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Abstract

Gradient clipping is a fundamental tool in Deep Learning, improving the high-
probability convergence of stochastic first-order methods like SGD, AdaGrad,
and Adam under heavy-tailed noise, which is common in training large language
models. It is also a crucial component of Differential Privacy (DP) mechanisms.
However, existing high-probability convergence analyses typically require the
clipping threshold to increase with the number of optimization steps, which is
incompatible with standard DP mechanisms like the Gaussian mechanism. In this
work, we close this gap by providing the first high-probability convergence analysis
for DP-Clipped-SGD with a fixed clipping level, applicable to both convex and
non-convex smooth optimization under heavy-tailed noise, characterized by a
bounded central a-th moment assumption, « € (1, 2]. Our results show that, with
a fixed clipping level, the method converges to a neighborhood of the optimal
solution with a faster rate than the existing ones. The neighborhood can be
balanced against the noise introduced by DP, providing a refined trade-off between
convergence speed and privacy guarantees.

1 Introduction

Stochastic first-order optimization methods, such as Stochastic Gradient Descent (SGD) (Robbins
and Monro, 1951), AdaGrad (Streeter and McMahan, 2010; Duchi et al., 2011), and Adam (Kingma
and Ba, 2014), are fundamental for training modern Machine Learning (ML) and Deep Learning
(DL) models. However, these methods are often enhanced with additional algorithmic techniques that
play a critical role in their convergence and practical performance. Among these, gradient clipping
(Pascanu et al., 2013) is one of the most widely used and well-studied approaches. In recent years,
substantial efforts have been made to theoretically understand the advantages of gradient clipping
and its impact on the convergence of stochastic optimization algorithms.

In particular, gradient clipping is a key component in managing heavy-tailed noise, which commonly
arises in the training of language models on textual data (Zhang et al., 2020), in the training of
GANSs (Goodfellow et al., 2014; Gorbunov et al., 2022), and even in simpler tasks such as image
classification (Simsekli et al., 2019). This approach is primarily analyzed through the lens of high-
probability convergence, as such guarantees provide a more accurate reflection of the actual behavior
of optimization methods compared to their more conventional in-expectation counterparts (Gorbunov
et al., 2020). Moreover, as demonstrated by Sadiev et al. (2023) for SGD and by Chezhegov et al.
(2024) for AdaGrad and Adam, methods without clipping may fail to exhibit high-probability
convergence with logarithmic dependence on the failure probability. In contrast, several recent works
(Gorbunov et al., 2020; Cutkosky and Mehta, 2021; Sadiev et al., 2023; Nguyen et al., 2023; Gorbunov
et al., 2024b; Chezhegov et al., 2024; Parletta et al., 2024) have established that various stochastic
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first-order methods attain significantly better high-probability convergence under heavy-tailed noise
assumptions across different settings.

On the other hand, clipping is a cornerstone of Differentially Private (DP) machine learning. The
widely used Gaussian mechanism (Dwork et al., 2014) achieves privacy by adding Gaussian noise to
the gradients, thereby introducing uncertainty about their true values. However, the DP guarantees
provided by this mechanism rely on the assumption that the gradients have bounded norms, a
condition typically enforced through gradient clipping (Abadi et al., 2016).

It is therefore tempting to claim that gradient clipping can provably address two distinct challenges
simultaneously: mitigating heavy-tailed noise and ensuring differential privacy (DP). However, this
is not entirely accurate, as the clipping policies required for these two objectives differ substantially.
In the context of heavy-tailed noise, existing convergence guarantees are typically derived assuming
that the clipping level increases with the total number of training steps. In contrast, DP mechanisms
require a fixed and bounded clipping threshold to ensure robust privacy guarantees. This fundamental
mismatch raises a critical question:

How does differentially private version of Clipped-SGD converge with high probability
under the heavy-tailed noise?

Our contribution. In this paper, we address the above question by providing the first high-
probability convergence bounds for the differentially private version of Clipped-SGD (DP-Clipped-
SGD) with an arbitrary fixed clipping level applied to convex smooth optimization problems under
heavy-tailed noise. Specifically, we assume that the stochastic gradient has a bounded central a-th
moment for some o € (1, 2] and establish that DP-Clipped-SGD achieves a high-probability conver-
gence rate of O(K ~"/?) to a certain neighborhood of the optimal solution. This rate is significantly

better than the previously known bound of (5([( —(=Y/aY in this setting.

However, this improvement is achieved by relaxing the requirement for exact convergence and instead
demonstrating convergence to a neighborhood whose size depends non-trivially on the clipping level,
noise scale, and other problem-dependent parameters. Importantly, the size of this neighborhood,
introduced due to the inherent bias in clipped stochastic gradients, can be carefully balanced with
the neighborhood induced by the DP noise, allowing for more flexible control over the trade-off
between convergence accuracy and privacy. Additionally, we extend our results to the non-convex
case, illustrating the broader applicability of our analysis.

2 Technical Preliminaries

The optimization problem considered in this work has the following form
min {f(z) := Ee~p[fe(2)]} . (D
zER?

Here, x denotes the model parameters, f : R — R is the expected loss function, and f : R 5 R
represents the loss computed for a random sample & drawn from an (often unknown) distribution D.
Such problems are fundamental in machine learning (Shalev-Shwartz and Ben-David, 2014).

We assume that at each iteration, we have access to an oracle that provides a stochastic gradi-
ent V f¢(x), as well as a d-dimensional random vector w sampled from a Gaussian distribution
N(0,021,), where 1 is the d x d identity matrix. More precisely, the random variables ¢ and w are
defined on the probability space (g x R?, B(Qq) ® B(R?), F*,P), where ), represents the data
sample space, and B(X) denotes the Borel o-algebra generated by the set X'. This probability space
is also equipped with the natural filtration 7t = o ([foo (0), wo) L [V fer (2h), wt]T), which

captures the history of the stochastic process up to time ¢. The probability measure P is defined as the
product measure on this space, given by

P{By x B} = (u x v)(Bg x Bo,) = (Ba) v(B,), VBa € B(Q4),VB, € BRY), (2)

where /1 is a probability measure on Qg4, and v is the Gaussian measure on R? with mean zero and
covariance matrix 02 1,.
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Types of convergence bounds. Several types of convergence bounds are commonly used to analyze
the behavior of stochastic optimization methods, ranging from in-expectation bounds to almost
sure convergence guarantees. High-probability convergence bounds provide guarantees of the form
P{P(z") < e} > 1 — B, where P(z) is a performance metric that measures the quality of the
solution!. Here, P{-} denotes the probability measure defined by the problem setup, x% is the
algorithm’s output after K iterations, (3 is the confidence level (or failure probability), and ¢ is the
optimization error.

This type of convergence is generally considered superior to in-expectation guarantees (e.g.,
E[P(z%)] < e), as it captures not only the average behavior of the underlying random variables but
also their tail behavior, which is particularly important for distributions with heavy tails. However, it
is worth noting that the number of iterations K required to achieve such high-probability guarantees
can depend inversely on the failure probability /3, as seen in analyses for methods like SGD (Sadiev
et al., 2023), AdaGrad, and Adam (Chezhegov et al., 2024). Such inverse-power dependencies on 3
are generally undesirable, as (3 is typically chosen to be very small. Consequently, a major objective
in the high-probability convergence literature is to establish bounds with polylogarithmic dependence
on 1/, which are significantly tighter and more practical.

Assumptions. In the following, we list the assumptions on the structure of the problem at hand.
These assumptions are very mild and cover a wide range of problems.

Assumption 2.1. We assume the function f is uniformly lower-bounded on some subset @ C R,
ie., f* :=inficq f(x) > —o0.

The above assumption is necessary for problem (1) to be feasible. Next, we make a standard
assumption about the smoothness of the objective function.

Assumption 2.2. We assume that there exists a constant L > 0 such that for all 2,y € Q C R? the
function f satisfies the following.

IVf(z) =Vl < Lilz -yl ©)

In this work, we consider both classes of convex and non-convex functions. The following assumption
holds only for convex functions.

Assumption 2.3. We assume there exists a subset Q of R? such that for all 2,y € Q
fy) = f(x) +{Vf(z),y — ). A

The following assumption is with respect to the stochastic oracle that our algorithm receives at
each iteration. We assume that the stochastic gradients have a bounded central & moment for some
a € (1,2]. This assumption is stated explicitly below.

Assumption 2.4. We assume there exist some subset () C R4, and some constants ¢ > 0, o € (1,2]
such that for all z €

Eeap [Vfe(z) | 2] = Vf(2), §))
Eenp [IVfe(x) = V()" | 2] < 0. (©6)

As it can be seen, in the case o = 2, the aforementioned conditions recover the standard uniformly
bounded variance assumption widely used for obtaining convergence guarantees for optimization
algorithms in the literature. Since the LP norms of random variable are non-decreasing in p, this
assumption allows the stochastic gradients to have infinite variance.

Next, we use the classical definition of (e, §)-differential privacy. Intuitively, it provides probabilistic
guarantees that an intruder cannot infer the existence of a particular data in the data set that the
algorithm used to train the model.

Definition 2.5. ( (¢, §)-Differential Privacy (Dwork et al., 2014)). A randomized method M : D — R
satisfies (e, §)-Differential Privacy, if for any adjacent D, D" € D and for any S C R

P (M(D) € S) < P (M(D') € §) + 4, )

Smaller (e, ) provides stronger privacy guarantee. This also can be viewed from the perspective of
Bayesian hypothesis testing where the null and alternative hypothesis are about the existence of an
individual’s data in the dataset (Su, 2024).

"Examples of such performance metric for problem (1): P(z) = f(z) — f(z*), P(z) = ||V f(z)|?,
P(x) = ||z — z*||>, where z* € argmin, cga f(z).
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3 Related Work

Clipping in Differential Private learning. There are several approaches to ensuring DP guarantees
in SGD, but the most common method relies on a combination of gradient clipping and noise injection.
In the finite-sum setting, Abadi et al. (2016) demonstrated that it is sufficient to add Gaussian noise

(the Gaussian mechanism) with standard deviation o, = © (%, /K In %) to the clipped gradients,

where ¢ is the sampling probability for each individual summand. This approach reduces the variance

of the required Gaussian noise by a factor of v/In K compared to the advanced composition theorem
(Dwork et al., 2014), significantly improving the utility of DP training.

This combination of gradient clipping and the Gaussian mechanism has become a standard approach
in many DP training algorithms. However, these methods often rely on restrictive assumptions, such
as requiring the clipping level to always be larger than the norm of the transmitted vector (Zhang
et al., 2022; Noble et al., 2022; Allouah et al., 2023, 2024; Li and Chi, 2025)2, assuming symmetry
of the noise distribution (Liu et al., 2022), or requiring that the full gradients be computed (Wei et al.,
2020). These conditions can be quite restrictive, particularly in practical large-scale settings.

To the best of our knowledge, the only work that avoids these assumptions is Islamov et al. (2025),
where the authors proposed a distributed optimization method based on clipping, error feedback
(Seide et al., 2014; Richtarik et al., 2021), and heavy-ball momentum (Polyak, 1964). However,
their high-probability convergence analysis critically relies on the assumption that the noise in the
stochastic gradients has sub-Gaussian tails. By contrast, under the more realistic Assumption 2.4 with
« > 2 (which is still more restrictive than the heavy-tailed case with av < 2), Zhao et al. (2025) derive
in-expectation convergence bounds for a variant of projected SGD that uses DP mean estimation
with a sufficiently large number of samples. However, this approach can be prohibitively expensive
in practice, particularly in the training of large language models.

High-probability convergence bounds. If the noise in the stochastic gradient has light tails, then
classical stochastic first-order methods like SGD and its adaptive and momentum-based variants can
achieve desirable high-probability convergence rates, characterized by polylogarithmic dependence
on the failure probability 8. For instance, under the sub-Gaussian noise assumption, such results
exist for SGD (Nemirovski et al., 2009; Harvey et al., 2019), its accelerated variants (Ghadimi
and Lan, 2012; Dvurechensky and Gasnikov, 2016), and its momentum and AdaGrad versions
(Li and Orabona, 2020; Liu et al., 2023). Additionally, Madden et al. (2024) demonstrate that
polylogarithmic high-probability bounds can also be achieved for SGD under the weaker sub-Weibull
noise assumption. However, as highlighted by Sadiev et al. (2023) and Chezhegov et al. (2024),
methods like SGD, AdaGrad, and Adam can fail to achieve these desired high-probability rates
under heavier-tailed noise distributions.

To address the limitations of high-probability convergence for stochastic methods under heavy-tailed
noise, several algorithmic modifications have been proposed and rigorously analyzed in recent years.
Nazin et al. (2019) introduced a variant of Stochastic Mirror Descent (Nemirovskij and Yudin, 1983)
with truncation of the stochastic gradient, establishing high-probability complexity bounds for convex
and strongly convex smooth optimization over compact sets under the bounded variance assumption
(Assumption 2.4 with o = 2). Interestingly, the truncation operator used in this work, while not
identical, is closely related to the standard gradient clipping technique that has since become the
foundation of many subsequent studies.

In particular, Gorbunov et al. (2020) derived the first high-probability complexity bounds for Clipped-
SGD and also proposed an accelerated version based on the Stochastic Similar Triangles Method
(SSTM) (Gasnikov and Nesterov, 2016). These results were later extended to non-smooth problems
by Gorbunov et al. (2024a); Parletta et al. (2024), to unconstrained variational inequalities by
Gorbunov et al. (2022), and to settings with noise having a bounded a-th moment by Cutkosky and
Mehta (2021) (with an additional bounded gradient assumption in the non-convex case). Building
on these foundations, Sadiev et al. (2023) extended the results from Gorbunov et al. (2020) and
Gorbunov et al. (2022) to the more challenging setting defined by Assumption 2.4 with a < 2,
removing the bounded gradient assumption for non-convex objectives. This work also introduced

2Li and Chi (2025) also provide an in-expectation convergence result without the bounded gradient assump-
tion, but with a worse dependence on the variance bound of the stochastic gradients.
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new high-probability bounds for Clipped-SGD in the non-convex regime. These non-convex results
were further refined by Nguyen et al. (2023), who also obtained tighter logarithmic factors in the
convergence rates for both convex and strongly convex settings.

In the context of distributed optimization, Gorbunov et al. (2024b) extended the results of Sadiev
et al. (2023) to distributed composite minimization and variational inequalities using the clipping
of gradient differences, thereby broadening the applicability to decentralized and federated learning
scenarios.

Adaptive methods have also been analyzed through the lens of high-probability convergence. Li and
Liu (2023) derived new high-probability bounds for Clipped-AdaGrad with scalar step-sizes, while
Chezhegov et al. (2024) obtained analogous bounds for various versions of Clipped-AdaGrad and
Clipped-Adam with both scalar and coordinate-wise step-sizes. Additionally, Kornilov et al. (2023)
proposed a zeroth-order variant of Clipped-SSTM and analyzed it under Assumption 2.4, extending
the clipping framework to derivative-free settings.

However, a critical limitation shared by all of these methods is that the clipping level A is typically
chosen as an increasing function of the total number of steps K. This choice, while theoretically
convenient, leads to prohibitively large DP noise variance when aiming to guarantee (e, d)-DP,
resulting in utility bounds that grow with K and significantly degrade the practical effectiveness of
these methods in privacy-preserving applications.

There exist other alternatives to gradient clipping that also ensure high-probability convergence
with polylogarithmic dependency on the failure probability. They include robust distance estimation
coupled with inexact proximal point steps (Davis et al., 2021), gradient normalization (Cutkosky
and Mehta, 2021; Hiibler et al., 2024), and sign-based methods (Kornilov et al., 2025). Notably,
the approaches from Hiibler et al. (2024); Kornilov et al. (2025) enjoy provable (yet sub-optimal)
high-probability convergence even when « is unknown. In the special case of symmetric distributions,
Armacki et al. (2023, 2024) provide new high-probability convergence bounds for a large class
of SGD-type methods with non-linear transformations such as standard clipping, coordinate-wise
clipping, normalization, and sign-operator, and Puchkin et al. (2024) derive high-probability conver-
gence of SGD with median-based clipping and also extend this result to problems with structured
non-symmetry for SGD with smoothed median of means coupled with gradient clipping.

4 Main Results

The well-known Clipped-SGD algorithm with the Gaussian DP mechanism (DP-Clipped-SGD) is
described in Algorithm 1. If differential privacy (DP) is not required, one can simply set 02 = 0. As
shown by Sadiev et al. (2023), achieving exact convergence to the optimal solution of problem (1)

using Clipped-SGD requires the clipping level to be chosen as A = O (0’ (K/(n %))1/a>. However,

this choice of clipping level, which scales with the total number of iterations K, is problematic
from a DP perspective. Specifically, larger clipping levels necessitate larger DP noise to maintain
privacy, significantly increasing the variance in gradient estimates and leading to a larger convergence
neighborhood.

To address this limitation, in this work, we focus on the more general case of arbitrary fixed clipping
levels that do not scale with the total number of iterations. This approach is more compatible
with practical DP requirements, where clipping levels are typically kept constant. However, our
theoretical results can also accommodate clipping levels that scale with K up to the order A =

@ (a (K /(In %)) 1/0) , as we discuss in detail in the appendix. This broader analysis introduces a few
additional step-size conditions, which we also explore thoroughly in the supplementary material.

The following two theorems present our newly derived step-size bounds and the corresponding
performance guarantees for both convex and non-convex settings. Following each theorem, we
provide a table that further simplify the performance bounds under the assumption that the clipping
level falls within specific intervals. In these tables, we assume that no DP noise is present, focusing
purely on the impact of the clipping bias. The final corollary extend these results to the case where

3In some cases, such as the analysis of Clipped-SSTM (Gorbunov et al., 2020) or Clipped-SGD under
strong convexity (Sadiev et al., 2023), the clipping level decreases as a function of the current iteration counter k
but still increases overall as a function of K.
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Algorithm 1 DP-Clipped-SGD

Input: starting point z°, number of iterations K, step-size v > 0, clipping level .
1: fork=0,...,K do
2: Compute j, = clip (V fex (2¥), A) using a fresh sample ¢¥ ~ D

30w, ~N(0,021)
4 gk = gk + wk

50 aFtl =gk —~g,
6: end for

DP noise is included in the convex case, while the result for DP case in the non-convex setup is
deffered to the supplementary materials due to space limitation.

Convex problems. We start with the convex case.

Theorem 4.1 (Convergence of DP-Clipped-SGD for the convex objectives). Let the integer K > 0
and B € (0, 1] be given. Furthermore, let Assumptions 2.1, 2.2, 2.3, 2.4, hold for Q = Bar(z*), R >
||x0]:y T* || Set ( := max {0, 2LR — %} and further assume that the step-size vy is selected to
satis

1
<0 in{ —
v < min{ -,

b

R
Ala/2\/K1n (%) (0o +¢5)

R)\o—1 R
« LR Ae—1¢ y « %1 ’
K(aa—&—c)\)(T‘F Ua+<§+(0'a+<:)\) ) gw”dKln(%)
Then, after K iterations of DP-Clipped-SGD, the iterates with probability at least 1 — ( satisfy

AR? 64L R
: ty _ *\ <
(i @) = f@7) < SEAD TRRE )

®)

&)

The convergence rate and the neighborhood to which the algorithm converges depend on the magni-
tude of A in a non-trivial way. Table 1 summarizes these relationships for different values of A in

the absence of DP noise. In the special case where A\ = O (a (K /In %) i Q), our theorem provides a

convergence rate of O (((ln F)/K) @7V (i %)/ ) to the exact solution in the asymptotic regime.
This matches the rate previously derived by Sadiev et al. (2023).

In contrast, if A is chosen as a constant, independent of K, the leading term in the convergence rate
. . . . . (a=1)/
simplifies to O(+/(» 5)/K), which is faster than the more conservative bound O (((ln $/K) /Y.

However, this faster rate comes at the cost of only guaranteeing convergence to a neighborhood
around the optimal solution, determined by the third term in the step-size condition (8).

To ensure (&, §)-DP for DP-Clipped-SGD in our setting (i.e., expectation minimization), one can

set the noise scale as o, = © (% Kln (%) In (%)) and apply the advanced composition theorem

(Dwork et al., 2014, Theorem 3.22). Given the fourth term in (8), this choice implies that the step-size
decreases as 1/x, resulting in convergence to a certain neighborhood. This observation is formalized
in the next corollary.

Corollary 4.2 (Convergence of Clipped-SGD for the convex objective). Let the assumptions of
Theorem 4.1 hold, o, = © (% Kln (%) In (%)) and 7y is chosen as the minimum of (8) then with
probability at least 1 — 3 the error converges to a neighborhood of the global optimum of size

min_f(z') — f(z*) < O (max {(11),(12), (13), (14)}). (10)

t€[0,K]



248 where

2 3 p4

Mt e (1)
RAI=/2g0/2, [Inife | LERo"Inl/s (12)

a—1 — a—1 — 2

R+ (KR + 3@+ DT ) RPLo+) (KR + A+ T )
i + - (13)

LR*dIn (&)In(&)In (L

2 () n (5)In (1) + (F)in ($)1n(3) (14)

249 One may notice that there is a non-trivial trade-off between the convergence rate, clipping level, and
250 the size of the neighborhood. Therefore, we consider two special cases and provide the result with
251 optimally selected )\ in the following corollary.

252 Corollary 4.3 (Convergence of DP-Clipped-SGD for the convex objective). Let the assump-
253 tions of Theorem 4.1 hold, K is sufficiently large, vy is chosen as the minimum of (8), o, =

254 O (%, /K1n (%) In (%)), and A\ > 4L R. Then the optimal value for \ is

A = max { 4LR, ( eo” ) )
dln (%) In (%) In %
255 With this value, the iterates produced by the algorithm with probability of at least 1 — 3 satisfy
min_f(z") - f(2*) = O (max{(15),(16), (17),(18)}),

ke[0,K]
256 where
Ri-a[2-agalpy (%)
max (15)
(16)
i 17
min ¢ —--, BEE + % a7
a2+2
LR? K\ 1y, (kY Bo(dm(5)m()m (%))
max din| — |In{=)In{—], —
€ 1) 1) 153 et

LR?d K 1 K

257 Also, for small \ regime ()\ < %LR), the optimal value for X is

2¢eLR

1
K K 2a+42
(4 (%) (3) I )7 41
258 With this value, the iterates produced by the algorithm with probability of at least 1 — 3 satisfy

min _f(z') — f(z*) = O (max {(20), 21),(22),(23)}),
t€[0,K]

4
A=min{ - LR,

19)
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Table 1: Rate, neighborhood and optimal A in different regimes for the convex objective function.
Here, ) denotes the clipping level, L denotes the smoothness parameter, R > ||z° — 2*|| represents
the initial error, @ € (1, 2] denotes the moment that is bounded and o is that upper bound value.
Furthermore, 3 is the confidence level,() := max{0,2LR — %} and 7 is a small positive constant.
By optimal A and optimal neighborhood, we refer to the A that minimizes the right hand side (RHS)
of (9) and the minimized RHS value itself, respectively.

\ Regime [ Neighborhood Optimal A Convergence rate Optimal Neighborhood |

A>4LR - 2020 K \* I AN
=0 O (Rt +LRG) O (" (IT> > © <<T> i T)
IR < N<4LR oo 2o hE Ik I aa
Ay O (R + LR Sa ) ALR ofyis 4 O (B8 + preipres )
0 (Rig + LR*x) ALR oyt ini O (B2 + prim=s )
e T e~ Tt et
4LR < XA<4LR LR mE Ik LRy?
OG<o<A O(RQ+ /\2A) 4LR -1 o =t R O(RnJrﬁ)
TIR<A<A4LR LRC WE W& 257
3 = S _ B 5 LR%o%
AP 0 (Roy+ 254 ALR - 20 o(yEE 4+ 1 0 (Ro+ HE=)
A< 2LR ooc LR20%%¢2 4 nf i R2-aga pE
Gedeo | O(R5E+ ) sLR O\Wx +7% O (55 + i)
A< ILR ot | LR Inf i R(LR+n)°*! | LR*(LR+n)*"
A< 03< ) o (R e+ S ) sLR -1 0 T O( (LRJ;)“ + (Lfe—n)?“lv2 )
o ey "E WK D R
0 (RS- + 55 1LR -7 oyt s O (BRI + LB
A< 4LR 1 2 2,202 2 K .
=3 o 202¢3 In& In £ -
@<n<en | O(RRET + MRS IR ofynt s 0 (Ro+5)
where
Ri=o 200 In (£)
min % ,

2D

(dIn (£)m (})i5 K } 20)

LR?

(dln (5)1n (1) In <%))W
' (3;) ’ ([;) | 23)

In the finite-sum case, i.e., when f(z) = 2 >°" | f;(z) for some finite n, Abadi et al. (2016) show

that it is sufficient to choose o, = © ( %, /K In %) , where ¢ = /n, b is the mini-batch size, clipping

is applied to each stochastic gradient, and ¢ = O(¢?K), allowing to have smaller & and § for given
o, and A. We note that our analysis holds for the finite-sum case without changes as long as the
assumptions of the theorem are satisfied and the mini-batch size equals 1.

LR? LR2 K 1 K\\*7)| LR

max {K2 oy (dln (5) In (5> In (5)> } + % (22)
W ELAN AT AR

min c n 5 n 5 n

LR?d ! K
ol 2
g2 )

+

N— /N

Non-convex problems. In the non-convex case, we derive the following result.

Theorem 4.4 (Convergence of DP-Clipped-SGD for the non-convex objective). Let the integer
K > 0and 8 € (0,1] be given. Let the assumptions 2.1, 2.2, 2.4, hold for the set Q) defined
asQ={zeR|[IJyeR?: f(y) < f*+2Aand ||z — y| < VB/|20vL}, where A > f(2°) — f*,
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Table 2: Rate, neighborhood and optimal X in different regimes for the non-convex objective function.
Here, A\ denotes the clipping level, L denotes the smoothness parameter, A > f(z") — f(z*)
represents the initial error, o € (1, 2] denotes the moment that is bounded and o is that upper bound
value. Furthermore, (3 is the confidence level, ¢ := max{0,2v LA — %},and 7 is a small positive
constant. By optimal \ and optimal neighborhood, we refer to the A that minimizes the right hand
side (RHS) of (25) and the minimized RHS value itself, respectively.

Regime Neighborhood Optimal X Convergence rate Optimal Neighborhood
T
A > 4VIA o - c\ mE\ = In2 £
e 0 (VA + LA%) 0<g(17) ) 0(( ;C) m;)
IVLIA <A< 4VIA o T s mE e e
8 G <A<o ( Azt +LA ") LA o K K O((ﬂ)»ﬁ*u/ﬁ) )
o o~ mE kK o ea
$VIA <)< WVIA O (VI + 1055) e oW E tw (i + wi)
3 <A< LM & Ik LAn?
G<A<o O (VIBG +155) WIA - oyEE+ 22 O (VIAy+ AL
IVLA < XN <4VIA LA( nE kX LAg?
3 — \/ A / _ B il
@<G<N 0 (VEao + 45) LA O\W=xE = 0 (VIAs + A875)
A< IVIA Las LA (3 4 nE i o 2o
<3 A S5 4 ; 7 o’
Azt o (VIAZS + 127l 1VIA o(y/BE 4 O (s + o)
A< IVIA At | Lage 4 B LE | nE VIAWIA) | LAGNIALD™
A<o<t) 0 (VI&G + 5ai) avia OWE % O (YRGS + (AT
et LACZ+2 4 B nE mE VIAWIA4n) T | LAWIAn)*®
) o(via ;a + Amxz ) N o(yhi ] L S
A< 4 4VIA o a2 . nE  mE 2
@<r<cy | O(VIRF +1aE) 1VIA o aZ 4+ 0 (VIAs + %)

¢ = max {O, 2VLA — %} and 7y is selected according to

\/§

1
v<O|min{ —, )
Ala/Z\/Kln (%) (0™ +¢5)

Aya—1 A
A L

Koo +60) (B + 558 + 0+ 7)) o Jacin (%)

(24)
Then, after K iterations of DP-Clipped-SGD and with probability at least 1 — (3, we have
8A 128A2
i 1V @ I < FETD 2K 112 @3)

Similarly to the convex case, the above result establishes the convergence to a certain neighborhood
with a faster O(1/vK) rate. We defer the corollaries for the non-convex case to the appendix and
describe different special cases for the no-DP regime in Table 2.

Proof sketch. The proof of Theorems 4.1 and 4.4 is heavily inspired by (Sadiev et al., 2023). Yet,
there is a crucial difference in defining the clipping level parameter. In contrast to (Sadiev et al.,
2023), we treat A as given rather than calculating it based on other problem parameters. By doing so,
the fundamental assumption regarding the magnitude of \ in comparison to the norm of the gradient
in bias-variance of the clipped vector (Lemma 5.1) of (Sadiev et al., 2023) becomes invalid. Thus, we
develop a general bias-variance lemma (Lemma B.1) to study the statistical properties of the clipped
vector.

5 Conclusion

In this paper, we present the first high-probability convergence analysis of DP-Clipped-SGD for
both convex and non-convex smooth optimization problems under heavy-tailed noise. Our results
demonstrate that DP-Clipped-SGD converges to a certain neighborhood of the optimal solution
at a rate of O(1/vK). In future work, it would be valuable to extend these results to the Federated
Learning setting and to investigate the tightness and optimality of the derived bounds.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: As mentioned in the abstract, this work provides the first high-probability
analysis for Clipped SGD with heavy-tailed noise on the gradient and an arbitrary clipping
level with added DP noise. This is the main contribution of the paper and it appears in the
abstract.

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.
* The abstract and/or introduction should clearly state the claims made, including the

contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We have explained the limitations of our analysis in Section 4.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate ’Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Main assumptions are stated in Section 2. Complete correct proofs are provided
in the appendices. A proof sketch is provided in the main text in Section 4.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer ”Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The work completely conforms to the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The work investigates the incorporation of differential privacy guarantees in
stochastic optimization. Hence, it offers a positive societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: No component with potential detrimental effects is released.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: There is no code, data, or models that require licenses.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: No new asset is released.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: There was no crowd-sourcing experiments or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: There was no crowd-sourcing experiments or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The paper does not use LLMs as an important, original, or non-standard
component of the core methods in this research.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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770 A Notation Table and Auxiliary Facts
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To facilitate the readability of the proofs, we provide a notation table below®.

Table 3: Our notation.

Notation Explanation
Gt Stochastic gradient
Gt Clipped stochastic gradient
Gt Clipped stochastic gradient after DP noise injection
G min {1, oy 7y |
Wy Injected DP noise at iteration ¢
Ié] Confidence level/failure probability

Convex case: max {0,2LR — 3

o Non-convex case: max {O, 2V/LA — %}

Ft Filtration up to the time ¢

o Gradient noise parameter

0w DP noise parameter

R Upper bound on ||a;0 —z* || for convex functions
A Upper bound on f(2°) — f* for non-convex functions

Auxiliary facts. Let (Q2, F,P) be a probability space. A sequence {F;};>1 of nested sigma algebras
in F (i.e., F; C Fip1 C F)is called a filtration, in which case (2, F, {F; }i>1, P) is called a filtered
probability space. A sequence of random variables { X };>1 is said to be adapted to { F; };>1 if each
X, is F;-measurable. Furthermore, if E[X; | F;_1] = X;_1 Vi, then {X; };>1 is called a martingale.
On the other hand, if E[X; | F;_1] = 0 Vi, then {X };>1 is called a martingale difference sequence.

One of the very useful tools in establishing high probability convergence guarantees in this work is
the following lemma, which is known as the Bernstein inequality for martingale difference sequences
(Freedman, 1975), (Dzhaparidze and Van Zanten, 2001).

Lemma A.1. Let the sequence of random variables { X}, form a martingale difference sequence
on the filtered probability space (0, F,{F;}i>1,P). Assume that conditional variances o? :=
E [X2|F;_1] exist and are bounded. Furthermore, there exists a deterministic constant ¢ > 0 such
that | X;| < c almost surely for all i > 0. Then forallb > 0, G > 0andn > 1

i=1 i=1
Lemma A.2. (Corollary of Theorem 2.1, item (ii) from (Juditsky and Nemirovski, 2008)) Let {& k},ivzl
be a sequence of random vectors in R™ such that

E [€x|Fk—1] = 0 almost surely, k=1,..,N .

Define Sy := Zszl k. Assume that the sequence {fk},]jzl satisfies the following light-tail condition

2
. <||fk
Xp
g

E 5 ) | fkl] <exp(l) almost surely, k=1,..,N 27)
where 01, ..., 0N are some positive numbers. Then for all ¢ > 0, we have

k

N

202 < exp (—(bQ) (28)

k=1

P lSxly > (V2+v29)

*We fixed minor typos in Table 2 from the main part of the paper. Changes are highlighted using red color.
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Lemma A.3 (Lemma 1 from (Laurent and Massart, 2000)). Ler {Y;};"_, be i.i.d. Gaussian variables,
with mean 0 and variance 1. Let {a;}_, be nonnegative constants. Define

lalloe = sup fail, lafl3 =" a?.
t=hen i=1
Let .
X=> a(¥?-1).
i=1
Then the following inequalities hold for any positive t:

P{X > 2afl; Ve + 2]t b < exp(-1), (29)
IP{X < —2||a||2\/£} < exp(—t). (30)
Lemma A.4 (Remark 2.8 from (Zhivotovskiy, 2024); see also example 4.3 from (Polyanskiy and Wu,

2025)). Let X be a zero-mean sub-Gaussian random vector in R® with covariance matrix Y. Then
the norm of this vector can be bounded in probability as below

IP’{|X||2 > /tr(T) + \/2||221n(13} <34 (31)
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B Bound for the Bias and Variance of Clipped Estimator

Lemma B.1. Let X be a random vector from R®. We define the random vector X = clip (X, \) for
an arbitrary clipping level X > 0. Let us assume

EX]==  E[X-z|" <o

where o > 0 is bounded, o € (1,2], and we also define & := clip(x,/2). Then, the following
inequalities hold:

22015 (g0 4 (max{0, [z — 2})®) **

-

<

Au—l
2a0—1 a B .
a2y S 0 el = A2
+ max{0, [|z| — %2}, .

02771+ A0 | 9(22071 + AT (max{0, ] — ¥/2))”

R ~ 112
EHX—EXH < 33
< . ; (33)

Proof. The proof technique is similar to the proof of Lemma 5.1 from (Sadiev et al., 2023). Define
random variables y and 7 as

x=Igxi=ap n=Igx-ase-
Since || X || < ||#]| + | X — 2|| € 3 + || X — 2||, we get x < 7. Moreover, note that

N A } A
X=minql,— » X =x—X+ (1 - x)X.
{ [1X1] 1]

Proof of (32). For the bias term, we obtain

()
oo (g 1) > H (1-min {5y ) 1
= ||E[x (||X>\||1> X]Herax{O,HwH;\}
< ||x (i~ 1) [1x1] + max {0, ol - 5
< B[]+ max fo. o] - 3}
gos where in (7), we used the fact that y € {0,1} and when y = 1 we have ’L — 1’ =1-2 <1

806

Then, we continue the derivation as follows:

HEX—:@

A
| <BLclx)]+ max ool - 3 |
x<n A
<" B )11+ max 0. o] - 5 }
A
E (71X — 2] + Efn o] + max {0, ] - 3

) o /e SRR G
< EIX -2 (Bl™1) " +Enllol + max{0, 2] - %2}, (34)

go7  where in (), we used Holder inequality. Moreover, due to Markov’s inequality, we also have

2°E|X — 2"

Eln”" "] =En=P{|X — & > ¥2} = P{| X —&|* > (%/2)"} < e

(35)
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sos Then, the expected value from the right-hand side (RHS) of (35) can be decomposed as follows
E[IX - | =E|X -z +2 - 2" <2°7H(E|X — 2| + max{0, [|z]| — ¥/2}")
< 2°7H o™ + max{0, ||z|| — A2}%), (36)

809 where we use the Jensen’s inequality for the convex function ||z||“. After substitution of (36) into
gt0  (35), we get

22071 (0 + max{0, [|z]| — ¥/2})

Bl "] = En < >

(37

811 Plugging the above bound in (34), we derive

H]EX 4

a—1
220=1 (5 4 max{0, ||z|| — M21%)\ = 2201 (g% + max{0, ||x|| — ¥/2}%)
{ + ol .
\ A
+ max{0, [z - ¥/2}.

g1z Using that =1 < 1 and ||z| < max{||z||,*/2}, we conclude the proof of the result for the bias term,
813 i.e., bound (32).

s14  Proof of (33). First, we use the following standard inequality:

N ~ (12 R 2
IEHX—IEXH gIEHX—i

s 2‘“) (

s15  Then, we bound the RHS as

X

_j“ﬂ
)

~if +a-vix-a])

3
30> 3\

<[— ) E — El|X —

< (¥ x+(2) X~
30\ 3

<(3) B+ (%) mx-a

st6  Applying upper bounds (36) and (37) from the previous part of the proof, we obtain

C“f2“”w”+mwwwﬂ—va%
2 A

sl -

3A e a—1/ _« «
13 ) 27" +max{0fle] - /2)%)
9. (22271 L )AZT2e> 9. (22971 4 1)A27%(max{0, ||z|| — V/2})®
=+ )
4 4
817 which concludes the proof. O
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C Missing Proofs

In this section, we provide the details of all the missing proofs for the main theorems and also the
derivation of the results provided in Tables 1 and 2.

C.1 Convex Functions

We start the analysis with the following lemma. This lemma follows the proof of deterministic GD
and separates the stochastic part from the deterministic part of Clipped-SGD.

Lemma C.1. Let Assumptions 2.1, 2.2, and 2.3, and hold for QQ = Bag(x*), where R > ||z° — z*||
and 0 <y < Ysr. If 2% € Q forallk = 0,1,..., K for some K > 0, then forany 0 < T < K the
iterates produced by DP-Clipped-SGD satisfy

T

Y t *
mtzoct(f(x)—f ) <

|2° = 2*||* = |7+ = 2*®
T+1 T+1Z$ — o 0h)

T+1Z — %, we) +
T

47 2
+ wel|”,

where we have defined

A
¢t :=minq 1, } , (38)
{ 2|V f(@h)]]
9t = gt - CtVf(It). (39)
Proof. Since z'T! = 2t — ~g,, the following set of inequalities hold for all t = 0,1, ..., K:

2
||.’Et+1 _x*H t

— 2, G) + 72 11ge?

- x*HQ — 2y(a’ — 2*, g + we) + 72 (e + well”

— 2t |P — 2y(at — 2% g+ e+ V() - oV ()
+9% |G + we + V(') — eV f(x H

< ot = a||” = 29(at — 2%, 0 +wi) — 2ye(at — 2*, V) + 292 [0
+ 492 lwel)? + 492 |V (2]

< |t — 2*||” = 2y(z" — 2", 0, + wi) — 2yee(f(2h) — F*) + 297 |6,
+ 492 [lwel|® + 82 EL(f (") — f*)

P a*, 0+ wp) — (27 — 82 L)ee(f(&h) — 5) + 292 101 + 492 [lwe |1 .

= ot =" =2t

= ot =" =2t

First, we rearrange the terms, and utilize the inequalities v < 1/sr and ¢? < ¢;. Upon summing over
t=20,1,...,T, we obtain the following inequality

T 0 _ % 2_ T+1 . 2 9 T
s Sagen -y < IRl Tt 20 )
t=0
AR VSN Yol
_T+1§<x — )+ T+1 ZH " + T+1Z||wtll
which concludes the proof. 0

Using this lemma, we prove the main convergence result for DP-Clipped-SGD in the convex case.
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Theorem C.2. Let Assumptions 2.1, 2.2, 2.3, and 2.4 hold for Q = Bag(x*), where R is such that
R > ||2° — 2*|. Let ¢ := max{0,2LR — 3}, and v < min{1/sL, 1,72, V3, V4, V5, V6 }, where

R
no= ; (40)

42(220-1 4 1)1/20-a/2)\1—a/2\/6(K +1)In S(Kﬂ—&-l) (1 + %)

R)\a—l
Yo = IV AN E— ——ay @D
28(K—|—1)22°‘_10'0‘ (1+0%) (’\A+2+22'11(<TQ-T-C‘;)+ (1+0%) >
Y3 o= R ) (42)
560, /dA(K + 1) (V2 + v20)
2—vV2)R
Yo = 2-v2) ) 43)
At o <\/E+ 21n (Kgl))
R
V5= W, (44)
R
Y6 = . 45)

4(K+1 4(K+1
20w\/7 [(K—i—l)d—i—Q\/(K—i—l)dln(;)—&-Zln(ﬁH

with ¢ := ,/31In 4(Kfjl)for some K > 0and 3 € (0,1]. Then, after K iterations of DP-Clipped-
SGD, the iterates with probability at least 1 — 3 satisfy

min f(a%) — fa*) < GILE

d K Cc B ). 46
k€0, K] (K +1) + A2y2(K +1)2 and {a"}izo € Bysp(r”) (46)

Proof. Let Ry, := ||x* — x*|| for all k > 0. Next, our goal is to show by induction that Ry, < 2R for
all k =0,1,..., K with high probability, which allows us to apply the result of Lemma C.1 and then
use Bernstein’s inequality to estimate the stochastic part of the upper-bound. More precisely, for each
k=0,..., K+ 1 we consider probability event E}, defined as follows: inequalities

t—1 t—1 t—1 t—1
=2y 3o (2! —a*,0) — 2y 3o (2! — 2t w) + 297 3 (02 + 49 2 [lw|* < R?, - @7)
1=0 1=0 1=0 1=0

R, < V2R, (43)
ol < o (Va+ 210 (5551 ). (49)
hold for all ¢ = 0,1,...,k simultaneously. We want to prove via induction that P{E}} > 1 —

(k+1)B/(k+1) forall k = 0,1,..., K. For k = 0 the statements (47) and (48) trivially hold. Given
Lemma A 4, statement (49) will also hold. Assume that the statement is true forsome k =T —1 < K:
P{Er_1} > 1 — T8/(k+1). One needs to prove that P{Ep} > 1 — (T+1)5/(kx+1). First, we notice
that probability event £y implies that 7, € B 55(z*) forallt =0,1,...,7 — 1. For xT, we can
obtain the following inequalities

a7 —a*| = (a7 =2 —grall < [l277F = 2t + yllgr—ill + Vllwr— |
K 1 43)
< VBR+ A+ 0., <\/&+ 21n <T;>> < 2R, (50)
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g7 This means that 20,2, ..., 2T € Byg(z*). Therefore, Er_1 implies {z*}T_, C @, meaning that

ssg the assumptions of Lemma C.1 are satisfied. Subsequently, the following inequality holds

-1 0 P t NP 2 t=1
g 2 — a*||* — [la’ —2*[]* | 4y >
?ch (f@@) = f@)) < ; +T2le”
=0 =0
t—1 t—1
27 l * 272 2
=S5 et e+ == el 6D
1=0 1=0
ga9 forallt =1,...,T simultaneously. Forallt = 1,...,7T — 1 this event also implies

t—1

t—1 t—1 t—1
VY alf@) = f@)) < RP=29) (@l —a*0) - 29> (2l —a*w) + 29 [0

=0

t—1
+ 4 el
=0
< 2R (52)

gso where we have used (47) for Er_,. Taking into account that Zf;é a(f(@h) — f(x*)) > 0, (51)
851 implies

T-1 T-1 T-1 T-1
RE < R*—=2y) (&' —a%,6,) =2y ) (2" —a%,w) + 292> 1107 +49° D llwel”. (53)
t=0 t=0 t=0 t=0

gs2  Next, we define random vectors

fat —a*, if |z’ —2*| < 2R,
= 0, otherwise,

es3 forallt =0,1,...,T — 1. By definition, these random vectors are bounded with probability 1

el < 2R. (54)
854 Next, we introduce the following vectors
Of =g —E g | F7, 07 :=E[§ | F" —aVf(a') (55)
8s5  Using the above notation, we notice that §; = 0} + 0,?. Subsequently, Ep_; implies
T-1 T-1 T-1 T-1
By < RP=2y Y (00 m) 20 3 (0hm) =2y 3 (i) + 42 B[l | F
t=0 t=0 t=0 t=0
@ @ ® ®
T-1 T-1 ) T-1
w2 w2 _ 2
a2 > (10817 —E 10717 1 7))+ 492 3 0] + 492 D llnll®. 56)
t=0 t=0 t=0
® ® @

856 To finish our inductive proof we need to show that ® + @ + @ + @ + ® + ® + @ < R? with high
857 probability. In the subsequent parts of the proof, we will utilize the bounds for the norm and norm
sss  squared moments of 0 and 2. First, by definition of clipping operator and Lemma B.1 we have

1671 < 24, (57)
859 and
o < 2T (" (max{0, VS -y T
t - )\a—l
2a—1 (ya x v BV — A ]
+max{||vf(xt)”7)\/2}2 (4 (ma {())\70[” F@EO)I=»2H)
+max{0, |V f(z")|| — 2}, (58)
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860

922+ N0 922+ DN max{0, [ V)] - 2D
4 4

st As can be seen, these bounds are iteration-dependent due to the presence of |V f(2?)||. As a remedy,

g2 we bound ||V f(z')|| by 2LR inside event E7_1. This bound can be obtained from a combination

ses  of Assumption 2.2, Er_1, and (50). Next, we introduce a new variable ¢, := max{0,2LR — % .

gs4 Thus, we get the following bounds for the bias and variance of ;: Ep_; implies

E|lo)® | 7] < - (59)

a—1
22(1710. 0,04+ a\ o )\ 220471 0a+ @
[/ (Aa_l SUR (Q+2) %HA, (60)
865
u _ 9 22(171_'_1 /\27040.04 9 22(1*14_1 /\2704 a
E [lop)? | 7] < 2B DT 9 AT (61

g6 fort=0,1,...,7 — 1.

ss7 Upper bound for ®. By definition of 6}, we have E[¢}* | F'~1] = 0 and
E [-2v(6¢,m) | 7] =0.
gss  Furthermore, @ is bounded with probability 1 as
57),(54) (44) R?

(

B
869 The summands also have bounded conditional variances o7 := E[472(0%, ;) | F'=1] as

(54)
oF <E[421001 - Iell? | 71 € 1692 R2E 02 | F1). (63)
g70  In other words, we showed that {—2+ (8, ;) }7—;" is a bounded martingale difference sequence with

871 bounded conditional variances {of}tTgol. Next, we apply Bernstein’s inequality (Lemma A.1) with

R* :
sty Lo obtain

294 1In =5

R’ = R b? B
PJ|@ > — d 2L —— 1 <2 — = .
{' > tho"t —2941n8<1<ﬁ+1>}— eXp( 2G+2cb/3) 4K + 1)

873 Equivalently, we have

sz Xy = —2v (0}, m;), parameter c as in (62), b = R72, G=

/8 T-1 ) R4 R2
P{E@} 2 1-— m, for E@ = { either ; 0y > W or |®| S 7 .
(64)
g74 In addition, Er_; implies
T-1 T-1
dYooi < 16v°R*)YCE[6r) | F
t=0 t=0
©b 2,2 20—1 2— 2a—1 2—
< ARPT (9(22071 + 1A 000 + 922071 4 1)A270¢D))
(40) 4
< R (65)

294 In 8D

g7s  Upper bound for @. From Fp_ it follows that

T—1 T—1
@ = =2y (O m) <2y > 671 [l
t=0 t=0
(00459 220 1g (0% +(§)"F 2221 (0% + C§)
R a— o o.a+ « = a— 0_a+ «
< 4T < e (G ) T g)
T<K+1 92a—1 g —1/e G 1 AL,
< AVR(K +1 @ e 14 22 A AN A
> Y ( + ) a1 (U +C>\) << + 0a> + Y + 2 + 22a—1 (O’“ + C?)
(A1) 2
¢ R? (66)
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Upper bound for ®. We have

T-1

-1 d
Z Z 29N iwe i

t=0 =1

T—1
|®] = ‘—27 th,wt (67)
t=0

where 1, ; := [m]; and wy; := [w;]; denote the i-th components of 7, and w, respectively.

Each summand is the product of a zero-mean Gaussian random variable and a bounded random
variable, resulting in the product being a zero-mean sub-Gaussian random variable with parameter
07, = 64R*y*0?. To prove this, consider

4y e 16R%~2
exp <U2 |nf,iwt2,¢\> | F* 1] < E[GXP (642322| il
ti
|wti| (21)
< E|exp 47’2 < exp(1) (68)
Ju}

where (i) uses the fact that w? is light-tailed random variable with parameter o2. Now that we have
established the light-tailedness of summands, we can use the Lemma A.2 to obtain

E

T—1 d K d _¢2
P Z 29my jwe | > (\/§+ \/Zb) Z Z 64v2R2%02 < exp (3 >
t=0 i=1 t=0 i=1
= —. 69
4K +1) 69)
The choice of v < ~3 for 3 defined (42) implies
T—1 d “2) R2
(xf2+ f2¢> S 6492 R202 < (f+ qu) VeI (K + do? < —,
t=0 i=1
and
g R?
P{Es} >1— —— for Ep =140 < — 70
{Ea} > WK+ 1) or FEg |® 7 (70)
Upper bound for ®. From E7_1, and conditions on the step-size it follows that
T—1
= 92 E[lor) ) F
t=0
(61) 220471 1 )\27a a 220471 1 )\2704 a\ (40) R2
4 4 7
Upper bound for ®. First, we have
E [ (Ilo:1° — E [lox” | 771]) | 77 =0
Next, sum ® has bounded with probability 1 terms:
02 (1617 & [l | 7)) < 02 (g1 + E [hoy ) | 7))
(44 R?
< 3292\ < c. (72)

> > 8K+
71n =5
The summands also have bounded conditional variances

R (R Ea N
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(72) R?

7S s ® [0l i A1 "
7IHT
8v2R? w2 | Tt—1
< et 0177, ™

T-1

To summarize, we have shown that {472 (||9# 1> —E [HQ# [ }_t’l] ) } is a bounded martin-
t=0

gale difference sequence with bounded conditional variances {53}?;}. Next, we apply Bernstein’s

inequality (Lemma A.1) with X; = 442 (HO}JH2 ) [||9#||2 \ ]-'t_l}), parameter ¢ as in (72),

_ R _ R? .
b= 7’G7 294IHW'

R? = R* b2 3
PG> = and S 2 <—— b <2exp(— - .
{' > = an t_oot—2941n8<f<5+1>}— eXp( 2G+2cb/3> 4K +1)

Equivalently, we have

5 T-1 ~2 R4 R2
P{E@} 2 1-— m, for E@ = ( either ; 0 > W or |@| S 7 .
(75)
In addition, E'7_; implies that
T-1
oy 4 8y2R?*(K +1) 5 7 (61),(40) R4
72 < —IE{ 0} Ft 1} < — (76)
; ' 7in 3L o 294 1n 2UCEL
Upper bound for ®. From Er_;, and conditions on the step-size it follows that
T-1 )
® = 4} |lel
t=0
92a-1 el 200—1 2
a—gaa+aT 92a— 0.04_|_a
S 4’}/2T ( (Aa71 C)\) + (CA + )\/2) ()\a C)\) 4 CA)
“hH  R2
< = 77
s = (77)
Upper bound for ©®. We have
T-1 T-1
497 ) 7wl = 490 2 (78)
t=0 t=0 i=1
where z; ; 1= wti/o,. Using Lemma A.3, we get
=< A(K +1) A(K +1) B
P 22, >Td+2y|Tdln ——— +21In < : 79
{t;;t E B [T AK+ 7
Since v < g for s defined in (45), we obtain
R? 8
P@®>— )< —n—no, 80
R RSy @
which is equivalent to
B R?
P{Eg}>1— ———— for Eg =<0 < — ;. 81
{Ea} > WK+ 1) or Lg ||77 (81)
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Now, we have the upper bounds for ©, @, ®, ®,®,®, @ . Thus, probability event Ep_1 N Ep N
Es N Eg N Eg implies

t—1 t—1 t—1 t—1
R% < R?*-2y Z(ml —a*,0;) — 2y Z(ml — 2%, W) + 297 Z [161] + 4~2 Z [l ]|
1=0 1=0 1=0 1=0

< RR+0+@+0+@+60+60+®
R? R* R* R’ R R* R?
< R+ +=+=+=+=+ = =2R%,
which is equivalent to (47) and (48) for t = T, and
P{Er} > P{Er_1NEpsNEsNEsNEz}
lfp{ET_lUE(DUE@UE@UE@}

> 1-P{Er_.1} - P{Eo} —P{Es} —~ P{Es} — P{Eo}
(T+1)p
= R (82)

This finishes the inductive part of our proof, i.e., for all k = 0,1,..., K we have P{E} >
1 — (k+1)B/(x+1). In particular, for k = K we have that with probability at least 1 —

1 & , . 2R?
m;Ct(f(x ) — f(= ))Sm

and {xk}f:o C @, which follows from (48). Now, we have to deal with ¢;. To do so, we consider
two possible cases for each t = 0,1,..., K: either ¢, = 1 or ¢, = m. We define the
corresponding sets of indices: 77 := {t € {0,1,...,K} | ¢ =1}and T2 :={t € {0,1,..., K} |

c = W} Then, the above inequality can be rewritten as
1 ¢ x 1 A(f (@) — f(a¥)) 2R?
— < 83
7 LV e L SR Sy ®
teT teT>
implying
1 2R?
(f@@") = f@@")) (84)
(K+1) ZT (K +1)
and \ . )
1 — f(z* 2R
S M) 1) | )
K+ 1) 2= 2[ViG)] K+
Using the corollary of smoothness assumption, i.e., ||V f(z)|| < \/2L(f(z?) — f(z*)), we get from
(85) that
4 / 2
K+1 J@) =1 < ' R1 (86)
T teT> YK+ )
For inequality (84), we follow the technique from (Koloskova et al., 2023) and apply inequality

22 > 2ex — €2, which holding for any ¢, z. Setting 2% = f(z') — f(2*), we get

e S (e T ) ) <
K+1 T (K +1)
teTy
implying
€
Z Vv fxt) — fa*) + -
K +1 = V(K +1)e 2
Choosing € = ﬂ, we obtain
Y(K+1)
1 2R?
—_— t) — )<y . 87
KH; ) = 1) <\ (87)
1
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Combining inequalities (86) and (87), we get

2
T < | 2 AVILR (88)
0

Kt+14 FE+D T MK+
which implies
4R? 64LR*
i B — fz*)) < 89
where we have utilized the inequality (a + b)? < 2a? + 2b°. This concludes the proof. O

Theorem C.2 states 7 values for step-size, from which the smallest should be selected. To simplify
matters, we demonstrate that if X is selected equal or smaller than the order of O ((1 K)I/a>, then
three step-sizes are redundant and can be omitted.

Corollary C.3. Let all conditions of Theorem C.2 hold. Furthermore, assume that K is large and

one selects A < O ((ln i ) l/a), then conclusions of Theorem C.2 are valid as long as v is selected

to satisfy v < min {1/8L, v1, Y2, v3 } where we have

R
T = )

42(22a1+1)1/20a/2A1a/2\/6(K+1)1n 8(K+1) (1+ )

RA®!

2a—1 ~a S (& 1 Ac—1¢n Ci)_l/a 7
s e (15) (3 g - (5

R
T S AR (V2 V20)

Proof. For large K, it is evident that 3 decreases at a rate of O (aw VKInK ) , while v in (45)

decreases at a rate of O (O’w VK ) Subsequently, y3 dominates -y and -4 can be omitted. Further-

more, 75 in (44) decreases with a rate of O (K Ve (In K )1*1/ ) which is less than the rate of 5. It
can be deduced that for large A, 5 decreases at the rate O (K') which is faster than 5. If A is small,
o dominates 75 again due to the A in the numerator of 5. Hence, 5 can be discarded. As for v,

in (43), we know that o, is on the order of O (/\/e Kln (X /5)). Hence, one can replace A with

O (9+¢/\/Kn(¥/s)). Therefore, 74 decreases by the order O (owe Kln (K/zs)) , which is the same
order as 3. Hence, v4 can be omitted, and the proof is complete. O
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D Rate and Neighborhood for Clipped-SGD: Convex Case

Now that we have established the convergence properties of DP-Clipped-SGD for convex problems,
we turn to evaluating its convergence rate. This rate depends critically on the choice of the step-size 7,
and in general, the resulting expressions can be quite complex. To obtain more interpretable bounds,
we consider simplified rate expressions by analyzing separate cases based on different ranges of \.
Since we focus on the asymptotic behavior, numerical constants are omitted for clarity.

In this section, we consider the cases without the DP noise (o, = 0) and investigate all possible
clipping levels.
Case 1: A > 4LR. Inthiscase, (, = 0, and the step-size conditions reduce to the following:

a—1
v < O [ min 1 i A : (90)

L o/2\1-a/2, /Kln%7 Ko

In particular, when ~ equals the minimum from the above condition, the iterates produced by
Clipped-SGD after K iterations with probability at least 1 — 3 satisfy

min f(mt) — f(z*) = O (max{(92),(93),(94)}), 91)
tel0,K)
where
B [K/s  LR20%InK/s
1-a/2 /2
RAT o K T K ©2)
Ro® LR2?¢%
St ©3)
LR? L°R*
K VKT O

We clearly see that the dominant term in (92) is an increasing function of \, and the dominant term in

(93) is a decreasing function. Solving for optimal A as the equilibrium of the dominant terms in (92)
1

and (93), we get A = O (0 ( 1KK> ) . Plugging in this )\, we get with probability at least 1 — 3:
ng

: t *\
ten[%)l,IIl{] f@*) = f(z*) = O (max {(96),(97)}), (95)
where
mE\ T R K/p

2

LRZ L3R4 (ln %) °
O
In this case, Clipped-SGD converges to the exact optimum asymptotically with high probability, and
the dominant term matches the one from Sadiev et al. (2023). As it can be seen from (92), (93), when

the clipping level is not that large, we converge to a neighborhood of the solution, but with a faster
O(Y/VE) rate.

Next, when A < 4L R, we have (), = 4“;_/\. As it can be seen from (40), (41), in these cases, we
also have to consider the relation between A and o. Thus, we split A < 4L R regime into 6 different
regimes to cover all possible cases.

97

Case 2: %LR < A< A4LR, () < A < o. Inthis case, the step-size conditions reduce to the
following:

1 )\afl
<O [ming — R R . (98)

L gaszpizarz, [KIm K~ Koo
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962 As can be seen, the result is the same as in the previous case. The optimal A derived in the previous
963 section violates the constraint that A < 4L R; thus, the optimal A = 4L R. For this choice of A, we
964 have with probability at least 1 — 3

n[aoir}q fzt) — f(z*) = O (max {(100), (101), (102)}), (99)
telo,
965 where
T oK/ R?>~%¢g“InK/s
\/R4 Lrege— It + = (100)
R2fao.a 02a
La-1 ' [2a-ipa-2 (101)
LR?> LR?
TR (102)

966 Case 3: %LR < A<A4LR, () < o < A. Inthis case, the step-size conditions reduce to the
967 following:

1 )\afl
7y <O | min{g — i R ) (103)

L’ a/2yi-a/2 [Kn %’ K max{o®, \=1(,}

o8 Ifmax{oc® A\*~1(\} = o, then the bounds are similar to the previous case. If max{o®, \*~1(\} =
69 A*71() is satisfied, minyejo k7 f(x') — f(«*) is bounded with probability at least 1 — /3 by the
970 maximum of the following terms:

_ InK/s  LR?c*InkK/g
1—-a/2 _a/2 104
RA o K (104)
LRQ 2
R+ P8 (105)
LR?> L*R*
K T NrT (106)

971 In the latter case (i.e., maximum occurring in the second argument), the optimal X\ is 4LR —
972 1, where 1 is a sufficiently small number such that A*~'(y > 0°, ie., A satisfies {, =

973  Max /\Z: JALTe/250/2 % . Note that the (109) is decreasing in )\, and A\ = 4L R is not

974 feasible. With this choice of A\, we get with probability at least 1 — 3:

min_f(z") — f(2*) = O (max {(108), (109), (110)}), (107)
tel0,K]

975 where

InK/s  LR?*c“InkK/

R\/(4LR —n)?-age

108
K (LR-n)°K’ (108)
Ry LR?n?
7+7(4LR—77)2’ (109)
LA L2A?
(110)

K " (4VIA - n)2K?

976 Case 4: %LR < A<A4LR, o < (), < A. In this case, the step-size conditions reduce to the
977 following:

1 R R)\1
Zv /2 o ) K )\oc—l )
o2\ /2 [KIn & (Ae=1¢y)
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and minse(o k7 f(2") — f(2*) is bounded with probability at least 1 — 3 by the maximum of the
following terms:

2 o K
1—a/2 ra/2 InK/s  LR*C{InK/p
RA 5 TRy (112)
LR2 2
RGy + AQCA, (113)
LR? [3R*
K TR (114)

The optimal in this case is A = 4L R — 20, and the neighborhood of the convergence and the rate are
presented below: with probability at least 1 — 3

min_f(z') — f(2*) = O (max {(116), (117),(118)}), (115)
t€[0,K)
where
Ink/s  LR*0c®InK/s
_ 2—a
R\/(4LR 20)2-og 7 (LR —20)° K’ (116)
LR?0?
_— 11
Ro+ iR =200 a1
2 3 4
LR L°R (118)

K + (4LR — 20)2K?’
Case5: \ < %LR7 A < (\ < o. Inthis case, the step-size conditions reduce to the following:

v < O | min l R R . (119)

L’ c@/2)\1—-2/2 K |n %, K(UQCA)

Function sub-optimality minc (o, ) f(2*) — f(2*) is bounded with probability at least 1 — 3 by the
maximum of the following terms:

_ Ink/g  LR?c%InkK/p
1-a/2 _a/2 12
RALer2ger2 [0 RS T (120)
O’O‘C)\ LRZO,Qaci
R o A\2a+2 (121)
LR? L3R*
— + == 122
K * AN K? (122)
In this regime, the optimal A = %LR. With this choice of A we get: with probability at least 1 — 3
min f(@') = f(z*) = O (max {(124),(125),(126)}) , (123)
telo,
where
InkK/g  R*%“InK/g
Ri-a[2—age 124
\/ K T T ek (129
R27040,o¢ 0.2a
Lo—1 + [2a—1R2a—2" (125)
LR?> LR?
— + —. 12
K + K? (126)

Case 6: \ < %LR7 A < o < (). Inthiscase, the step-size conditions reduce to the following:

<0 [min{ L i et (127)

L coltyimarz [k K K(GH)
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Function sub-optimality mine(o x7 f(2") — f(2*) is bounded with probability at least 1 — (3 by the
maximum of the following terms:

InK/s  LR2CXInk/p

1—(1/2 04/2 12
RN/ 2 Ty (128)
a+1 2 F2a
LN (129)
LR?> L[*R*
K K (450

Next, we find the optimal A via equalizing the leading terms (the first ones) in (128) and (129). This
1

. In &£\ a+2 L. . . . .
results in A = 24(5 fl, where C = < nKﬁ > , which is infeasible. Thus, in this regime, the optimal

A s %LR —n, where 7 > 0 is such that A < o < (). Given this choice of A\, we obtain with
probability at least 1 — 3

min f(z') — f(z*) = O (max {(132), (133), (134)}), (131)
te[0,K]
where
N In&/g  LR*(LR+1n)?*InK/s
_ \1—a/2 a/2
R(LR —n) (LR +n)*?y/ 7 (LR _npaiK (132)
R(LR+n)**'  LR?(LR+n)%* (133)
(LR —mn)~ (LR —n)2et2
2 3 4
LR L3R 134

K T IR-neKE

Case7: \ < %LR7 o < A < (). Inthis case, the step-size conditions reduce to the following:

a—1
v < O | min l7 5 R ; R);H (135)
L (?/ Al—a/2 Kln% Kmax{c*)\ , ff*lo}

at1 at1
We note that max{c*)\ , ;‘\“’10} = (@ max{%,%} = CA/\ since 0 < A < (). Therefore,

similarly to the previous case, we have

1 [0
¥< O | min{ — R R , (136)

L’ a/2y1-q K (T
¢YENer2, [k K K(GT)

and minse(o k7 f(2") — f(2*) is bounded with probability at least 1 — 3 by the maximum of the
following terms:

2~ K
1—a/2,a/2 K/ LR(YInk/p 1
R ¢y % T Yok (137)
a+1 2 2
Ri)\a L/\‘Fjoz—&-é ’ (138)
LR? [*R*
K TR (139)

The optimal A is %LR, since the both leading terms in (137) and (138) are decreasing in A. With this
choice, we get with probability at least 1 — 8

min f(2') — f(2*) = O (max {(141), (142), (143)}), (140)
te[0,K]
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1003 where

nK/s LR?InkK
LR/ HK/ﬁ+ ; /ﬁ, (141)

2

Ro + % (142)
LR? LR
T (143)

1004 Now that we have covered all regions, it’s time to consider the DP noise as well.
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E Rate and Neighborhood for DP-Clipped-SGD: Convex Case

To ensure the output of the algorithm is (e, )-differentially private in this setting, expectation
minimization, it suffices to set the noise scale as o, = © % Kln (%) In (%)) and apply the
advanced composition theorem of Dwork et al. (2014). In the finite sum case, one can reduce the

amount of noise by a factor of 4/In (%) as it was shown by Abadi et al. (2016). For the sake of

brevity, in the DP case, we only consider two cases: large A and relatively small A regimes. The other
cases can be derived with a similar analysis.

Case 1: A > 4LR. Inthiscase, {, = 0, and the step-size conditions reduce to the following:

1 R R L R
L’ ga/2)\1-a/2 /Kln%’ Ko 7Jm/dKln%

In particular, when ~y equals the minimum from step-size condition, then the iterates produced by
DP-Clipped-SGD after K iterations with probability at least 1 — 3 satisfy

v < O | min (144)

min f(xt) — f(z*) = O (max {(146), (147), (148), (149)}) , (145)
ke[0,K]

where

[In K LR?06%InkK
R)\l—a/Qaa/Q nK/B+ ia; /ﬂ7 (146)

Ro® LR?p2«

o1 + 2« ’ (147)
LR?> L*R*
by (148)

dln% LR2U£d1D%
Rou\| —2 + —— P (149)

Here, (147) accounts for the bias caused by clipping, and (149) accounts for the accumula-
tion of DP noise. These terms are decreasing and increasing in A\ respectively, if we use

o, = O (? Kn (%)In (%)) To find the optimal A\, we find the equilibrium of these two

1

> . Unless ec® is

o

din (})In(£)m(%)
large enough, this value violates the constraint that A > 4L R, and it’s not feasible. Thus, we have the
following formula for the optimal A:

terms. Solving the equilibrium equation, we get A = O (

Q=

co®

A =max ¢ 4LR, (150)
din (1) In (£)In (%)
For this choice of A\, we get that with probability at least 1 — 3
min  f(z') — f(z*) = O (max {(152), (153), (154), (155)}), (151)

ke[0,K]
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1023 with

Q=

max

InK/s o ln% %
Ri—aJ2—aga R 7(152)

2—a 1 K Q;I
min{R 7 Ro (dln(é)ln(5)> : (153)
Lol €

min

™~
Iny
)
~
w
=
['"N
—
IS
B
—
o |=|el
S~—
5
—~
o
SN—"
SN—"
Q=
i
=[x
&~
=
[\v]

154
= Ot w0t e (154)

max

LR? 1
. \/dln (5> In (
LR? 1 K K

+ = dln <(5> In (6) In <B>, (155)

1024 where, for the sake of brevity, we only report the dominant terms.

1025 Case 2: \ < %LR A <o <\ Inthiscase, the step-size conditions reduce to

v<0mind K o R . as6)

L' Gnmorz [k E KGN o, Jakm s

1026 Taking -y equal to the right-hand side, we get that with probability at least 1 —

min f(z") — f(z") = O ({(158),(159), (160), (161)}) (157)
tel0,
1027 with
_ InK/s  LR?0%InK/g
1-a/2 _a/2
RN'-0/20002) [ e 4 S, (158)
RCf\hLl LR2 ia
2@ A2a+2 7 (159)
LR* L°R*
— 1
X T ere (160)

din %  LR?c2dln %
Ro\|—2 + a2 (161)

1028 Similarly to the previous case, we find the optimal X as the equilibrium of the leading terms in (159)
1029 and (161). By doing so, we get the optimal A:

A= mind 2LR, 2eLE i (162)
(amn (3)n (%) (£))77 +1
1030 For this choice of A\, we get that with probability at least 1 — 3
min f(z') — f(2*) = O (max {(164), (165), (166), (167)}), (163)

ke[0,K]
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1031 with

mE/s | Ri-e(eL)—olnmis &

{ )i (5))7F K
RZ—aO.a R2—o<0.a 1 K K ;T;lz

(I T (a3 () (5)) ) 169

LR? LR2 1 K K\ LR?

max 7 2R dln 5 In 5 In E +1 + T (166)

(164)

|

LR? 1 K
. \/dln <5> In (5> In (
LR?d 1 K K

+ = In <5> In <5> In <ﬂ>’ (167)

1032 where, for the sake of brevity, we only report the dominant terms.
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1033

1034

1035
1036

1037
1038

1039

1040

1041

1042

1043

1044
1045

F Non-Convex Functions

Now, we focus on the case of non-convex functions. We start with the following lemma.

Lemma F.1. Let Assumptions 2.1, 2.2 hold on the  set

{x eR|Fy e R?: f(y) < f*+2A and ||z — y|| < VB/20VL}, where A > Ay =

fa®

Q =
)— f*and

let0 <y <Var Ifz* € Qforallk =0,1,...,K for some K > 0, then the iterates produced by

DP-Clipped-SGD satisfy

T

g ne o (@) - -FETY - v ¢
m;ctHW(m)H = T+1 T 1;<V
T
A VS )+ Zn 0 + 21
t=0

forallT =0,1,...,K, and 0y, c; are defined in (39), (38) respectively.

Proof. The smoothness of f implies

)< )+ (I, 0 ) £ [t
— @)~ V) g1+ vt V) - V@)
2
+Li Hgt +wi + e VE(xh) — ctVf(xt)H2

ZII wel®,

(168)

< fat) = e ||V - ,00) = AV f ("), we) + Ly? [lwr |

+2L7 16¢]1 + 2Ly%c2 IIVf ||

= f(lE ) — (yer — 272L0t ||Vf || ,08) — 'y(Vf(xt

L2 [lwe|® + +2L72 16,12
Rearranging the terms, utilizing v < 1/4r, and c? < ¢4, we sum over ¢ to obtain

T
Y INIE
2T +1) ;Ct [vrEHI™ < T+1 2
T

A

20 _ f*) _ 2T+ _ g T
(fE?) =) - (f= ) f)_Tvlz<V

)a‘ut>

T
o ' 2Ly* 2
T+1Z<Vf(m)7wt>+T+1t§=%||9t|| +T—|—1Z” will

t=0

which concludes the proof.

O

The above lemma is utilized to prove the main convergence result for DP-Clipped-SGD.

Theorem F.2. Let Assumptions 2.1, 2.2, and 2.4 hold for the following set Q =

{zeRFyeR: f(y) < f*+2Aand ||z — y|| < VB/20vL}, where A > Ag
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1046

1047
1048

1049
1050
1051
1052

1053
1054
1055
1056
1057
1058

1059
1060

<)\ = max{07 2 \% LA — %}’ and’y = min{1/4L7717727’y3774775)76})

A
no= va : (169)
21V L(222-1 + 1)1/20'0‘/2/\1—04/2\/6([( +1)In w (1 + %)
VAN !
Yo o= ; — (170)
a— a a P N
VIR + 020 004 ) (% 4+ i + (10 6) )
va (171)
V3= ,
’ 14vLo,/JA(K + (V2 + v20)
VA
Y= , (172)
20vL ()\—i—aw (\/&Jr 21In (Kgl)»
VA
Y5 = 8(K+1)’ (173)
QSAﬁlnT
VA
Yo = . (174)

\an\/7 ((K+ 1)d+2\/(K+ 1)dIn 2D +21n4<KB“>>

Sfor some K > 0 and 8 € (0,1]. Then, after K iterations of DP-Clipped-SGD the iterates with
probability at least 1 — (3 satisfy

||2< 8A n 128A2
S (K +1) 2K+ 1)

min] |V f(a") (175)

tel0,K

Proof. Let A, = f(2¥) — f* for all k > 0. We aim to show by induction that A; < 2A with
high probability. This fact will allow us to apply Lemma F.1 and then use Bernstein’s inequality to
evaluate the stochastic part of the upper-bound. More precisely, for each k£ = 0, ..., K we define the
probability event Ey, as follows. The inequalities

—y (V@) w0+ 00+ 192 S (2060 + lerl*) < A, (176)

A; < 2A, (177)

el < o <x/8+ 2n ((fﬁ}ﬁ)) : (178)

hold for all t = 0,1,...,k simultaneously. We want to prove via induction that P{E}} > 1 —
(k+1)B/(k+1) forall k = 0,1,..., K. For k = 0 the statement is trivial. Assume that the statement

is true for some k = T — 1 < K and P{Er_1} > 1 — T8/(k+1). One needs to prove that
P{Er} > 1 — (T+1)B/(Kk+1). First, we notice that the probability event Er_; implies A; < 2A for
allt =0,1,...,7 —1,ie,zt € {y e RY| f(y) < f*+2A}fort =0,1,...,T — 1. Moreover,
due to the choice of clipping level A\, we have

_ . K+1\)\ 02 VA
leT = 2T = Ylgr-1ll + Vllwr-1]l < YA+ 0. (@+ mn( )) %

T8 = 20VIL'

Therefore, E7_ 1 implies {2* T_, € Q, meaning that the assumptions of Lemma F.1 are satisfied
and we have

t—1 t—1 t—1

ISUTAEIE < Ao Ay SVHE.0) — 7 (VA ) + 2050 S 0
=0

=0 =0 =0

t—1
+ LYYl
1=0
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1061 forallt =0,1,...,T simultaneously. This event also implies
t—1

t—1
*}Z@HVf WP < A=) (V@ 0) VEZYU’ Jwr) + 2097 ) 1|67
k=0

=0

t—1
+ LYY e

1=0
< 2A. (179)
T—1
1062 Taking into account that 7 > ¢[|Vf(z!)||> > 0, Ex_; also implies

=0

T-1 T-1 T-1 T-1

Ap < A=y (V') 0) —~ )wr) + 2077 > (07 + Ly el
1=0 l:O 1=0 1=0

1063 Next, we define random vectors

= {Vf(xt), if [|V£(2")] < 2vVLA,
. =

180
0, otherwise, (180)

1064 forallt =0,1,...,T — 1. By definition, these random vectors are bounded with probability 1

Ine|| < 2VZA. (181)
1065 Moreover, fort = 1,...,7 — 1 event Ep_1, and corollary of smoothness imply

IV f (2 \/2L = /2LA, < 2VIA, (182)

1066 meaning that Fp_q implles thatn, = Vf(x ) forallt = 0,1,...,T—1. We notice that 6; = 6% +6?,
1067 where 0% and ? are defined in (55). Using new notation, we get that E7_; implies

T-1 T-1
Ar < A=y (6 ) =7 ) (60, m) VZ we, My +4L72Z [\|9“|| ;EH}
t=0 t=0
@ @ ® ®
T—1 T—1 ) T—1
+4Ly? (IIH#H2 —E [||9,§t||2 | fHD 4Ly SO l60)7 2 S P (183)
t=0 - —

® ® @
1068 It remains to derive good enough high-probability upper bounds for the terms ©, @, ®, ®, ®, ®, @.
1069 This amounts to proving @+ @+ ® + @ 4 ® 4 ® + @ < A with high probability. In the subsequent
1070 parts of the proof, we will need to use the bounds for the norm and second moments of { and 67
1071 many times. First, by definition of the clipping operator, we have with probability 1 that
10711 < 2, (184)

1072 and from Lemma B.1 we also have

2214 (0 + (max{0, [ V£ (z)]| = ¥2})*) T

lorl - < T
T max{|[V/(z || B0 (O, 9 ()] = Yo
Ol =2
E [joy)? | 7] < 9<22“‘4'+41>A2‘“0“ 4 Q2T N ana{0, |9 £ = o))"

1074 As can be seen, these bounds are iteration-dependent. To overcome this, we bound ||V f(z")|| by
1075 2v/ LA, which follows from Ep_4,i.e., Ep_; implies

22(1—10. (O.a + Ca)% by 2204—1 (O.a + Ca)
b < A - A
o < T () TR

S 9(22a—1 +41)A2_a0'a N 9(22a—1 _~_41)A2—oz<~§\x

+Cx (185)

1076

E |6y | 74! (186)
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1077 Upper bound for ©. By definition of 6}, we have E [6} | 7*~!] = 0 and
E =0} ne) | F©=1] =0.
1078 Next, sum @ has bounded with probability 1 terms:

. . (180) (173) A
[y 08 me) |<ANGEN - NImell < 4yAVLA - < 8K+ & (187)
7ln 5
107e  The summands also have bounded conditional variances o7 := E [y2(0;*, n;)* | F'~1]:
of <E[P6FN? - llmel® | F*~1] <4y’ LAE [ll63|* | F*71. (188)

1030 In other words, we showed that {— (8, ;) }/" is a bounded martingale difference sequence with

1081 bounded conditional variances {af}tT:_Ol. Next, we apply Bernstein’s inequality (Lemma A.1) with
A2 .
294 1n 2D

T-1
A A? b2 3
P{|®| > 2 and I QL Y PN - .
{l > Zat—2941n8<f<ﬁ+1>}— eXp( 2G+2cb/3) A(K +1)

t=0

1082 Xy = —v (0}, n;), parameter ¢ as in (187), b = %, G =

1083 Equivalently, we have

3 T-1 A2 A
P{Ep} >1— —F——, for Eg={eith P> D <=7,
{Eo} > K1) or Eg {el er ;Ut>294lns(Kﬁ+l) or |® < 7}
(189)
1084 In addition, Ep_; implies that
T-1 T-1
d o7 <4PLAY E[|6f)* | F
t=0 t=0
(186)
S 9’}/2LAT(<22Q_1+1) )\2—aaa+<22a—1_~_1))\2—ac>\)
(169) A2
1085 Upper bound for @. From Fp_ it follows that
T-1 T-1
@  =—y> (Bn)<y > 671 el
t=0 t=0
a—1
(185) 22(171 @y o v 220471 @y o
< 2WLAT< AR A VLA AR O
(170)
< é (191)
7
1086 Upper bound for ®. We have
T-1 T-1 d
|®|: _VZ<Wt777t> = Zz’ywt,h{r]t,i ) (192)
t=0 t=0 i=1

1087 where 1, ; := [:]; and wy ; := [wy]; denote the i-th components of 7; and w, respectively.

1088 Each summand is the product of a zero-mean Gaussian random variable and a bounded random
1089 variable, resulting in the product being a zero-mean light-tailed random variable with parameter
1090 O'tz)i = 1672 LAc?. To prove this, consider

2 2
- 1 asy ALAY 2
exp (O_tz ’771521%210 a 1] < E|exp 16v°LA0Y |we i

2N\ (49)
< e ('“th') < exp(1), (193)
o)

w

E
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1091 where (i7) uses the fact that wt ; is a sub-Gaussian random variable with parameter o2. Now that we
1002 have established the light- -tailedness of summands, we can use the Lemma A.2 to obtaln

T—1 d K d —(bQ
ZZ | > (V2 +V20) DD APLAGL S, < exp (3) (194)
t=0 i=1 t=0 i=1
p
= —. 195
4K +1) (195)
1003 The choice of v < 3 for 3 defined in (171) implies
r-1 d a7 A
(\f2+ f2¢) S 442L0A02 < (f+ qu) VAPLAK +1)do% < =,
t=0 i=1
1094 and
P{Es} > 1 _s for Eg = |®|>é (196)
Or= T UK+ ) o 7/
1095
1096
1097 Upper bound for @. From Fp_; and the conditions on the step-size, it follows that
T-1
® = 209 Y E[I0rI | 7
t=0
(186) 9 22a—1 1 )\2—0( a 9 22(1—1 1 )\2—& a
4 4
169) A
S (197)
7
1008 Upper bound for &. First, we have
E 2092 (o217 — B [z | 1)) | 771 =0
1099 Next, sum ® has bounded with probability 1 terms:
20y (1 =B [P | 7] 1 770) | < 2292 (161 + E [l | 7471])
(173) A
242 —
< 16Ly A < 71118([([;'_1) =c. (198)
1100 The summands also have bounded conditional variances as shown below:
2
5 = Byt (11 -k [ler)? | 7)) 7] (199)
(198 A u u _ _
5 ey ® (2097 |16 — E [l | 7 |1 7
71HT
4Ly A _
s A R (200)

7ln 5L

T-1

1101 since In & ﬁ > 1. In other words, we showed that {2L72 (||0“||2 —-E [||9“||2 \ ft’l})} isa
t=0

1102 bounded martingale difference sequence with bounded conditional variances {7 }tT 01 Next, we ap-

1103 ply Bernstein’s inequality (Lemma A.1) with X; = 2L~> (HG;‘H —E [HG#H | Fi= 1} ), parameter

: _A _ A2 .
1104 cC as 11'1(198),(7— 7,G— W

T-1
A A? b2 A
PO > and S &< —— 1 <2exp |- - .
{' > an 2 “f—294lns<f<ﬂ+1>}— eXp( 2G+2cb/3) 4K +1)
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1105

1106

1107

1108

1109

1110

1111

1112
1113

1114

1115

1116
1117

1118
1119

Equivalently, we have

P{E}>1—L for Eg = { either §~2>A72 or |®|<é
AR+ 1) v 207 2941 S ST
(201)
In addition, E'7_1 implies that
T-1 T-1
_ 4Ly A L (186),(169) A2
2 w)|2 t—1
o; < —— E 637 | F < — (202)
; ' 7l S ; Lo ] 294 1n 2
Upper bound for ®. From E7_1, and the conditions on the step-size it follows that
T-1 )
o 03)
t=0
o 2
220{—10. o& + a Tl 22@—1 g% + a
S L,YQ ( (Aa71 C)\) + (C/\ + )\/2) ()\a CA) + C)\
170 A
R — (204)
7
Upper bound for @. We have
T-1 T-1 d
@ = Lv? Z |well> = L2062 Zzii, (205)
t=0 t=0 i=1
where z; ; 1= wt.i/o,, . Using Lemma A.3, we get
¢ A(K +1) A(K +1) B
P 22, >Td+2y/Tdln =—— 4 21In < . (206)
bt g C R Esy
Since v < g, for 74 defined in (174)
A B
Pi@D> — 3 < —————, 207
{ >7}_4(K+1) (207)
Equivalently, we have
8 A
P{Es}>1— ——— for B =} |@| < —>. 208
{Eo} > WK +1) or Eg \|_7 (208)

Now, we have the upper bounds for @, @, ®, @, ®,®, @ . Thus, probability event Er_1 N Eg N
Eg N Eg N Eg implies
Ar < A4—-+—-+—-+=-+—-+
which is equivalent to (176) and (177) for t = T', and
IP{ET} > IP{ET_l NEs N Eg N Eg ﬂE@} =1 7P{FT_1 UE@ UF@ UE@ UE@}

(T+1)p

K+1 "~
This finishes the inductive part of our proof, i.e., for all k = 0,1,..., K we have P{Ey} >
1 — (k+1)B/(x +1). In particular, for k£ = K and with probability at least 1 — 3, we have

>1-P{Er_1} —P{Eo} ~P{Ea} — P{Ee} ~P{Ea} > 1 - (209)

K
1 ‘ 2(179) 4\
[ < =

and {z!}K , € Q, which follows from (177). Now we have to deal with ¢;. To do so, we consider
two possible cases foreacht = 0,1, ..., K. We either have ¢; = 1 or ¢; = m. We define the
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1120
1121

1122

1128

1124
1125

1126

1127

1128

1129

1130

1131

1132

1133

1134

1135

1136

corresponding sets of indices: 71 := {t € {0,1,...,K} | ¢, =1} and T2 := {t € {0,1,..., K} |

= W} Then, the above inequality can be written as
2
&0 ) 2 D & 2V T A+ 1)
implying
4A
DoV < g 210)
K +1) teT v(K +1)
and 8A
2| < 211
KH;H N < mET 211
2

For inequality (210), we follow the technique from (Koloskova et al., 2023) and apply inequality
22 > 2ex — €2, holding for any ¢,z > 0. Taking x = ||Vf(a:t)||2, we get

1 4A
- 2 ||V t 2 < _
K+1t€T1( IV =€) = w7
implying
VA < gy 5
K +1 th:l K +1)e 27
Upon selecting € = \/%, we obtain
1 4A
w1 2 IV < swmry @12)
teT

Combining inequalities (210) and (211) we get:

| 4A 8A
K+1;HV"C = K+1)+/\7(K+1)' (213)

Upon considering the best iterate, we have the following bound

SA n 128A2
YK +1)  A242(K +1)2°

min 1) <

(214)
te[0,K]

O

Theorem F.2 states 7 values for the step-size, from which the smallest should be selected. To simplify
matters, we demonstrate that if A is selected equal or smaller than the order of O ((%) " a), then
three step-sizes are redundant and can be omitted.
Corollary F.3. Let all conditions of Theorem F.2 hold. Furthermore, assume that K is large and
one selects A < O ((1 % ) 1/a), then conclusions of Theorem F.2 are valid as long as -y is selected to
satisfy v < min {1/ar, v1, v2, v3} where we have

VA
M = s
21@(22(171 + 1)1/2004/2)\1(1/2\/6(K + 1) In S(KBH) (1 + %)
\/Z)\a—l
Y2 =

o a\ —1/a\’
VLK +1)220-1 (00 + (@) (4; R R Tres T ey y+ (1 + ﬁ—g) )

22&—1(UG+C§
- VA
7= 14V Lo, /d(K + D(V2 + V26)
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1137

1138

1139
1140
1141

1142

1143

1144

Proof. For large K, it is evident that y3 decreases at a rate of O (O’w KhnK ) , while ¢ in (174)

decreases at a rate of O (Jw VK ) Subsequently, 3 dominates s and 74 can be omitted. Further-

more, 75 in (173) decreases with a rate of O (K /*(In K)'~"/~) which is less than the rate of 5. It
can be deduced that for large ), - decreases at the rate O (K) which is faster than 5. If A is small,
~2 dominates 75 again due to the A in the numerator of 5. Hence, 5 can be discarded. As for 4

in (172), we know that o, is on the order of O (A/E\/K In (K/é)). Hence, one can replace A with

O (9+¢/\/Kn(¥/s)). Therefore, 74 decreases by the order O (awe\/K In (K/zi)), which is the same
order as 3. Hence, 74 can be omitted, and the proof is complete. [
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1150
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1152
1153

1154

1155
1156

1157

1158
1159

1160

1161

1162

1163
1164
1165

1166

1167
1168

G Rate and Neighborhood for Clipped-SGD: Non-Convex Case

Now that we have established the convergence properties of DP-Clipped-SGD for non-convex
problems, we turn to evaluating its convergence rate. This rate depends critically on the choice
of the step-size v, and in general, the resulting expressions can be quite complex. To obtain more
interpretable bounds, we consider simplified rate expressions by analyzing separate cases based on
different ranges of A. Since we focus on the asymptotic behavior, numerical constants are omitted for
clarity.

In this section, we consider the cases without the DP noise (0, = 0) and investigate all possible
clipping levels.

Case 1: A > 4V LA. In this case, (), = 0, and the step-size conditions reduce to the following:

éAafl
<0 [mind L v~ . 215)

L o’o‘/Q/\l—““/Q,/Kln%7 Ko

In particular, when ~ equals the minimum from the above condition, the iterates produced by
Clipped-SGD after K iterations with probability at least 1 — 3 satisfy

~I>

min_[|V/(z")]|” = O (max {(217), 218), 219)}), (216)
te[0,K]

where

mK/5  LAc*InK
VIAN=/25002, HK/" + g L} (217)
VLAc®  LAo?®

T T e 18)
LA L[2A2
K T eie (219)

We clearly see that the dominant term (217) is an increasing function of ), and the dominant term

in (218) is a decreasing function. Solving for the optimal A where the leading terms in (217) and
1

(218) become equal, we obtain A = O (0 ( K ) ) Substituting back this A\, we get that with

K
In ¥

probability at least 1 — 3

min ||Vf(:1:t)||2:O(max{(ZZI),(ZZZ)}), (220)
t€[0,K]
where
mE\ T pAmZK
3 n” K/g
LAU( 7 ) e (221)

I[N

pa 1A% (nk)

2a+2
K 2K e

(222)

Note in this case, we converge to the exact optimum, and the dominant term matches (Sadiev et al.,
2023). As it can be seen from (217), (218), when the clipping level is not that large, we converge to a
neighborhood of the solution, but with a faster rate.

When A < 4v/ LA, we have (), = 47”:2A_’\. As observed from (169), (170), we also have to consider

the relation between A and o in these cases. Thus, we split the A < 4v/ LA case into 6 different
regimes to cover all possible cases.
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1169
1170

171
1172
1173

1174

1175

1176

177
1178

1179
1180

1181

1182

1183

Case 2: %\/ LA <A <4vLA (\ < X <o. Inthiscase, the step-size conditions reduce to the
following:

(>

Aya—1
EP\
v < O | min l \/Z . (223)

L gaszyiarz, [Km & Koo

As it can be seen, the bounds on step-size are similar to Case 1. However, the optimal A derived in
the previous section violates the constraint that A < 41/ LA. Subsequently, the optimal A becomes
A = 4V LA. For this choice of A, we have that with probability at least 1 — 3

min ||V f(a:t)HQ = O (max {(225), (226), (227)}), (224)
tel0,K]
where
e K/s | (LA)Z 0®InK/s
\/(LA) o+ = , (225)
oo CTQO
226
(VIAy— (LA 220
LA LA
=+ (227)

Case 3: %\/ LA < A<4vLA, () <o <A Inthis case, the step-size conditions reduce to

1 % /%/\afl
<O [ min<{ —, , (228)
L o/2)\1-a/2 /Kln% K max{c*, A*~1(,}
If max{oc®, A\*"1(,} = 0%, then the resulting bounds are similar to the previous case. If

max{c®, \*" (3} = A*71(, is satisfied, mingejo k] IV £(2t)||? is bounded with probability at
least 1 — 3 by the maximum of the following terms:

K @ K
MAM/%&/%/IHK/ LY (229)

MK
2

VLA + Lff& (230)

LA L2A2

— 231

K ke (231)

In the latter case (i.e., maximum occurring in the second argument), the optimal X is 4v/ LA —
7, where 7 is a sufficiently small number such that ATy > 02, ie., A satisfies ¢, =

max { /\f{: (Ama2ga)2, % . Note that the (230) is decreasing in \, and A = 4V LA is

not feasible. With this choice of A\, we get:

min ||V f(xt)||2 = O (max {(233),(234),(235)}), (232)
te[0,K]
where
In X/p LAc*InK/p
LAAVLA — n)2—ege + , (233)
\/ ( ) K VLA ek
/ 2
Lan  _ Lanr (234)
2 @WLA-n)?
LA L2A?

Va (4VLA —n)2K?’ —
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1184

1185
1186

1187

1188

1189

1190
1191

1192

1193

Case 4: %\/ LA <X <4vVLA, o <\ <A Forthis case, step-size conditions reduce to

Aya—1
1 2
7y <O |min{ — \/Z , (236)

L’ ra/2y1_4 KA1
¢Pamare [Km K KOTG)

and minye (o k7 |V f(2) ||2 is bounded with probability at least 1 — /3 by the maximum of the following

(>

terms
1—a/2 )2 InX/s  LACYInX/p
VLAN'=0/2¢82 | 7t e (237)
LA
VLAC + C*, (238)
LA L2A2
K TR (239

The optimal A in this case is A = 4/ LA — 20, and we have that with probability at least 1 — 3

min ||V f(z || O (max {(241), (242), (243)}) , (240)
te[0,K]
where
InK/p LAc“InK/s

LA(4VLA — 20)2—2ge + , 241

\/ ( O T N WVIA 200K (24D
LAg?

VLAG + ————, 242

’ 4V LA —20)? (242)
2 A2

LA L2A 43

K (4VLA —20)2K?

Case5: \ < % LA, X<\ < o. Inthiscase, the step-size conditions reduce to

A
Ana
v < O | min l \/: , (244)

L’ ja2zi-a/2 [Kn %’ K(o*Cy)

and minye (o k7 ||V f(2) ||2 is bounded with probability at least 1 — /3 by the maximum of the following

=~

terms
_ InK/s  LAc*Ink/s
l1—a/2 _a/2
VIAN-o/2g0/2y |2ty 220 I (245)
LA 20 -2
\/LAJ "o A;; +2<A, (246)
LA L2A2
R 247)

In this regime, the optimal \ = %\/ LA. With this choice of A\, we get with probability at least 1 — 3

min ||V f (2! || = O (max {(249), (250), (251)}), (248)
te[0,K]
where
1o  InK/p (LA) > 0%InK/p
\/(LA) Tot— o + e : (249)
o CTQO
250
(VIA) + NG (250)
LA LA
=tz (251)
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Case 6: \ < % LA, X< o <. Inthiscase, the step-size conditions reduce to

1 A
7y <O | min{ — , (252)

L colyimars [k & KT

and mine(o k7 |V f(2) ||2 is bounded with probability at least 1 — 3 by the maximum of the following

][>

terms
w2 InK LACS In K
VIAN=22 nK/ﬂ L. b (253)
e )\2(x+2 )
LA I[2AZ
K T eke (255)

Next, we find the optimal A via equalizing the leading terms (the first ones) in (253) and (254). This
1

s n & at2
yields A = ‘; Cﬁ_f , where C' = (1K’3> , which is infeasible. Thus, the optimal X in this regime

is A= %\/ LA — 7, where nn > 0 is such that A < o < (). Given this choice of A, we obtain with
probability at least 1 — 3
. 2
min | HVf(xt)H

tel0.K = O (max {(257), (258), (259)}) , (256)

where

_ In&/s  LA(VLA+n)*Ink/g
VLA =)'~ 2(VLA + n)*/?\| LA 2
( U +1) K T (WIA_nex (257)

VIR(IA + )" | LAWIE )
(VLA —n)~ (VLA —n)2et2”’

LA L2AZ

K T Vid _apKe

(258)

(259)

Case7: \ < % LA, o < X< Inthis case, the step-size conditions reduce to

A PG 1
\/z . (260)

. 1
¥ <O |minq — aF 1

L 43/2/\1*0“/2 Kln% Kmax{c*/\ , f_la}

(>

a+1 a+1
We note that max{c*)\ , 5\1_10} = (@ max{%,%} = 22— since 0 < A < (). Therefore,

similarly to the previous case, we have

1 A Ay
\/ T \/ T
Y < O | min T ’ a ) (261)
L C;/Q)\I*“/%/Kln% K¢

and minc (o k7 |V f(2) ||2 is bounded with probability at least 1 — /3 by the maximum of the following

terms
_ Ink/s LAY InK/s
VILAN-e/2¢2/2 A 262
NP =+ = (262)
VIAGT | Lo 263)
LA  L2AZ
w TeRe (264)

51



1207
1208

1209

1210

The optimal A equals %\/ LA. This happens because both leading terms in (262) and (263) are

decreasing in A. With this choice, we get with probability at least 1 — 3

mmeﬂﬂWQ:OOMMK%QA%DJ%&D,

tel0,K
where
InK/s  LAInK/s
LA
K + K ’
N
l; P
Tt IA
LA LA
K K2

Now that we have covered all possible regions, it’s time to consider the DP noise as well.

52

(265)

(266)

(267)

(268)



1211

1212

1213

1214

1215

1216
1217

1218

1219
1220

1221

1222
1223

1224

1225

1226
1227

1228

H Rate and Neighborhood for DP-Clipped-SGD: Non-Convex Case

To ensure the output of the algorithm is (e, §)-differentially private in this setting, expectation

minimization, it suffices to set the noise scale as o, = © (% Kln (%) In (%)) and apply the
advanced composition theorem of Dwork et al. (2014). In the finite sum case, one can reduce the
amount of noise by a factor of 4/In (%) as it was shown by Abadi et al. (2016). For the sake of

brevity, in the DP case, we only consider two cases: large A and relatively small A regimes. The other
cases can be derived with a similar analysis.

Case 1: A > 4V LA. In this case, ) = 0, and the step-size conditions reduce to the following:

v < O | min 1 (269)

L' gopyi-ar [xm & Ko* g Jagim £

In particular, when v equals the minimum from the step-size condition, then the iterates produced by
DP-Clipped-SGD after K iterations with probability at least 1 — 3 satisfy

kIr[loiI}q [V £(zh)]]” = O (max {(271),(272), 273), (274)}) (270)
€10,
where
_ InK/g  LAc*InK/s
1-a/2 _a/2
VLAX o4/ jraRR— vy (271)
vVLAc® LAg?*®
Aafl + A2a (272)
LA L[2A?
— 4+ 2
= e (273)

dinZE  LAc2dln &
B w B
VLAo,\| I + K . (274)

Here, (272) accounts for the bias caused by clipping, and (274) accounts for the accumula-
tion of DP noise. These terms are decreasing and increasing in A\ respectively, if we use

o, = O (% Kn (%) In (%)) To find the optimal A\, we find the equilibrium of these two

terms. Solving the equilibrium equation, we get A = O — = . Unless co® is
din (})In(£)m(%)

large enough, this value violates the constraint that A > 4/ LA, and it is not feasible. Thus, we have

the following formula for the optimal A:

A = max { 4VIA, 1 EJK — (275)
aln (4)n (%) ()
For this choice of A\, we get that with probability at least 1 — 3
. H[lgr}( | |V f(z") ||2 = O (max {(277),(278), (279), (280)}) (276)
€10,
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with
i a “ st K
e \/(LA)JUQIH;/BA/E = ——L e
din () 1n (%)
N e OO
min —5,VLAc (278)
(ﬂ) €
) LA L2A%(dIn () 1n(§))élné% IA
- {K )0 (TR @79)
u2+2
LA 1 K Ro(din (5 m(%)m (%))
max { —/dIn <5> 1H<5>ln ()7 il
B =S
(280)

LA 1 K K
+€len (5) In (5) In <B)7

where, for the sake of brevity, we only report the dominant terms.

Case 2: \ < %VLA A < o < (). Inthis case, the step-size conditions reduce to the following:

1230
1231
. a \/Z A@ N
Y <O | min{ -, — L LS L . (281)
Logenizarz [k B K(GT) g, JdKm &
1232 Taking -y equal to the right-hand side, we get that with probability at least 1 — 8
. 2
in V@)™ = O ({(283),(284),(285), (286)}) (282)
1233 with
_ InK/s  LAc®Ink/s
l1—a/2 _«a/2
VLA o4 =t ek (283)
VLAY LA
G Ao (284)
Aa A2a+2
LA L2A?
e (285)
(286)

K
dinE  LAc%2dIn &
/T A B w B
Lhow\ ==+~

Similarly to the previous case, we find the optimal A as the equilibrium of the leading terms in (284)

1234
1235

and (286). By doing so, we get the following optimal \:
(287)

2evV LA

A = min %x/ﬁ7 ——
(amm (3 () (£))77 +1

1236 For this choice of A\, we get that with probability at least 1 — 3
kn[lgx}{] |V f(a") ||2 = O (max {(289), (290), (291), (292)}) (288)
€10,
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\/ K/ (LA)*3*e2—o Inmats &

o (289)
(amn (1) (5)) 7
o* (VLA oo 1\, (K\, (K\)\¥*=
{LA = (e (3)(5)(5) } .
1 2
LA LA 1 K K\ 2+ LA
{WW( o (B () (59) ) }+K o1

o 22 i (5 (5 (5 o
min ¢ —/dlIn In{—=)In{—],
€ 1)
LAd 1 K K
+ = dln (5) In <5> In (ﬂ)’

where, for the sake of brevity, we only report the dominant terms

(o9

1238

(292)
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: As mentioned in the abstract, this work provides the first high-probability
analysis for Clipped SGD with heavy-tailed noise on the gradient and an arbitrary clipping
level with added DP noise. This is the main contribution of the paper and it appears in the
abstract.

Guidelines:
¢ The answer NA means that the abstract and introduction do not include the claims
made in the paper.
* The abstract and/or introduction should clearly state the claims made, including the

contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We have explained the limitations of our analysis in Section 4.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate ’Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Main assumptions are stated in Section 2. Complete correct proofs are provided
in the appendices. A proof sketch is provided in the main text in Section 4.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer ”Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: Only rigorous mathematical analysis is provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The work completely conforms to the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The work investigates the incorporation of differential privacy guarantees in
stochastic optimization. Hence, it offers a positive societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: No component with potential detrimental effects is released.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: There is no code, data, or models that require licenses.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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14.
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16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: No new asset is released.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: There was no crowd-sourcing experiments or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: There was no crowd-sourcing experiments or research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The paper does not use LLMs as an important, original, or non-standard
component of the core methods in this research.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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