A Optimality Conditions

In this section, we develop the optimality conditions for problems (1)-(5). We assume without loss of
generality that V f (M) is symmetric for every M € R™*™. This is because we can always optimize
the equivalent problem

MT t. rank(M) <r, MT =M, M=O0.
Mrerﬂlglxn 3 [fs( )+ fs( )} s.t. rank(M) <, , =0
We first consider problems (1) and (2).
Theorem 8 (Li et al. (2019); Ha et al. (2020)). The matrix M = UUT with U € R™ " is a first-order
critical point of the constrained problem (1) if and only if
V fs(M ) =0 ifrank(M) r
Vf(M)>=0  if rank(M) < r.
The matrix M = UVT with U € R™" and V. € R™ " is a first-order critical point of the
constrained problem (2) if and only if
[Va(M)]TU =0, VIua(M)V =0 if rank(M) =r
Vfa(M)=0 if rank(M) < r.

In Ha et al. (2020), the authors proved that each second-order critical point of problem (3) or (5) is a
fixed point of the SVP algorithm run on problem (2). We note that this relation can be extended to
the symmetric and positive semi-definite case. This relation plays an important role in the analysis of
Section 3.

Theorem 9 (Ha et al. (2020)). The matrix M =UUT withU € R™" isa fixed point of the SVP
algorithm run on problem (1) with the step size 1/(1 + 0) if and only if

VDU =0, ~Apin(Vfs(M)) < (1 +8)a,(U).

The matrix M = UVT withU € R"*" and V € R™*" is a fixed point of the SVP algorithm run on
problem (2) with the step size 1/(1 + §) if and only if

V(MU =0, Vf(M)V =0, [[Vfu(M)|l2 < (1+0)on(M).

Next, we consider problems (3)-(5). Since the goal is to study only spurious local minima and saddle
points, it is enough to focus on the second-order necessary optimality conditions. The following two
theorems follow from basic calculations and we omit the proof.

Theorem 10. The matrix U € R™ " is a second-order critical point of problem (4) if and only if
Vi (UUTU =0
and
AUV L(UUT), AAT) + V2 f(OUD(UAT + AUT, UAT + AUT) >0
holds for every A € R"*".

Theorem 11. The point (U, f/) with U € R"*" and V' € R™*" is a second-order critical point of
problem (3) if and only if

VIfo(OVO)TT =0, V. (OVT)V =
and
2V fo(OVT), AyAT) + [V £ (OVI(TAL + AV, UAL + AgVT) > 0

holds for every Ay € R™™" and Ay € R™*". Moreover, the given point is a a second-order critical
point of problem (5) if and only if

Vif(OV)TU =0, Vf,(UVTYV =0, U'U=VTV
and
UV F(OVT), ApAT) + V2 £ (OVO(UAL + ApVT UAL + ApVT)
+ gHUTAU L ALT - VTAy — ALV|Z >0
holds for every Ay € R™"™" and Ay € R™*7.

13



B Relation between the Symmetric and Asymmetric Problems

In this section, we study the relationship between problems (4)-(5). This relationship is more general
than the topic of this paper, namely the non-existence of spurious second-order critical points and
the strict saddle property, and holds for any property that is characterized by the RIP constant § and
the BDP constant «. Specifically, we show that any property that holds for the symmetric problems
(4) with (9, k) also holds for the regularized asymmetric problem (5) with another pair of constants

(6, &) decided by 6, s, and vice versa.

We first consider the transformation from the asymmetric case to the symmetric case. The transfor-
mation to the symmetric case has been established in Ge et al. (2017) for linear problem. Here, we
show that the transformation can be revised and extended to the nonlinear measurements case.

Theorem 12. Suppose that the function f,(-) satisfies the §-RIPs, 25 and the k-BDPy, properties. If
we choose 1 := (1 — 0)/2, then problem (5) is equivalent to a symmetric problem whose objective
function satisfies the 25 /(1 4 0)-RIP2, 25 and the 21/(1 + §)-BDPy, properties.

Proof of Theorem 12. For any matrix N € R("+7)x(n+m) \we divide the matrix into four blocks as

_|Ni1 Ni2
N = {Nm N22} ’

where N1; € R"*", N1y € R"*™, Noy € R™*™, Then, we define a new function
FIN) = fa(N12) + fa(NG)).
We observe that f(WW7T) = 2h, (U, V), where

U

Wt

:| e R(n-‘rm)xr'

For any K € R(*+m)x(n+m) ‘the Hessian of f(-) satisfies
[V2F(N)(K, K) = [V fa(Ni2)] (K12, K12) + [V fa (N3] (K3, K3)).- @)
Similarly, we can define
G(N) = [Nu1[[F: + | Nooll5 = I N12l|F — ([ Na |17
We can also verify that g(WW7) = g(U, V) and
[V2G(N))(K, K) = 2 ([[KnlF + Ko |f — [ Ki2llF — [ K2 1F) - 9
for every K € R(»+m)x(n+m) The minimization problem (5) is then equivalent to

min ~ FWWT) .= fwwT) + & gowwT), (10)
WeR(n+m)xr 2

which is in the symmetric form as problem (4). For every N, K € R(*tm)x(+m) with rank(N) <
2r and rank(K') < 2s, it results from relations (8) and (9) that

[V2F(N)|(K, K)
>(1-9) (HKHH% + ||K21||%) +p (||K11||§7 + || Ko7 — [ K127 — ||K21||%“)
> min{l = — p,u} - | K%
and
[V2F(N)|(K, K)
<(1+9) (HK12H2F + ||K21||%) +u (||K11||% + [ Ko2ll7 — [ K12l F — ||K21||%“)
< max{1 46 — p, u} - || K[|
Choosing i := (1 — 0)/2, we obtain

1-9 1430
—— Kl < [VF(N(K, K) <

[ -
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Hence, it follows that the function 2F(-)/(1 + ¢) satisfies the 25/(1 + 6)-RIPy;. o, property.
Moreover, for every N, N, K, L € R(tm)x(n+m) with

rank(NN), rank(N’), rank(K ), rank(L) < 2t,
it holds that

[V2g(N)](K, L) = [V?§(N")](K, L)
=2 ((K11, L11) + (K22, Laz) — (K2, L12) — (Ka1, La1))

and
[V2F(N) — V2F(N')(K, L)

=[[V2f(Ni2) = V2 f(N))(K12, Liz) + [V2 f(N)) = V2 F(Ng) IS, L)

<kl Kallpl Lazlle + 6l Ko ||l Larllp < &|| K| £ L]l £,
which implies that the function %H - F(+) satisfies the 2x/(1 + §)-BDP5,. property. Since problem
(10) is equivalent to the minimization of % - F(WWT), itis equivalent to a symmetric problem
that satisfies the 25/(1 4 0)-RIPy; 25 and the 2k /(1 4 6)-BDPy,. properties. O

We can see that both constants ¢ and « are approximately doubled in the transformation. As an
example, Bhojanapalli et al. (2016b) showed that the symmetric linear problem has no spurious local
minima if the §-RIPy, property is satisfied with § < 1/5. Using Theorem 12, we know that the
asymmetric linear problem has no spurious local minima if the §-RIP5,. property is satisfied with
J<1/9.

The transformation from a symmetric problem to an asymmetric problem is more straightforward.
We can equivalently solve the optimization problem

1
min  fs |- (UVT +VUT) (1)
U,VERnXT 2
or its regularized version with any parameter y+ > 0. It can be easily shown that the above problem
has the same RIP and BDP constants as the original symmetric problem. We omit the proof for
brevity.

Theorem 13. Suppose that the function f4(-) satisfies the 6-RIP4y 25 and the -BDPy; properties.
For every pn > 0, problem (4) is equivalent to an asymmetric problem and its regularized version with
the 0-RIP, o5 and the k-BDPy; properties.

Note that the transformation from a symmetric problem to an asymmetric problem will not increase
the constants x and § but requires stronger RIP and BDP properties. Hence, a direct analysis on the
symmetric case may establish the same property under a weaker condition. In addition to problem
(11), we can also directly consider the problem mingy f,(UV7T). However, in certain applications,
the objective function is only defined for symmetric matrices and we can only use the formulation
(11) to construct an asymmetric problem. In more restricted cases when the objective function is only
defined for symmetric and positive semi-definite matrices, we can only apply the direct analysis to
the symmetric case.

C Proofs for Section 2

C.1 Proof of Theorem 3

Proof of Theorem 3. We denote f(-) := fs(-) and f(-) := fu(-) for the symmetric and asymmetric
case, respectively. Using the mean value theorem and the 6-RIP», o, property, there exists a constant
s € [0, 1] such that

f(Miy1) — f(My)
= (Vf(My), M1 — My) + %[sz(Mt + 8(Mpp1 — My))|(Myy1 — My, My — M)
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1446
< VM), Mgy = My) + —— [ Meyr — My|[%
We define
1456 146
2 2
where the last constant term is independent of M. Since the projection is orthogonal, the projected

matrix My, achieves the minimal value of ¢,(M) over all matrices on the manifold M. Therefore,
we obtain

G1(M) 1= (V F(My), M = M) + —2 | M = My|[3 = =22 |[M — Nya][3 + constant,

f(Mii1) — f(My) < ¢e(Miy1) < ¢e(M™)
= (Vf(M), M _Mt>+72 [M* — My||%. (12)
On the other hand, we can similarly prove that the 6-RIP,, o, property ensures

FOM™) — FOM) 2 (VA M7 — M)+ -2 o = a3

—5
FOM) — FO) 2 220 - M

Substituting the above two inequalities into (12), it follows that
F(Mysr) = f(My) < f(M*) = f(My) + 0[|M* — My||%

. 20 .
< FOM) = F(ML) + T [F(My) = (M) (13)
Therefore, using the condition that § < 1/3, we have
. 26 . %
f(Myr) = f(M7) < m[f(Mt) = J(M")] == a[f (M) — f(M7)],
where « := 20/(1 — 0) < 1. Combining this single-step bound with the induction method proves the
linear convergence of Algorithm 1. O

D Proofs for Section 3

D.1 Proof of Theorem 4

Proof of Theorem 4. We only consider the case when m and n are at least 2. In this case, we have
¢ = 2r. Other cases can be handled similarly. For the notational simplicity, we denote M * := M in
this proof.

Necessity. We first consider problem (3). Suppose that M * and M are the optimum and a spurious
second-order critical point of problem (3), respectively. It has been proved in Ha et al. (2020) that the
spurious second-order critical point M has rank r and is a fixed point of the SVP algorithm with the

step size (1 + &) L. Therefore, the point M should be a minimizer of the projection step of the SVP
algorithm. This implies that

1M = [M = (14 68) ' Vo (M)|F < [IM* = [M = (1+6)7"V fa(M)]|[,
which can be simplified to
1+0
2
Let U/ and V denote the subspaces spanned by the columns and rows of M and M*, respectively.
Namely, we have

U .= {M’Ul + M*UQ | V1,V € Rm}, V.= {MTul + (M*)TUQ | Uy, Ug € Rn}

Since the ranks of both matrices are bounded by r, the dimensions of I/ and V are bounded by 27.
Therefore, we can find orthogonal matrices U € R™"*2" and V' € R™*?" such that

(Vfa(M), M - M") < 1M — M. (14)

U C range(U), V C range(V)
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and write M , M* in the form

M=U [ > OW} vt M*=URVT,

OTXT OTX’I’

where ¥ € R"" is a diagonal matrix and R € R?"*2" has rank at most 7. Recalling the first
condition in Theorem 11, the column space and the row space of V f, (M) are orthogonal to the
column space and the row space of M, respectively. Then, the §-RIP5; 5, property gives

Jae[1—-0,1+6 st. —(Vi(M),M*) = (Vf (M), M — M*)
- /1[V2fa(M* + (M — M*))|(M — M*, M — M*) ds
= o|M - M*||% > 0. (15)

This means that _
G :=PyV fo(M)Py #0,

where Py and Py are the orthogonal projections onto I/ and V, respectively. Combining with
inequality (14), we obtain « < (1 4 ¢)/2. By the definition of G, we have

(Vfa(M), M") = (G, M),

Since both the column space and the row space of G are orthogonal to M, the matrix G has the form

_ OTX’I‘ OTXT T
G_U[OW _A]V , (16)

where A € R™™". We may assume without loss of generality that A;; > 0 for all ¢; otherwise, one
can flip the sign of some of the last » columns of U. By another orthogonal transformation, we may
assume without loss of generality that A is a diagonal matrix. Then, Theorem 9 gives

( +5) mln i = ( +5)UT( ) vaa( )HQ—HGH? lgg?gir) it (I7)

In addition, condition (15) is equivalent to
s LV 1:2r 0 41:2r) = & [ — - F=Q|r - s A1 1 F|-
(AR ) =a|M - M| [tr(2%) = 2(%, Rup1r) + | RN (18)
By the Taylor expansion, for every Z € R™*™, we have

(Vfa(M),Z) = /0 (V2 fo(M* + s(M — M*)](M — M*,Z)ds = (M — M*): H : Z,

where the last expression is the tensor multiplication and 7 is the tensor such that

1
K:H:L= / (V2 fo(M* +s(M — M*)|(K, L) ds, VK,L¢cR™™,
0

We define ~
G—a(M— M").

By the definition of o, we know that <G’ M—-M *) = 0. Furthermore, using the definition of H, we
obtain

Suppose that
G:H:G= |G|
for some § € [1 — ¢, 1 + J]. We consider matrices of the form

K(t):=t(M - M*)+G, VteR.
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Since K (t) is a linear combination of M — M* and G, the column space of K (t) is a subspace of U,
and thus K () has rank at most 27 and the §-RIPy,. o, property implies

(L= DIEMIF < K(t): H: K(t) < (1+ )| K(1)]% (19)
Using the facts that
1K (@)|[F = 1M — M*||% - * + |G|,
K(t): H: K(t) = ol M - M*|% -t +2/|G|% - t + Bl G|,
we can write the two inequalities in (19) as quadratic inequalities
o = (1= S)IIM — M5 - £ + 2| G5 -t + 8 — (1= DC7 > 0,
[(L+8) = Q)[BT = M3 = 2] G[% -t + [(1+8) — BIGI% > 0. 20)

If a = 1 — §, then we must have |G|/ = 0 and thus G = (M — M*). Equivalently, we have
M* = M — a~'G. Since the column and row spaces of G # 0 are orthogonal to M, the rank of M*

is at least rank(M) + 1 = r + 1, which is a contradiction. Since « < (1 + §)/2, we have o < 1+ 4.
Thus, we have proved that
l1-d<a<l+d

Checking the condition for quadratic functions to be non-negative, we obtain
IGIF < fa— (@ =B~ (1 —0)]- | M~ M|,
IGIE < [(1+06) = all(1+68) = 8] - [|M — M*|[3.
Since
a—(1-6)>0, (1+8§)—-—a>0,
the above two inequalities are equivalent to

el [B— (=) |M— M|
a—(1-48) ’
Gl [(1+0) = 8] - |1M — M3
(140)—a~
Summing up the two inequalities and dividing both sides by 26 gives rise to
G117 v .2
——— < ||M - M*||%. 21
62—(1—04)2_” HF ( )

We note that the above condition is also sufficient for the inequalities in (20) to hold by choosing
B = 2 — «. Using the relation ||G||% = ||G||% + o?||M — M*||%, one can write
tr(A%) = |G} < 2a =14 6%)|M — M*|[3 = a7 (20 = 1+ 6°) (A, Rrsrarrpr2r). (22)
Now, using the fact that rank(M™) < r, we can write the matrix R as
R [A][B]" _[ABT ADT
—|c||p| — |cBT DT’
where A, B,C, D € R"™". Then, conditions (18) and (22) become
(A,CD") = a[tr(¥?) — 2%, ABT) + |[AB" |1 + [|AD"||% + |CBT|% + |CDT|%]  (23)
and
tr(A?) < a ' (2a — 14 6%) - (A,CDT). (24)
If (A,CDT) = 0, we have
tr(X%) = 2(8, ABT) + |ABT||% + |[ADT||% + |CBT||% + |CDT |5 = 0,
which implies that
ABT =%, ADT =cBT =cDT =o.
This contradicts the assumption that M # M*. Combining this with conditions (17), (23)~and (24),
we arrive at the necessity part. For problem (5), Lemma 3 in Ha et al. (2020) ensures that M is still a

fixed point of the SVP algorithm. Recalling the necessary conditions in Theorem 11, we know that
the same necessary conditions also hold in this case.
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Sufficiency. Now, we study the sufficiency part. We first consider problem (3). We choose two
orthogonal matrices U € R"*?" V€ R™*2" and define

T
o by Or><r T * A B T o 0r><r Orxr T
R Loy (] g o 1

Since (A, CDT) # 0, we have M # M*. Then, we know that rank(M) < 7 and rank(M*) < r
We define _ _
G:=G—a(M—-M"),

which satisfies (G, M — M*) = 0 by the condition in the second line of (6). If G = 0, then

Oxr O] _  [S 0] [AI[B]" _ [ 0] _ [ABT 0
0r><r *A -« Orxr 0r><r @ C D -« Orxr 0r><r @ 0 ODT ’
where the second step is because of CB” = 0 and ADT = 0. The above relation is equivalent to

Y =ABT, A=a-CD".

Since ¥ = 0, the matrix AB7 has rank r. Noticing that the decomposition of matrix M* ensures
that the rank of M™* is at most r, we have CDT = 0, which is a contradiction to the condition that
(CDT, A) # 0. Therefore, we have G' # 0. We consider the rank-2 symmetric tensor

o ~ ~ 2—a = ~

Gli=— " (M-M)®(M-M)+—= . GG
[M — M~||% G113
1
o [(M—M*)®G+G®(M M*) }
M — M|

For every matrix K € R™*" we have the decomposition
K=t(M-M*")+sG+K, (M—-M"K)=(GK)=0
where ¢, s € R are two suitable constants. Then, using the definition of G;, we have
K:G K =a|M—M|% 2 +2||G||% - ts + (2 — ) ||G||% - s>
By the conditions in the third line of (6), one can write
G115 < [a— (1 =)L +6) —a] - | M — M*||3,

which leads to

[ — (L= 8)IIM — M| - 2+ 2|G||F - ts + [(1 +6) — o] |G]7 - s> 2 0,

[(1+6) = of[|M — M| - 2 = 2|G || - ts + [a — (1 = S)]|G7 - s> > 0.
The above two inequalities are equivalent to

(L= 8)IM = M7 8> + |Gl|T - *] S K : Gu o K < (1+8)[|M = M*|[%: - 5% + IIG\\%~£]5~)

By restricting to the subspace
S :=span{M — M*,G} = {s(M — M*) +tG | s,t € R},

the tensor G; can be viewed as a 2 x 2 matrix. Then, inequality (25) implies that the matrix has two
eigenvalues A\; and A5 such that
1-0< A1, <140,

Therefore, we can rewrite the tensor G; restricted to S as
[Gils =M -G1 @Gy + A2 - G2 ® Ga,

where G4, G are linear combinations of A/ — M*, G and have the unit norm. Since the orthogonal
complementary S+ is in the null space of G;, we have

Gi=[Gils =M -G1 ®G1+ A2 - G2 ®Gs.
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Now, we choose matrices (53, ..., Gy such that G4, ..., G form an orthonormal basis of the linear
vector space R™*™, where N := nm. We define another symmetric tensor by

N
Hi=Gi+> (1+0)-G; @G,
i=3
Then, inequality (25) implies that the quadratic form K : H : K satisfies the 6-RIPy;. o, property.

Therefore, we can choose the Hessian to be the constant tensor H and define the function f,(-) as
1
fa(K) = i(K_ M*Y:H:(K-M"), VKeR"™™.
Combining with the definition of H, we know
ViM)=H:(M—-M)=G, V2f(M)="H.

We choose matrices UeR™ V¢ R™*" such that M = UVT and UTU = VTV. By the
definitions of M and G, we know that M and G have orthogonal column and row spaces, i.e.,

UG =0, GV =0.

This means that the first-order optimality conditions are satisfied at the point (U, V). For the
second-order necessary optimality conditions, we consider the direction

— Ay (n+m)xr
A= [Av} eR .

We consider the decomposition
Ay = PgAy +PEAy == AL + A}, Ay =PpAy +PEAy = A + A},

where Py, Py are the orthogonal projection onto the column space of U, V, respectively. Then,
using the conditions in the first line of (6), we have

(Vfa(M), AuAY) = (G, AuAy) = (G, AL(AY)T) = —[|GT AL | p[|IAY | F

~ ~ A2 2 A2 2
> —(1L+ 8o (M) AL AT |F > —(1+ 6)o(M) - 145]E +lAviE.

(26)

We define ~ ~ ~ ~

A =UANT +ALVT Ay =T (AT + AZVT.
Then, we know that (A, Ay) = 0. Using the assumption that C BT = ADT = 0, we know that M *
has the form

ABT 0

M :U[ 0 OD7

} VT =Py M*Py + Py M* P 27)
Then, the special form (27) implies that
(M*, Ag) = (M*,U(AY)T + ALVT) = (M UATPE + PEALVT) = 0.
Using the definitions of M and @, it can be concluded that
(M,05) =0, (G,As)=(G,UAY)T +AFVT) =0.
Since GG1, G are linear combinations of M — M* and G, the last three relations lead to
(G1,A2) = (G2, Ag) = 0.

Therefore, there exist constants as, . . . , ay such that
N
AQ = Z asz
i=3
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Suppose that the constants by, . . ., by satisfy
N
=> biG;.
i=1
Then, the fact (A1, Ay) = 0 and the orthogonality of Gy, . .., Gy imply that

N
1=3

‘We can calculate that

V2 (M(UAT + ApVT UAT + ApVT) = (A1 + Ag) t 7 (A1 + Ay)

N N
=M1 b+ Ao D3+ (1+6) Y (a;+b:)* > (1+ 5)2(%‘ +b;)?
=3 =3
N N
=1+06)> (a7 +87) = (1+06)> al =(1+)|UAY)" +AFVT|E,
=3 =3

where the third last step is due to .1 , a;b; = 0. Noticing that (U (A2,)", A2, VT) = 0, the above
inequality gives that

(V2 fa(M)J(UAY + AV, UAL + AgVT) = (14 6)|UAH) |7 + (1 + ) AV 1%
>(1+8)or (U)1AY F + (1+8)or (V)AL 7 = (1 + 8)or (M)(|AYIF + AL 17),

where the last equality is because of o,.(U)? = 0,.(V)? = ¢,(M) when UTU = VTV. Combining
with inequality (26), one can write

[V2ha(U, VA, &) = 2(V fa(M 1), AuAy) + [VQfa( M)UAT + AV, UAY + ApVT)
= (1 +8)a (M) (IATNE + AT IF) + (1 + 0)or (M) (IAYIE + AL [1F) = 0.

This shows that (U, V) satisfies the second-order necessary optimality conditions, and therefore it is
a spurious second-order critical point.

Now, we consider problem (5). Since the point (U , V_) satisfies UTU = VTV, it is also a local
minimum of the regularization term. Hence, the point (U, V') is also a spurious second-order critical
point of the regularized problem (5). O

D.2 Proof of Corollary 1

Proof of Corollary 1. We assume that problem (3) has a spurious second-order critical point. By the
necessity part of Theorem (6), there exist € (1 — ¢, 1 + §) and real numbers o, A, a, b, ¢, d such that

(1+0)oc>A>0, a'Ca—1+6%cd-A> A\ >0,
cd-\=alo? —2ab- o + (ab)? + (ad)® + (cb)? + (cd)?]. (28)
We first relax the second line to
cd -\ > afo? —2|ab| - o + (ab)? 4 2|ab| - |ed| + (cd)?]. (29)
Then, we denote x := |ab| and consider the quadratic programming problem
r;lzlg 22 +2(|ed| — o) -z,
whose optimal value is

—(o —[ed])3,
where (¢)4 := max{¢, 0}. Substituting into inequality (29), we obtain

cd- A > afo? — (o — |cd|)3 + (ed)?]. (30)

Then, we consider two different cases.
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Case I. 'We first consider the case when o > |cd|. In this case, the inequality (30) becomes
ed- A >2a-0oled| =2a - ocd,
where the last equality is due to cd > 0. Therefore,
A> 20 0.

The second inequality in (28) implies A < a~!(2a — 1 + 62) - e¢d. Combining with the above
inequality and the assumption of this case, it follows that

a'Ra—1+6%)-0>a'2a—1+6%)-cd>2a-o0,
which is further equivalent to
a '2a —146%) > 2a <= §*>20° — 20+ 1.
Since 20 — 2.+ 1 > 1/2, we arrive at §2 > 1/2, which is a contradiction to § < 1/2.

Case II.  'We then consider the case when o < |cd|. In this case, the inequality (30) becomes
cd -\ > alo? + (cd)?].
Combining with the second inequality in (28), we obtain A < a~*(2a — 1 + 62) - (cd). Therefore,
a '2a —1+6%) - (cd)* > cd- X > afo?® + (cd)?.
Moreover, the first inequality in (28) gives
(1+0)o-cd > cd-\ > afo? + (cd)?].
By denoting y := cd, the above two inequalities become
a (20— 1462 - y* > afo? + 47,

(1+68)0-y > aloe? + 7. (3D

By denoting z := y/o, the first inequality in (31) implies

2
9 o

> 32
2_62—(1—04)2 (32)
Since 6 < 1/2, one can write
1 1
l—a)l+a?>->->§
(1-af +a?2 3> 7>,
which is equivalent to o > 6% — (1 — «)2. Therefore, inequality (32) implies that 22 > 1 and
1 a? 52— (1 —a)?
2
— . 33
Z+z2*52—(1—a)2 a? (33)
On the other hand, the second inequality in (31) implies
1 146 1 1+ 6)?
z+ =< 1+0 and thus z2+7+2§ #
z ! z e
Combining with inequality (33), it follows that
a? 52 — (1 — «a)? (1+6)2
2 < —F. 34
52—(1—a)2+ a? tes a? (34)

By some calculation, the above inequality is equivalent to
(62 4+2045)-a®+ (20> —46 —6) -a+2(1 +0)(1 — %) <O0.
Checking the discriminant of the above quadratic function, we obtain
(202 — 45 — 6)2 — 8(0% +20 +5)(1 4 6)(1 — 6%) >0,
which is equivalent to
4260 -1)(0+1)*>0.
However, the above claim contradicts the assumption that § < 1/2.

In summary, the contradictions in the two cases imply that the condition (28) cannot hold, and
therefore there does not exist spurious second-order critical points. O
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D.3 Counterexample for the Rank-one Case

Example 3. Let e; € R” be the i-th standard basis of R™. We define the tensor

1 1
M= (eie]) @ (eie]) + §(€1€1T) ® (ezeq) + 5 (e2e3 ) @ (ere] )

i,j=1 2
1 T T T T 1 T Ty, 1 T T
+ 7 [(erez) @ (erex) + (eaer) ® (exer)] + J(erey) @ (ezer) + 7 (eaer) ® (erez)
and the objective function
fa(M):= (M —ejel) :H: (M —eef) VM € R™™,

The global minimizer of f,(-) is the rank-1 matrix M* := eje? . It has been proved in Zhang et al.
(2019) that the function f,(-) satisfies the 6-RIP2 5 property with § = 1/2. Moreover, we define

U:= V:=U M:=UU" #+ M".

1
—eo,
o
It has been proved in Zhang et al. (2019) that the first-order optimality condition is satisfied. To verify
the second-order necessary condition, we can calculate that

[V2ho (U, D)(A,A) = 2<Vfa( 1), AUAT> (UAL + AgUT) - H - (UAL + AgUT)
= 2B+ 2 [(B0) + (A + Bon (v

+ % [(Au)2 + (Av)o]® + % é [(A)] + (Av)]]

IS e+ vy,

=3

l\D\H

— g [(Ap)1 — (Ay)1)® + [(AU)z + (Av)2

which is non-negative for every A € R™. Hence, we conclude that the point M is a spurious
second-order critical point of problem (3). Moreover, since we choose V' = U, the point M is a

global minimizer of the regularizer [|[U7U — VT V||% and thus M is also a spurious second-order
critical point of problem (5).

D.4 Proof of Corollary 2

Proof of Corollary 2. We first consider the case when 6 < 1/3. We assume that there exists a

spurious second-order critical point M. Then, by Theorem 4, we know that there exists a constant
€ (1 —46,(1+ 96)/2]. This means that

1+6
1-0< ———
< 5

which contradicts the assumption that § < 1/3.

Then, we consider the case when 6 < 1/2. With no loss of generality, assume that M # M* and
M* # 0; otherwise, the inequality in this theorem is trivially true. Define

myy = ||, mag = (5, ABT),  may = |ABT |5 + |ADT % + [|CBT||% + [CD %
By our construction in Theorem 4, we know that
my = ||M|%,  mip = (M,M*), my = |M*|3.

Therefore, we only need to prove myy > C(0) - /mi1maz for some constant C'(§) > 0. By the

analysis in Ha et al. (2020), we know that the second-order critical point M must have rank r and
thus mq1 # 0. The remainder of the proof is split into two steps.
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Step I.  First, we prove that

(ma1 + mag — 2my2)? < (1+0)? (m11 — mia)? < 52— (1—a)?

(35)

mi1Mag — m? a2 7 myimag —m3, — a?
11122 12 1177022 12

We first rule out the case when mq1m92 — mfg = 0. In this case, the equality condition of the Cauchy
inequality shows that there exists a constant ¢ such that

M =tM*.

Since M = 0, the constant ¢ is not 0. Using the mean value theorem, for any Z € R"*™, there exists
a constant ¢ € [0, 1] such that

(Vfa(M),Z) = V2 F[M* + (M — M")|(M — M*, Z)
= V2f[M* + (M — M*)][(t —1)M*, Z].
The §-RIPy,. o, property gives
(Vfa(M), M) = V2 f[M* + (M — M*)][(¢ = D)M*, tM*] > t(t — 1)(1 = 6)| M* |3

If t = 1, we conclude that M=M *, which contradicts the assumption that M = M*. Therefore, it
holds that B B
(M, V fo(M)) # 0.

This contradicts the first-order optimality condition, which states that (M, V f,(M)) = 0. Hence,
we have proved that inequality (35) is well defined. We consider the decomposition

b 8= fs e ] o (efi )= (< 2] o

Using the conditions in Theorem 4, it follows that

(R PR T [ B

The pair of coefficients (1, c2) can be uniquely solved as

mi1 + Moz — 2my2 my1 + Mag — 2mi2

1 = —« sMmi2, Co =«

2 2 miy.
mi1ma2 — Miy mi11Ma2 — M7y

Using the orthogonality of the decomposition, we have

o5 e[

) 2
— a2, ma1(mir + mao mi2) . (36)

2
miimao2 — Mgy

”A”% 2 = C%mn + 2c1comys + C%mgz

Using the last two lines of condition (6), one can write

2
o2 ma1(mir + mag — 2mi2)
P)
mi11Ma2 — My

< (200 =146 [t0(2?) = 2(8, ABT) + |ABT||% + [|AD" | % + [CBT|[% + [|C DT[]
= (20( -1+ 52)(m11 —2mq9 + m22).

< [IAlI%

Simplifying the above inequality, we arrive at the second inequality in (35). Now, the first inequality
in condition (6) implies that

IAIE < (140 |IBIF = (1+ 6)*mar.
Substituting inequality (36) into the left-hand side, it follows that

-9 2
o2 my1(miy + maso miz) <

2
3 1 + 5) mii,
miiMmo2 — Mgy

which is equivalent to the first inequality in (35).
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Step II.  Next, we prove the existence of C(§). We denote
mi2

k= ——— € (—1,1).
V1M11ma2 ( )
and 52 ) 512
—(1— 1
Cy = #’ Cy = #7 t = @_
o « ma2
Since M # 0, we have ¢ > 0. The inequalities in (35) can be written as
(t—r)? < (1—r)O, (t+1/t—2kr)? < (1—k*)Cy. (37)
Using the assumption that § < 1/2, we can write
1 1
(52< Z <(1—Oé)2+50627
which leads to
P -1-a)? 1
! a? 2

If K ++/(1 — k2)Cy > 1, then

1-C4 1
> -
1+C1 — 3

1 1
K+ (1n2)01§3+\/;<1,

which contradicts the assumption. Therefore, we have x > 0 and inequality (38) gives x > 1/3.
Now, we assume that x + /(1 — k2)C} < 1. Then, the first inequality in (37) gives

0<t<k++/(1-k2C, <1,

> 0. (38)

|k >

If k < 0, then it holds that

which further leads to

1 1
t+¥—2/<;27n+ (1-r2)C1+

k4 /(1 —r2)C;
Combining with the second inequality in (37), we obtain

et VTR + ! < V1=
K

(1 - H2)Ol

The above inequality can be simplified to

\/17%2(1+017\/0102)§K) CQ.

We notice that the inequality 1 4+ C; — +/C1C5 < 0 is equivalent to inequality (34), which cannot
hold when 6 < 1/2. Therefore, we have 1+ C7 —/C1C5 > 0 and k > 0. Then, the above inequality

is equivalent to
(1 — Hz)(l + Cl -V 0102)2 § l<62 . CQ.

2 (1+C1 —VC1Cy)? ) 1

Therefore, we have

K =1- ,
o (1+Cl—\/0102)2+02 1+772
where we define
y = 14+ C1 —VC1Cs

To prove the existence of C(4) such that x > C(4) > 0, we only need to show that 7 is lower
bounded by a positive constant. With ¢ fixed, 17 can be viewed as a continuous function of «. Since
n=(1-0)/(14+7J) > 0when o = 1 — 4, the function/parameter 7 is defined for all « in the

compact set [1 — §, (1 + 0)/2]. Combining with the fact that 1 + C; — +/C1C3 > 0, the function 7 is
positive on a compact set, and thus there exists a positive lower bound C'(§) > 0.

In summary, we can define the function
1 _
C(4) := min {3,C(5)} >0

such that k > C(4) for every spurious second-order critical point M. O
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D.5 Counterexample for the General Rank Case with Linear Measurements

Example 4. Using the previous rank-1 example, we design a counterexample with linear measure-
ment for the rank-r case. Let n > 27 be an integer and e; € R™ be the -th standard basis of R™. We
define the tensor

3 ¢ T T - 1 T T T T

H =5 Z (eiej ) @ (eiej) + Z { -3 [(eai1€3,_1) @ (ei—1€3,_1) + (e2ie3;) ® (ezies;)]
i,j=1 i=1
1
+ 5 [(eim1e3;1) © (e2ieq;) + (e2iez;) ® (eai-1e3;_1)]

[(e2i—1€3;) ® (e2i—1€3;) + (e2ied; 1) @ (eieq; 1))

A Rl

+ — [(e2i—1€3;) ® (eaieq; 1) + (e2ieq; 1) ® (e2i—1€3;)] }

N

and the rank-r global minimum
U* .= [61 €3 - 627-_1], M* = U*(U*)T :Zegi,le;‘fl.
i=1

The objective function is defined as
fa(M):=(M —M*):H: (M- M*) VM e R

We can similarly prove that the function f,(-) satisfies the §-RIPy, o, property with 6 = 1/2.
Moreover, we define

.1 < _ e _ Ly T *
U.:—[eg €4 627,], M :=UU =§;€2i62i7éM.
The gradient of f,(-) at point M is
Y 3 a X271
Vfa(M) = jgegi_le;_l € R?T,

Since the column and row spaces of the gradient are orthogonal to those of M, the first-order
optimality condition is satisfied. To verify the second-order necessary condition, we can similarly
calculate that

[V2ha (U, U)](A, A)
=2(Vf (M), AgALY + (UAT + AyUT) - H - (UAL + AyUT)

<

3 T T s 5
=-3 DD A1, (D (Av)airs| + {g [(Av)3io1i + (Av)5iy ]
i=1 | j=1 Jj=1 i=1
1 1 )
4(AU)2i—1,i(AV)2i—17i + 5 [(Av)2ii + (Av )2l }
3 3
+ Y 1 [(Bu)2ji + (Av)aP+ > 1 [(Av)3j_1: + (Av)3; 1]
1<i,j < 1<i,j <yt
" (5 2 1 2
= Z {§ [(Ap)aiz1,i — (Av)2i—14)” + 2 [(Ay)aii + (Av)2i) }
i=1

[(Av)oji+ (Av)ai]?+ Y

1<i,j <n,ij 1<i,j <n,ij

[(Av)aj—1i — (Av)ai1.)?,

+
(]
] o

=~ w

which is non-negative for every A € R™*". Hence, the point M is a spurious second-order critical
point of problem (3). Moreover, since we choose V' = U, the point M is a global minimizer of the
regularizer |[UTU — VTU||% and thus M is also a spurious second-order critical point of problem

(5).

26



E Proofs for Section 4

E.1 Proof of Theorem 6

In this subsection, we use the following notations:

. T * __ TT* *\T o U * L U T U Trk . U
M: =0V, M*:=U"(V*)", W.—[V , W= vl W= v , W= v+l
where M* := M is the global optimum. We always assume that U* and V* satisfy (U*)TU* =
(V*)TV*. When there is no ambiguity about W, we use W* to denote the minimizer of
minxex~ |W — X||r, where X* is the set of global minima of problem (5). We note that the
set X'* is the trajectory of a global minimum (U*, V*) under the orthogonal group:

X*={({U'R,V*R) | Re R R"R= RR" = I,.}.
Therefore, the set X'* is a compact set and its minimum can be attained. With this choice, it holds that
dist(W, X*) = |W — W¥||F.

We first summarize some technical results in the following lemma.

Lemma 1 (Tu et al. (2016); Zhu et al. (2018)). The following statements hold for every U € R™*",
V € R™*" and W € ROvFm)xr.

© AM = MFE = [WWE =W WG - [UTU = VIV,

o W) TR = 4] M 7

o [ rank(W*) = r, then [WWT — W= (W*)T|[3 > 2(V2 — Do (W)W = W* 3.
o Ifrank(U*) =7, then ||[UUT — U*(U")T||Z > 2(v/2 — 1)a2(U*)||U — U*||2.

The proof of Theorem 6 follows from the following sequence of lemmas. We first identify two cases
when the gradient is large. The following lemma proves that an unbalanced solution cannot be a
first-order critical point.

Lemma 2. Given a constant € > 0, if
N\UTU = VIV|p > e,
then
IVp(U,V)llr > pule/r)*>.
Proof. Using the relationship between the 2-norm and the Frobenius norm, we have
WUTU =VIV|y > r HUTU = VIV ||p > €/r.
Let ¢ € R” be an eigenvector of UTU — VTV such that
lalz =1, |¢"(UTU =VTV)q| = |UTU = VIV||2.
‘We consider the direction .
A= Wqqo.
Then, we can calculate that
HAH% =tr (ququTWT> =tr (qTWTWq) = qT(UTU + VTV)q.
In addition, we have
) )
Vho(U, V), A) = ,
WVhe(0, V), A) < [[%(M)]T vl |-Vag"
=tr [VT[V (M) Uqq"] — tx [UTV fo(M)Vqq"]
=q" [VIVf(M)"U] q—q" [UTV f(M)V] g =0.
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and
(901,8)] = (i)
=pltr [(UTU = VIV)UTU +VTV)qq"]|
=pl¢"(UTU = VIV)(UTU + VTV)q|
=p|UTU = VTV |y - ¢"(UTU + VTV)q
= u[UTU VTV 2 - \[aT UTU +VTV)g- | Allp.

Hence, Cauchy’s inequality implies that

[(Vp(U, V), A)|
[AllF

IVp(U, V)|l > = u[UTU = V"V]2 - \[gT (UTU + VTV)q.

Using the fact that
g UTU+VTV)qg > |¢"(UTU = VTV)q| = |[UTU = VTV|2,

we obtain T8/
IVo(UV)lr = w|UTU = VIV5" = ule/r)*>.
O
The next lemma proves that a solution with large norm cannot be a first-order critical point.
Lemma 3. Given a constant € > 0, if
1-6 3/2 1445 \? sz AT
- < 1— T > v W* W* e A
oSS d W > max (g ) TR Y
then
IVp(U, V)llp = A
Proof. Choosing the direction A := W, we can calculate that
(Vp(U,V),A) = 2V f,(UVT),UVT) + p|UTU = VTV 2. (39)
Using the §-RIP5, 5, property, we have
[V fa(N(M, M) > (1 = 8) M7, [V?fa(N)J(M*, M) < (1468)[| M| r||M*||F,
where N € R™*™ is every matrix with rank at most 2. Then, the first term can be estimated as
1
(Vi OV, ovT) = / V2 fo(M* + s(M — M*)|[M — M*, M] ds
0
> (1= )| M5 — (L +0)IM*||pl|M] p-
The second term is
plUTU = VIV|[G = p (IUUT 5 + IVVTIE) — 20 M-
Substituting into equation (39), it follows that
(Vo(U,V),A) > p (JUTT[F + [VVTIE) +2(1 =8 — w) | M7 — 2(1 + 8)[|M*|| ¢ | M| »
(L+0)%
> p (VU + IVVTIR) + 200 =6 = ) |M|[E = 26| M| — M7
, 1+6)%, .
> min {16 — o} (W TR - S e,

where ¢ € (0,1 — & — 1) is a constant to be designed later. Using equality that (U*)TU* = (V*)TV*,
Lemma 1 gives
W= (W) |5 = 4] M| 7.
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As a result,

, 1402, .
(VoU.V).2) > min {41 — 8 — o — o} (W3 — L ooy
Now, choosing
. 1—0—p
2
and noticing that © > (1 — § — u)/2, it yields that
0 — 1+6 .
©owv).80 2 3w - ey o)
On the other hand,

IAlF = [W]r < VFAIWWT|32

Combining with inequality (40) and using the assumption of this lemma, one can write

IV, V) > YRV, A)
1A[lF
0 140 . .
ETuHWWTH?)/z 4\[((_))|W( I
1—-0—p T3/2 (1+6)2 s
> S e—
= 2ur [WW= % 4ﬁ(1—6—u)|‘w W)T |3
° zlffu”WWTll?’/Q > A

Using the above two lemmas, we only need to focus on points such that
U0 = VIVIF = o(1), [WWT|r=0().

The following lemma proves that if (U, V) is an approximate first-order critical point with a small
singular value o,.(1¥), then the Hessian of the objective function at this point has a negative curvature.

Lemma 4. Consider positive constants o, C, €, \ such that

2<(V2-1)02(WH)-a?, G > <e+ 4H2) + (1+0)H”

a2 o (41
where G := ||V fo(M)||2 and H := X + peC. If
[T = VIVIE <, [WWTle <C% W =W r>a, [Vp(U,V)[r <A

and

2 4H? 1+ 6)H?
af(W)_l_HS{G u<+ G2>_( +G2) }—27 (42)

for some positive constant T, then it holds that
Amin(V2p(U,V)) < —(1 4 6)T.
Proof. We choose a singular vector ¢ of W such that
lall2=1,  [[Wqll2 = o (W).
Since |Wqll2 = /|[Uqll3 + [[Vq||3, we have
1Uqll3 + IVal3 = o7 (W).
We choose singular vectors » and v such that

lullz = llolla = 1, [IVa(M)]l2 = u"V fo(M)v.
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We define the direction as

For the Hessian of h, (-, -), we can calculate that
<vfa(M)aAUA€> = _vaa(M)HQ =-G 43)
and the 0-RIPy, 5, property gives
(V2 fa(M)(AgVT + UAT, AyVT + UAT)
<A+ 0)ApVT +UADIE = (1 + )] —u(Ve)" + Ug)o” |7
= (140) (IVallE + 1UqllE) — 21+ 6)lg" (U w)] - [¢" (VT 0)]
<A +8)a2(W)+2(1+6) - U u||p||[VT 0| £ (44)
Then, we consider the terms coming from the Hessian of the regularizer. First, we have
AW, AWT) < |UTU = VTV ||r - AT AU = AVAV||r
<e [lAGAUlF + |AVAY || ] = 26 45)

Next, we can estimate that
WAT AWTY + (WWT AAT) = ||UTAU +ATU -VTAy — ATV |2
< 4 (WU Aullz + ||VTAV||%“)

=4 (10w " 1% + 1(VT)d" |17)
=4 (U ullz + VT0lF) - (46)

Using the assumption that [|[WW ||z < C? and |[UTU — VTV||% < €2, one can write
[WWIW (% < |UTU = VIV [UTU + VIV e < EIWIWT||p < C?

and

= [|Vp(U, V) = pWWIW|p < X+ peC = H. (47)

Vi(UVT)V
V£(UVT) TU

The second relation implies that

IVf(UVTWV ] S IV UVHVp < H, UV UV < |UTV(UVT)|F < H.
(48)

By the definition of u and v, it holds that
[vl2 =1, [[Vfa(M)|2u=Vfo(M)v.

Therefore,
T [UTV fa(M)oll7 _ UV fu(M)||Z|0]5 _ H?
JUTull = < oz A2
IV fa(M)]I3 IV fa(M)|l3 G
Similarly,
2
HVTUH%Sﬁ-

Substituting into (44) and (46) yields that

2

(V2 f (M)(ApVT + UAT, ApVT + UAL) < (14 68)0?(W) +2(1 +96) - % (49)

and
A . s H?
(WAT AWTY + (WWT, AAT) <8 o (50)
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Combining (43), (45), (49) and (50), it follows that

H2
[VE(U, VA, A) < =2G + (14 8)a7 (W) + 2pe + (81 +2(1 4 6)] - -
Since ||A||% = 2, the above relation implies
9 1+46 , H?
Amin(V2p(U,V)) < =G + o7 (W) + pe+ (4p+1+0) o5 < —(1+09)7.

O

Remark 2. The positive constants € and A in the proof of Lemma 4 can be chosen to be arbitrarily
small with o, C fixed. Hence, we may choose small enough € and A such that the assumptions given
in inequality (41) are satisfied. This lemma resolves the case when the minimal singular value o2 (W)
is on the order of ||V f,(M)||2/(2 + 2J). In the next lemma, we will show that this is the only case
when § < 1/3.

The final step is to prove that condition (42) always holds provided that 6 < 1/3 and €, A\, 7 = o(1).
Lemma 5. Given positive constants o, C, €, A, if

JUTU = VTVIE <&, max{ [WWT g, [W (W} < C2,

W =Wlr=za, [[VpUV)[r<A 6<1/3,

then the inequality G > ca holds for some constant ¢ > 0 independent of o, €, A\, C. Furthermore,
there exist two positive constants

eo(0, 07 (Mg), [Mzllp, 0, C); - Aol6, py 00 (M), | M7 75, ©)
such that

2
W)y < — |G—pu |2
o ( )_1+6[G u(e—i—

2 2
AH ) (14 )H } n

G2 G2
whenever

0<e< 60(5a /u'var(M;)v ”M;HFv «, C)’

0 <A < Xo(6, 00 (M), [| Mg || 7y 0, C).
Here, G and H are defined in Lemma 4.

Proof. We first prove the existence of the constant c. Using Lemma 1, one can write
AIM = M7 > [WWT =W (W5 — [UTU = VIV]E > [WWT =W (W)Tf - €.
Using Lemma 1 and the assumption that |W — W*||p > «a, we have

2—-1 2 2—-1 2

s> 2oy w - wp - S > Pl S

By the definition of e, it follows that
2-1
32 > Loz e > 0
Thus, the §-RIPy,. o, property gives
<vfa<M)7M_M*> * \/5_1 *
IV M)l 2 S 2 (1= 8 =Ml 2[5 0 (7)1 =) -
Hence, we have
V21 .
G:vaa(M)HQZ A o (W )(1_6)'0‘200‘7

where we define

=y \/547«_1 o (W7)(1 = 9).

Next, we prove inequality (51) by contradiction, i.e., we assume
2 4H? (1+0)H? 2ca
2
oz (W) > T3 [G — i <2€ + o2 ) B—e? > + poly(e, A). (53)

T 1490
The remainder of the proof is divided into three steps.
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Step I.  We first develop a lower bound for o, (M). We choose a vector p € R” such that
lpllr =1, UTUp=a2(U)-p.
It can be shown that
IWp)"Wlp = lp"UTU +p" VIV <20p"UTUlp + 0" (VIV = UT V)|
<207(U) + lp" £ |VTV = UTU||p < 207(U) + €.
On the other hand, since W has rank r, it holds that
W)W |, > o2(W) - lIpllp = oZ(W).
Combining the above two estimates, we arrive at
202(U) > a2(W) — e > 0,

where the last inequality is from the assumption that €, A are small and o,.(W) is lower bounded by
a positive value in (53). Using the inequality that /1 — 2 > 1 — z for every « € [0, 1], the above
inequality implies that

o,(U) > %UT(W» L 5 2 %m(W) - W (54)
Similarly, one can prove that
02 (V) > o, (W)~
V2 V20, (W)

When € is small enough, we know that o,.(U), 0, (V) # 0 and both U, V have rank r. To lower
bound the singular value o,.(M), we consider vectors « such that ||z|| = 1 and lower bound
2TV(UTU)VT 2. Since the range of V(UTU)VT is a subspace of the range of V' and the range of
V' has exactly dimension r, directions x that are in the orthogonal complement of the range of V'
correspond to exactly m — r zero singular values. Hence, to estimate the r-th largest singular value
of M, we only need to consider directions that are in the range of V. Namely, we only consider
directions that have the form = V'y for some vector y. Then, we have

TVUTU)WT e =yT(VIV)UTU)(VTV)y
=y " (VIVPy+ " (VIV)UTU = VIV)(VTV)y.
First, we bound the second term by calculating that
VIV -tV < IVIIUT0 = VIVl < [VIV]p|UTU = VIVp
< WIW|p||UTU = VTV||F < CPe.

This implies that
y" (VIVIUTU - VIV)(VIV)y > =CPe- |Vyl|3.
Next, we assume that y has the decomposition

T

Yy= ZCM:,

i=1

where v; is an eigenvector of V'V associated with the eigenvalue o (V'). Then, we can calculate
that

yT VIV y =Y dal(V), IVylle =) clof(V)=1.
i=1 =1

Combining the above estimates leads to

>iz1 6o (V)
VIOV [t~ vl
i=1"1"1
r 256V
- %—1 Z;Z;EV; — C%e > g}(V) - C2



This implies that

1 €
20M) > o} (V) = C2 > | ——0, (W) — ——| —(?
0, (M) Z 0, (V)= C7e= \/50( ) Voo, (V) €
1
> EO'T(W) —02(W)e — 0, 2(W)e® — C2%e
1
> zaf(W) — 0, 2(W)e® — 2C%
1 1446
> gt — . 207
> 4or,(VV) G C%e
1 1
zzaf(W)— :;5 e —2C%. (55)

where the second last inequality is due to (53) and the assumption that € and A are sufficiently small.

Step II.  Next, we derive an upper bound for o.(M). We define

M::n[ VM >],

where P, is the orthogonal projection onto the low-rank set via SVD. Since M # M* and § < 1/3,
we recall that inequality (13) gives

_ 1-36 N 1-36

_¢(M) > ﬁ[fa(M) - fa(M )] >

_ _ 2
21 35[\/5 1, . ]::K

1M — M|I7

- 2

2 &
5 o (W) 1

where the second inequality follows from (52) and

() = (V fu(M), M — 31 — 2 01— H |3

Hence,

1+9
(V Ja(M), M = 1) = =220 — 31 > K. (56)

When we choose € to be small enough, it holds that K > 0. For simplicity, we define

N::_1+5Vfa( )

Then, M = P,.(M + N) and the left-hand side of (56) is equal to

(V fa(M), M — 81) ~ 2 00—

— (14 6)(N, (M + N) — M) — i‘sup (M + N) - M|]%

1+5
[INIE = IN + M —Po(M + N)|%]

1+5
[INIE = IN + M|E + [P(M + N)|F] - (57)

Similar to the proof of mequahty (48), we can prove that
INV|p < H:= o [U'N||r < H
FSH= T F S

Then, we have

—tw[NT(UVD)] < |UTN|pllVIe < H- |Wlp < H-\/Vr|WWT||p < YrC- H.
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Using the above relation, we obtain
INIF = IN + M||% = =2te[NT(UVT)] = | M]3 < 2/7C - H — | M]3

Suppose that Py and Py are the orthogonal projections onto the column spaces of U and V,
respectively. We define

N1 = PUNPV, N2 = PUN(I—PV), N3 = (I—PU)NPV, N4 = (I — PU)N(I — PV)
Then, recalling the assumption (53) and inequality (54), it follows that

- - V20, (W) -

INille = [Po NPyl < o7 OV PONPY i < 0 O)IUT N < s
1 ~ 1 ~ ~
< \/%54—[)01}7(6,/\) -H < \/g—kpoly(e,/\) -H:=kH.

Similarly, we can prove that
INy + Nal|p = |PuN|r < kH, [|Ni + N3|lr = [NPy|r < &H,

which leads to ) )
|N2o||rp < 2:H, ||Ns||r <2xH.

Using Weyl!’s theorem, the following holds for every 1 <7 < r:
|0i(M 4 N) — 0(M + Ny)| < |[N1 4+ Na + N3la < ||[N1 + No + Ns||p < 36H.
Therefore, we have

1P (M + N)l|F =) oF (M + N)

i=1

> 0F (M + Ny) =7 -3cH - (|M + Nz + | M + Ny|)
i=1

> 0F (M + Nu) = 6raH - (| M]|2 + [|N]|2)

=1

. . G
> 2(M + Ny) —6rsH - (| M — . 58
2 3ot ) et (1l + 1) 68)
Using the assumption (53) and the inequality (55), one can write

G o2 (W
where poly(1/€, \) means a polynomial of 1/€ and . Therefore, we attain the bound

T
W\/§F + poly(Ve, A)

< V2C? + poly(Ve, A). (60)

Substituting back into the previous estimate (58), it follows that

[Mlr + [Nl|F < 2|[M||F + poly(ve,A) < 2-

[P (M+N)||% > 07 (M+Ny)—6V2re HC?+poly(ve, \) = Y o7 (M~+Ny)+poly(Ve, A).
i=1 i=1
Now, since M and N, have orthogonal column and row spaces, the maximal r singular values of
M + Ny are simply the maximal r singular values of the singular values M and N4, which we assume
to be
oi(M),i=1,....,k and o;(Ng),i=1,...,7r—k.
Now, it follows from (57) that
2

m <vfa(M)7M_M> -

1+06

—— 1M — M|
2
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INIIZ = IN + M| + |P-(M + N)| %
r—k

r k
- ZUE(M) + ZUE(M) + 3 02(Na) + poly(ve,\) +2/rC - H

i=1

IN

r—k

— Z U?(M)+ZU?(N4)+POIY(\E7>\)

i=k+1 i=1
—(r = k)a7 (M) + (r — k)||Nal|3 + poly (v/e, X)
—(r = k)o7 (M) + (r — k)||N|3 + poly (v/e, A).
If & = r, then the above inequality and inequality (56) imply that
poly(ve, A) > K = O(a?),

which contradicts the assumption that e and A are small. Hence, it can be concluded that r — k& > 1.
Combining with (56), we obtain the upper bound

IN N

2 K 1
2M)< ————. —— +|IN||2+ — - pol
O2(M) <~ - = + N3+ — - poly(V, )
2RIV 4 poly(ve ) (61)
T 16 7 o2 T POIY(VE A).
Step III. In the last step, we combine the inequalities (55) and (61), which leads to
1, 1+6 4 9 K 1 9
W) — 0 —20%e< ——nx - — G 1 A
4 o (W) ca - €= 1+ 7“+(1—|—(5) +poly(Ve, A).
This means that
4 8 K 2
o, W)+ —— - —< G” + poly(Ve, \).

146 r = (1+9)2

Since K > 0 has lower bounds that are independent of € and A, we can choose € and \ to be small
enough such that
4 K 4
4 2
w - . < — G-
o (W) + 146 r = (149)2

However, recalling the assumption (53), we have

W) > —2 [G—u<2€+4H2> - (1+5)H2r

(1+46)2 G2 G2
4 16
> 2 .
= T § +5)2G pe + poly(ve, \)
4 16 1
= (1+40)2 ? - (1+0)2 He - ﬁ(l + 5)02 + poly(Ve, A)
4 2
(1—1—6) ————G* + poly(Ve, ),

where in the third inequality we use inequalities (59)-(60) to conclude that

G < (1+0)|M|F +poly(ve,A) < —=(1+6)C? + poly(Ve, N).

\f

The above two inequalities cannot hold simultaneously when A and e are small enough. This
contradiction means that the condition (51) holds by choosing

0 <e < (6, p, 00 (M), | M7 |7, 0, ©),
0 <A < Ao(0, 1, 00 (M), [ M|, 0, ©),
for some small enough positive constants
€o(0, p, 0 (M7), |MgllF, , ©), Ao(6, s 00 (M), || Mg 7, v, ©).
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The only thing left is to piecing everything together.

Proof of Theorem 6. We first choose
1/3
146 2 " " 3/92
(72525) 1w

C:= -

Then, we select €; and \; as

61(67 Ty 1y 07‘(M;)’ HM:”F7O‘) = 60(67 Ta,u>0'7‘(M:)’ HM:HF'vav C)’

AL(6, 7, p, 0 (M), [| M|, @) := min {/\0(5, 7y s o (Mg), [|Mg | s e, ©),

(1—p—0)C3
4\/r ’
Finally, we combine Lemmas 4-5 to get the bounds for the gradient and the Hessian. [

E.2 Proof of Theorem 7

In this subsection, we use similar notations:
M:=UUT, M*.=UrU"T,

where M™* := M is the global optimum. We also assume that U* is the minimizer of minx ¢y« ||U —

X || when there is no ambiguity about U. In this case, the distance is given by
dist(U, X*) = U — U*|| .

The proof of Theorem 7 is similar to that of Theorem 6. We first consider the case when |UUT || is
large.

Lemma 6. Given a constant € > 0, if

21+08), 2\ 2
U >max{(1_5)|v oy (25)

then
IVhs(U)l[F = A

Proof. Choosing the direction A := U, we can calculate that
(Vhe(U),A) = (Vf,(UUT),UUT).
Using the §-RIP5, 5, property, we have
1
(V(UUT),uuT) = / [V2fo(M* + s(M — M*)|][M — M*, M)
0

> (1= 0)IM|E — (1 + 0)IM* ||| M]|

1-6
Moreover,
IAF = U7 < VAIUUT |
This leads to
(Vhs(U), A) (VfS(UUT)7 UUT> 1-6 T3/2
) > = > > A

The next lemma is a counterpart of Lemma 4.
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Lemma 7. Consider positive constants o, C, \ such that

(14 5)22

A< 2VPO) (VR 1)oRUT) 0, G >

where G := —Apin(V fs(M)). If
IOV lr < C%, |IU=U"r 2 a, [[Vhs(U)llr <A,

then the inequality G > ca? holds for some constant ¢ > 0 independent of o, \, C. Moreover; if
there exists some positive constant T such that

1 (1446)N?
2
U)< — | G— —F—| — 62
0) < [0 - | - 6
then
/\mm(vzhs(U)) S _2(1 + 6)7—
Proof. We choose a singular vector g of U such that
lall2 =1, [|Ugll2 = o (U).
We first prove the existence of the constant c. The §-RIPy, o, property gives
(Vfs(M),M* = M) < —(1 = 8)[|M — M*||%.
Using the assumption of this lemma, we have
1 1
IVfs(M)Ull2 < VMU = 5IVAs Ul < S, (63)

which leads to
1
Substituting into (63), it follows that
1
(VLs(M), M") < =(1L = )|IM = M* [ + 5A - v/7C.
Using Lemma 1, we have
IM = M*|[% > 2(V2 = D)o} (U)|U = U*|3 > 2(V2 = 1)a?(U*) - o®.
By the condition on J, it follows that
1
(VFL(M), M%) < =(1 = )M = M|} + A Vi€ < ~(V2= 1)(1 = 8)o2(U") - o, (64)
The above inequality also indicates that \p,;,, (V fs(M)) < 0. Using the relations that
we arrive at

(VIo(M), M) 2 Ain (Vs (M)) tx(M") Z /7| M || - Amnin (V fs(M).
Combining the last inequality with (64), we obtain

Amin(Vfs(M)) < =(VrIM* 7))~ (V2 = 1)(1 = 8)o7(U") - o = —ca’
and thus G > ca?, where
c:= (VM p)~H(V2 = 1)(1 = §)ar(U)
Next, we prove the upper bound on the minimal eigenvalue. We choose an eigenvector v such that

||U||2 =1, )\min(vfs(M)) = UTVfg(M)u
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The direction is chosen to be

A = uqg’.
For the Hessian of hs(-, -), we can calculate that
<st(M),AAT> = /\min(va(M)) =-G (65)

and the 6-RIPy,. o, property gives
(V2 (M) (AUT+UAT, AUT 4+ UAT)
<+ 0)[AUT +UAT|E = 1+ 8)[uUg)" + (Ugu"| %
=2(1+8)|Uqll% +2(1 +8)[¢" (U w))?
<21+ 0)a2(U) +2(1 +6) - |[UTu|%. (66)
By letting the vector v be
0l =1, Amin(Vfs(M))u =V fs(M)7,
the inequality (63) implies that
UV AR U EOD)03
Nonin (VI(M)) AT, (Vf:(M))
Substituting into (66), we obtain

|UTV £ (MBI _ X
)\%Lin(va (M)) - 4G2 -

(leaktts <

[V2f(M)(AUT + UAT,AUT + UAT) < 2(1 +6)o2(U) + (14 6) - ;T; 67)
Combining (65) and (67), it follows that
[V2he(U)](A, A) < —2G +2(1 + 6)a2(U) + (1 +6) - 2%52
Since ||A]|2 = 1, the above inequality implies
Min (F2h,(U1) € <26 +2(1 +8)a3(U) + (1 +0)- 2oy € ~(1 4+ )7
O

We finally give the counterpart of Lemma 5, which states that the condition (62) always holds when
J<1/3.

Lemma 8. Given positive constants o, C| €, A, if
max{[|[UU" ||, [|U*(U")||r} < C2, |U = U*||r > a, [[VAs(U)|lr <A, 6§ < 1/3,

then there exists a positive constant Ao (6, W*, o, C) such that

9 1 (1+46)\2
o (U) < 1+6 [G TP )\} (68)

whenever

0 <A< N(6,0-(M)), |MI|F,c, C).

Proof. We prove by contradiction, i.e., we assume

1 (1+6)\? ca’?
2 _ _ >
o-(U) > T [G PTes )\} 2155 + poly (). (69)

To follow the proof of Lemma 5, we also divide the argument into three steps, although the first step
is superficial.

Step I. We first give a lower bound for A,.(M). In the symmetric case, this step is straightforward,
since we always have

A(M) = oy (U). (70)
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Step II.  Next, we derive an upper bound for A, (M ). We define
. 1
M = I M I V s M ’
L 1406 Jo(M)

where P, is the orthogonal projection onto the low-rank manifold (we do not drop negative eigenvalues
in this proof). Since M # M* and 6 < 1/3, we recall that inequality (13) gives

1

_ — 30 . 1
—6(W1) = T2 f (M) = £o(M")] 2 I3
> (1-30)- (V2-1)o2(W"a?:= K >0,
where the second inequality comes from Lemma 1 and
_ 1496
—(M) = (V£ (M), M = M) — ——|| M — M||%.
Hence,
1+9
(VIs(M), M = M) = ——||M = M7 > K. (71
For simplicity, we define
N :=—
Then, M = P,.(M + N) and the left-hand side of (71) is equal to
1446
(VIs(M), M = M) = ——|M - M|}
1+94 9
= (1+6)(N,P-(M+ N)— M) — —5 P (M +N) - M||%
1 +(5
[IN|F = IN + M = Pr(M + N)|7]
1 +6 9 9
[INIE = IV + MIf% + [P-(M + N)|E] - (72)
Similar to the proof of inequahty (63), we can prove that
~ A
T < = .
[U"N|r<H 301 +9)

Then, we have

—u[NTUUN)] < |UTN|p|Ullp < H-|Ullp < H-\JVFIUUT||p < V/rC - H.
Using the above relation, one can write
INIIE = IN +M|% = —2t[NT(OUT)] ~ [|M|} < 23/7rC - H — | M|
Suppose that Py is the orthogonal projections onto the column space of U. We define
Ny :=PyNPy, N :=PyN({I —Py), N3 :=(I —Py)NPy, Ny := (I —Py)N( —Py).
Then, it follows from (69) that
INUIF = IPuNPy|r < o {U)IUTPuNPyllp < o, H(O)|UTN|p < 0,1 (U) - H

146 - 1456
- CH <
\ g TPy |- H < l\/ o

Similarly, we can prove that

IN1+ Na||p = |PuN|p < &H, N1+ Ns|lp=|NPy|r<rH,

(M| -H:=kH.

which leads to _ _
INollr < 26H, [Nl < 2.
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Using Weyl’s theorem, the following holds for every 1 < i < r:
IAi(M 4+ N) = X\i(M + Ny)| < |INy + Ny + Nala < [Ny + Ny + Ns||p < 36H.
Therefore, we have
1P (M + N)||F = Y NF(M +N)
i=1

> A(M + Na) —r-36H - (| M + Nljo + | M + Nyl2)
i=1

> D AM + Ny) = 6reH - (| M]l2 + | N]2)

=1
. - G

> ZA?(M+N4)—6mH- (||M|F+1+5). (73)
i=1

Similar to the asymmetric case, we can prove that

G
— <M ly(A).
155 = | M]|F + poly(A)
holds under the assumption (69). Therefore, we obtain the bound
IM|r+[N|p < 2| M|lr + poly(A) < 2C? + poly(}).

Substituting back into the previous estimate (73), it follows that

[P-(M + N)||% > > X (M + Nu) + poly(N).

i=1

Now, since M and N, have orthogonal column and row spaces, the maximal r eigenvalues of M + N,
are simply the maximal r eigenvalues of the eigenvalues of M and Ny, which we assume to be

/\Z(M),Z:L,k and )\i(N4),Z'=17...,T'—k.
Now, it follows from (72) that
2

s |wwaan.ar-an) -

1+46
2
= INlF = IN + M|% + |Pr(M + N)| 7

|M—M2F}

r k r—k
<= NM)+ DY NHM)+ > AH(NG) + poly(N) + 24/rC - H
=1 =1 =1

r r—k
== > AN(M)+ > A (Na) +poly(\). (74)
i=k+1 =1

Using the assumption (69) and the fact that \ is small, we know that \;(N4) > Oforall: € {1,...,k}.
Therefore,

T r—k
= Y AM) Y N (Na) < —(r = R)AM) + (r = k) Amaz (N2)*.
i=k+1 i=1

Substituting into (74) gives rise to

2

1.5 |:<vfs(M)7M_M>_ Lo

2
—(r — k)/\f(M) + (r— k:))\Ww(]\L;)2 + poly(A)
—(r = K)N2(M) + (7 — k) Amaz(N)? + poly(N).

M — M|3
2 Ia7 — 112,

IN N
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If £ = r, then the above inequality and inequality (71) imply that
poly(A) > K = O(a?),

which contradicts the assumption that A is small. Hence, we conclude that » — k > 1. Combining
with (71), we obtain the upper bound
2 K 1
MN(M) < ———  —— 4+ Mz (N)? + —— - poly(A
rM) S =gt (N)™ + — - poly())
2 K

—_— Ppp— 2
=15 5 T Ama (V) poly(V). (75)

Step III. In the last step, we combine the relations (70) and (75), which leads to
2 K 1

LUy < - .= 2 Iy (\).
0. (U) < T +<1+5)2G + poly(\)
This means that
2 K
4 . =< 2 Iy ().
a,(U)+1+§ — < (1+5)2G + poly(A)

Since K > 0 has lower bounds that are independent of A, we can choose \ to be small enough such
that
1 K 1
4 2
U)+ — — < —=G~.
15 T S Trep
However, considering the assumption (69), we have

2

" 1 (1+0)A° 1
> - Al = —9)-
ol (U) > EE PTes (1+5)2G 2X - G + poly(\)
1 1
> — _G?-2)-(1 2 | S — 1
> (1+5)2G A+ (14 6)C% + poly(N) (1+5)2G + poly()),

where the second inequality is due to G < (1 + §)C?, which can be proved similar to the asym-
metric case. The above two inequalities cannot hold simultaneously when A is small enough. This
contradiction means that the condition (68) holds by choosing

0 <A< (6, 0-(M), |MIF, e, C),

for a small enough positive constant \o(J, o (M), || M ¥ || F, o, C).

O

Proof of Theorem 7. We first choose

2040) e rrz]
C=|=—U"U)"%| -
1-9
Then, we select \; as
* " . . N (1-0)C3
)‘1(57 T, JT(MS )7 ||Ms HFv Ot) ‘= min )‘0(57 T, UT(MS )7 ||Ms ||Fa Q, C)’ 27 .
\/77
Finally, we combine Lemmas 6-8 to get the bounds for the gradient and the Hessian. O
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