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Abstract

This supplementary document contains more additional experimental details and
the technical proofs of convergence results of the NeurIPS’21 submission entitled
“A Theory-Driven Self-Labeling Refinement Method for Contrastive Representa-
tion Learning”. It is structured as follows. In Appendix A, we provides more
experimental details, including training algorithm, network architecture, optimizer
details, loss construction and training cost of SANE. Appendix B presents the proof
and details of the main results, namely, Theorem 1, in Section 2, which analyzes
the generalization performance of MoCo.

Next, Appendix C introduces the proof roadmap and details of the main results,
i.e. Theorem 2, in Section 3.1. Since the proof framework is relatively complex,
we first introduce some necessary preliminaries, including notations, conceptions
and assumptions that are verified in subsequent analysis in Appendix C.2.4. Then
we provide the proofs of Theorem 2 in Appendix C.2. Specifically, we first
introduce the proof roadmap of Theorem 2 in Appendix C.2.1. Then we present
several auxiliary theories in Appendix C.2.2. Next, we prove our Theorem 2
in Appendix C.2.3. Finally, we present all proof details of auxiliary theories in
Appendix C.2.4.

A More Experimental Details

Due to space limitation, we defer more experimental details to this appendix. Here we first introduce
the training algorithm of SANE, and then present more setting details of optimizers, architectures,
loss construction for CIFAR10 and ImageNet.

A.1 Algorithm Framework of SANE

In this subsection, we introduce the training algorithm of SANE in details, which is summarized in
Algorithm 1. Same as MoCo [1] and CLSA [2], we alternatively update the online network f,, and
target network g¢ via SGD optimizer. Our codes are implemented based on MoCo and CLSA. The
code of MoCo and CLSA satisfies “Creative Commons Attribution-NonCommercial 4.0 International
Public License".
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Algorithm 1 Algorithm Framework for SANE

Input: online network f,, target network ge, dictionary B, temperature parameter 7, momentum-
update parameter ¢, sharpness parameter 7', prior confidence y, regularization weight A, parameter
k for Beta(x, k), weak augmentation 77, and weak or strong augmentation T4
Initialization: initialize online network f.,, target network ge, dictionary B as MoCo.
fori=1---Tdo
1. sample a minibatch of vanilla samples {c;}7_,
2. use Ty to augment {¢;};_, to obtain weak augmentations {(x;, Z;)};_,, i.e. ©; = Ti(c;)
and &El = Tl(Ci).
3. compute feature {f(x;)}_, and B’ = {g(@;)};_;
4. compute the contrastive loss L. (w,{(x;,y;)}) in Eqn. (9)
5. use ; to compute the estimated labels ¢! of query x; by self-labeling refinery (5) (Vi =
1,---,5)
6. if using strong augmentation for momentum mixup, use T3 to augment {c; }{_, for obtaining
strong augmentations {&; }{_, to replace the previous {x; }{_, in {(x;, ;) }5_,
7. use momentum mixup (8) and samples {(x;, Z;, y!)};_, to obtain new virtual queries and
labels {(z}, ;) }i—1
8. use {(«},y})};_, to compute the momentum mixup contrastive loss Lc(w,{(x},y})}) in
Eqn. (9)
9. update online network f,, by minimizing (1—X)Lc(w,{(x;, y:)}) +ALc(w {(x], y})})
10. update target network gg¢ by exponential moving average
11. update the dictionary B via minibatch feature B’ in a first-in first-out order.
end for
Output:

A.2  Algorithm Parameter Settings

Experimental Settings for Linear Evaluation on CIFAR10 and ImageNet. For CIFAR10 and
ImageNet, we follow [, 3] and use ResNet50 [4] as a backbone. Then we first pretrain SANE on
the corresponding training data, and then train a linear classifier on top of 2048-dimensional frozen
features provided by ResNet50. For pretraining on both datasets, we use SGD with an initial learning
rate 0.03 (annealed down to zero via cosine decay [5]), a momentum of 0.9, and a weight decay of
10~%. Such optimizer parameters are the same with MoCo and CLSA.

Next, we pretrain 2,000 epochs on CIFAR10 with minibatch size 256 and dictionary size 4,096. For
pretraining on Imagenet, the dictionary size is always 65,536; the batch size is often 256 on a cluster
of 8 GPUs and is linearly scaled together with learning rate on multiple clusters. For linear classifier
training, we use ADAM [6] with a learning rate of 0.01 and without weight decay to train 200 epochs
on CIFARI10, and adopt SGD with an initial learning 10 (cosine decayed to zero) and a momentum
of 0.9 to train 100 epochs on ImageNet. We use standard data augmentations in [1] for pretraining
unless otherwise stated. Specifically, for pretraining on CIFAR10 and ImageNet, we follow MoCo
and use RandomResizedCrop, Colorlitter, RandomGrayscale, GaussianBlur, RandomHorizontalFlip,
and Normalization. For CIFAR10, please find its pretraining augmentation in the example'. Except
the above random augmentation, we also use the proposed momentum mixup to generate the virtual
instances for constructing the momentum mixup loss.

For CIFARIO, to fairly compare with [7], we crop each image into two views to construct the
loss (9). Specifically, for a minibatch of vanilla samples {c; }{_;, we use weak augmentation 7} to
augment {¢; }5_, to obtain weak augmentations {(x;, ;) };_,, i.e. ; = T1(¢;) and &; = T1(c;).
Then same as MoCo, we can compute the contrastive loss by using {(x;, Z;)};_,;. Meanwhile,
we use Z; to compute the soft label y! of ; via (5). Next, we use momentum mixup (8) and
samples {(z;, Z;,y!)}5_, to obtain new virtual queries and labels {(x/,y})};_,, and then use
{(x},y})};_, to compute the momentum mixup contrastive loss L, ('w,{(mg, y;)}) in Eqn. (9). For
strong augmentation, after we compute the vanilla contrastive loss in MoCo, and then use strong
augmentation to augment {¢; }_, to replace Z; in {(z;, Z;, y!)};_,. Then we can generate virtual

"https://colab.research.google.com/github/facebookresearch/moco/blob/
colab-notebook/colab/moco_cifar10_demo.ipynb
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query instances and their labels ({(x},y})};_; ) by using {(x;, Z;,y!)};_,. The training cost on
CIFAR10 for 2,000 epochs is about 11 days on single V100 GPU.

For ImageNet, we follow CLSA for fair comparison. For SANE-Single, we use the same way to
construct the contrastive loss, and then use augmentation 73 to augment {c;};_; to replace Z; in
{(@i, @;, y!)}i_; to construct the momentum mixup loss. Indeed, we also can do not replace &; in
{(xi, ®;,y!)};_, for momentum mixup loss, which actually did not affect the performance. We do
it, since SANE-Multi crops each image into five different crops for constructing momentum mixup
loss, and thus SANE-Single and SANE-Multi will be more consistent, i.e. SANE-Multi uses 5 crops
while SANE-Single uses one crop. For strong augmentation, we replace the augmentation 77 in
momentum mixup with strong augmentation, which is the same on CIFAR10. As mentioned above,
to construct the momentum mixup loss, SANE-Multi crops each image into five sizes 224 x 224,
192 x 192, 160 x 160, 128 x 128, and 96 x 96 and averages their momentum mixup losses. For
the vanilla contrastive loss, SANE-Multi uses the same way in SANE-Single to compute. In this
way, SANE-Single and SANE-Multi respectively have the same settings with CLSA-Single and
CLSA-Multi. Thus, ELSE has almost the same training cost with CLSA, i.e. about 75 (188) hours
with 8 GPUs, 200 epochs, batch size of 256 for SANE-Single (-Multi). It should be mentioned that for
vanilla contrastive loss in both CLSA-Single and CLSA-Multi, we always use weak augmentations.

Transfer Evaluation Settings. We evaluate the pretrained model on ImageNet on VOC [8] and
COCO [9]. For VOC, similar to linear evaluation, we train a linear classifier upon ResNet50 100
epochs by SGD with a learning rate 0.05, a momentum 0.9, batch size 256, and without weight
and learning rate decay. For COCO, we adopt the same protocol in [ 1] to fine-tune the pretrained
ResNet50 based on detectron?2 [10] for fairness. We evaluate the transfer ability of the cells selected
on CIFARIO0 by testing them on ImageNet. Following DARTS, we use momentum SGD with an
initial learning 0.025 (cosine decayed to zero), a momentum of 0.9, a weight decay of 3 x 10~%, and
gradient norm clipping parameter 5.0.

B Proofs of The Results in Section 2

Lemma 1. [/]] Suppose the loss ¢ is bounded by the range [a,b], namely {(f(x;w),y) € [a,].
Then let F be a finite class of hypotheses {(f(x; w),y) : X — R. Let
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respectively denote the empirical and population risk, where 8 denote the unknown data distribution
and the sampled dataset D = {(x;,y;)}7_, ~ S is of size n. Then for any § € (0,1), with
probability at least 1 — 6 we have

Q(f) < Q.(f) + \/2(b— 0)*VpIn(2.F|/3) . 7(b—a)’ In(2l.F|/9)

, 7
n 3(n—1) M
where Vp denotes the variance of the loss {(f(x;w),y) on the dataset D, and |F| denotes the
covering number of F in the uniform norm || - || cc-

Lemma 2. [/2] For any polynomials f(z) = >_%_a;a", z € [0,] and >__ | |a;| < 1, there exists a

multilayer neural network f(x) with O (p + log 2) layers, O(log ) binary step units and O(plog )
rectifier linear units such that | f (z) — f(x)| < e, Yz € [0,1].

Assume that function f is continuous on [0, 1] and [log 2| + 1 times differential in (0,1). Let f (n)
denote the derivative of f of n—th order and | f|| = max,cpo,1] f(z). If | f™|| < n! holds for all
n € [[log 2] + 1], then there exists a deep network f with O (log 1) layers, O(log 1) binary step
units and O (log* L) rectifier linear units such that | f (x) — f(@)| <e vz elo,1].

For expression power analysis of deep network, more stronger results can be found in [13, 14, 15, 16]
and all show that any function can be approximately can be approximated by a deep network to
arbitrary accuracy.



B.1 Proof of Theorem 1

Proof. Here we use two steps to prove our results in Theorem 1.

Qfu) =+ 31 Ul fuli), Bi)ys), ®

Step 1. proof for first part results. To begin with, we first define an empirical risk Q. (f):

ZE (fw(®i), Bi), Y5 ),

where Q. (f) uses the ground truth label y; for training. From Lemma 1, with probability at least
1 — 6, we have

Q(f) < Q.(f) + \/Q(b— a)QVZ In(2|71/9) 7(b—§()n111(12)|]-"/5)7

where Q(f) is the population risk, and Q. (f) is the empirical risk. Both are trained with the ground

truth y;. So the remaining work is to upper bound Q. (f) via é( f). Towards this end, we can bound
it as follows

Q.(f) - Q(f) =% D (U fwlmi), Bi),yi) — €A fu(2i), Bi), i)

i=1
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where @ holds by using y = y; + 0(y; — y;) for certain § € (0,1); @ holds since we use the
L,-Lipschitz property of £(h( fw(x;), B;),y:). Then combining these results together, we can obtain
the desired results:

2Vp In(2|F|/d) N 7(b — a)? In(2|F|/4)
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Step 2. proof for second part results. Here we can construct a simple two-classification problem
for clarity. Suppose we have two classes: class one w1th training data D = {(z1,x1,y})}.- n/2 /] and

class two with training data Dy = {(mg, o, yQ)}z 1> where y} denotes the ground truth label of 4
on the set By = {x; U B}, and y; denotes the ground truth label of x5 on the set Bs = {2 U B}.
Both training datasets D1 and D5 have 5 samples. Here we assume there is no data augmentation
which means x; = &; in the manuscript. In D;, its samples are the same, namely (1, 1, y7).
Similarly, D+ also has the same samples, namely (2, 2, y3). Then the predicted class probability

y;; of sample x; on class j is as follows:

ed@i@)/t d@ib))/7
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where o(xi, x;) = —%, 7 denotes a temperature. For simplicity, we let dictionary

= {:cl, 332} In this way, we have for both ground truth label y; and y3 that satisfy y7, = yi,
y10 + Yyl + Yl =1, Y50 = Ysa, Yoo + Y51 + Y55 = 1. For this setting, here we assume the training
labels are denoted by y; and yo. Moreover, they satisfy y190 = y11 > 0, y10 + Y11 + y12 = 1,
Y20 = Y22 > 0, Yoo + Y21 + Y22 = 1. The reason that we do not use one-hot labels. This is because
for dictionary B = {1, 2}, given a sample x; (i = 1, 2), x; needs to predict the labels on the set
{x; UB} = {x;,x1, x>}, where the labels are not one-hot obV1ously and satlsfy Y1 =vy;; > 0.1In

the followmg, we will train the model on the training data D= ’D1 UDQ where ’D1 ={(x1,z1,y1)}
and ’Dz = {(x2, 2, y2)}. We use y; to denote the model predicted label of ;.



Then for the test samples, we assume that half of samples are (1, 1, y}) and remaining samples
are (2, €2, y3). Then for any network f, we always have

Q) = Qulf) = = 3. (B fur(i), Bi),w7)] — Lkl fusl:), By), 7)) = 0.
i=1

3

Then we attempt to lower bound Q.(f) — Q(f). Our training dataset is D = D; U D, where
Dy, = {(x1,z1,y1)} and Dy = {(x2,2,y2)}. Then we discuss whether the network f can
perfectly fit the labels (9) of data D. For both cases, our results can hold.

Perfectly fitting. Network f has the capacity to perfectly fit the label 4 in 751 and the label y5 in
D5 when x; are different 5. In this case, we have

Q.(f) — Q(f)
1 n
= Z (U(h(fw(®i), Bi),y;) — L(h(fw(®i), Bi), y:))
=1
n k
=S dos(h (i), B) — s Tog(h(fu (), B)))
=1 s=1
1SN _
= ; ;(y — yi,s) log(¥i.s)
ol i i(yfs — Yis) log(yis)
n =1 s=1 7
é [(y10 — y10) log(y10) + (y71 — y11) log(y11) + (Y12 — y12) log(yi2)
+(y3 y20) 08(Y20) + (Y51 — y21) log(y21) + (Y22 — Y22) log(y22)]
é [2(y10 — Y10) log(y10) + (Y12 — Y12) log(y12) + 2(¥39 — Ya0) log(y20) + (Y31 — Ya1) log(yz1)]
1
= =3 (Y7o — Y10) log 1}% + (Y50 — Y20) log 1?722(;20

where © holds since y; s = y; ., and @ uses Y7y, = Y71, Yo + Y1 + Ui = L, Y30 = ¥3o,
Y50 + Y31 + Y32 = L, Y10 = Y11, Y10 + Y11 + Y12 = 1, Y20 = Y22, Y20 + Y21 + Y22 = 1. Then we
can choose proper values such that

* * 1
gayQO = Yo9 > Y20 = Y22 > 3

For example, we can let y; = (0.4,0.4,0.2), y; = (0.45,0.45,0.1), y2 = (0.4,0.2,0.4), y3 =
(0.45,0.1,0.45). In this way, we have (y7; — y10) log 1}5;10 > c1(yio — Y10) > 0 and (y3, —
Yoo) log 1 y2° = 2> c2(yao — Y20) > 0. So this means that there exists a constant C' such that

Yio = Y11 > Y10 = Y11 >

Q.(f) — Q(f) > C-Ei[lly; —willa) = C-Epas [ly* — yll,]-

So combining the above results gives the following desired result:
Q(f) - Q(f) 2 C-Epeslly” — ylla)-

Non-perfectly fitting. From Lemma 2 (other more results in [13, 14, 15, 16]), one can approximate
any function by a deep network to arbitrary accuracy. Specifically, for the polynomial function

in Eqn. (9), there exists a multilayer neural network f(z) with proper width and depth such that
lyr — 911 < eand ||y2 — Y=2|1 < ¢, where y; and gy are the predicted labels of samples x; and

a2 by using (9). The labels y; and y5 are associated with our training dataset D= ’131 U ’132 where



Dy = {(z1,z1,31)} and Dy = {(22, T2, y2)}. In this case, we have

Qe(f) - é(f)
L Z h(fu(@:). Bi).y}) — ((h(ful@:). B.). y1))
n k
=3 S ol (), B) — s Tog(h(fu(:), B)))
i=1 s=1
1 n k
:ﬁ Z Z(y;,s - yi,s) log(gi,s)
i=1 s=1
1 - -

=5 (Y10 — y10) log(Y10) + (y11 — y11) log(y11) + (Y12 — Y12) log(Y12)
+(y50 — Y20) 10g(Y20) + (Y51 — Y21) log(y21) + (Y59 — Y22) 1og(Ya2)]

]' * ~ * ~ * ~ * ~
:6 [2(y70 — Y10) log(Y10) + (Y12 — Y12) log(Y12) + 2(y30 — Y20) log(Y20) + (Y21 — y21) log(ya1)]

@ 1 Y10 Y20
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where @ uses Y7y = Yi1, Yo + Y1 + Y12 = L, Y30 = Y31, Y30 T Y31 + Y3 = L, Y10 = Y11,
Y10 + Y11 + Y12 = 1, Y20 = Y22, Y20 + Y21 + Y22 = 1. Then we can choose proper values such that

(y10 Y10) log

1 1
§+5ay§o:y§2>y20=y22>§+6.

For example, we can let y; = (0.4,0.4,0.2), y7 = (0.45,0.45,0.1), yo = (0.4,0.2,0.4), y3 =
(0.45,0.1,0.45), and € = 0.0001. In this way, we have (y7, — y10) log 1 yw = > c1(yio — Y10) > 0

and (Y59 — Y20) log 1 922;20 > c2(ydo — Y20) > 0. So this means that there ex1sts a constant C' such
that

Yio = Y11 > Y10 = Y11 >

Q.(f) — Q(f) > C-Ei[lly; —willy) = C-Epms[ly* — ylly]-

So combining the above results gives the following desired result:
Q(f) — Q(f) > C-Ep~sly” — ylly)-

The proof is completed. O

C Proof of Results in Section 3.1

In this section, we first introduce some necessary preliminaries, including notations, conceptions and
assumptions that are verified in subsegent analysis in Appendix C.2.4. Then we provide the proofs of
Theorem 2 in Appendix C.2. Specifically, we first introduce the proof roadmap in Appendix C.2.1.
Then we present several auxiliary theories in Appendix C.2.2. Next, we prove our Theorem 2 in
Appendix C.2.3. Finally, we present all proof details of auxiliary theories in Appendix C.2.2.

C.1 Preliminaries
C.1.1 General Model Formulation

In this section, we outline our approach to proving robustness of overparameterized neural networks.
Towards this goal, we consider a general formulation where we aim to fit a general nonlinear model
of the form « — f(w,x) with w € RP denoting the parameters of the model. For instance
in the case of neural networks w represents its weights. Given a data set of n input/label pairs
{(zi,9:)}"; C R? x R, we fit to this data by minimizing a nonlinear least-squares loss of the form

1 n
=3 g (w,x;))%



where g! = (1 —ay)y; + aup’ = (1 — )y, + ot f (wy, x;) denotes the estimated label of sample ;.
In Assumption 2 we assume 3; =0 and 7’ = 1 for simplicity, since performing nonlinear mapping on
network output greatly increases analysis difficulty. But we will show that even though ;=0 and
7/ = 1, our refinery (5) is still sufficient to refine labels. It can also be written in the more compact
form

wa7w1§
w,x
Liw) = 3 ) gl with flw)= | (10)
flw,a,)

To solve this problem we run gradient descent iterations with a constant learning rate 7 starting from
an initial point wg. These iterations take the form

~

w1 = w; —nVL(w;) with VL(w)=J" (w) (f('w) — gt) . (11)
Here, J (w) is the n X p Jacobian matrix associated with the nonlinear mapping f defined via
, T
Tw) = [l 2loen)|" (12)

Define the n-dimensional residual vector and corrupted residual vector e where

ry = rt(w) = [f(:cl,wt) - ’gi f(wn,wt) — gfl]T and e; = gt _ y*_

A key idea in our approach is that we argue that (1) in the absence of any corruption r(w) approxi-
mately lies on the subspace S, and (2) if the labels are corrupted by a vector e, then e approximately
lies on the complement space.

Throughout, omin () denotes the smallest singular value of a given matrix. We first introduce helpful
definitions that will be used in our proofs. Given a matrix X € R™*? and a subspace S C R", we
define the minimum singular value of the matrix over this subspace by omin (X, 8) which is defined
as
TyrT
Omin(X,8) = sup |lv' U X||2.
lvll2=1,UUT=Ps

Here, Ps € R™ " is the projection operator to the subspace. Hence, this definition essentially
projects the matrix on S and then takes the minimum singular value over that projected subspace.

Since augmentations are produced by using the vanilla sample ¢; and the augmentation x obeys
e — ¢;]]2 < €p. So in this sense, we often call the vanilla sample and its augmentations as cluster,
and call the vanilla sample as cluster center.

C.1.2 Definitions and Assumptions

To begin with, we define (g, d)-clusterable dataset. As aforementioned, we often call the vanilla
sample and its augmentations as cluster, and call the vanilla sample as cluster center, because augmen-
tations are produced by using the vanilla sample ¢; and the augmentation x obeys ||z — ¢;||2 < €.

Definition 1 ((¢, §)-clusterable dataset). Suppose {(x;,y;)}?_, denote the pairs of augmentation and
ground-truth label, where augmentation x,; generated from the t-th sample c; obeys || — c;||2<e
with a constant , and y} € {v1,7Y2, ..., Vi } of @; is the label of ¢;. Moreover, samples and its
augmentations are normalized, i.e. ||c;||2 = ||@;||2=1. Each vanilla sample ¢; has n; augmentations,
where c; % <n; < cu% with two constants c; and c,,. Moreover, the classes are separated such that

Ve =5l 26, ller = eslle > 26, (Vr # 9),

where 0 is the label separation.

Our approach is based on the hypothesis that the nonlinear model has a Jacobian matrix with
bimodal spectrum where few singular values are large and remaining singular values are small. This
assumption is inspired by the fact that realistic datasets are clusterable in a proper, possibly nonlinear,
representation space. Indeed, one may argue that one reason for using neural networks is to automate
the learning of such a representation (essentially the input to the softmax layer). We formalize the
notion of bimodal spectrum below.



Assumption 1 (Bimodal Jacobian). Let § > a > € > 0 be scalars. Let f : RP — R"™ be a nonlinear
mapping and consider a set D C RP containing the initial point wq (i.e. wo € D). Let Sy C R™ be
a subspace and S_ be its complement. We say the mapping [ has a Bimodal Jacobian with respect
to the complementary subpspaces Sy and S—_ as long as the following two assumptions hold for all
w e D.

* Spectrum over S;: For all v € S with unit Euclidian norm we have

a <]l 77w)e],, <.

* Spectrum over S_: For all v € S_ with unit Euclidian norm we have

|77 (w)ol],, < e
We will refer to S as the signal subspace and S_ as the noise subspace.

When e << « the Jacobian is approximately low-rank. An extreme special case of this assumption is
where € = 0 so that the Jacobian matrix is exactly low-rank. We formalize this assumption below for
later reference.

Assumption 2 (Low-rank Jacobian). Let 8 > « > 0 be scalars. Consider a set D C RP containing
the initial point wg (i.e. wy € D). Let S1 C R"™ be a subspace and S_ be its complement. For all
w €D, v eSS, andv' € S_ with unit Euclidian norm, we have that

a< HJT('w)'vHe2 <pB and ||jT(w)v’HZ2 =0.

In Theorem 7, we verify that the Jacobian matrix of real datasets indeed have a bimodal structure
i.e. there are few large singular values and the remaining singular values are small which further
motivate Assumption 2. This is inline with earlier papers which observed that Hessian matrices of
deep networks have bimodal spectrum (approximately low-rank) [17] and is related to various results
demonstrating that there are flat directions in the loss landscape [18].

Our dataset model in Definition | naturally has a low-rank Jacobian when ¢y = 0 and each
augmentation is equal to one of the K centers (vanilla samples) {Cg}le. In this case, the Ja-

cobian will be at most rank K since each row will be in the span of {%}f_l. The sub-
space S, is dictated by the membership of each cluster center (vanilla example) as follows: Let
Ay C {1,...,n} be the set of coordinates ¢ such that &; = ¢,. Then, subspace is characterized by
S ={ve R”|vi1 = w;, forall i1,i2 € Ay and 1 < ¢ < K}. When ¢y > 0 and the augmentation
points of each cluster (vanilla sample ) are not the same as the cluster we have the bimodal Jacobian
structure of Assumption 1 where over S_ the spectral norm is small but nonzero.

Definition 2 (Support subspace). Let {x;}" , be an input dataset generated according to Definition
1. Also let {z;}_, be the associated vanilla samples, that is, ; = c; iff x, is from the {th vanilla
sample. We define the support subspace S, as a subspace of dimension K, dictated by the cluster
center membership as follows. Let Ay C {1,...,n} be the set of coordinates i such that ; = cy.
Then, S, is characterized by

S+:{UER"‘vi1:vi2 Sorall iy,ia € Ay andforalll <{< K}.

Before we state our general result we need to discuss another assumption and definition.
Assumption 3 (Smoothness). The Jacobian mapping J(w) associated to a nonlinear mapping
[ RP — R™ is L-smooth if for all w1, ws € RP we have ||J (w2) — T (w1)|| < L [lwz — wa |,

In Theorem 7, we verify this assumption. Note that, if %1(;”) is continuous, the smoothness condition

holds over any compact domain (albeit for a possibly large L.

Additionally, to connect our results to the number of corrupted labels, we introduce the notion of
subspace diffusedness defined below.

Definition 3 (Diffusedness). Sy is C diffused if for any vector v € S

lvlloe < V/C/nllv]l2,

holds for some ¢ > 0.



We begin by defining the average Jacobian which will be used throughout our analysis.

Definition 4 (Average Jacobian). We define the average Jacobian along the path connecting two
points x,y € RP as

J(y,x) 3:/0 J(x+ aly — x))da.

Definition 5 (Neural Net Jacobian). Given input samples (x;)?_,, form the input matrix X =
[€1 ... z,|T € R"*% The Jacobian of our learning problem, i.e. © + f(W,z) = vl ¢p(Wz)
and L,(W) = 35" (ysi — f(W,x;))?, at a matrix W is denoted by J (W, X) € Rk and
is given by

TJW, X)T = (diag(v)¢/(WXT)) « XT.

Here x denotes the Khatri-Rao product.

C.1.3 Auxiliary Lemmas

Lemma 3 (Linearization of the residual). For the general problem (10) in Appendix C.1.1, we define
G(w;) = T (wig1, wi) T (w;)".

where J (w;) denotes the Jacobian matrix defined in Eqn. (12), and J (w1, w;) = fol J(ws +
a(wiy1 — wy))da denotes the average Jacobian matrix defined in Definition (4). When using the
gradient descent iterate w11 = wy — NV L (wy), then residuals

Tep1 = fwen) =g, = flw) — g
obey the following equation
rep1 = (I —nG(wy))re +g' — g+

Proof. Here we follow [19] to prove our result. Following Definition 4, denoting 711 = f(w1+1) —
y'*land ry = f(w;) — y', we find that

rer1 =1 — f(wy) + f(wer) + ¥ — gt
® P
=r + T (Wip1, we) (w1 — wy) +y' — gt

@ _ _
=r; — nJ (W1, ’wt)j(wt)TTt +y' — gttt

=T —nG(w))re +y" — g

where @ uses the fact that Jacobian is the derivative of f and @ uses the fact that V£, (w)
J(w)Tr,.

Ol

Using Assumption 3, one can show that sparse vectors have small projection on S .

Lemma 4. [/9] Suppose Assumption 3 holds. If r € R™ is a vector with s nonzero entries, we have
that

1Ps. ()0 < Y2

n
where Ps, (1) projects T onto the space S, .

Lemma 5. For the general problem (10) in Appendix C.1.1, let vy = f(w;) — ' and ¥y = Ps, (1)
A0 Drollz

Suppose Assumption 2 holds and n < # If ||wy — wol|2 + ”?;“2 <

10+ Wil

lee'D:{weRp‘Hw—ongS a



Proof. Since range space of Jacobian is in S, and 7 < 1//3%, we can easily obtain

lwerr = wellz =l T (we) (f(we) — ') |12

2| TT (we) (Ps, (f (we) = 59) |12
Z )T (w72
< 0Bl
o [
o

In the above, @ follows from the fact that row range space of Jacobian is subset of S via Assumption
2. @ follows from the definition of 7y = Ps, (f(w;) — g*). ® follows from the upper bound on the
spectral norm of the Jacobian over D per Assumption 2, @ from the fact that < é, ® from a < .
The latter combined with the triangular inequality and the assumption

[7ellz _ 40+ P)roll2
a = a ’
concluding the proof of ;41 € D. O

[wirr —woll2 < [[weyr — well2 + [[wo — wyll2 < Jlwy — woll2 +

Lemma 6. [/9] Let Ps, € R"*" be the projection matrix to Sy i.e. it is a positive semi-definite
matrix whose eigenvectors over Sy is 1 and its complement is 0. Let ry = f(w;) —ys, ¥+ = Ps + (r4),
and G(wy) = J(wyy1,w,) T (wy) . Suppose Assumptions 2 and 3 hold, the learning rate 1) satisfies
n < m Till2 < ||7oll2, then it holds

2

52P3+ = G(w) = j('wt)j<’wt)T = %733+.

N[ =

In the above context, we focus on introducing theoretical results for the general problem (10) in
Appendix C.1.1. Now we introduce lemmas and theories for our network learning problem, i.e.
z— f(W,z) = vT¢p(Wa) and L,(W) = 137" (y! — f(W,=;))? used in our manuscript.
Specifically, we introduce some theoretical results in [20] and characterizes three key properties of
the neural network Jacobian. These are smoothness, spectral norm, and minimum singular value at
initialization which correspond to Lemmas 6.6, 6.7, and 6.8 in that paper.

Theorem 3 (Jacobian Properties at Cluster Center). [20] Suppose X = [z ... wn]T € R"*4 pe
an input dataset satisfying \(X) > 0, where A\(X) denotes the smallest eigenvalue of matrix X.
Suppose |¢'|, |¢"| < T where ¢ and ¢ respectively denotes the first and second order derivatives.
The Jacobian mapping with respect to the input-to-hidden weights obey the following properties. Let
J (W, X)) denote the neural net Jacobian defined in Definition 5.

(1) Smoothness is bounded by

N r N —
HJ(W,X)—J(W,X)H < = IXI HW—WHF forall W,W € RF*<.

(2) Top singular value is bounded by
[7(W, X)| <T|X]|.
(3) Let C > 0 be an absolute constant. As long as

2 2
> CT?logn || X]||
T AX)

At random Gaussian initialization Wy ~ N'(0,1)**9, with probability at least 1 — 1/ K0,
we have

Omin (j(W07X)) Z V A(X)/2

10



The following theorem states the properties of the Jacobian at a (e, §) clusterable dataset defined in
Definition 1. That is, (z;)"_, are generated from (c;)X ,, and their augmentation distance is at most
€ and label separation is at least 6.

Theorem 4 (Jacobian Properties at Cluster Center). [/9] Let input samples (x;)?_, be generated
according to (eg, 8) clusterable dataset model of Definition 1. Define X = [x1 ... x|’ and
C = e ... c;|T. Let S, be the support space and (Z;)"_, be the associated clean dataset as

described by Definition 2. Set X = [Ty ... Z,|T. Assume |¢'|,|¢"| < T and \(C) > 0. Let

J (W, X)) denote the neural net Jacobian defined in Definition 5. The Jacobian mapping at X with
respect to the input-to-hidden weights obey the following properties.

(1) Smoothness is bounded by
HJ(W/,f) . j(W,f)H <7, /‘%l c| Hfif - WHF forall W,W € RFX?.

(2) Top singular value is bounded by

|ow.x)| < /2o

(3) As long as

2 2
> CT*log K ||C|
- A(C)
At random Gaussian initialization Wy ~ N'(0,1)¥* 4 with probability at least 1 — 1/ K0,
we have
=~ ClowNA(C)
. > [ Jew )
Omin (j(WOaX)7S+) el 2K

(4) The range space obeys range(J (Wy, X)) C Si where Sy is given by Definition 2.
Lemma 7 (Upper bound on initial misfit). [/9] Consider a one-hidden layer neural network model of
the form x +— v’ ¢ (W x) where the activation ¢ has bounded derivatives obeying |$(0)|, |¢'(2)| <
. Suppose entries of v € R¥ are half 1/\/k and half —1//k so that ||v||; = 1. Also assume
we have n data points x1, T, . .., x, € R? with unit euclidean norm (||x;||> = 1) aggregated as

rows of a matrix X € R™*? and the corresponding labels given by y € R™ generated accoring to
(p,e = 0,0) noisy dataset (Definition 1). Then for Wy € R¥*4 with i.i.d. N'(0, 1) entries

[v76 (WoXT) —yll2 < O (TV/nlogK )
holds with probability at least 1 — K100,

Then we introduce a lemma regarding the projection of label noise on the vanilla sample (cluster)
induced subspace. Since augmentations are produced by using the vanilla sample c; and the aug-
mentation x obeys || — ¢;||2 < €. So in this sense, we sometimes call the vanilla sample and its
augmentations as cluster, and call the vanilla sample as cluster center.

Lemma 8. [/9] Let {(x;,y:)}"_1 be an (p,e = 0,0) clusterable noisy dataset as described in
Definition 1. Let {y; }_, be the corresponding ground truth labels. Let 7 (W, C') be the Jacobian at
the cluster center matrix which is rank K and S be its column space. Then, the difference between
noiseless and noisy labels satisfy the bound

1Ps, (¥ —y")lloo < 2p.

Theorem 5. [/9] Assume |¢'|,|¢"| < T and k = d. Suppose Wy ~ N(0,1). Let c1, ..., cx be
cluster centers. Then, with probability at least 1 — 2e~*+4d) — e=100d yyor Wy, any matrix W
satisfying |W — Wol| » < Vk satisfies the following. Forall 1 < i < K,

sup |f(W,@) — f(W,&)| < CTe(||W — Wy|| + Vd).

le—cill2,[|lZ—c;ll2<e

11



Lemma 9 (Perturbed Jacobian Distance). [/9] Let X = [z ... @, be the input matrix obtained

from Definition 1. Let X be the noiseless inputs where ; is the cluster center corresponding to x;.
Let 7 (W, X)) denote the neural net Jacobian defined in Definition 5 and define J (W1, Wa, X) =

fol J(aW1 + (1 — a)Ws, X)da. Given weight matrices W1, Wo, W1, Wy, we have that

W W
[ ||F+€>.

|T(W,X) - T(W,X)| <Tvn ( N

and

HJ(Wl,W27X) _ j(Wl,WQ,Y)” S F\/ﬁ ('Wl - Wl”F + ||W2 - WQHF +5> )

2k

C.2 Proof of Theorem 2

The subsection has four parts. In the first part, we introduce the proof roadmap in Appendix C.2.1.
Then in the second part, we present several auxiliary theories in Appendix C.2.2. Next, we prove
our Theorem 2 in Appendix C.2.3. Finally, we present all proof details of auxiliary theories in
Appendix C.2.2.

C.2.1 Proof roadmap

Before proving Theorem 2, we first briefly introduce our main idea. In the first step, we ana-
lyze the general model introduced in Appendix C.1.1. For the solution w; at the ¢-th iteration,
Theorem 6 proves that (1) the distance of ||jw; — wy||2 can be upper bounded; (2) both residual
| Ps. (f(we) — ")z and || f(w:) — y* || can be upper bound. Result (1) means that the gradient
descent algorithm gives solutions in a ball around the initialization wg, and helps us verify our
assumptions, e.g. Assumptions 3 and 2 and upper bound some variables in our analysis. Results (2)
directly bound the label estimation error which plays key role in subsequent analysis.

In the second step, we prove Theorem 7 for the perfectly clustered data (¢y = 0) by using Theorem 6.
We consider ¢ — 0 which means that the input data set is perfectly clean. In this setting, let
X = [z, - ,&,] be the clean input sample matrix obtained by mapping x; to its associated cluster

center, i.e. &; = ¢y if x; belongs to the ¢-th cluster. In this way, we update network parameter Wt as
follows:

Wt_t,_l = Wt — Vzt(f/‘v/t) where Zt(ﬁ}) =

N | =

Z(yti - f(ﬁ;’ﬁfi))z

Theorem 7 shows that for neural networks, our method still can upper bound the distance || f/‘vft -
Wh || r and the residuals || f(W;) — 9|« if the network, learning rate, the weight «; for refining
label satisfy certain conditions.

In the third step, we consider the realistic setting, where we update the parameters on the corrupted
data X = [z1,-- -, x,] as follows:

1 n
Wip1 = W, = nVL,(Wi)  where  L(W) = 5 > (yri — F(W,;))>. (13)
i=1
Then to upper bound || f(W};) — || which measures the error between the predicted label f(W;)

and the ground truth label #, we upper bound || f(W;, X) — f(W,, X)||> and || W, — W, | . These
results are formally stated in Theorem 8.

In the fourth step, we combine the above results together. Specifically, Theorem 7 upper bounds the
residuals || f(W}, X) — yl||oo and Theorem 8 upper bounds || f(W;, X) — f(W;, X)]||2. So com-
bining these two results and other results in Theorem 7 & 8, we can upper bound || f(W3, X) — ¥l oo
which is our desired results. At the same time, by using similar method, we can also bound the label
estimation error by our self-labeling refinery, since ||yt — y*||2 = ||[(1 — ap)y + as f(w) — y*||2 <
(1—ay)lly — y*ll2 + ol f(w) — y*||2- The term ||y — y™*||2 denotes the initial label error and can
be bounded by a factor related to p, while the second term is well upper bounded by the above results.

12



It should be note that our proof framework follows the recent works [21, 19] which shows that
gradient descent is robust to label corruptions. The main difference is that this work uses the label
estimation y* = o,y + (1 — o) f (w) and minimizes the squared loss, while both works [21, 19] use
the corrupted label y and then minimize the squared loss. By comparison, our method is much more
complicated and gives different proofs.

C.2.2 Auxiliary Theories

The following theorem is to analyze the general model introduced in Appendix C.1.1. It guarantees
that the estimated label by our method is close to the ground truth label when the Jacobian mapping
is exactly low-rank. By using this results, one can obtain Theorem 7 for the perfectly clustered data
(€9 = 0) which will be stated later.

Theorem 6 (Gradient descent with label corruption). Consider a nonlinear least squares problem
of the form Ly(w) = | f(w) — gt)||§2 with the nonlinear mapping f : RP — R™ obeying
40+ [ f (wo) —yll2

[e3

woandy = [y1 ... yn] € R™ denoting the corrupted labels. We also assume o > 1 — % and

2y/nlimy 4o Zi:o ly — 1| < r]lf(wo) — YOla- Also let y* = [y; ... y] € R" denote
the ground truth labels and e = y — y* the corruption. Furthermore, suppose the initial residual
f(wp) — y with respect to the uncorrupted labels obey f(wo) — y* € Sy. Then, running gradient

assumptions 2 and 3 over a unit Euclidian ball of radius around an initial point

descent updates of the from (11) with a learning rate n < # min (17 Wm)’ all iterates
obey

t _
4|7 : Z 401+ wy) — Y°
Hwt*'wOHZS ” 0”2 +2\/5 lim |Oét*0£t+1‘ < ( ¢)||f( 0) Y ”2
(0] t~>+oot:O «

and
t—i

2
1712 < (1 - ) 17ol2 + MZ (1 - ) s — i,

where vy = f(w) — y' and let 7o = f(wg) — y0 be the initial residual, and vy = Ps, (1)

Furthermore, assume v > 0 is a precision level obeying v > ||Ps +(e) Then, after t >
_0

noﬁ log (m#w‘h) iterations where ou,,, = max; oy, w; achieves the following error bound

with respect to the true labels

" 2y/n L na? b
”f(wt)_y ||OOS2V+1—7OQZ 1—7 |Oéi—04i+1|.
=0

Furthermore, if € has at most s nonzeros and Sy is ( diffused per Definition 3, then using v =

[Ps (€)llo

£ aw0) — o oo 2P, (€) o + Y1 Z( 7’6“)_%-—%

t—1
Vs 2y/n na?
== ||6||2+71_at E 1==7 ) e —ain],
t=0

where Ps, (e) denotes projection of e on S..

See its proof in Appendix C.2.5. This result shows that when the Jacobian of the nonlinear mapping
is low-rank, our method enjoys two good properties.

For the solution w; at the ¢-th iteration, (1) the distance of ||w; — wyl|2 can be upper bounded; (2)
both residual ||Ps, (f(w:) — y¢)||2 and || f(w;) — Y/ can be upper bound. Result (1) means that
the gradient descent algorithm gives solutions in a ball around the initialization w, and helps us
verify our assumptions, e.g. Assumptions 3 and 2 and upper bound some variables in our analysis.
Results (2) directly bound the label estimation error which plays key role in subsequent analysis.
This theorem is the key result that allows us to prove Theorem 7 when the data points are perfectly

13



clustered (9 = 0). Furthermore, this theorem when combined with a perturbation analysis allows us
to deal with data that is not perfectly clustered (eg > 0) and to conclude the recovery ability of our
method (Theorem 2).

When ¢y — 0 which means that the input data set is perfectly clustered, our method can be expected
to exactly recover the ground truth label by using neural networks.

Theorem 7 (Training with perfectly clustered data). Consider the setting and assumptions of Theorem
6 with €9 = 0. Starting from an initial weight matrix wq selected at random with i.i.d. N'(0, 1) entries
we run gradient descent updates of the form Wy, = W, — nV L, (W) on the least-squares loss in

the manuscript with step size 1 < 5- nffz el Furthermore, assume the number of hidden nodes
p

obey

i K log(F)|[C?

2

with A\(C) is the minimum eigenvalue of ¥.(C') in Assumption 2. Then, with probability at least
1—2/ K199 over randomly initialized W, Hg (0, 1), the iterates Wy obey the following properties.

(1) The distance to initial point Wy is upper bounded by

Klog K
W, — W <y —=—
|| t OHF = )\(C)
(2) After t > tg = nn)\(c) log ((Flf&:;ii) iterations where Qg = maxo<i<i, ¢, the
entrywise predictions of the learned network with respect to the ground truth labels {y} }7_;

satisfy

|f(W, i) — yi| < 4p,
forall 1 < i < n. Furthermore, if the noise level p obeys p < & /8 the network predicts the
correct label for all samples i.e.

arg min |f(Wt,CBZ) Vil =y for i=1,2,...,n. (14)
1:1<4<
See its proof in Appendix C.2.6. This result shows that in the limit ¢y — 0 where the data points are

perfectly clustered, if the width of network and the iterations satisfy k > C(1 +71)?T* %ﬁ!c”z

andt > tg := P~ s (C) log (F vnlog K ) then our method can exactly recover the ground truth label.

This result can be interpreted as ensuring that the network has enough capacity to fit the cluster
centers {c,}X | and the associated true labels.

Then we consider the perturbed data X = [xy,--- ,x,] instead of the perfectly clustered data
X =[xy, ,&,] obtained by mapping x; to its associated cluster center, i.e. Z; = ¢ if x; belongs
to the ¢-th cluster. In Theorem 8, we upper bound the parameter distance and output distance under
the two kinds of data X and X.

Theorem 8 (Robustness of gradient path to perturbation). Generate samples (x;,y;)}_, according

to (p, e, 8) corrupted dataset and form the concatenated input/labels X € R™" y € R". Let X be
the clean input sample matrix obtained by mapping x; to its associated cluster center. Set learning
rate n < ek and maximum iterations tq satisfying

I/nlog K

2¢, pnF2

to = Cl Tl)\l((C) 10g< )

where Cy > 1 is a constant of our choice. Suppose input noise level € and number of hidden nodes
obey

AC) < 10 K2||CH4 I'vnlog K 6)
e<O and k>O|(T lo .
- (FzKlog(FvnéogK) - AC)? B P )

max
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t—i
where Qugxy = Mmaxi<i<i, Ot Assume sz ( — —) | — 1| < aballrol3 and

2ﬁZf;é i — 1| < Ur|roll. Set Wy ~ N(0,1). Starting from Wy = Wy consider the
gradient descent iterations over the losses

n

1
Wisi = Wi —qVL(Wh)  where Li(W) = 5 > (yri — f(W, ) (15)
=1
— — ~ o~ 1< JUI
Wt+1 = Wt — Vﬁt(Wt) where Et 5 Z Yii — W, :BJ) (16)

Then, for all gradient descent iterations satisfying t < to, we have that

1f(We, X) — F(We, X)||2 < cot'tnel*n®/2\/log K,

and
. 4K Ivnlog K\ >
||Wt—wt||Fso<w'ns G log( - ))

where ' =1+ % + V/1a.

See its proof in Appendix C.2.7. Theorem 2 is obtained by combining the above results together.

C.2.3 Proof of Theorem 2

Proof of Theorem 2. Here we prove our results by three steps. In these steps, each step proves one
of the three results in our theory. To begin with, we consider two parameter update settings with
initialization as Wj:

n

— I Rau ~
Wt+1 :Wt — Vﬁt(Wt) where Et(W) = 5 Z(yf — f(W, $i))2,

1 n
Wt+1 :Wt — nVEt(Wt) where £t(W) = = Z(gf — f(W,aci))Q,

i=1

where g! = (1 — )y + o f(Wy, &), 9f = (1 — )y + au f (Wi, @;), X = [Z4,- -+, T,] denotes
the clean input sample matrix obtained by mapping x; to its associated cluster center, i.e. Z; = ¢y
if ; belongs to the ¢-th cluster, and X = [x1,- - , x,] denotes corrupted data matrix. Denote the
prediction residual vectors of the noiseless and original problems with respect true ground truth labels

y*byr; = f(ﬁv/t,kv) —y*and r, = f(W;, X) — y* respectively.

Theorem 7 shows that if number of iterations ¢ and network width receptively satisfy ¢ > ¢y :=
2

log (W"log ) and k > C(1 + 12T EIBUDUCIE then it holds

nnA(C)
_ — . —~ Klog K
[#illso = [F(We X) — 9'lloc < dp and W, — Wo||p < Iy | 5
AC)
: : (%)
Meanwhile, Theorems 8 proves that if ¢ < O<F2Klog(r\/ﬂ’;(’?)> and £ >

O (110 FELCL tog(DZEEE )0} then it holds

xA(C)*
'K T'vnlog K eI K+/nlog K I'v/nlog K
nzf\(C) log( P & 30?2 /log K = cw NO) & log( 5 & )

|7 = 7el|2 < ce

and

N 4 fmlog K\ 2
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where 1) =1 + % + V1.

Step 1. By using the above two results, we have

UV 20 = B2 - (s + = ill) < 4+ o2 FY OB o (V0BT
v v el e = rill) < N©) ,

Moreover, we can also upper bound

19" =yl (1= adlly =yl ael /(We, X) —y”|l2
Vn - Vn vn
(1 —a)lly —y*[2 eP'T*K\/log K I'v/nlog K
= +dayp + coy log :
vn AC) p
Step 2. Now we consider what cases that our method can exactly recover the ground truth label.
Assume an input z is within e-neighborhood of one of the cluster centers ¢ € (c¢)£ ;. Then we try

to upper bound | f(Wy, z) — f(f’[v/t, c)| where f(f/‘vft, ¢) corresponds to f(W;, x). To begin with,
we have

(Wi, ) — f(Wy,0)| < |f(Wi,z) — f(Wy,2)| + |[f(W,,z) — f(W,,c)l
We upper bound the first term as follows:
f(Wy,z) — f(W,z)| = vl o(Wz) — 0T p(Wia)| < |[v]2llo(Wiz) — o(W,)| 2
< I||W, — Wi|p
, P K? I'vnlogK
<0 (= S o)

N 2
where we use the results [|[W, — Wy||p < O (t1/)’775F4K" log (FV ";)gK) ) with ¢/ =1+ % +

A(C)
v/1o in Theorem 8, and ¢ = 3. Next, we need to bound

|f(Wh,2) — f(Wy,0)| < [v (W) — vT 6(Wee)].

On the other hand, we have ||W/'t —Wyllrp <O (I‘ K/\lfcg'f) in Theorem 7, || — ¢||2 < € and

Wy ~ N (0, I) in assumption. Moreover, using by assumption we have
— Klog K
k20 (W - Wyl}) =0 (12
= || t OHF )\(C)

By using the above results, Theorem 5 guarantees that with probability at 1 — K exp(—100d), for all
inputs x lying € neighborhood of cluster centers, it holds that

[F(Wy,z) — f(Wi,¢)| < C'Te(| W — Wh|p + Vd) < CTe (r K;(ng( 4 \/&> . an

Combining the two bounds above we get

W K2, TVnlogK Klog KK
[f(We, ) — f(We,€)| < €O (1&(0)2 tog( Y8 K 3 pp A(O(gj) +\/E)>
<0 <w;(rgf)(; log(LY10e K )3) '
AC) )

Hence, if ¢ < ¢/d min ) , we obtain that, for all a, the associated cluster

Y T5 K2 log( F\/"pl"?i Kys 'TVd
c and true label assigned to cluster y* = y*(c), we have that

F(Weo) — '] < F(Wi,€) — (Wi, )|+ f(Wi, )~ < dp+ ¢
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Meanwhile, we can upper bound

_ * * * * 5
19t — sl < (1= o)|ye — ypl + | f Wi, ) — y*] < (1 — )y — yal + ae(4p + )

where !, = (1 — ay)yYa + arf (Wi, ) and y; receptively denote the estimated label by our label
refinery and the ground truth label of sample x. Since |y, — yi| < 1, by setting 1 > o, > 1 — 7(5
and p < 6/32, we have

—1 * 4
192 — Yal <3
This means that for any sample x;, we have |g! — y;| < §/2. Therefore, our label refinery gives the
correct estimated labels for all samples. By using the same setting, we obtain

[f(Wy ) —y| <6/2.

This means that for any sample x;, we have | f(Wy, ;) — y}| < 0/2. Therefore, W, gives the
correct estimated labels for all samples. This competes all proofs.

O

C.2.4 Proofs of Auxiliary Theories in Appendix C.2

C.2.5 Proof of Theorem 6

Proof. The proof will be done inductively over the properties of gradient descent iterates and is
inspired from the recent work [21, 19]. The main difference is that this work uses the label estimation
y' = (1 — a4)y + a¢ f(w;) and minimizes the squared loss, while both [21, 19] use the corrupted
label y and then minimize the squared loss. By comparison, our method is much more complicated
and gives different proofs. Let us introduce the notation related to the residual. Set r; = f(w;) — g*
and let 7o = f(wg) — ¢° be the initial residual. We keep track of the growth of the residual by
partitioning the residual as r; = 7; + €; where

= 7257 (’I”t) y '?t = P$+ (’I”t).
We claim that for all iterations ¢ > 0, the following conditions hold.

t

~ ~ ~ 1
I€x]l2 <ll€oll2 + v ) le — aiga| < [l€oll2 + < lIrollz, (18)
=0

t—t
||ﬂ||%<(1—) || o||2+2f2(1—) or —aunal,  (19)

Tl = wolls + [[74lls <[17ol2 +2v/m Zlaz—az+l\<llrollz+2f Zlaz—aml

=0
< +¢)||7“0||27 (20)

where the last line uses the assumption that 2+/n lim;_, 1 o ZE:O |o; — jr1] < W1]|7roll2. Assuming
these conditions hold till some ¢ > 0, inductively, we focus on iteration ¢ + 1. First, note that
these conditions imply that for all t > i > 0, w; € D where D = {w € R? | [[w — wyl|z <

w} is the Euclidian ball around wy of radius %. This directly follows from

(20) induction hypothesis. Next, we claim that w; is still within the set D. From Lemma 5, we
have that if the results in Eqn. (20) holds, then it holds that

4(1 4 1) 7ol }

wt+1€D:{weR”
(6%

[w — wolf2 <

In this way, we can directly use the results in previous lemmas and assumptions. Then we will prove
that (19) and (20) hold for ¢ 4 1 as well. Note that, following Lemma 3, gradient descent iterate can
be written as

ree1 = (I —nG(wy))ry + 4" — gt
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Since both column and row space of G(w;) is subset of S, we have that
€1 =Ps_ (I —nG(w,))r +y' —y**)
=Ps_(r) +Ps_(g' —g"*")
=é+Ps (¥ -y
=&+ Ps_ (o1 — ar)y)

=€y + ZPS_ (a1 — ) y)

So we can upper bound

t

I€ll2 < [l€oll2 +2vn > i — cviga| < [|€0ll2 + ¢ llroll2.
1=0

This shows the first statement of the induction. Next, over S, we have
Tip1 = Ps, (I —nG(wy))ry +y' —g')
= Ps, (I = 1G(wy))7) + Ps, (I = nG(wr))é:) + Ps, (5" —g'™")
= Ps, (I =G (w,))7) + 7’& (g -9
= —nG(w))r +y' — g™

2L
(22)
(23)
(24)

(25)

(26)

27)

(28)
(29)
(30)
€1V

where the second line uses the fact that e; € S_ and last line uses the fact that 7, € S, in the last

line, we let g, = Ps, (y"). Then we can rewrite y* — g'*! as

Yo — Y1 =(1 — )y + o f(wy) — (1 — 1)y + g1 fwegr)
=(ary1 — )y + au(f(we) — f(weg1)) — (@1 — ) f(wigr).

At the same time, we can upper bound

®
[wirr — wellp = 0l T (we)Trell2 < 9l T (we) " 7ell2 < 0BT |2-

In this way, we can obtain

76412

<
®
<

(0% ~
(1 - 172) 17el2 + aeBllwe — wesall2 +2vn - |ar — s

OZQ —~ ~
= (1 a 172) [7¢ll2 + aeB7nlTel|2 + 20/ - oy — g

@ n 2
(1_> (7e]l2 + 2v/n - |y — vgn]

further yields

t—t
e < (1~ ) ||ro\|2+2fz (1-25) -

On the other hand, we have
I(I = nG(w)7ell3 <IFll3 — 207 G(w)T, + 0*Ff G (w) G (we)T,
|73 = 207 T (w) T (wi)7y + 0”827 T (wi) T (wi) 7
=[7el13 = n(2 = nB*)|T " (we)7e 3
<[5 = nll T (wo)F 3,

18

(I = nG(we))Tell2 + ([ — ary1)yll2 + el f(we) — f(wigr)|l2 + [[(Qer1 — ae) f(wigr) |2

< vmand || f(wir1)|l2 < V1, @ uses ap < %. This result



where the last line use n < <5 . This further gives

_ — N - n [|T" (w713
(I = nG(wy))7e2 < \/||7't||§ =l T (we)re[13 < (17ell2 — QW-
Therefore, we can upper bound ||7 || in another way which can help to bound ||Jw;y1 — wol|2:
1744l
<IT = nG(w))7ell2 + [[(ar — e )yllz + (1 — an) || f(we) — flwigr)ll2 + [[(q1 — ) fwiga) 2
<[(I = nG(we))Tell2 + (1 — ar)Bllwe — wiepalla +2vn - oy — iz

= (I = nG(w))ell2 + (1 = ar) Byl T (we)rella + 2v/n - |y — @
jT w ,'”: 2
;]H”(;ﬁ)t'b + (1= ) Bl T (wi)rell2 + 2vn - oy — -
]2
Since the distance of w4 to initial point satisfies :

<|7ell2 -

w1 — wollz < [wipr — will2 + lwe —woll2 < lwe — woll2 + nl| T (we)rel2,
we can further bound

Q ~
Z”wt“ —woll2 + [|Pe41l2

<2 (o =l + 1l i) + I - 212G
+ (L= an) Bl T (we)rell2 + 2v/n - oy — gy
<o — w17l + 217" il (a+40 - aps - oL Lo o, s
ONeY
< llwe = woll2 + (|72l + 2vn - |y — apg|

<[[7oll2 + Q\fz i — i | < lmoll2 + 2\f2 i — iyl

=0

where @ uses W > aand o < %.

—

2 2
By setting t > i log (%) and - < % < § where amax = max; oy, then we have

1og

> log (1+ e ) > % and thus

t 2\t 2\t
(6% ~ (6% (0%
(1—”4 ) 7ol (1= 75 rolle < (1= 5 frolla < (1 s,

In this way, we can further obtain

4

t—1
[Pl < 174l < (1= ) + 2V Z(1—) s — il

and

(1= a)[[Ps, (f(wi) = Y)lloc =[Ps, (f(w:) — (1 - at)y —arf(we))|loo = 1Ftllco < [I7¢]l2
<(1 — amax )V + sz (1 — > l loy — apqa]

Finally, we can obtain the desired results:

£ (we) = 4" ||o 2I|Ps, (f
<[|Ps, (f

wy)) = Ps, (¥7)lloo
w) = Y)lloo + [Psy (4 = y")lloo

t—1

(

(

2y/n = na?
<2 1—— i = Qg1
1/+1_at;< 4) |o; — g1
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where @ holds since f(w;) —y* € Sy and ||Ps, (f(wi) — Y)lloo = || Ps, (f(wi) — y)||oo- If e is
s sparse and S is diffused, applying Definition 3 we have

%f

€floo-

1Ps (€)oo <

The proof is completed. O

C.2.6 Proof of Theorem 7

Proof. The proof is based on the meta Theorem 6, hence we need to verify its Assumptions 2 and
3 with proper values and apply Lemma 8 to get || Ps, (e)||«. We will also make significant use of
Corollary 4.

cupn

Using Corollary 4, Assumption 3 holds with L =T° ||C|| where L is the Lipschitz constant

of Jacobian spectrum. Denote Using Lemma 7 with probablllty 1 — K19 we have that ||rol|2 =

9% — fF(Wo)ll2 = lly — f(Wy)|l2 < T'v/conlog K /128 for some ¢y > 0. Corollary 4 guarantees
a uniform bound for 3, hence in Assumption 2, we pick

CupN
B<y/rilel.

We shall also pick the minimum singular value over S to be

' ownA(C
o= where of =/ 92NE),

We wish to verify Assumption 2 over the radius of

R_4||f(W0 —yl? F\/W conlogK/Q_F coK log K
- a - e\ e \(C)

neighborhood of Wj. What remains is ensuring that Jacobian over S, is lower bounded by «. Our
choice of k guarantees that at the initialization, with probability 1 — K 1% we have

o (T (Wo, X),8,) > o

Suppose LR < « = «’/2 which can be achieved by using large k. Using triangle inequality on
Jacobian spectrum, for any W € D, using |W — Wy||r < R, we would have

a(JW,X),8:)>0(TJ(Wy, X),S:)—LR>d —a=a.

Now, observe that

- K log(K) ocon L K
LR =(1+ )T/ < 1’” o) Ty Og (1+9)02|C|, | S8 (35
Clow ) lowk)\
o ClownA(C)
<— =g e
2 8K ’ (33)

as k satisfies

k>0 ((1 +w1)2F4”C”2W> >0 ((1 +w1)2F:(I;1)02g(K) [tef] ) .

low
Finally, since LR = 4(1 + 1) L||rg||2/a < a, the learning rate is
af 1 K
Trols) = 282 = 2o 2 [O
Overall, the assumptions of Theorem 6 holds with stated c, 3, L with probability 1 — 2K ~%° (union

bounding initial residual and minimum singular value events). This implies for all £ > 0 the distance
of current iterate to initial obeys

min(1

1
< o5

W — Wollp < R.
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The final step is the properties of the label corruption. Using Lemma 8, we find that

[Ps. (¥* —y)lloe < 2p.

Substituting the values corresponding to «, 3, L yields that, for all gradient iterations with

r log K/32 K I'v/nlog K
5 g (Aol Y 5y (DVeonlos K/323 log ( LV 1og <,
Ua2 2(1 - amax)p 77042 2(]— - amax)p 7771)\(0) (]- - amax)p
denoting the clean labels by 4 and applying Theorem 6, we have that, the infinity norm of the residual
Obeys (USing ||7)3+ (e)”OO = ||7)3+ (y - y*)”oo <2p)
(W) = 4" [loe < 4p.

This implies that if p < §/8, the network will miss the correct label by at most §/2, hence all labels
(including noisy ones) will be correctly classified. O

C.2.7 Proof of Theorem 8

Proof. Since Wt are the noiseless iterations, with probability 1 —2/K ~190, the statements of Theorem

7 hold on Wt. To proceed with proof, we first introduce short hand notations. We use

JTi=TWi,X), Jivri =T Wiy, Wi, X), Ji = T (Wi, X), Tisri = T (Wipr, Wy, X)
(35)

d; = |W; — f/‘vfiHF, pi = |7 — Till2, B=T|C||\/cupn/K, L =T||C|\/cupn/Kk. (36)

Here [ is the upper bound on the Jacobian spectrum and L is the spectral norm Lipschitz constant as
in Theorem 4. Applying Lemma 9, note that

|7 (We, X) = T (We, X)|| < L|W; — Wil + T'v/ne < Ld; + T'V/ne (37)
1T (Wei1, Wi, X) — T (Wi, W, X)|| < L(dy + des1)/2 + D/, (38)
By defining
et ="Ps (ri) , T="Ps, (1),

_ 2y t—i
then we can use Theorem 6 and the assumption that 2,/n Zzzé (1 - %) la; — 1] <

s ||ro||3 to obtain

t

€]z <ll€oll2 + v Y las — aiga| < Jl€oll2 + %HTOH% 39)
1=0

2\ t t—1 o\ t—1
~ no ~ no ~
7l < (1= 25 ) IRl +2vay (125 ) s = aal < 7ol + valiolf. @0
1=0

Therefore, we can upper bound

~ N . ~ P . (0
[7ell2 = €l + I7ell2 < [leoll2 + §||7“0||2 + [|7oll2 + vV allrolla = | 1+ 5 TV [7ol2-

(4D
Following this and setting ||7*¢]|2 < 9’||7o]|2, note that parameter satisfies
Wit =W —nJri . Wi =W, - 77 (“2)
Wigr = Wiallp < |[Wi = Willp + 0l i = Fillllrill e + 0l Tillllr: — 7ill2 (43)
dit1 < di + (' (Ld; + T'v/ne)||roll2 + Bpi), (44)
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and residual satisfies (using I > jiﬂ,ijiT/BQ = 0)

riv1 =1 — nJip1iJi i = (45)
Tit1 — Tit1 (46)
=(ri =) = (Jit1i — x7i+1,i)«7iT7'i - 77u7i+1,i(x7iT — \ZT)H - 77«%+1,ix7iT(7’i — 7).
47)
~ = T ~ = T = T FT
riv1 — Tiy1 = (I = nTix1,:T; ) (ri — 7)) = 0(Tivri — Tiv1,0) Ty mi —0Tiv1,:(T; — T; )7
(48)
i1 — vl < llri — Fill2 +nBlrill2(L(3dy + diy1)/2 + 2TV/ne). (49)
[7iv1 — Fivall2 < |lri — Fill2 + nB([|17oll2 + pi) (L(3dy + dig1)/2 + 2D/ne). (50)

where we used ||r;|l2 < p; + ¢'||ro]|2 and ||(I — nﬁ+1,iiT)v||2 < |lv]||2 which follows from
Lemma 6. This implies

pit1 < pi + 1B rollz + pi) (L(3dy + diy1) /2 + 2T'Vne). G
Finalizing proof: Next, using Lemma 7, we have ||rg|l2 < © := CoI'y/nlog K. We claim that if

1 1 2 1
<0 < d L< < 52
°= (tonm) = StondTyn ™ 1S Sin 1+ suted?) = 30Gondpe’| OO
(where we used nto3? > 1), for all ¢ < t,, we have that
pe <81+ )MLVne®B <O, dy < 2tnI/ne®(Y + 8nto5). (53)

The proof is by induction. Suppose it holds until t < ¢ty — 1. At + 1, via (44) we have that
diy1 —d ?
% < ' (Ldy® + T'v/ne®) + 8tgnB*Tv/ne® < 20v/neO (Y’ + 8nto52).

Right hand side holds since L < mﬁ. This establishes the induction for d;4 ;.

Next, we show the induction on p;. Observe that 3d; + diy1 < 10tgnI'/ne® (Y’ + 8ntoS?).
Following (51) and using p; < O, we need

W < B+ 0)O(L(3d, + dri) +4ATViE) < ——(L+ W) TVAOP = (54)

max
?
L(3df + dt+1) + 4F\/ﬁ€ < o F\/EE <~ (55)
max
?
L(3dt + dt+1) < o F\/’E€ <~ (56)
max
?
100umax Lton (1 + 8nto82)0 < 4 <= (57)
? 2
L< (58)

5toamaxn(1 + 8nto32)0’

where oymax = maxi<i<¢, o¢. Concluding the induction since L satisfies the final line. Consequently,
forall 0 <t < tp, we have that

pe =i — Fillo = |F(Wi, X) — g — F(W;, X3) + §'l2
® I
<oma|| f(Wi, X) — f(W;, X)]|2
<8t(1 + " )nLv/ne®f = cot(1 + ¢ )nel3n/2/log K.

where @ uses the definition of ¥ = (1 — o)y + a; f (Wi, X) and g2 (1 — o)y + aif(f/‘vfi, 5(:) In
this way, we can obtain

1F (Wi, X) — f(W3, X3)l|2 < cot(1 + ¢ )nel®n®/?\/log K.
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Next, note that, condition on L is implied by

k > 10000%n(tonB)*©% /a2 . (59)

K* rVnlogK
=0 (P i s D AT VoK) (o

2 4
_of(rw K2||C| 1Og(l\/nlogK
a2  AC)* p

max

)410g2(K)) (61)

which s implied by k > O (110 _CLCL og(LVETET )6).

Finally, following (53), distance satisfies

4 T
dy < 20t n*toTv/ne®p? < O (tw’nsi(g? log(r n[l)ogK)2> .

The proof is completed. O

References

[1] K. He, H. Fan, Y. Wu, S. Xie, and R. Girshick. Momentum contrast for unsupervised visual representation
learning. In Proc. IEEE Conf. Computer Vision and Pattern Recognition, pages 9729-9738, 2020. 1, 2, 3

[2] X. Wang and G. Qi. Contrastive learning with stronger augmentations. 2021. 1

[3] T. Chen, S. Kornblith, M. Norouzi, and G. Hinton. A simple framework for contrastive learning of visual
representations. In Proc. Int’l Conf. Machine Learning, 2020. 2

[4] K. He, X. Zhang, S. Ren, and J. Sun. Deep residual learning for image recognition. In Proc. IEEE Conf.
Computer Vision and Pattern Recognition, pages 770-778, 2016. 2

[5] I. Loshchilov and F. Hutter. SGDR: Stochastic gradient descent with warm restarts. In Int’l Conf. Learning
Representations, 2016. 2

[6] D.Kingma andJ. Ba. Adam: A method for stochastic optimization. In Int’l Conf. Learning Representations,
2015. 2

[7]1 K. Lee, Y. Zhu, K. Sohn, C. Li, J. Shin, and H. Lee. i-mix: A strategy for regularizing contrastive
representation learning. arXiv preprint arXiv:2010.08887, 2020. 2

[8] M. Everingham, G. Van, C. Williams, J. Winn, and A. Zisserman. The pascal visual object classes (voc)
challenge. Int’l. J. Computer Vision, 88(2):303-338, 2010. 3

[9] T.Lin, M. Maire, S. Belongie, J. Hays, P. Perona, D. Ramanan, P. Dolldr, and C. Zitnick. Microsoft coco:
Common objects in context. In Proc. European Conf. Computer Vision, pages 740-755. Springer, 2014. 3

[10] Y. Wu, A. Kirillov, F. Massa, W. Lo, and R. Girshick. Detectron2, 2019. 3

[11] A. Maurer and M. Pontil. Empirical bernstein bounds and sample variance penalization. arXiv preprint
arXiv:0907.3740, 2009. 3

[12] S. Liang and R. Srikant. Why deep neural networks for function approximation? arXiv preprint
arXiv:1610.04161, 2016. 3

[13] Z.Lu, H. Pu, F. Wang, Z. Hu, and L. Wang. The expressive power of neural networks: A view from the
width. In Proc. Conf. Neural Information Processing Systems, pages 6231-6239, 2017. 3,5

[14] M. Telgarsky. Benefits of depth in neural networks. In Conf. on Learning Theory, 2016. 3, 5

[15] N. Cohen, O. Sharir, and A. Shashua. On the expressive power of deep learning: A tensor analysis. In
Conf. on Learning Theory, pages 698-728, 2016. 3, 5

[16] R. Eldan and O. Shamir. The power of depth for feedforward neural networks. In Conf. on Learning
Theory, pages 907-940, 2016. 3, 5

[17] L. Sagun, U. Evci, V. Guney, Y. Dauphin, and L. Bottou. Empirical analysis of the hessian of over-
parametrized neural networks. arXiv preprint arXiv:1706.04454,2017. 8

23



[18] S. Hochreiter and J. Schmidhuber. Flat minima. Neural Computation, 9(1):1-42, 1997. 8

[19] M. Li, M. Soltanolkotabi, and S. Oymak. Gradient descent with early stopping is provably robust to label
noise for overparameterized neural networks. In Proc. Int’l Conf. Artificial Intelligence and Statistics,
pages 4313-4324, 2020. 9, 10, 11, 12, 13, 17

[20] S. Oymak and M. Soltanolkotabi. Towards moderate overparameterization: global convergence guarantees
for training shallow neural networks. IEEE Journal on Selected Areas in Information Theory, 2020. 10

[21] S. Oymak and M. Soltanolkotabi. Overparameterized nonlinear learning: Gradient descent takes the
shortest path? In Proc. Int’l Conf. Machine Learning, pages 4951-4960, 2019. 13, 17

24



