35
Z< - - )
L2 \/1 +2p(7y + ) rk\/TklnT—F 5 rklnT
and with probability at least 1 — 1/7°2,
T
SR [(waxl ) - (- x7) | Fi]
=1
36
Z< R - - R GO
24
- ?\/1 +2p(y + bi)re/Ti In T — ST

Taking the union bound of @ and (36), we get that with probability atleast 1 — 2/T72,

ZE’ gkz)|]:kzl<z gkz

48
+ F\/l +2p(y + br)re/Ti In T + ~STEInT.

O

We then show that by our construction of gy ;, ZZT:" 1 (—W&.4, 8k.;) also has a high probability upper
bound.

Lemma 21 (High probability bound of ZzTi 1 (=W, 8k.i)). At batch k, with probability at least
1 —2/T?, we have

Tk Tk
Z <_Wk,i7 gk,z> < ﬁbk ZP (X c Dk,i) + Qﬁbk\/ T InT.
i=1 i=1

Proof. Since gy, ; = fﬁ(ig’.ﬂ - f{<2?+)) +(1- ﬁ)(kg?_) - &221_)), and we have the following

i )i

(wia %77 = bil(yyl) = DI € DY)
(weas %) = byl = DI € DY)

<Wk,i,f<z(clf)> = <wk,¢,f<,(ff)> =0

E[(Wy.i, —&.)] = bk []1 ( —1,x€ Dfif) —1 (y =1, x€ D,(jz)}
=qbyP(y =1, x € Dy ;)
:T_]bkp(y: 1 | X € Dkv)]PJ(X S Dk,'> .
Also, since X,(C ) and fc,(c =) are calculated by one sample while x,(C ) and % X,
another independent sample, we can reformulate (wy, ;, —gx ;) as the followmg.

<Wk7ia _gk,z> - <Wk () 77X;(c ;+) (1 n)xgl )> - <Wk,i7 ﬁ)A(EfIH - (1 - 77)&22,;7)» (37)

(@) (b)

Thus,

(2 =) are calculated by
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where (a) and (b) in (37) are independent. Thus, we establish the high probability bound of part (a)
and (b) respectively.

<W;€ i 775(1(f Z+) (1- 17)5(,(:;_)> ‘ < fjbg, so by Lemma with probability at least
1-1/T2,

Ty

Ty
Z <Wk zaT}Xé z+) (1- 77))2;17;_)> SZE [<wk Z,ﬁf{é z+) (1- n)x,(:; )>‘ J—'.k,ifl}
i=1 =1

+ N/ T InT .

Similarly, for part (b), with probability at least 1 — 1/72,
Tk

;<szaﬁfil(g;+) (1— > ZEKwkz,nxk;) (1 - %y >>’ f,w-_l] a8
— by /Te In T .

Combing part (a) and (b) above, and take the union bound, we get that with probability at least
1-2/T?,

Tk Tk
> (~Whir ki) SE D (~Wiis 8k) | + 2006/ Ti In T
=1 =1
Ty
= by, »_Pr(y =1|x € Dy;) Pr(x € Dy;) + 20be/Tx n T (39)
i=1
Ty
< by, Z PI‘(X € Dk,i) + 20bp /T InT .
i=1

The following lemma shows a high probability upper bound of E;F:" L lI8gall2

Lemma 22 (High probability bound of ZZT:" L 18all?
1-2/T7

Z I&n.il% < ka(lnT)

Proof. For ¢ = In(8d) > 2, |8k.illq < 2||&k.illco. hence, we only need to establish the high
probability bound of ||gy ;||cc. By our construction of g ;,

1+ o2+ NE 5 (2,—
I8kl = |-G =55 + (- & - % >>Hm
_ 1 ~(1,— )
<7 |[xg " OO+(1—77) X;(m )‘ XIHHH Xy )H

DN ywi Iy = 1>11(x§32 € DSZ )

wk,i,x,<32> w )i = ~ DI € DY) ]m

Wiis X)) Wi )y = DI € Dyi)

O yw e = DI € D)

< [pekall it

+2(y + by) -

From Lemma we get that ,with probability atleast 1 — 77,

Hx,“ (1 + n(dT},T2)) (40)
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and with probability at least 1 — 74,

(14 In(dTT?)) . (41)

(2)
ka i

Taking the union bound of (@0),(#I), we get that with probability at least 1 — 7 T,

< % T 0 In(dT},T?%) + 2(y + by) .

Taking union bound over all iterations i € [T},], we have that with probability at least 1 — 2/72,

2 2
Z\\gmllm < T <Q 0 (diT2)+2(v+bk)) < Ty (;m(:ﬁ)) %Tk(lnT)

Thus we conclude that with probability at least 1 — 2/7°2,
T
S 2
> léwill; < Z Ik.illZ, < @Tk(lnT)
i=1
O

Given the starting angle of batch k as 0y = 5777, the following lemma establishes the high probability
upper bound of average of fi ;(Wy ;).

Lemma 23. In Algorithm[4] at every batch k € {1,2,--- K}, if 0(w*, wi) < 0y, there exists

some constants cs,cg,cy > 0, when setting bandwidth by, = cs % iteration number T}, =
CGW% -4k step size ay = 7 T\,ﬁsz’ then with probability at least 1 — T2, the following
holds:
LgR Gk
42
T Zf’” wii) < 198000, - 42)

Proof. Combing Lemma|[10| Lemma|18|and Lemma[19] we have (1 — 27) fis(W,i)P (x € Dy ;) <
E [(w*, —&k.;)]. hence, it suffices to upper bound E;";’“l E [(w*, —&k.)]-
First, we upper bound Y%, | [(w*, —g )] by S5, (W*, —8.4).

By our setting of constraint set, cos(6 (W ;, Wg)) = (W ;, Wg) > cos 8y, since cos 0 is decreasing
in 6 € [0, 7], hence, we have 0 (wy, ;, wy,) < 6, thus, ||wk i — Will2 < 0 (wgi, wi) < 0. Also,
|lwi — w*||2 < 0 (wg, w*) < 0, by Lemma. Wk —w*||2 < 20). According to Lemma.
set 1, = 20y, then with probablhty at least 1 — 2/T72, the followmg holds:

ZE gkz)|fk11 <Z _gkz

96
+ ?\/1 +2p(y + b)) /T In T + 0k,

(43)

Next, we move on to upper bound ZZL (W*, —8k,;) through a nonstandard regret analysis of
online mirror decent. Let B(vy,va) = ﬁ [[vi — va||2 denotes the Bregman divergence w.r.t.

1 In (8d)
2(1)—1)H ' In(8d)—1"
convex with respect to || - ||, [see Shalev-Shwartz|[2007]]. From the analysis of online mirror descent
[see|Orabonal[2023]], Lemma 6.9], with step size oy, we have

127, where p = In each iteration ¢, the regularizer, B(-, w, ;_1) is 1-strongly

2
. [0 TN
(8kis Wi — W") < B(W", wy ;) — B(W", Wy 1) + ?kﬂgszg .

Where ¢ = In(8d) > 2. Summing the above equality over i € [Tj], we get

Tk 2 Ty

ap8hiy Wi — W) < B(Ww*, wi1) — B(W*, Wi mo41) + —=° €k,

( ) < B(w* ) — B( + 1&k.ql7 -
i=1 i=1
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Dividing both sides by ay, and moving ZlT:kl (Wi, 8k,;) to RHS, we get

T} Ty Ty
1 (677
* o * * A ~ 2
; (W*, —gk) < ;k[B(W s Wi1) — B(W*, Wi 1y, 1)) + ; (Whir —8k,i) + 5 ; ”gk,in
1 I « I
k A 2
SoTkB(W , Wi 1 +; Wi —8k,i) 7;Hgk,i”q-
(44)
Now we need to bound the three terms in RHS of (@4) respectively.
First, we bound B(w*, wy 1) = B(w*, wy,).
W — w2 @ |[wr —wi|? ® dl|w* — w3 © dIn(8d)6?
B(W Wk'l) || k”p ||W Wk‘Hl HW Wk||2 S H( ) k (45)

2p-1) — 20p-1) — 20p-1) 2
Where inequality (a) holds by the fact that ||x||, < ||x||; for all p > 1 and x € R<. Inequality (b)

holds since ||x||; < v/d||x||2 for all x € RY. Inequality (c) holds since ||w* —wy||2 < 0 (W*, w},) <
Oy

Next, we bound ZZT:’“l (—Wg,i,8k.i). By Lemma we have that with probability at least 1 — 2/T°2,

Tk Tk
> (Wi 8ki) <7bk Y P (x € D) + 27b/Ti In T . (46)
=1 =1

Finally, we bound $°/*, [|&x.i||2. By Lemma we have with probability at least 1 — 2/72,

Z &2 < —Tk(lnT) 47)

Combmmg #@3), @3), @6) and @7), and take the union bound, we get that with probability at least
1-6/T2,

(1=27) Y foi(Wii)P(x € D)

=1
Ty
< ZE (W™, —8k.i)]
P (48)

1 dIn(8d)62
dIn(8d)f; | ’kaIP’ (x € D) + 27bp/Tp In T o T (In T)?

70[7"’ 2 i=1 +Q2

48 96
+ —\/1 +2p(y + bp)0x /T In T + Ok T

By Lemma' property (a), and the fact that by < by < R, we have L1b, < P (x € Dy ;) < Uybg,
dividing both sides of @8) by (1 — 277) L1 Txby, we get:

1 k
T > FrilWia)
=1

2 — —
< 1 dln(_8d)9k n U17 b + 277_ 1nT i 7200
(1=27)Ly Q (1 —21)L1by,

an2(1— 217)L Tebe | (1—27)L
(9k lnT 96 9k InT
VT 20(7 + ) o .
+5(1f2 2007+ br) S =2 b Th

(InT)? 49

. _ (1—27)L1 Ly R? _ 1—27 57672 (142p(y+b1))d In(8d) (In T)?
By our setting, b, = 380007 O, = cs—its T = 22 (1-27)20
(y+1)dInd(In T)? /k _ QVdWnBd)0r _  /dInde,
C6(1—amT 4%y = VT I T T T,then we get our proof. O
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Based on Lemma 23] we establish the main theoretical guarantee of Algorithm[4]in Proposition @]
Proposition 4. For some constants cs,cg,cy > 0, when Algorithm || runs with an initial vec-
tor wy, satisfying 0 (w*,wy) < 0 = /2L bandwidth b, = c5(1 — 27)27% for T}, =
c6d®(y 4+ 1)dInd(InT)2/(1 — 20)* iterations with step size oy, = c7V/dIndOy /(T InT), its
output Wi,y satisfies 0 (W* , wgi1) < 11 = % with probability at least 1 — 6/T>.

Proof. For the given unit vector wy, that satisfy 0(w*, wy) < 6, < Z, we have

%’
*
[w* — wyl|2 < 2sin (6(W2W’“)> < 2sin (Z’“) <0y .

The first inequality holds since |[w*||2 = ||wg|l2 = 1. The second inequality holds since sin  is
increasing in = € [0, 7], the last inequality holds since sinz < x forall 0 <z < 7.

By our choice of W, for every iteration ¢, we have cos(6 (wy i, Wi)) = (W 4, Wg) > cos(0y), thus,
since cos x is decreasing for 0 < x < m, then 6 (wy, ;, wi) < 6y, hence,

G(W*7 Wki) S 0 (W*a Wk) + 0 (Wka Wk,i) S 2016 5 (50)
where the first inequality holds by Lemma By Lemma with probability at least 1 — %,

2 .
T%c ZzT:kl fk,i(Wk,i) < fQlegogkl . Let Ay, = {Z S [TkH fk,i(wk,i) > 16%2;]1 RQQk}. Thus,

LoR%; 1 & Lo R20), | Ay
e TR sy 7 . N> el
128000, = Tx i;f ki(Whi) 2 Teom "

t ‘%’:l < %, and thus |’%’:| > ;—g. By Corollary the iterations
i € Ay satisfy O(w*, wy, ;) < %". Other iterations i’ € Ay, satisfy 0 (w*, wy ;) < 26, by (50).

Therefore,

From the above inequality and we get

1 N 1 | Al | A
— ) > z ERT ) faeid}
T, ;COS(@ (W*, Wg.;)) > cos (59> X T, + cos(26) x T,
79
1— =02 ) x4 (1—2x46?) x —
—( 50 )X80+< 2~ )xso
1 1 1
>1- 02— = x ¢
- 50 2 20
> - Lg2
20

where the second inequality utilizes the fact that cosz > 1 — %xQ and the last inequality holds since
Eosx < 1— ta?for0 < z < F. By the concavity of cos(# (w*,-)) when (w*, w;,;) < T, we
ave

1 Ty 1 Tk 0
cos(0 (" 1) = o (a <w*, L zw)) > S a0 ) 2 o ()
Since cos z is decreasing in x € [0, 7], we have O(W*, wj41) < %_ ]

A.6 Proofs for Sectiond

In this section, we outline the proof of Theorem|[T] which is the key theorem of this paper.
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Theorem 1. For any instance of our online strategic classification problem with noise level 7,
maximum manipulation distance vy, and feature dimension d, the expected regret of classifiers h from
Algorithm[I)over T cycles satisfies

E[Reg(h; 7)] = O (dlnd x (nT)2/(1 = 20)* + /(7 + DdInd x TInT/(1 - 20)%) .

Proof. To derive the regret bound in Theorem we decompose the total regret Reg(h; T") as defined
in (1)) into two parts according to pure exploration phase versus exploration-exploitation phase, and
then we move on to decompose the regret in exploration-exploitation phase according to certain
events. We upper bound each of these parts separately. First, we define the two phases and the events
used in the regret decomposition.

Definition 4. Define the set Tpg .= {t € [T]|0 < t < 2T}, + To} as the pure exploration phase,
where T, and Ty are number of iterations in Algorithmand Algorithm Define the set Tgg =
{t € [T]|2T s +To <t < T} as the exploration-exploitation phase. Define the event &y, =
{{(Wo, w*) > co(1—27)}, where cq is a constant defined in Proposition[2} For k € {0,1,2,--- | K},
define the event e, = {0 (Wy11,W*) < ¥ }. Define the event € := gyir[) €0 ﬂke[K] €k as the
“clean event”.

In Definition 4] the pure exploration phase 7pp corresponds to all cycles in the Initialization and
Refinement Algorithm, and the exploration-exploitation phase Tg g corresponds to all cycles in
Enhancement Algorithm. By Proposition[2] Proposition [3|and Proposition ] the events defined in
Definition {4 satisfy the following properties:

2
P () > 1 - = , (51)
3
P (eo | imit) > 1 — T2 (52)
6
P(er | €h—1,Ek—2," €0, Einit) = P(ek | €x—1) > 1 — T2 Vk € [K]. (53)

Hence, taking the union bound by (51)),(52) and (53)), we get that the probability of clean event satisfy

P(c) =P > 2 5 6\, 6
(5)— Einitmgoﬂgk s ].—ﬁ X ].—ﬁ X ].—ﬁ 71_?

ke[K]
Then, we decompose the total regret as
Reg(h; T) = Reg(h; Tpr) + Reg(h; Tip, €) + Reg(h; Tep, €), (54)
where £ denotes the complement of ¢, and the three parts of (54) is represented as the following:

Reg(h; Tpg) = Z Err(h) — | Tpg | x Err(h*),

te€TpPE

Reg(h; Top,e) = . (Err(ﬁt)—Err(ﬁ*))]I(g),
teTEE

Reg(h; Tpp &) = > (Err(ﬁt)—Err(ﬁ*))]I(E).
teTEE

The first term in (34) denotes the expected regret incurred during the pure exploration phase. The
second term captures the expected regret incurred during the exploration-exploitation phase given
that the clean event holds. The last term characterizes the expected regret incurred during the
exploration-exploitation phase given that the clean event does not hold.

Now we upper bound the three parts of (54) respectively. For the first term Reg(h; Tpz), the regret
incurred in a single cycle is at most 1, and the length of pure exploration phase is | Tpg| = 2Tin + 1o,
then, the expected total regret during these time can be upper bounded by

E [Reg(fl; TPE)} < Z 1< 2T +To =0 <(1—1277)8d1n d(ln T)2> , (55)
teTPE

50



where the last equality holds by our setting that Tiy = O ((1 T InT ) and Ty =
O ((hsdnd(nT)?).

Then, we upper bound the expectation of the second term Reg(fl; TeE,€) which is the cumula-

tive regret incurred under clean event during the Enhancement procedure. Let Regk(fl; TeE,€)
denote the regret in each batch k € {1,2,--- | K} during this procedure under “clean event” i.e.,

Reg(h; Tpp,€) = Eszl Reg,.(h; Tgg, €), then we only need to upper bound E |Reg,, (h; Tz, 5)}
for each batch k € {1,2,--- , K}, which is characterized as

E [Regk(fl; TeE, 5)}

T, 2 _ .
- ZZ E {Err(ﬁgjz) — Err(h*)

s} P(e)
i=1 j=1
T, 2
< ZZ E {Err(izgjq)) — Err(R*) s}
i=1 j=1
< 32 on (wrrt) =) #2) < s ((wrli”) =) #k2) |
i=1
S5l (o) 2 0) 32 () ) )|
= 3w 1o () £482) -1 an ((vont2)) #02) |

+§?E[H <sgn <<wm,x§”> ) #yk» (sgn (<w X5621)>) #y(z)) ‘ ] .
(56)

Where r,(i;*) and r,(j;*) are the counterfactual agent responses under the optimal classifier. The
first equality holds by the fact that E [XT ()] = E[X | I(e) = 1]P(e) + E[0| I(c) = 0] P(¢) =
E[X | €] P (). The inequality holds since 0 < IP () < 1. The last equality holds by Proposition|[I]

For the first term within the summation in RHS of (56), we have

B 1 (sen (e i) # i) 1 (sen (" 02)) #0k0) | <

<P (sgn({w",x)) # sgn ((wp,i,x)) | €) (57)

_277

where ¢y is a positive constant. The first inequality holds by triangular inequality, the last equality
holds since by Lemma [ property (b), and Proposition 4]
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For the second term, we have
o[ (mx) ) 162) S (7)) 4] |
=1 (mnn) ) #002) 1 (e 082
[t on () £42) (o (- 20) 18D
< 5[t an ((weuiZ) ) 2 (i) |
s ((wn)) 0 ()4
=P (0= (Wi x(2)) < bi) + P (sen ((w"x)) # sen ((wii, %)) | )
<U1bk+02ﬂ<7611(12k_2ﬁ) %,f

where c1; > 0 is a positive constant. The first inequality holds by triangle inequality, the last
inequality holds by Lemma 4 property (a) and (b), and Proposition 4}

Summing and (58) over [T}], and then we can upper bound (56) by

Tk
~ 1 1-2
B [Resu(lcTee. 9] < 32 00) - 57 +0() -~
iy 1 20)T)
=0(1)- 3 Loy 12207k 2,:7) k

=20 ((1_127])4(7 + 1)dlnd(1nT)2> .

Since T = |Tpg| + |Tee| and |Tpr| = O(dInd(InT)?), then |Ter| = O(T). Also, the
exploration-exploitation phase Corresponds to all cycles run in Algorithm , hence 2 Zszl T, =

|Ter| = O(T). By T, = 40O ( =z (v + DdInd(InT) ) we get the total number of batches

as K =log, (O (%)) . Then, we can upper bound the cumulative regret during the

exploration-exploitation phase under “clean event” as

E [Reg(fl; TEE,s)] = iE [Regk(fl; TEE,E)]

k=1
1—2m%
log, (O(WD 1 (59
. k 71T o \4 ’
_ kzl %0 ((1 5y (1 Ddnd(inT) )

((1_2 \/mlnT>

Finally, we upper bound the third term in (54) as
E [Reg (B; Tee, s)} - Y E [(Err(ﬁt) - Err(i}*)) I (g)]

t€TEE
6 (60)
<E| > ]I(e)] =|Tep|P(E) <T = =6.
T
t€Ten
By combining the upper bounds of (33), (39), and (60), we finish the proof. O

A.7 Proofs for Appendix[A.1]

Before proving Lemma [3] we need to first prove some intermediate lemmas. In the following
lemma, we show that any log-concave distributed random vector with zero mean and positive definite
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covariance matrix can be linearly transformed into a new random vector with isotropic log-concave
distribution.

Lemma 24. For any random vector x € R? that follows a log-concave distribution with . [x] = 0
and E [XXT] = 3, where 3 is positive definite, the transformed random vector z = Y2x that

follows an isotropic log-concave distribution.

Proof. We first prove that z = $7ix is isotropic. Since E [XXT] = %, ¥ is positive definite,
T T

then E [227] = S4E [xxT] (Z7) = £ (27#) = I Also, since E[x] = 0, then

E[z] = ¥ 2E[x] = 0.

Next, we show that the probability density function of z is log-concave. Suppose the corresponding
probability density functions of x and z are ¢ (-) are ¢, (), respectively. Since ¢x (+) is log-concave,
then for V o € [0,1] and ¥ %1, x5 € R,

aln (¢x (x1)) + (1 — a)In(dx (x2)) < In(¢x (ax1 + (1 — @) x2)) .
Then, for V a € [0,1], 21,25 € R,
In ((¢2(21))) + (1 — @) In (¢4 (22)))
(det ( ) <E2z1)) +(1-a)l (det (z%) e (Z%ZQ))
n (6x (S21) ) + (1 - ) In (0 (512 ) +In (det (£}))
<In (¢x (aZle +(1-a) E%Z2)) +1In (det (E%))
= In (¢, (az1 + (1 — @) 22)) .

Thus, ¢, () is isotropic log-concave. O

Q

=al

=

|
Q

The next lemma outlines the relationship between the eigenvalues of the covariance matrices for a
high-dimensional random variable before and after it is projected onto a lower-dimensional subspace.

Lemma 25. Let x be an arbitrary d-dimensional random variable with a positive definite covariance
matrix ¥, whose maximum and minimum eigenvalues are A and ), respectively. Let Vg an arbitrary
d’-dimensional subspace with d’ < d. Let Xy, denote the projection of x onto Vy with covariance

matrix Yy, whose maximum and minimum eigenvalues are S\Vd, and AVd/’ respectively. Then,
Av, < Aand AVd’ >\

Proof. Let P € R%*4" denote the projection matrix of x, i.e., PTP = I and PTx = Xy, , then,
Yy, = PTYP. Hence, by definition of maximum eigenvalue, we have

_ VTZVd,V v PTS Pv
>\Vd/ = max ——m— = max
v#0, veRd VIV v£0, veRd VIV
vI PTY. Pv ul'>u 3
= max ——— < max =
v0, ver? vIPT Py w0, uekd ulu ’
where u = Pv.
. VTZVd,V . vI PTY. Pv
Ay, = min = ——— = min = ———
d v#0, veRY V'V v#£0, veR? viv
. v PTY Pv S , u’Yu
= min — = min =
v#0, ver? VIPTPv = uz0 uerd ufu 7
where u = Pv. O

Now we are ready to prove Lemma 3]
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Lemma 3. Let x € R? (d > 2) have zero mean and a log-concave distribution. Suppose the
eigenvalues of its covariance matrix ¥ = & [XXT} are all bounded within [\, ] for some positive
constants \, \, then the distribution of x satisfies the regularity conditions in assumption 2| with
parameters L, = Bi(f),Lg ’61(2 = 1\f U, = \%, U, = ’82 82(2) ,0 = Ba( 2) , Q = /A for

B1(1), 51(2), 82(2), f3(2) given mLemmal

Proof for Lemma[3] For arbitrary 1-dimensional subspace V; C R! and 2-dimensional subspace
Vo C R?, let xy, and xy, denote the projected vectors on V; and V5 with covariance matrices Yy,
and 2\/2, respectlvely Let Ay, and Ay, denote the maximum eigenvalues of Xy,, Xy, and Ay,
and )y, denote the minimum eigenvalues of Xy, , Xy, respectlvely Then by Lemma. we have

1
)\ > )\Vl, )\ > )‘st A < AVI andA < AVZ' Let Zy, = ZVl XVys Zv, = ZVQ XVy- Then, Zy, and Zy,
have isotropic log-concave densities, denoted as ¢,,, and ¢, , respectively.

We first determine L1, Lo and R prescribed in Assumptlonl 2| Condition 1. For all [|xv, |2 < $v/A,
’s probability density function ¢x,, (-) satisfies

-1 Bi(1) 1(1)
2) > > .
Gy, (X01) = Gan, ( le) det (ZVI ) > 61)
_|ls—3 1 11 1 . o
Now ||zv, |2 = HEVIZXV1 , S oo xvilly < N 5V = 5. Then, the first inequality in

(61) holds by Lemma property (b) and det (E;f) > \/;7 The second inequality holds by
1

Lemmal[23]

Similarly, for all ||xy; ||, < §+/A, xv,’s probability density function ¢y, (-) satisfies

by (x12) = 0o, (D131 ) et (3,7) = A2 | @)

a 62
25 (62)

_1
Now ||z, ||z = HEV; Xva|, < A = &. Then, the first inequality in (62)

Sl < 253
_1
holds by Lemma property (b) and det (2V22 ) > ;\L The second inequality holds by Lemma

Combining (61) and (62), we have L; = \(f), Ly = 1;(2)’ R = gvA.

Then, we determine U7, Us and § prescribed in Assumption Condition 2. For ¢xv1 (+), we have

Pxy, (Xv1) = 2y, (E‘_,léxvl) det (Z‘_/l%) < \/1\71 < % )
S

m\»—-

where the first the inequality holds by Lemma
inequality holds by Lemma(25| Thus, U; =

property (c) and det (

[ 1O ]

S

For ¢, (+), we have

B2(2) exp (—53(2) Hzx_ffxvz

)

D, (513) = Oy, (S0, ) et (31 <

Ay,
B2(2) exp( %2) ||Xv22)
<
Ay,
. B2(2) exp (—’@37\/(;2) Ixv, Hz)
Py A )

where the first inequality holds by Lemma property (d) and det (E;f) < )\L The second
7‘/2

inequality holds by HE‘_,Q% XVa ||, > \/% |xv, ||- The last inequality holds by Lemma
2
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Thus, we have Uy = BZT(Q) 0= 53—\/%2)

Finally, we determine () prescribed in Assumption [2, Condition 3. For arbitrary w € B, (w, x)
forms a 1-dimensional random variable whose probability density function is log-concave. Let

xyy = (w,x) denote the projected random variable and 0‘2,1, =E {X‘T/l,xvlz] denote its variance.
Then, by Lemma 2] property (a), for every t > 0,

P(lz|>t) <e V' < e VAL

where the second inequality holds by 0‘2,1, > AV{ > ). Thus Q = /. O
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