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Abstract

We revisit the classic problem of aggregating binary advice from conditionally independent experts,
also known as the Naive Bayes setting. Our quantity of interest is the error probability of the optimal
decision rule. In the case of symmetric errors (sensitivity = specificity), reasonably tight bounds on
the optimal error probability are known. In the general asymmetric case, we are not aware of any
nontrivial estimates on this quantity. Our contribution consists of sharp upper and lower bounds on
the optimal error probability in the general case, which recover and sharpen the best known results
in the symmetric special case. Additionally, our bounds are apparently the first to take the bias
into account. Since this turns out to be closely connected to bounding the total variation distance
between two product distributions, our results also have bearing on this important and challenging
problem.
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1. Introduction

Consider the following decision-theoretic setting. A parameter 6 € (0, 1) is fixed and a random bit
Y € {0,1} is drawn according to Bernoulli with bias #: thatis, d = P(Y =1) =1 —-P(Y = 0).

Conditional on Y, the {0, 1}-valued variables X, X», ..., X,, are drawn independently according
to
PX; =1Y =1) = 4, (1)

for some collection of parameters 1,77 € (0,1)". The v; and n; are classically known as sen-
sitivity and specificity, respectively. An agent who knows the values of 6,1, n gets to observe
X = (Xy,...,X,) and wishes to infer the most likely Y conditional on X. A decision rule
f:{0,1}" — {0,1} that minimizes the error probability P(f(X) # Y) may be found in Parisi
etal. (2014, Egs. (11), (12)):!

0 n
OPT . : o : A
T X sign <log T4 + EI(QXZ 1) log o; + log ﬂ,) , 3)

where
Yini Yi(1 — i)
(1 =)A= mi)’ ni (1 —ni)’

1. The bound therein was stated for the case § = 1/2 — i.e., without the log ﬁ term. We rederive the full expression
for completeness in Section 4.1.

Bi =

Q; =
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and sign, along with the rest of our notation, is defined below.

The main quantity of interest in this note is the optimal error probability P(f°°T(X) # Y).
We obtain improved, sharp bounds on this quantity in the symmetric (10 = 1) and asymmetric
cases. It will turn out that estimating P(f°FT(X) # Y) is closely related to computing the total
variation distance between two product distributions — and thus our results also have bearing on
this important and computationally challenging problem.

Motivation. The Neyman-Pearson Lemma (see (8)) lies at the heart of decision theory and hy-
pothesis testing, as it provides an optimal risk-minimizing strategy. Our results continue a line of
work that analyzes the performance of this optimal strategy. Plans for future work include finite-
sample guarantees based on the spectral estimates of Parisi et al. (2014).

Definitions. The balanced accuracy is defined as 7; = (¢; + n;)/2. We will consistently use the
notation ¢ := 1— for all expressions ¢; thus, in particularp = 1—pand 1 — p = p. Forp € (0, 1),
we write Ber(p) to denote the Bernoulli measure on {0, 1}; that is, Ber(p)(0) = p, Ber(p)(1) = p.
Forn € Nand p = (p1,...,pn) € (0,1)", Ber(p) denotes the product of n Bernoulli distributions
with parameters p;:

Ber(p) := Ber(p1) ® Ber(pz) ® ... ® Ber(py).

Thus, Ber(p) is a probability measure on {0, 1}", with

n n
Ber(p)(z) = [ [ o (0 —p)' =" = [ [ 07", @< {0,1}",
i=1 i=1
We write [n] := {1,...,n} and use standard vector norm notation [[w||y = > ;e [wil? for w €

R™. For probability measures P, () on a finite set €2, their total variation distance is
1 1
1P = Qlly =5 1P = Qlly = 5 Y 1P() - Q)]
e

We will make use of Scheffé’s identity (Tsybakov, 2009, Lemma 2.1):

HP/\QHl = 1—”P—QHTvv (4)

where ©w A v = min {u,v} and /PQ, P A @ are shorthands for the measures on 2 given by
VP (2)Q(x) and P(x) A Q(z) respectively. For ¢ € R, sign(t) := 1[t > 0] — 1[t < 0].

Remark 1 The issue of optimally breaking ties in (3) is somewhat delicate and is exhaustively
addressed in Kontorovich and Pinelis (2019, Eq. (2.7)). Fortunately, although there may be several
optimal decision rules, they all share the same minimum probability of error, which depends contin-
uously on the parameters 0, 1, . Thus, we can always infinitesimally perturb these so as to avoid
ties, and assume no ties henceforth.

2. Background and related work

We refer the reader to Parisi et al. (2014) and Berend and Kontorovich (2015) for a detailed back-
ground and literature review of this problem. Parisi et al. and Zhang et al. (2014) proposed a
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spectral method for inferring the accuracy of the experts from unsupervised data only. Follow-up
works include Jaffe et al. (2015, 2016); Shaham et al. (2016); Tenzer et al. (2022).

For the case of symmetric experts with ¢ = 1 =: p and § = 1/2, the optimal rule f°° given in
(3) reduces to fo°T(X) = sign (>, w; X;), where w; := log 1?2 Berend and Kontorovich (2015)
showed that

PUTAY) = o [Ber(p) A Ber(p)], (s)

and, putting ® = >" | (p; — 3) w;, Theorem 1 therein states that
3
41 + exp(2® + 4V/®)]

Follow-up works include Gao et al. (2016) and Manino et al. (2019). In particular, Manino et al.,
(Theorem 1, Theorem 3) showed? that

< P(fT£Y) < exp(—®/2). ©)

2" DiDi @)

and further demonstrated that (7) sharpens both estimates in (6).

3. Main results

We begin with an analog of (5) generalized in two ways: the experts are neither assumed to be
symmetric (sensitivity = specificity) nor unbiased (§ = 1/2) — and in particular, 6 explicitly figures
in the expressions.

Theorem 1 For conditionally independent experts as in (1,2) with sensitivities 1 and specificities
7, the decision rule f°°7 in (3) satisfies

P(fT£Y) = [P A6Q|
where P = Ber(v¢)) and Q) = Ber (7).

l Y

Next, we provide an upper bound on f°" in terms of the balanced accuracy m; = (v; + 1;)/2:

Theorem 2 Under the conditions of Theorem I,

n n
P(fT#Y) < |00 [(@i+n)@2— i —m)=2", |00 ][ w7
i=1 i=1
The above sharpens the upper bound for the symmetric case ¥ = 17 = p in (7) for asymmetric bias
(while recovering it for # = 1/2). An additional interesting limiting case is where v; = 7; for all

i € [n]. In this case, the experts contribute nothing, and our upper bound evaluates to V06. While
this gives the exact error for = % it is loose for 6 close to 0 or 1. At the other extreme, if at
least one of the 7; € {0, 1} (which can only happen if the corresponding v; = 1; = m;), the bound
evaluates to 0, as it should.

Our next result is a lower bound on the error probability:

2. Manino et al. acknowledge the priority of Gao et al. (2016) for both bounds in (7), improving their constant in the
lower bound from 0.25 to 0.36.
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Theorem 3 Under the conditions of Theorem 1,

P(fT#Y) > min{0,0} 2"

where ~; = log(m;/7;).

Note that the factor V68 in the upper bound cannot be sharpened to match the factor min {9, 6 } in
the lower bound. This is demonstrated by taking n = 1 and ¢y = 71 = 6 # 1/2. In this case,
P(f°PT #£Y') = 6, while such a putative upper bound would evaluate to 2060 < 6.

In the symmetric case, the lower bound can be sharpened:

Theorem 4 Under the conditions of Theorem 1, where also 1) = n = p,

P(fT#Y) > min{6,0} 2"

where w; = log(pi/pi)-

Since v = w in the symmetric case and ||w||, < [lw||; < v/n|w],, the bound in Theorem 4 is
indeed significantly sharper than that in Theorem 3. To illustrate sharpness, consider the case where
pi = 1/2, for all i € [n]. In this case, the bound evaluates to min {6, #}, which is the exact value
of P(fT £ Y).

Remark 5 This bound is sufficiently sharp to yield the bound ||Ber(p) — Ber(p)|, < |lp —Dll5
with the optimal constant 1, (Kontorovich, 2024, Theorem 3).

Tightness and counterexamples. In this subsection, we take § = 1/2. Theorem 2 is loose in the
regime n = 1, p = ¢ for small ¢; here, P(f°" # Y') ~ &, while the bound is ~ /. One might
be tempted to improve the ||y||; appearing in the bound of Theorem 3 to the sharper value ||v||,.
Unfortunately, that sharper bound does not hold. Indeed, take n = 2, = (1,0),and n = (1 —¢, ¢)
fore € (0,1). Thenm = (1—¢/2,¢/2) and v = (log(2/c —1),log(e/(2—¢)). It is straightforward
to verify that ||Ber()) A Ber(#)||, = €* and that

- 50D () e

Since f(g)/e% — oo as € | 0, we conclude that the conjectural bound fails to hold.
We can also exhibit a regime in which Theorem 4 is not tight. Take n = 2 and p = (e, ¢) for
0 < e < 1/2. Then ||Ber(p) A Ber(p)||; = 2¢, w = (log(e/(1 —¢),log((1 — €)/¢), and

1oy (B0
= c(1-¢) <1f€>W§ = g(e).

Since g(¢)/e — 0 as € | 0, the bound is quite loose in this regime.
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Algorithmic aspects. Bhattacharyya et al. (2023) showed that for general p,q € [0,1]", it is

hard to compute ||Ber(p) — Ber(q)||,, exactly. Feng et al. (2023) gave an efficient randomized

algorithm for obtaining a 1 +¢ multiplicative approximation with confidence 4, in time O(Z—Q2 log %);
this was later derandomized by Feng et al. (2024). Since our results approximate |P A Q|| =
1 —||P — Q|| they are not directly comparable. Note also that our bounds in Theorems 2, 3 are
stated in terms of p — ¢ in simple, analytically tractable closed formulas. Still, as discussed above,
certain gaps between the upper and lower bounds persist, and one is led to wonder to what extent
these are due to computational hardness obstructions.

4. Proofs

We maintain our convention ¢ = 1 — ¢ for all expressions ¢.

4.1. Proof of Theorem 1

The Neyman-Pearson lemma (Cover and Thomas, 2006, Theorem 11.7.1) implies that f°°T must
satisfy

P(f(X)=Y|X=2) > P(f(X)£Y|X=2), a€{0,1}". (8)
By the Bayes formula, an equivalent condition is that f°°"(x) = 1 if and only if
Ol wi[Iw: = o] ] €)]
i€A  i€B i€A  i€B
where A, B C [n] are given by A = {i € [n]:x; =1} and B = {i € [n]: z; = 0}. Taking
logarithms, (9) is equivalent to
0 < Vi | i
log = + xilog — + Z;log — > 0; (10)
g7 ;z 3 ;z B
this is easily seen to be equivalent to (3). Now,
P(/T(X) £ Y) = OP(f7(X) £ Y[Y = 1) + OB(f*(X) £ Y|V = 0),

Conditional on Y = 1, define the random variables Z; = 1[X; = Y] and note that the (Z1,. .., Z,)
are jointly distributed according to P = Ber(¢). Putting Q) = Ber(7), (9) implies that when Y = 1,
f°°T makes a mistake on x € {0, 1}" precisely® when 0 P(z) < 6Q(z), whence

P(fP(X)£Y[Y =1) = Z P(z)1[0P(z) < 0Q(x)]. (1D
z€{0,1}"

A similar analysis shows that

P(fT(X) £ Y[Y =0) = Z Q(x)1[0P(x) > 0Q(z)). (12)

z€{0,1}"

Since ul[u < v] + v1ljv < u] = u A v, we have

P(fPT(X)£Y) = Z OP(z) A OQ(x) = HGP/\éQH1°

z€{0,1}"

which finishes the proof. l

3. As per Remark 1, there is no loss of generality in assuming no ties.
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4.2. Proof of Theorem 2

The following result may be of independent interest. Only the upper bound is used in this paper.

Lemma 1 Forp,q € (0,1)", let P, Q be two probability measures on {0, 1}" given by P = Ber(p)
and QQ = Ber(q). Then

n

i=1 ze{0,1}" i

(1= (pi — )]
1

n

Proof We prove both inequalities by induction on n, starting with the second. The base case,n = 1,
amounts to showing that

Vst+/(1—s)(1—t) < J1—(s—1t)2,  s,te(01). (13)

Squaring both sides, (13) is equivalent to

1—s—t+2st+2y/st(1 —5)(1 —t) <1—(s5—1)>

which, after canceling like terms, simplifies to

2/st(1 —s)(1 —t) < s — s>+t —t% (14)
Denoting the right-hand-side of (14) by R and the left-hand-side by L, we compute
R?—I? = (s—s*—t+t?)%?>0,

which proves (13). Now we assume that the claim holds for some n = k and consider the case
n=*k+1:

Z V P(x,y)Q(m,y) = Z P(l‘,O)Q({B,O) + Z \% P(xa 1)@('% 1)

ze{0,1}* ye{0,1} ze{0,1}* ze{0,1}F
= Y VP@Q@)(1 — prs1) (I — qera)
ze{0,1}*
+ Z VP () Q(x)pri1qkt1-
ze{0,1}*

Now apply the inductive hypothesis to each term:

S VP@Q@pdkn = Vg Y. VP@)Q()

ze{0,1}" ze{0,1}"

k
< g pergea [T - i — @)%
i=1
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(the analogous bound holds for the other term). Putting s = pg41, t = k41, and K = Hf:l[l _
(p; — qi)?], we obtain

Y VP@RE) < VstK+/(1-s)(1-t)K

xe{0,1}F 1

k+1

< VI+s-tA+t—9)K = | [ - (i — )2,

i=1

where (13) was invoked in the second inequality. This proves the upper bound on ) /P (z)Q(z).
The lower bound proceeds in an entirely analogous fashion, only with

Vst +/(1—s)(1—t) > \/1_(82_”2, s,t € (0,1) (15)

as the base case instead of (13). To prove (15), recall that u +v < \/u + /v for u,v > 0 to
obtain the stronger inequality

1—(s—1)?

Vet+(1—s)(1—t) > 5

Squaring both sides and collecting terms yields the equivalent (and obviously true) (1 —s—%)2 > 0.
From here, the induction proceeds exactly as in the upper bound: we put s = pg1,t = qr+1, and
K = Hle [1 — (p; — ¢;)?], and repeat the steps therein with the inequality appropriately reversed.

|

Proof [of Theorem 2] By Theorem 1, P(f°°T # Y) = ||0P A éQHl. Now since a A b < v/ab for
a,b > 0, we have

S P@AQE@ < Y VPORE) (16)

z€{0,1}" z€{0,1}"

for all positive measures P’, Q" on {0,1}". Setting P’ = P and Q' = 0(), we now have that

Y 0P@)ABQ) < VoI Y P@)Q(). (17)

z€{0,1}" z€{0,1}"

Applying the upper bound in Lemma 1 with p; = 1); and ¢; = 1—1); and noting that 1 — (¢; —17;)? =
47, 7; completes the proof. |

4.3. Proof of Theorem 3
AsP(fFT£Y) = ||0P A6Q

|» We start by writing

|0P A Q|| > min {6,0} | P AQ|, = min {6,0} ||Ber(s)) A Ber(7)]; ,
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where we used the pointwise inequality
min {)\u, 5\1)} > min {)\, 5\} min {u,v}.

Next, we invoke Lemma 2 with P = Ber(v’) and @) = Ber(7) to obtain

n

IBer(v) ABer(q)ll; =[] IBer(yi) ABer(@)ll,
i=1

ZIIWAm+@AM
i=1
n
> H 2(71', A 77};),
i=1
where the last inequality is due to (20). By (19),

1
N, = \/7ri7_riexp<—2

whence

n

H 2(71'1' VAN ﬁ'i) = 2"

i=1

This proves the claim. l

4.4. Proof of Theorem 4
Repeating the argument from Theorem 3, we have
P(fT #Y) > min {0,0} |[Ber(¢)) A Ber(q)] -

Setting v¢; = n; = p; we invoke (19) to obtain

e 1Bl = 3 Pl Q)
ze{0,1}"
- P)Q) exp (— o2 (1 )
R EIRICIE )
- Pi ZNUnifEm{O,l}" P <_; ‘log ggg; D
o T (L5h55)

(18)



AGGREGATE EXPERT ERROR

where Jensen’s inequality was used in the last step. Since P, Q are product measures, we have
P(Z) = [Iizy Pi(Zi) and Q(Z) = [[;L, Qi(Z:i) = [ [i= Fi(Z;), whence

P(Z) ’ ( P(Z)\*
E |log < E || log
QZ) 02
[ n
Pi(Zi)
— E log —
(; Pi(Z;)
Pi(Zz P (ZJ)
= E log —= log =
\ wze[:n} i(Zi) ~ Pi(Z))
Since E log % = 0 and the Z; are independent, only the diagonal terms survive:
Pi(Zi),  Pi(Z)) - P,(Z:)|*
E log —= log = = E |log =
z,j;[n] Pi(Z; i(Z;5) ; Pi(Z;)
n 2
— Z <1 pz>
= og— | .
i=1 pi
The proof is complete. B
4.5. Auxiliary Lemmata
The following identity and inequality are elementary:
1 U
UuANv = +Juvexp <—2‘log‘> , u,v >0, (19)
v
SAt+tAs > 2(uAa), s,t€[0,1,u=(s+1)/2. (20)

Lemma 2 For all probability measures P, Q, P',Q’, we have
|PeQrP e, > [PAP],-[QrQ],.
Proof It is a classic fact (see, e.g., Kontorovich (2012, Lemma 2.2)) that
HP ®Q - P'® QIHTV < HP B P,HTV + HQ B QIHTV B HP o P,HTV ’ HQ B QIHTV'

The claim follows by Scheffé’s identity (4). |
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