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ABSTRACT

Adam outperforms SGD when training language models. Yet this advantage is not well-
understood theoretically — previous convergence analysis for Adam and SGD mainly focuses
on the number of steps 7" and is already minimax-optimal in non-convex cases, which are both
O(T‘l/ 4). In this work, we argue that the exploitation of nice £.,-geometry is the key ad-
vantage of Adam over SGD. More specifically, we give a new convergence analysis for Adam
under novel assumptions that loss is smooth under ¢.,-geometry rather than the more common
{5-geometry, which yields a much better empirical smoothness constant for GPT-2 and ResNet
models. Our experiments confirm that Adam performs much worse when the favorable /-
geometry is changed while SGD provably remains unaffected. We also extend the convergence
analysis to blockwise Adam under novel blockwise smoothness assumptions.

1 INTRODUCTION

Large language models (LLMs) have gained phenomenal capabilities as their scale grows (Kaplan
et al., 2020; Brown et al., 2020; Touvron et al., 2023; OpenAl, 2023; Reid et al., 2024). However,
pre-training LLMs is incredibly time-consuming. Adam (Kingma & Ba, 2014) is the current to-
go optimization algorithm for LLMs due to its fast convergence. In contrast, SGD, a popular and
arguably the simplest optimizer, optimizes language model losses much more slowly than Adam.

However, the optimization benefit of Adam over SGD cannot be explained by existing theory. Cur-
rent convergence analyses for Adam and SGD focus on the dependence on the number of steps under
assumptions on loss smoothness and gradient bounds (Défossez et al., 2022), and it has been shown
that both Adam and SGD achieve the minimax convergence rate O(7~'/4) in the non-convex set-
tings (Arjevani et al., 2023). Thus according to the theory, in the worst case, SGD would be more
desirable than Adam because it has the same convergence rate, and yet Adam is less memory-efficient
due to its coordinate-wise adaptivity, which needs to store the empirical moving average of second-
order moments of past stochastic gradients. Therefore, we hypothesize that the coordinate-wise
adaptivity in Adam is exploiting some unknown properties of LLMs which SGD cannot make use of.

Towards this end, we identified a big difference between Adam and SGD, which is ignored in previ-
ous works. That is, SGD is rotation-equivariant, while Adam is only permutation equivariant (Defini-
tion 2.1). Intuitively, if we rotate the loss landscape, the trajectory of SGD would be the same (up to
some rotation), while the trajectory of Adam can be completely different. If Adam optimizes much
more slowly after rotation, it suggests Adam is exploiting some non-rotation-invariant properties of
the loss, which is not captured by standard smoothness assumptions in the convergence analysis.

Figure 1 summarizes our findings by comparing Adam on the original and rotated loss. The perfor-
mance of Adam on the rotated loss does become much worse than Adam on the original loss. We also
test a memory-efficient and rotation-equivariant variant of SGD, AdaSGD (Wang & Wiens, 2020), de-
fined in Algorithm 2. Surprisingly, the rotated Adam performs even worse than the SGD variant. The
results suggest it is impossible to explain the superior optimization performance of Adam over SGD
just using rotation-invariant assumptions on the loss function, which raises the natural question,

What non-rotation-invariant properties of loss functions make Adam converge faster than SGD?

We hypothesize that the ¢5-lipschitzness of loss gradient does not provide a tight-enough charac-
terization of loss landscape of deep learning models in practice, such that we can separate Adam and
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Figure 1: Training and evaluation losses of Adam, AdaSGD and SGD on GPT-2. rotated Adam
means running Adam on a rotated loss. Adam on the original loss converges the fastest as expected.
But convergence of Adam on a rotated loss is much slower, notably even worse than AdaSGD.

other rotation-equivariant algorithms. Inspired by the similarity between Adam and SignGD and the
fact that SignGD is the normalized steepest descent with respect to £,-norm, we propose to use
{--norm related smoothness as a better tool to analyze Adam. In particular, our main results use
the (1, 1)-norm of the Hessian of the loss normalized by variable dimension d, as the smoothness

measure, instead of its spectral norm. And we prove a convergence rate of O( \/1?) for Adam without

noise, or O((IO%T)” 4) with noise. Our results have the same dependence on 7' as previous results,
but a much smaller smoothness constant when measured empirically. We empirically verify that
(1,1)-norm of Hessian positively correlates with final training loss of Adam on both synthetic tasks
like quadratic loss and real tasks like training GPT2 on OpenWebText and ResNet on CIFAR10.

‘We summarize our contributions below:

1. We show by experiments that the empirical optimization advantage of Adam over SGD can
not be explained solely under rotation-invariant assumptions. (Figure 1)

2. We propose a new complexity metric for the optimization problem, which is the (1, 1)-
norm of the Hessian matrix of loss, | V2L(z) || 1 1- We present a novel convergence result
for Adam depending on this metric in the case of 5; = 0. (Theorem 3.5 )

3. We further generalize the theoretical analysis (Theorem 3.11) for Adam to blockwise Adam
(Algorithm 3) whose convergence rate can be characterized by a novel smoothness mea-
sure (Definition 3.9). Adam and AdaSGD are two notable examples of blockwise Adam. In
Adam, all blocks are of size 1. In AdaSGD, there is only one block.

4. We empirically verify that when Adam converges more slowly on the rotated loss, the (1, 1)-
norm of Hessian also increases, which suggests that our new complexity metric for Adam’s
convergence is practically relevant. (Section 4).!

2 PRELIMINARIES
d

Notations. For x € R%, we define the vector p-norm ||z||, as (>_5_, #%)!/P for p € [1, oc]. For a
matrix A € R4*% jts (1,1)-norm || A||; 1 is defined as Z?;l Zj; |A; ;| and its operator norm

induced by vector p-norm || - ||, as Supgcpa %, denoted by || A||,,, where % + % =1land| ||,
p
is the dual norm of || - ||,,. For a square matrix A € R%*%, | A| is defined as the unique square root

of AT A. For a deterministic loss function L(x), we consider optimization over L with access only
to independent stochastic functions { L;(x)}’_, such that EL,(z) = L(x) for any input « € R
Rotation. For an invertible function 7 : R — R4, T is a rotating transformation if there exists
an orthogonal matrix T' € R?* such that 7 (x) = Tx. T is a permutating transformation if there
exists a permutation 7 : [d] — [d] such that T (x) = [(1),--.,%x(a)] . A permutating transfor-
mation is always a rotating transformation. We will use R to denote a rotating transformation.
Definition 2.1. For initialization xo and stochastic losses {Li}_;, we can get x; when running
algorithm A on (zo,{L;}]_,). For a transformation T, we can also get &; when running A with
the same hyperparameters on (Zo, { L }1—,) with &g = T (o) and Ly = Ly o T.

"The code is at https: //github.com/mohamad-amin/adam-coordinate—adaptivity.


https://github.com/mohamad-amin/adam-coordinate-adaptivity
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Algorithm 1 Adam

Hyperparam: 1, (52,¢ > 0, total steps 7T,
learning rate {n; }{_,, initial 7129, vg

Input: initial =, stochastic losses {L;}7_;
Vo,; < Vo

Algorithm 2 AdaSGD (Wang & Wiens, 2020)

Hyperparam: i, (5:,¢ > 0, total steps T,
learning rate {n; }7_,, initial 7m0, vo

Input: initial =, stochastic losses {L;}7_;
fort=1,2,---,T

fort=1,2,---,7T:
Gti < Vily(xe_1)
My — Bime—1, + (1 — B1)gei
Vi = Pave—1i + (1 — B2)g7,

Mt Tt < Te—1,45 — Mt

Tij < Te—1,0 — Mt
’ ’ v ite return T
return x ‘

Gti < ViLy(xs_1)
me; < Bimi—1,i+ (1 — B1)gri”
v Bavees + (1~ B gl /)

t,

Vit

An algorithm A is equivariant w.r.t. T if it always holds that &; = T ~*(x;) for any hyperparam-
eters, initialization and stochastic losses. A is rotation-equivariant if it is equivariant w.r.t. any
rotating transformation R. A is permutation-equivariant if it is equivariant w.r.t. any permutating
transformation.

Theorem 2.2 shows the difference between Adam and AdaSGD, whose proof is in Appendix B.
Theorem 2.2. AdaSGD is rotation-equivariant. Adam and SignGD are only permutation-equivariant.

3 MAIN RESULTS: CONVERGENCE RATES OF Adam

In this section, we present our main theoretical results. Theorem 3.5 gives a convergence analysis of
Adam for stochastic non-convex smooth losses with coordinate-wise gradient noise. The convergence
is measured by ¢; norm of the gradient. For deterministic losses, our best rate (Theorem 3.2) is
achieved by SignGD (Adam with 81 = 2 = 0). For stochastic losses with bounded gradient noise
variance, our best rate (Corollary 3.6) is achieved by RMSProp (Adam with 8; = 0, 82 € [0, 1)).

Then we extend our analysis of Adam to more general blockwise Adam (Theorem 3.11), which
contains both Adam and AdaSGD as special cases. We also come up with novel smoothness mea-
sures (Definition D.2) corresponding to the set of blocks used in blockwise Adam.

Similar to previous works (Défossez et al., 2022), our analysis can be extended to the general case
of Adam, where both 31, 35 are non-zero. But the rate becomes strictly worse than the RMSProp (the
case of 51 = 0), as there will be some extra polynomials of ﬁ We decide not to include the
result for the general case, on the one hand for ease of presentation, and on the other hand, because
such result can not explain the optimization benefit of momentum (/3; > 0) in practice and does not
add any insight on the benefit of Adam. We hypothesize that the theoretical assumptions are missing

some important features of loss landscape of transformers and we leave this for future work.

3.1 WARMUP: SignGD (Adam WITH 3 = B3 = 0)

In this section, we present the convergence analysis for SignGD as a warm-up and illustrate how
Adam could benefit from a non-rotation-invariant property of the loss, which in particular is the £,
smoothness. The key observation is that SignGD is normalized steepest descent w.r.t. £, norm (Xie
& Li, 2024), so it is more natural to analyze its convergence using ., norm geometry of the loss.

Definition 3.1. Given anorm ||-|| on R% and |-, as its dual norm, we say a function L is H-smooth
w.rt. |- if for any z,y € R, we have that |V L(z) — VL(y)|, < H ||z — y|.

Theorem 3.2. Let L be H-smooth w.r.t. (o, norm and {x;}1_, be the iterates of SignGD (Adam
with B, = B2 = 0) on L with initialization x and learning rate 7, it holds that

) L(xp) —min L(x) Hn
L < —.
in [IVL(@)ll, < Tn +t3
If we choose n = W’ then miny <; <7 ”VL(Q%)Hl < \/2H(L(mo);min L(m)).

Here it is slightly different from Wang & Wiens (2020). We use an exponential average of the gradient for
m instead of momentum. Our definition makes AdaSGD the same as Adam in a one-dimensional problem.
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Theorem 3.2 gives the convergence rate for SignGD and the proof is in Appendix C.

3.2 MAIN RESULT: RMSProp (Adam WITH 31 = 0, 32 € [0, 1])

It is well-known that SignGD might not converge in the stochastic case as the expectation of descent
direction for mini-batch loss may not be a descent direction for L. RMSProp is proposed to address
this issue by using a moving average of the squared gradient per coordinate to reduce the correla-
tion between the denominator and the numerator, thus making the expected update direction less
biased (Hinton et al., 2012). In this subsection we formalize the above intuition and show indeed
a positive [ in Adam helps convergence in the stochastic case. The main challenges here are from
both lower bounding the first-order term and upper bounding the second-order term in the modified
descent lemma (the RMSProp counterpart of Equation 7).

gt H , gt 2

74_7 -
\/’Ut+€ 2 T]t \/'Ut-f—G

2
by ﬁ without more fine-grained analysis on the relationship
o0

L(zy) — L(z—1) < —meVEL(ay) "

o0

gt
‘We can only upper bound H Toe

between gradients in each step, which will greatly hurt the dependence of convergence rate on 1 — 35.

However, even though some large g; ; can make —Z4i— as large as —— the average coordinate
5 g 4 Gt.i m g V1=pBz2’ g

moving speed should be close to 1. Therefore, we introduce Definition 3.3, which is slightly stronger
than Definition 3.1 but enables decomposing the second order term into each coordinate according
to Lemma D.3. It also facilitates coordinate-wise analysis for the first order term. We note this
definition also appears in Assumption 2.3 of the concurrent work (Maladkar et al., 2024).

Definition 3.3. Forany H = (Hy, ..., Hy) € RY we say L is H-smooth coordinate-wisely w.r.t.
oo norm, if and only if |V, L(z) — V,L(y)| < H; ||z — y|| foranyi € [d], z,y € R%

(1,1)-norm as an estimate for coordinate-wise smoothness. H; in Definition 3.3 is determined
by sup,, ijl |VZ2 jL(a:) , which is difficult to compute because it requires taking supreme over

the entire domain. A computationally-tractable alternative is to approximate Ele H; locally by the
(1, 1)-norm of Hessian of loss along the training trajectory. We provide an efficient approximation
algorithm with concentration guarantees in Appendix E.3, which uses hessian-vector product against
random Cauchy vectors.

By definition, H-smoothness coordinate-wisely w.r.t. £, norm implies Zle H;-smoothness w.r.t.
£~ norm. We also need Assumption 3.4 to measure the influence of noise in the stochastic setting.

Assumption 3.4 (Coordinate-wise noise). There exist constants o; such that
E[V;Li(x) — ViL(z)]* < 02 foranyi € [d], t € N and x € R%.

We present the main result in Theorem 3.5. The sketch of the proof is presented in Section 3.4 and
the complete proof for the generalized blockwise Adam algorithm is presented in Appendix D.1.
The proof incorporates some key steps from Li & Lin (2024), extending them to accommodate the
generalized algorithm and different smoothness assumptions.

Theorem 3.5 (Main, Adam). Let {L;}]_, be independent stochastic losses satisfying Assumption 3.4
and that their expectation L is H -coordinate-wisely smooth w.r.t. £, norm. For Adam with 5, = 0,
we have that

T d
. 624
E|VL(@)|, <O | E+VE,| -2 ——dvy+ > 0, +d
%rgrng IVL(x:)||, < T(1— B2) v i_lg Ve

. d d
with E = 2E[L(ay) — Lizr)] + (1 + %) (n S H+VI—BYL, ai) and F =
91l <1 4 S e IVEE0) 2t e an2T<T+1_1ﬁz>> 32

vo+e€

The convergence rate of RMSprop can be determined by choosing hyperparameters 7 and 35 in The-
orem 3.5 to minimize E. By assuming vo+€ > (30, 02+||VL(z0) |2+, H21n?)/poly(T) and
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1

=3, = Poly(T'), we can simplify the term by considering F* = O(logT). The two terms involving

S>%_, o have a lower bound © (Ef_l o <1°§T> 2) , which is achieved with 1 — 3, = © (IO%T>

Then the three terms involving 7 has a lower bound © ( (L(wo)fmin”TL @) ¥y Hi) reached by

n=20 ( W) These hyperparameter choices yield the optimal convergence rate for
i=1 v

stochastic case in Corollary 3.6. For convenience, we define R = (L(x() — ming L(z)) Z?Zl H;,

which will be the core term in Corollaries 3.6 and 3.7.

Corollary 3.6 (Stochastic Case, general 0;). Let {L;}L_, be independent stochastic losses sat-
isfying Assumption 3.4 and that their expectation L is H-coordinate-wisely smooth w.r.t. fs

norm. For B1 = 0, 1 — By = @(%), e =0 1n = @(,/W) and vy >
=1 T

(X0, 02 + [IVL(zo) |2 + X2, HEn?) /poly(T), we have that

Eal)' Lo (1)

i=1 =1

1 i 1
with 67 = /771(?30[52) exp (_ngﬁb)) {(?) Y o (IO%T) 4].

Here §7 can be smaller than any polynomial of 7" by manipulating the value of

;o Ellgell, =0

2

Ta-p2) — g(1).

log T

1
Then Zgzl o (b%T) " is the leading term w.r.t. T in the rate whose coefficient only involves

Zle o;. It suggests that the rate can be much improved when noise is small. Below we get the
convergence rate with the same hyperparameters in deterministic case in Corollary 3.7.

Corollary 3.7 (Deterministic Case, o; = 0). Let {L;}1_, be deterministic losses satisfying Assump-
tion 3.4 and that their expectation L is H-coordinate-wisely smooth w.r.t. {o, norm. For 31 = 0,

1= B = Q%7 e = 0.9 = © (/EEIIE) and vy > (DL, 02 + | VL(20) |2 +

> H2n?)/poly(T) for any polynomial poly(T'), we have that

R
i =0 (/= +6
Lo gl ( T T)

2

1
with §p = \/mexp (,w) (%) a

Corollary 3.7 almost recovers Theorem 3.2, except for the smoothness constant. Specifically, it uses
sup,, |[V2L(2)]|(1,1) that is larger than sup,, |[V?L()||o in Theorem 3.2 as [|-||1,1 > ||-||oc always
holds. This gap is due to technical difficulty of analyzing Adam as mentioned in Section 3.2.

Dependence on ¢, vy and 5.  While many previous works rely on the relatively large magnitude
of € compared to v; and give a bound in the regime of SGD when the adaptive effect is dominated
by the constant € (Zaheer et al., 2018; De et al., 2018), our result actually prefers e to be 0 while
maintaining the value of vy + €. We also note the dependence of our bound in Theorem 3.5 on vy is
very mild and logarithmic. Theorem 3.5 has similar convergence rates for all vy of magnitude at most
poly(T'), while most previous result only addresses the case where vy ; is at the scale of noise (Li
& Lin, 2024) or 0. The main reason for this adaptivity to a wide range of vg is our specific choice of
Bo=1- @(k’%T), which allows the initial large v to decay fast and resume normal training. Other
existing results using S = 1 — O(1/T) (Défossez et al., 2022; Li & Lin, 2024) cannot allow large
initial value vy because vy only decays a constant fraction throughout the training and the effective
learning rate will be too small.

3.3 A UNIFIED ANALYSIS FOR BLOCKWISE Adam

In this subsection, we present convergence analysis for a broader class of adaptive algorithms de-
fined in Algorithm 3. It can be viewed as a coarser version of Adam because it does pre-conditioning
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Algorithm 3 Blockwise Adam

Hyperparam: (i, 52, ¢ > 0, block partition ®, total steps T, learning rate {nt}thl, initial myg, vo.
Input: initial =, stochastic losses {L;}Z_;
Vo,b < Vo
fort=1,2,---,T:
Gti < ViLy(xi_1)
My < Bime—1, + (1 — B1)gei ,
Vb < Bavi—1p + (1 — 52)72‘1}“;? s

Mt 4

Tt s Tp—1,i — Mp—F——=
] ’ VUt @ (i) €
return @

blockwisely instead of coordinate-wisely. Since Adam and AdaSGD can be viewed as special cases
of blockwise Adam with ® 4.y, : 7 > ¢ and Ppgasep : ¢ > 1 respectively, any convergence results for
Algorithm 3 would imply convergence of Adam and AdaSGD. Finally we also note that such block-
wise Adam has been recently studied empirically by some concurrent work, where the algorithm is
named by Adam-mini (Zhang et al., 2024b) and Adalayer (Zhao et al., 2024).

We first introduce more notations. For a partition function @ : [d] — [B] where B is the number of
blocks, (b) is defined as ®~1(b) = {i|®(i) = b} and dj, = #(b), the number of parameters in block
b. We define the vector x ;) as [2;]¢(;)—p and the submatrix Ay 1) as [As j]oi)=b,0(j)=b'-

Definition 3.8 (<I>—norm). We define the (00, 2)-norm w.r.t. partition ® of x as the L, norm of the

[zl el
vector (\/@2 - , which is maxpe|p f For convenience, we will denote it by ||x||s or
Just call it ®-norm. We denote its dual norm by ||| «, which is equal to szl Viy ||z ||2

Definition 3.9 (®-smoothness). We say a diagonal matrix A follows partition ® iff its diagonal
elements are constant within each block, i.e., there are a;,--- ,ap s.t. A;; = ag ;) for any i € [d].

We say a twice-differentiable L is H-smooth under partition ® if there exists a diagonal matrix A
Sollowing partition ® such that H = Tr(A) and A dominates |V2L(a})| Sfor all . We further
define the ®-smoothness of loss L, denoted by H(L, ®), as the smallest constant H such that L is
H-smooth under parition ®, that is,
H(L,®) = min Tr(A) (D)
A follows ®, A=|V?L(z)|,Va

We note that ®-smoothness is different from the smoothness under ®-norm, where the latter is equal
10 SUP g cra SUP|jq)|, <1 HV L(x uH(b . For each , it holds that

sup HV2 (z u||¢) ,= sup sup v V2L(x)u = sup |uTV2L(:c)u| .
lullp<1 ' llulle<1 Hv\|<p<1 llulle <1
When A = |V2L(x)
onal A follows partitlon ®, we have that SupHquJS1 u' Au = Tr(A). So ®-smoothness defined in
Definition 3.9 is always no smaller than the smoothness under ®-norm.

u’ < SUP|jy ), <1 U T Au. When diag-

Another advantage with the definition is that the H(L,®) will always non-increase with a more
fine-grained partition. For two partition functions ®; and ®,, we say ®; includes ®, if and only if
@4 (i) = ®41(j) for any ¢, j € [d] such that ®5(i) = P2(j). If a diagonal matrix A follows partition
®; and partition ®; includes P, then A also follows ®o. So we have that { A | A follows ®1, A >
|V2L(x)| forallz} C {A | A follows @3, A = |V2L(x)| forall x} and H(L, ®1) is no smaller
than H (L, ®2). Since ®y4a50p includes any partition and any partition includes ®gan, H (L, Ppgasap)
is the largest and H (L, P pgan) is the smallest among all the partitions ®.

With Assumption 3.10 on noise, we can prove the result for blockwise Adam in Theorem 3.11.
Assumption 3.10 (Generalized version of Assumption 3.4). There exists constant oy, such that
E||V ) Li(2) — Vi L(@)||2 < dyo? for any block b € [B],t € Nand = € R%.

Theorem 3.11 (Main, Blockwise Adam). For a specific partition ®, we consider the updates defined
in Algorithm 3. Under Assumption 3.10, we have that

z B
48,
QrggTEZ\va L@, < 2V2E +V2E ﬁd%+;dbab+dﬁ
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with E = 2.E [L(wo) — L(zr)] + (1 + %) (T]H(L, o) +2/I= B2, dbob) and F =

ol (1 N SP o2 HIVL(20) 13+ e ) Hfdbn2T<T+1_1ﬁ2)> 32

vo+e€

When L is (H 1, ..., Hg)-smooth coordinate-wisely w.r.t. £, norm, we show in Appendix D.2 that
diag(Hi, ..., Hq) = |V2L(x)| for all z € R? and diag(Hj, ..., Hq) follows ®yqaq partition. So
H(L, @Adam) is at most 25:1 H; and we can use Theorem 3.11 to derive Theorem 3.5. We can also
estimate H (L, ®pgan) by SUD4epa HVQL(SC) H1,1 as discussed in Section 3.2. For ®y4.50p being the

mapping i — 1, H(L, ®pgasep) is the same as the smoothness under ®j4.56p-norm, whose value is
2
d sup,cpa HV L(z)||,

Different norms for smoothness.  As an implication of Theorem 3.11, we can get analogs of
Corollaries 3.6 to 3.7 for AdaSGD, with the corresponding noise and smoothness assumptions. When

the optimization is not noise-dominated and /£ = \/ (L(mO)_miHWTL(w))H(L’@ becomes the lead-
ing term, the choice of ® now matters a lot. The key difference between AdaSGD and Adam lies in the
gap between H (L, ®pgasep) and H (L, Ppg.n) and comparing these coefficients can provide insight
into which algorithm may be more effective under different conditions.

Previous analyses of Adam’s convergence (Shi & Li, 2021; Défossez et al., 2022; Li & Lin, 2024)
usually assume smoothness under the 5 norm and the rate of Adam ends up being identical to the
rate of AdaSGD, which fails to explain why Adam often performs better than AdaSGD in practice. By
adopting an /., norm smoothness assumption, the coefficient for Adam’s convergence rate changes
from dsup,, |V2L(z)|2 to H(L, @Adam) where the latter is typically much smaller when Adam

optimizes faster because sup,, HVQL is much smaller than d sup,, ||V2L

My -

Finally, we note that the ®j4an-smoothness H (L, Ppgan) is not rotation-invariant in the sense that
H(L, ®pgan) # H(L 0o R, Ppgan) for a typical rotation R. In practice, the (1,1)-norm of Hessian
matrix can vary a lot when a rotation is performed on the loss as shown in Section 4.1. In contrast,
D pgasep-smoothness H (L, ®pqa56p) is invariant under loss rotations.

3.4 PROOF SKETCH OF THEOREM 3.11

We will use g; = E[g:|x <] = V L(x;_1) to denote the full batch gradient and consider the decrease
of L(x;) in a single step . We can upper bound the second order term in the Taylor expansion
(Equation 2) with H = V2L(x) that achieves Tr(H) = H (L, ®). Then we can get

gtzgtz +1

B
72 —_— =
L(z 1) < — Z e T2 ZHbUtb+€
_ Z b>9t<b QZ ||9t<b I5 /d )

o €
e VUi T €

L(x,) — )

The proof contains two main parts: lower bounding the first order term using ||g:||s,» and upper
bounding the second order term. We address the second order term by employing Lemma 3.12 to

bound the sum by T" + 16%2 In - 2z, "+ , where we set v; = v, p, and g; = ||gt (b) H /Vdp

Lemma 3.12. Given any 0 < ﬁg < 1, for any scalar sequences {v;}_o and {g;}1_, satisfying
vo > 0,01 > 0and vy — Bovy_1 > (1 — Bo)g? fort > 1, ltholdsthatzt 1 Z; <T+ 1 S In UT

Now we turn to the first term. Ideally, for each block b € [B], we would like to connect the

T P T P — 2
_ . L 94,(n9t, B9y, )91, ,
first order term to ||g; (1) |3 by taking expectation, ie., B, "0l ~ —Se@ZLD - 9.0 Il2

\/Ut,b+€ \/Ut,bJre \/vt,bJre’

where we use E.[-] as abbreviation for E[-|x<;]. However, this is not correct because both the

T _
. . 9 ()3t . . . .
numerator and denominator in %ﬁb) depend on the stochastic gradient g;. To circumvent this
vt pte

T - T
9y, (5)9t,(b) Eigy (5)9t,(v)

Vvepte 2¢/Brvg pte’

minus error

difficulty, we lower bound each conditional expectation E;
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Eeg/ 1)31.0) > llge.c |
\/]Et’Ut bt€ \/vt bte

Bave—1 p+(1—B2) (||gt7(b) HZ Jdy + Jf) . This leads to Lemma 3.13 whose proof is in Appendix D.

terms related to noise magnitude o,. We can further have 2 where Uy p, =

Lemma 3.13 (first-order approximation) With Assumption 3.10, it holds that for any block b € [B]

dyop P2 VT + €
— V1= poTdyo WE [ln - J @

g\~ ewdnm 1o Z ge.mlly
—1 \/'Utb+€ 2 \/’Ufb+€
Hgtmlli

Combining Lemmas 3.12 and 3.13 and Equation 3 gives an upper bound for E Zthl Zle ﬁ
Vt . bTE
Finally, we employ Cauchy inequality (Equation 5) and Lemma 3.14 to upper bound [|g¢||4 , using

— 2
E ZtT:%H Zle o, . This completes the proof.

\/ Ut b€
~ -\ ) H9t<b>|2 ~ N e
ZHQ:&H%FZ Z\/@Hgt,(b)HQS Z Z — Z Zdb\/vt,b+e. )
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Lemma 3.14. With Assumption 3.10, it holds that for any block b € [ ]

XT: E[m}_l 5\/1T+—ab+ \/+2ZJE

_T
t=2+1

g, /o

/Ut t+ €

(6)

4 EXPERIMENTS

In order to empirically investigate and confirm the implications of our proposed theory, we compare
the training performance of Adam with AdaSGD, SGD and rotated Adam on multiple different tasks.
The details of all experiments are in Appendix E.1.

4.1 QUADRATIC LOSS

We perform controlled experiments on quadratic loss to study the relationship between optimiza-
tion speed of Adam and the shape of Hessian in terms of ®pq.,-smoothness. More specifically,
we consider ¥ = diag(1,---,1, 2%, 3%7 SRR ﬁ) € R1000x1000 and manually generate orthog-
onal matrices R;. Then we optimize Lo(x) = iz Xa with AdaSGD and Adam and optimize
Li(x) = xR/ YR;x with Adam for 100 steps. Because AdaSGD is rotation-equivariant, the
optimization process of AdaSGD is the same on all L;. We tune learning rates for each setting with
10 random seeds and present their lowest average loss with standard deviation in Table 1.

Optimizer | (1,1)-norm/d Loss (61 = 2 =0) Loss (81 = 0.9, 32 = 0.99)

AdaSGD 0.01164 0.00887 £ 0.00119 0.00405 £ 0.00021
Adam 0.01164 0.00022 £ 0.00007 0.00002 £ 0.00001
Adam (Rq) 0.08324 0.00314 £ 0.00031 0.00066 + 0.00008
Adam (R>) 0.50729 0.00567 £ 0.00053 0.00134 £ 0.00007
Adam (R3) 1.23731 0.00751 4 0.00086 0.00183 4= 0.00009
Adam (R4) 2.59919 0.00978 £+ 0.00132 0.00254 £ 0.00008

Table 1: The final loss values obtained by different optimizers and the (1, 1)-norm of Hessian matrix
for the corresponding objectives. The spectral norm of the Hessian is always 1. Adam optimizes
worse when the (1, 1)-norm of Hessian matrix increases, as suggested by Corollary 3.7. Moreover,
when (1, 1)-norm divided by d is much smaller than spectral norm, Adam tends to optimize faster
than AdaSGD, supporting ®-smoothness as a predictor of blockwise Adam’s optimization speed.

We find a clear pattern that Adam optimizes worse when the (1, 1)-norm of Hessian matrix increases,
as suggested by our Corollary 3.7. Moreover, when (1, 1)-norm divided by dimension is smaller than
spectral norm, Adam tends to optimize faster than AdaSGD, as suggested by our Theorem 3.11.
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Figure 2: Training (solid line) and test (dashed line) losses and accuracy of ResNet18 on CIFAR-10
with Adam, AdaSGD, rotated Adam, and SGD. Adam converges faster than other algorithms.

4.2 GPT-2 ON LANGUAGE MODELING TASK

We train GPT-2 on the OpenWebText corpus. The training losses and evaluation losses of different
optimizers are plotted in Figure 1. As mentioned in Section 1, Adam converges faster than AdaSGD
while they both converge faster than rotated Adam. Since we propose the (1, 1)-norm of Hessian
as a non-rotation-invariant metric that can affect the convergence rate of Adam, we also measure it
for the original loss function L and rotated loss function L on checkpoints trained with different
losses. The results are presented in Table 2. The same correlation between norms and convergence
rates holds here. The smaller the norm is, the faster the optimizer works.

Optimizer Smoothness Metric Upper Bound Estimated Value

AdaSGD H (L, ®pgascp) d||V2L(x)|], 4.2446
Adam H(L, ®pgan) [V2L(z)]], , 2.3538
Rotated Addam  H(LoR,®pm)  [|RTV’L(2)R|, , 14.3745

Table 2: Hessian norms for the last GPT-2 checkpoints trained with different optimizers.

We also explore how learning rate can affect the performance of different optimizers and find another
advantage of Adam over AdaSGD: it can maintain stable training at a larger learning rate, which is
often beneficial to faster and more efficient convergence. The results and details are in Appendix E.4.

GPT-2 small models have more than 100 million parameters, and thus the size of its hessian of loss
as well as the rotation matrix is more than 106, which is way more than the storage of the modern
computers. We introduce how to rotate the loss efficiently in Appendix E.2 and how to estimate
Hessian norms in Appendix E.3.

4.3 RESNETI18 oN CIFAR-10

To further test whether the correlation between ®-smoothness and the optimization performance
holds for architectures other than transformers, we conduct an experiment on ResNet18 trained on
CIFAR-10 (Krizhevsky & Hinton, 2009).

Figure 2 depicts the loss and accuracy curves for the best performing hyperparameters chosen over
the training set’s final loss for batch size 256.> The results for other batch sizes are in Table 4. When
it comes to optimization speed, even for ResNet18, Adam is always better than rotated Adam and
they are always better than AdaSGD and SGD across different batch sizes. Note that this does not
contradict with common practice of training ResNet with SGD, where the goal is to get better gener-
alization and the training budget is large so all optimizers can easily achieve full training accuracy.
In our experiment, we study optimization speed and intentionally limit the number of steps.

3We have intentionally limited the number of training iterations to emphasize the difference of optimizers
in terms of training speed over generalization.
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Optimizer Smoothness Metric Upper Bound Estimated Value

AdaSGD H(L, ®pgasep) d||V2L(=)|], 1.5355
Adam H(L, ®pdan) |V2L(2)]|, , 0.0036
Rotated Adam  H(LoR,®pan)  ||RTV?L(2)R|, 0.9868

Table 3: Hessian norms for optimal ResNet checkpoints trained with different optimizers.

We also measure the Hessian for checkpoints obtained at batch size 256 and the results are in Table 3.
The correlation between norms and convergence rates still holds here. When the (1, 1)-norm is
smaller than d times spectral norm, Adam optimizes faster than AdaSGD.

5 RELATED WORKS

Comparison between Adam and SGD Previous work tries to analyze the difference between
Adam and SGD from different perspectives. Zhou et al. (2018) proves a faster convergence rate of
Adam than SGD when the stochastic gradients are sparse. Zhang et al. (2020) suggests that SGD
suffers more from heavy-tailed noise than Adam. Pan & Li (2023) claims that Adam has lower
directional sharpness because of the effect of coordinate-wise clipping. Other works also consider
the coordinate-wise normalization of Adam (Balles & Hennig, 2018; Kunstner et al., 2022). Kunstner
et al. (2024) shows that the heavy-tailed class imbalance in language modeling tasks will cause SGD
to converge slower when it can only optimize majority class well. Zhang et al. (2024a) finds that
Adam is better at handling the block heterogeneity of Hessian matrix, which is a specific phenomenon
in transformers. When viewing Adam as an adaptive method, there are works showing that adaptive
methods have an advantage of achieving optimal convergence rate without relying on problem-
dependent constant (Ward et al., 2020; Levy et al., 2021).

Convergence rate of Adam There are many works showing convergence rate for Adam (Zhou
et al., 2018; Chen et al., 2018; Zou et al., 2019; Shi & Li, 2021; Guo et al., 2021; Défossez et al.,
2022; Zhang et al., 2022). Most of them rely on the smoothness of the loss function, which is
measured w.r.t. £ norm. Zhang et al. (2019) proposes (Lg, L1)-smoothness condition should be
more reasonable than globally bounded smoothness. Li et al. (2024) further generalizes the (Lo, L1)
smoothness condition. However, they still focus on the default rotation-invariant ¢, norm. To the
best of our knowledge, we are the first to assume smoothness under /., norm for analyzing Adam.

Comparison with Li & Lin (2024) Li & Lin (2024) employs the same ¢; norm for gradient and
improves the dependence on dimension d compared to previous results for /5 norm. But they still
assume /s norm smoothness while we adapt their results under ¢, norm smoothness to potentially
further improve dependence on d. Another drawback of Li & Lin (2024) is setting vy based on noise
magnitude o. which is impractical in real experiments because o is unknown. Overestimating o
will result in slow convergence because large vy causes Adam to behave similarly with SGD without
adjusting the learning rate adaptively. In contrast, we allow for general initialization for vy and
our convergence rate can work well in both noisy setting and deterministic setting. We also use

1-8,=06 <%) to obtain our convergence rate while Li & Lin (2024) requires 1— 3> = © ().

6 CONCLUSION

We give a new convergence analysis (Theorem 3.5) for Adam in the stochastic non-convex setting us-
ing a novel smoothness assumption. We show the convergence rate for the /; norm of the gradient is
1

O (ﬁ) in the deterministic case (Corollary 3.7) and O ((k’iT) 4) in the stochastic case (Corol-
lary 3.6). We also extend our analysis to blockwise Adam on loss L with respect to an arbitrary
partition of the parameters ® (Theorem 3.11) using the corresponding smoothness H (L, ®) (Defi-
nition D.2). Our bound for Adam involves (1, 1)-norm of Hessian, rather than the spectral norm of
Hessian, which is relevant to the convergence speed of AdaSGD. This leads to significantly better
smoothness conditions for deep learning models including ResNet-18 and GPT2 empirically. Our
experiments also verify that the smoothness measure H (L, ®) positively correlates with the opti-
mization speed of blockwise Adam with respect to the partition .

10
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We note the definition of ®,4.,-smoothness been mentioned in previous work. Bernstein et al.
(2018) relies on it to prove the convergence rate of SignGD. Previous and concurrent work Ene et al.
(2021); Liu et al. (2024); Jiang et al. (2024) uses this assumption for analyzing AdaGrad. We are the
first to analyze Adam under such smoothness assumption. Moreover, we are the first to empirically
measure it for loss functions in real task with theoretical guarantee. Concurrent work Maes et al.
(2024) proposes another algorithm to measure (1, 1)-norm of Hessian matrix. Ling et al. (2022)
analyzes the rotation equivariance property of Adam in the geometry optimization setting.
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B INVARIANCE PROPERTY OF Adam AND SGD

Theorem 2.2. AdaSGD is rotation-equivariant. Adam and SignGD are only permutation-equivariant.

Proof of Theorem 2.2. For SGD and AdaSGD, we will show they are rotation-equivariant by induc-
tion. For any rotating transformation R(x) = Rz, suppose £, = R~ !(x;) = R"x, holds for

s <t — 1. Then we have that g, = Vif/t(:it) =R'V,L(R'&_1)=R"VyL(x;1)=R'g,

and m; = R"m,. From the update rule of SGD, we have that ¢; = x;—1 — My =
Rz, y —nR"m; = R"(x;_1 — nym;) = R'x;. For the update rule of AdaSGD, we fur-
ther have that ||g; ||§ = |lgs ||§ because R is an orthogonal matrix. Then 0; = v; and the derivation
is similar.

For Adam and SignGD, it is easy to show by induction they are equivariant w.r.t. any permu-
tating transformation because the operation on gradient is performed on each coordinate sepa-
rately. We only need to show they are not equivariant w.r.t. a rotating transformation. We choose
R = [%, %; %, —%], Li(x) = L(x) = 22% + x2. Due to the update rule of SignGD, it can
only update  and & in the direction of [1,1] and [1, —1]. But when rotating the update direction
on & back to the space of . The update direction can only be [1, 0] or [0, 1] that are different from
the update direction in the original space. Because the first step in Adam takes the same direction in
SignGD, we simultaneously show that both SignGD and Adam are not rotation-equivariant. O

C CONVERGENCE RATE OF SignGD FOR DETERMINISTIC LOSS
Theorem 3.2. Let L be H-smooth w.rt. (o, norm and {x;}]_, be the iterates of SignGD (Adam
with 31 = B2 = 0) on L with initialization xy and learning rate n, it holds that

L(xp) — min L(x) n Hn
Tn 2

min [ VL@, <

If we choose 1 = W’ then min, <,<7 |V L(z;)||, < \/ZH(L(mo);min L(z))

Proof of Theorem 3.2. We will directly prove a more general verion of Theorem 3.2. Because L is
H-smooth with respect to || - ||, we have that

H
L(p41) — L(y) < =V L(2:) " (2 — 2441) + 5 llze = i)

2
H
< =0 IVL(@)|, + ™
This implies that
- _ Liwo) ~ L(wr) | Hy
0) — T

1r<r11n VL (x) Z IVL(z)||, < T—U + 5

which completes the proof. O

D PROOF DETAILS

D.1 PROOF FOR CONVERGENCE RATE OF BLOCKWISE Adam

We will use Lemma 3.12 to better control the growth of the sum of second order term.
Lemma 3.12. Given any 0 < 35 < 1, for any scalar sequences {v;}]_, and {g;}I_, satisfying

2
vo > 0,v1 > 0and vy — Bavy_1 > (1 — B2)g? fort > 1, it holds that Zthl ‘Z—i <T+ 1232 ln%
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Proof of Lemma 3.12. Noticethat 1 —z <In % for any positive . We can have that

1—Po &= v
B2 vr
=T+ In —. 8
1—-052 v ®

T 9 T 2
9t 1 9t
— < + =
1 B2 ur
< + (T —-1)+ In —
15 ( ) 1-8 v
Ba vr
=T+ In
1—32  wi/e

As mentioned in Section 3.4, we deal with the first order term by approximating it with a deter-
ministic term. Recall the notation defined in Section 3.4. g; denotes the gradient of mini-batch
Li(xi—1) at step t. And E [g¢|x:—1] = VL(x:—1) because EL; = L. The full-batch gradient is
g: = VL(x;_1). Different kinds of second-order momentum are defined in the following way

t—1

oo = B4 llgrnlla /s + (1= 52) 3 8 (Ilge—snl3) /o,
=0

~ _ 2 2

Oy = (1 — f2) <Hgt,(b)||2 /dp + Ub) + Bovt—1p-

Lemma 3.13 (first-order approximation). With Assumption 3.10, it holds that for any block b € B

T T
94 (b)gt b) 1 |9t (b) H2 dyoy, B2 [ vy + 6}
— 1— B5T4d — E |1 . 4
Z Nore i = ; NCTER: — V1= B2Tdyoy, 7 HU07b+€ 4)

Proof of Lemma 3.13. The first order change in block b can decomposed into two terms.

gt zgt i 9t, zgt 7 gt,igt,i _ gt,igt,i
EZZ VUep +€ ZZ y VUt b+6+E ZZ Vo € [l +e ®

t=1 ®(i)=b t=1®(i)= t=1 ®(i)=b

16
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T gt,iJt,i T gfz 1 -
The first term E >, > g )= e equals o B> > g )= oo when taking expecta
tion conditional on x;_1. For the second term, it holds for each ¢ that

_ 1 1
9t,i9t,i i
™ <«+ vae)
19¢,i9t.i (Ve — vep)

) @%:b Vs Fey/Orp + e (Vors Fet+ /b +e)

9t,iGt,:(1 — B2) (Hgt,(b)Hz /dy + U% — ||gt,(b)HZ /db)‘

®(i)=b VUi +€y/Tep + € (Vory T e+ \/Tep +e)

anigns(1 = 0) (a2 /o-+-03 -+ Towan /0 ) (il /o2 = w2 /s
- @%:—b VUL T €3/Oup + € (ory T €+ \/Tip +€)

) 9e.i9eiv'1 = B2 (\/Hgt,(b)H; [y + o — \/Hgt,(b) [ /db>
s VUi T €y/rp + €

2
R T (L R L
_5 ‘ — + : 2
D(i)=b WE[(\/HQ,&’(Z,)HZ /db + 0’13 — \/|‘gt1(b)’|z /db) |:Bt,1]

2 2 2
1 (1- BZ)g?,iE[<\/Hgt,(b)”2 Jdy + o2 — \/Hgt,(b)Hz /db> |z 1]
t3 2 11
2 ®(i)=b (vep + €) Ugp + € (1D

The first inequality (1) is because vip + € > (1 — (2) ||gt7(b)H§ Jdy and Ty +€ > (1 —
B2) (H g, (v) Hz /dy + af). The second inequality (2) is obtained with AM-GM inequality. For

(10)

— 2
the term in Equation 10, it will be exactly % |M after taking expectation conditional on x;_;
Vt,bTE

2
because only (\/Hgt,(b) Hz /dy + oF — \/Hgt:(b)H; /db) depends on x;. For the term in Equa-
tion 11, we have the following inequality

mt—l]
wtl]

E

2 2 2
(Vigewl s+ 2 = lowiw [} /o)
= [ugt,@nz/dm% + 3 ot =2 low o | /o +

2(5)=b
15t1}

(1)
<2 (llgeol /i + ) — 2/ g [} o+ o3 [l

(2)
<2 ([lge. 5 /ds +oF) - 2/ g 3 /s + o2/ g3 /o
~2/lacw s /o + o3 (ol o+ = oo /s

<2\/||gi. |12 /do + 520

The first inequality (1) replaces E[Zq,(j):b gf’j/db | @—1] with Hgty(b)H; /dy + o based on As-
sumption 3.10. The second inequality (2) is because ¢5 norm is a convex function. Then we can

17
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bound Equation 11 by

(1= Ba)gf W”gf oI+ ot~ Tl /) le ]
@%:—b (vep + €)1/ + €
- 52)9?@%/“@,(1;)”2 [dy + ooy

< q); (vt,b +e)\ /Uy + €

gi
[ oy Y
sy Vb T
Then back to Equation 9, we have that

T _ _
_9t,iGti i0t,i 9t,iJt i 9t,i0ti 9t,iGt.i
]EZ Z \/W Z Z \/m g \/Utb+€ \/’ljt’b-f—ﬁ

=1 9(i)=b = 1‘1><> b
gm 1« gti Hgt b)”z
>E - -E 7—72\/ opE
> ;¢§b Dpte 2 ; Z Upp+e 2 ; Vep €

1 9t [lge. 2
*QEZ Z 7@’}]4—6 O’EZ Utb+€'

t=1 &(i)=b t=1

For the second term, we can apply Lemma 3.12 and get that

ZHgt b)H /db_T—l— B2 anT’b+€.
Ve + € 1—052 wvop+e

Combining these two terms, we can get that

T
9tiGti 1 97 dyop32 vy + €
IEZ Z /7Utb+€ 9 g Z /71}“)_'_6 — V1= pBTdyoy — f—ﬁzE {lnv07b+€].

t=1 ®(i)=b

I \/

O

Next we need Lemma 3.14 to deal with the denominator in the approximated first order term. The
lemma is largely inspired by Lemma 6 in Li & Lin (2024), where we further generalize it to the case
of block-wise Adam.

Lemma 3.14. With Assumption 3.10, it holds that for any block b € |B]

28,7 T e, /o
}TIHE[ vtb+e}§1_2ﬁzr+wb+ f+2ZIE e ©
Proof of Lemma 3.14. For eacht < T, we have that
o[V
=E -\/521&71,(; + (1 - 52)(||£7t,(b)“§ /dy +0}) + 6}
_ Bavi—1p+ (1 — Ba)oj + ¢ Hgm(b)Hz/db (12)

+ (1= B2)E l

—_

\/Ugp + €

[V Booes+ (1= Ba)(lgwls /o +07) +

1Ge.co) 5 /v

\/Ugp + €

<E \/52%—1,1; + (1= Ba2)of + 6] + (1 - B2)E
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‘We use ﬂg'l)tfl’b + (1 — ﬁQ)(Z@(i):b g?,i/db + O’E) +e€> Bz’l)tfl’b + (1 — ﬂg)ag -+ € in the last
step. And for each s <t — 1, we have that

E \/ﬁgvt_&b +(1- B2 + e]

=E \/ﬁ§+1vt—s—1,b + B5(1 — B) Hgtfs,(b)Hz Jdy + (1 — B5)02 + 6}

=E |E |:\/ﬂ§+1vt—s—l,b + B5(1 = f32) Hgtfs,(b)Hz Jdp 4+ (1 = B5)o + ¢

=

S S 2 S
<E ¢@+%F&mww%u—ﬂgﬁMmﬂ@m2m¢mﬂq]+u—ﬂgﬁ+f

(2) [ s+1 s o — 2 _ ps+l 2
<E |\ B5 T vr—s1p 4+ B5(1 = B2) [|Gi—s,) |5 /do + (1 = BT )0 + €

5T g1+ (1= B5T o2 + e

_\/BSJrlUtfstb + ﬁg(l — ﬂg) ||gt_sy(b)H§ /db + (1 _ §+1)Jg +e
B5(1 — B2) ||Ge—s,ty |2 /o

\/ﬂg-ﬂvt—s—l,b + B5(1 = B2) ||Ge—s.0) ||§ Jdp+ (1= B5TH o + €

1e—s.0l5 /o
vV 'Etfsq,b + €

The first inequality (1) is because /x is a concave function. The second inequality (2) is based on
the noise Assumption 3.10. By summing the above inequality over s = 1,--- ;¢ — 1, we have that

E |:\/B2'Ut—l,b + (1= Bo2)oi + 6}

t—1 J
<E {\/ﬁévo,b +(1- 55)0? + e] + Z \/,@(1 — By)E [W,
s=1

<E {\/ﬁé“vtsm +(1- 5“)05 + 6} +/B5(1 = B2)E l

\/ Vt—s,b +e€

t—1
<\/Bjvos +Jop +e+ > VB
s=1

Back to Equation 12, we have that

E[ Utb‘*‘ﬁ} \/52”01;-1—\/01,-1-6—&—2\/@ E[Hgts"(l’)H?/Cll’

AV sh T €

By summing the above inequality over ¢t = % + 1,---,T, we have that
T _ 2
Gt—s,(b /db
> [Vawt+e| < Z VBtvos+ 3\ fot et Z Z\/ﬁis [H\/%
t:%-‘rl t=L 5 +1 t= T+1 s=0 Ut—s,b €

2 T |ge.cey 5 /e
S‘I—V@EV”“*"5 “5+€*’rfv%z§: l\ﬂ&b+e
- lljv&\/i—kf\/ab-l—e-&-l-l—\/»ZE

lge.ols /o

./vt,b—&—e

gl /e

\/Usp+ €

<

T
1—5 \/WJF ab+2\/+2ZE
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This following Lemma D.1 is to control the growth of v7, so that the right hand side in Lemma 3.12
is indeed © (T + logT) instead of © (215 5, ) when all the constants are poly(T’).

Lemma D.1. Suppose there exists H dominates ‘VQL ‘ and follows the partition ® (Defini-
tion 3.9). We denote the diagonal element in block b by Hy, ie., H;; = Hgy. With Assump-
tion 3.10, it holds that

E o2 +||VL(x + Hd T+ -
In maXbe[B]UT,b+5§2ln< Zb 105+l (0)||<1> Zbe 1”1 ( 1752) 132

Vo + € Vo + €

Proof of Lemma D.1. From the definition of v ; and Assumption 3.10, we have that

t

Biu0s + (1 62) 3 8" 9.0 /db]

s=1

E max v, = E max
be[B] be([B]

< Jlwolloe + (1 = B2 EZﬁ max 95,012 /o (13)
We can bound each Hg&(b) H; /dp as following

(1)
lgs.oy 3 /ds < 2/dy |Elgs.eyls—1]3 + 2/ || e ) — Bl s 1][5
=2/dy ||V () L( ws—1)H§ +2/dy ||gs, ) — E[gs,(b)|$s—1]H§

<y, IV ey Lo)[[5 + 4/ds ||V o) L(za—1) = Vi Liwo) |5 + 2/ds || gs,) — Elgs,ty|zar]];

B
2 2 2
< 4;}3})3{] IV L(@o)|[5 /do + 4| VL(2s-1) = VL(®@o)ll; +2 Y [|9s,0r) — Elgs ) s—1][[5 /o
b=1
where we employ (a + b)? < 2a? + 2b% in (1) and (2). This bound holds for any specific b € [B]

so it is also an upper bound for maxy¢(p) H gs,(b) Hi /dp. We will further simplify the bound and first
upper bound the distance between gradients with the distance between parameters

B
IVL(zs—1) — VL(zo)||5 < ZHb |1, — wo,(b)Hz - (14)
b=1

The distance between parameters can be characterized by the total updates and use Lemma 3.12 in
(1) below

1 77 Z Z
— ||
d H t,(b) — b)||2 @(]) ) Pt Vs b+€

—UQtZZ%) bgsj/bU 2t (t+ B2 1 Vb e
Vgp + € 1—=052 wvop+e

62 n maxble[B] Ut b + €
1 — 52 Vo + € ’

2

_n . g,
df Z sz’b—i-e

e(j)=b s=1

< n*t* +n’t (15)

We can bound the distance between stochastic gradient and deterministic gradient with Assump-
tion 3.10

B B
E Z l|gs.0) — E[Qs,(b/)\ws—l]ﬂz [dy < Z(’g-

b'=1 b=1
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Combining these results, we can get that

t
s 2
(= 5B D 55 o gl /0

t B
g(1—ﬁ2)252 4max IV oy L) |5 /o +4ZHbd (s—1)*+2) op
b=1 b=1
(-8 Zﬁt 54ZHd Po_ppyy MEELB] Uy €
2 P b b77 1 _BQ Vo + €

ﬂQ maxXp e[B] Vt,b/ + €
<4 VL dy + 2 +4y Hyd?n*t?+4> Hyd t El ’
bl?é?g]H ) Do) || / b bglffb ;1 bdyn E vty —5 Eln oo I c

We define C' = € + ||vg||, + 2 Zszl o} + 4maxye(p HV(b)L(wo)H; /dy for simplicity. We also
define G = maxi<i<r E maxy¢cp) ve,p + €. There exists ¢ < T' such that

272 2 B2 G
G = Em?x]vtb+6<0+4nT ;Hbdb+4 T1 ZHbdbln o

6

We will upper bound the last term by the linear term G as following

4n2T2ZHbd AT ZHbdbln
b=1
B2 2 G(1—52) 2, 9 Bo
=4n*T Hid, +1In4 HEdyn*T—F———
1— B2 bgg] o Zbe HZdyn?T B, bgs] (1 —B2)(vo +¢€)
G B
<—+ 2d,In4 Z HEdyn*T—
2 2 el velD] (1= B2)(vo +¢)
2
G
<= 4 H2d — =
_2 UO+€ Z b b77 1*62)(”04‘6)

The last two inequalities come from In z < % and z In(z) < 22. Then we can get that

B2
Gg2c+8§ H2dyn?>T? + 32(vg + € E:sz Ely | ot B
o " e o =R+

and

! E maxyc[p) vrp + €
n
Vo + €

2
20 + 8 ey HEdwn?T? + 32(v + €) (zbe H2dyn T(l_ﬁﬁ)ﬁ)
Vo + €

B 2 27 22 27 .2 2
i 2( Sie o} + 2| VE@o)ly | 2Eseim Hid*T? | 4 S eq Hicn Tﬁ2>

<lIn

’Uo-I-E 'Uo+6 (1—62)(Uo+6)

B 2 2 2 2 1
107+ ||VL(z + Hidym*T (T +
<21l <1+Zb1 b T IVL(xo)le Z—ibe[B] 5 don”T'( 1_,32)> In 39,
Vo €
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Finally, we give the proof for Theorem 3.11. When ®(i) = i, i.e., each parameter forms a single
block, it becomes the proof for Theorem 3.5.

Theorem 3.11 (Main, Blockwise Adam). For a specific partition ®, we consider the updates defined
in Algorithm 3. Under Assumption 3.10, we have that

z B
4B,
ZEQTEZ\FHV Lz, < 2V2E +V2E ﬁd\/iTO—F;dbgb—Fdﬁ

with E = 2E[L(ao) — Lixr)] + (1 + )) (nH(L o)+ 2/ T=BNE, dbab> and F =
2ln< Eb 1 9 HIVL (o) 3+ se s Hidon T(T+]52)>

+ In 32.

vo+e€

Proof of Theorem 3.11. From Definition 3.9, there exists a diagonal matrix H that follows ® and
always dominates V2L (x) satisfying H(L, ®) = Tr(H) = >_pve(p) Hvdy. In a single step, we can
have that

B
1
L) = L(x1) < VL&) (@ —@emn) + 5 3 Hy D (00— 2em14)’
b=1 & (i)=b

_ th (®)9.®) 22 g2,0) Hz
A/ Ut b—i—e ’Utb-i-e'

If we sum over ¢ from 1 to 7" and take expectation, we can get

gt 9t,(0)9t.(b) Hgt b)HQ
E|L — L < — H
T B
gt 9t,(0)9t:(b) ( B2 v + e)
< -E Hydy | T In
- n;; VUib + € Z v +1—52 Vob + €

The second inequality comes from applying Lemma 3.12. By Lemma 3.13, we have that

|9t ge.0ll5

2 Bo Urp + €
—IE —E[L(z) - L T IE Hydy (T + In 2L
riol [L(wo) — L(wr) z_j o (7 22 )
+ = Zdo— (T+ Pz Elan’bJre)
be — B2 Vo, + €

B B
< iTE [L(sco) — L(:BT)] + UZHbdb + 241 —p5 Z dpoyp

n
be[B Vo,b t+ €

vrp + €
+ T(i (7]ZHbdb+2\/1 —ﬁ220b> max Eln = —

Ui

< iTE [L(:I:o) — L(IL'T)] + nZHbdb + 21— p5 Z dpoyp
b=1 b=1

Vg + €

B B
E +
+ T(162ﬁ ) (77 E Hydy + 2+/1 — B g dbm;) In THaXbe[B) VT 6.
P2 b—1 b—1

From Lemma D.1, we can define

2

E = TTE [L(xg) — L(z7)] + (1 + T(fQ_F> (nZHbdb + 2\/@2 dbi)

22



Published as a conference paper at ICLR 2025

with

B 2 2 2 2 1
_10; +||[VL(z + HidynT(T +
F =2 (1+Z”—1 b T IIVL(zo)ls U%bﬁew] b T( 1—B2)> +In 32.
0

Then it holds that

Nl
N

1
2 L& 9 T B _
%y Svalnol,< (22 3 S0k (25 55 S

t=L+1 b=1 thJrlb 1

T B
<V2E <4E + T(fB_QBQ)d\/%-‘r ;dbab + d\/E>

T

Tz B
<2V2E+V2VE T(fﬁ?md\/ﬁ +Y dyoy + dv/e.
o2 b=1

This completes the proof. O

D.2 PROOF FOR CONVERGENCE RATE OF Adam

We rely on Definition D.2 that generalizes Definition 3.3 to obtain Theorem 3.5 from Theorem 3.11.

Definition D.2 (Generalized version of Definition 3.3). For any partition function ® : [d] — [B]
and H = (Hy,...,H B) we say a function L is H-blockwisely-smooth w.r.t. ®-norm, if and only

if |V L) — V(b W)|l, < VduHy ||z - yllg forany b € [B), ®,y € R™

The following Lemma D.3 will show that H (L, ®) is upper bounded by Zle dpHp when L is
H -blockwisely-smooth w.r.t. ®-norm.

Lemma D.3. For any twice differentiable loss which is H-blockwisely-smooth w.r.t. ®-norm (Defi-
nition D.2), we have for any x and A € R,

B
ATV L@Al <Y A 16
b=1

Then the diagonal matrix A defined by A; ; = Hg ;) follows partition ® and dominates |V2L(m) |
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Proof of Lemma D.3. From Definition D.2, we know that

[V Lz +A) = VL),

Hp, > su
EEy G a0 1L,
db maxb/e[B] W
= sup Hv%b)’:L(w)AHz
- A
A, maXy ¢[B] H (Z:,H2
B
HZblzl v?b),(b/)L(w)A(b’) )
= sup
SN 2w,
b INaXp (B Nz
B
<A/(b)7 Sv=1 Viny o) L(w)A(b’)>

= sup
|awll,

calayla VEmaxyes 1Sl

1 2
= sup \/77 <A/(b)7 Z V(b),(b,)L(iL')A(b/)>
.| A ||, <v/do A’(b)” <1 b=1

B

dy
= sup
N R

Then for any « and A, we know that

<Al(b)7 V%b)’(b/)L(ZB)A(b/)> .

d/
H | Ap|? > aw!? b ‘A,v2 ,L(w)A,‘
ollAmlly > | <b)||gb§,:1: AR 2< o Vi L@ Aw))
Viy [|Aw |,

B W‘<A<b>’V?b>,<b'>L(w)A<b')>‘
b'=1 2

and

B
QZHbHAw)H;
*ZHb A+ Z Hy

b'=1
Vi || A
‘<A<b>vv<b> L >’ ZZ \/@H A;;Hz ‘<A<b’>7V?b’)«b)L(f”)A(b)N

b'=1b=1

A

>Zb, T

B
.
>2) ) ’A(b)v?bx(b')L(x)A(b')

b=1bv'=1

sy}

>2|ATVL(z)A|.

E EXPERIMENT DETAILS

E.1 TRAINING DETAILS

In Adam and its variants (including AdaSGD) we set (31, 52) = (0.9,0.99) for experiments on the
quadratic loss (Section 4.1) and ResNet18 (Section 4.3) and (81, 82) = (0.9, 0.95) for experiments
on GPT-2 (Section 4.2). Momentum in SGD is also set to 0.9. Weight decay is always deactivated.

For the quadratic loss experiments in Section 4.1, we generate orthogonal matrices R; in the fol-
lowing way. We first sample M € R?*¢ where M, ; is i.i.d. sampled from N(0,1). Then
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A =M — MT is a skew-symmetric matrix and exp (¢.A) represents a continuous family of matri-
ces. We define R; = exp (t;.A) for different ¢;. When ¢, = 0, we know R; = I. When t; — oo,
R; converges to a random orthogonal matrix in distribution. We pick £; = 0.002,¢5 = 0.008,t3 =
0.015,t4 = 0.1 for our experiments. The initial zy is decided by sampling from Unif([0, 1]1097)
when there is no rotation. When R; is not identity matrix, we will start training from R, xg to
ensure the initial loss values are the same across different rotations.

For the experiments in Section 4.2, we train GPT-2 small (124M parameters)* on the OpenWebText
corpus containing more than 9B tokens for 100k iterations with sequence length of 512 sequence
length and 480 sentences per batch. We use cosine learning rate schedule of the same peak learning
rate 6 x 10~* for all the adaptive optimizers, which is also the default of nanoGPT codebase. We
did a grid search to find the maximum possible peak learning rate for SGD°.

For the experiments in Section 4.3, we applied random crop and random horizontal flip augmen-
tations over the training data to promote better generalization. We tuned each optimizer through
searching over the same grid of learning rates® The number of iterations is adjusted per batch size
to result in 20 epochs for each training run (for instance, 4000 iterations were used for a batch size
of 256, and 1000 iterations were used for a batch size of 1024). For the training loss and training
accuracy plotted in Figure 2, it is measured on a subset of augmented training data that is the same
size of evaluation set. The evaluation loss and accuracy are measured on the entire evaluation set
without the augmentation. Track running stats is set to false at initialization.

E.2 Adam ON A ROTATED LOSS

A key difficulty in implementing rotated Adam arises from applying an orthogonal rotation on the
parameters before calculating the loss. It is computationally infeasible to apply a 125M x 125M
orthogonal matrix on the 125M-sized parameter vector. To avoid such computation, we design a
new orthogonal transformer to rotate the parameters of the network. In what follows, we elaborate
on this rotation.

RandPerm. Given a vector v of size d, we can orthogonally rotate it by repeatedly applying these
consecutive operations: 1. Permute the entries of the vector according to a randomly chosen permu-
tation 7 € Sy. 2. Reshape the permuted vector into a 3D tensor of size [s1, s2, s3], apply a fixed
orthogonal rotation of size s X s on each side of the tensor and then reshape it back to a vector of
size d.

This operation performs an orthogonal transformation R on the input vector v. We can chain mul-
tiple operations of this kind and construct RandPerm”, where k is a positive number indicating the
number of consecutive RandPerm s applied. Building upon this rotation, we train GPT-2 125M with
Adam on L o RandPerm? to analyze our hypothesis regarding the /., geometry of the loss landscape
and to verify that Adam will indeed suffer from the induced orthogonal equivariance. Figure 1 con-
firms our findings, as the performance of rotated Adam with RandPerm? is significantly worse than
Adam. This suggests that Adam is highly sensitive to the rotation and adaptivity alone can’t explain
its advantage.

Concurrent work (Maes et al., 2024) also run Adam on a rotated loss. They use a different way to
achieve global rotation efficiently. They also conduct extensive module-wise rotation experiments
for a more fine-grained analysis.

E.3 COMPUTATION OF MATRIX NORMS

As mentioned in Section 3.3, it is computationally infeasible to get the full Hessian matrix and
directly compute norms of it. Instead we leverage Hessian vector product function in Jax to probe
the Hessian matrix. We use Lanczos algorithm to estimate spectral norm.

*Our codebase is built upon nanoGPT codebase https://github.com/karpathy/nanoGPT.

SWe tried 0.00001, 0.00003, 0.0001, 0.0003, 0.001, 0.003, 0.01,0.03, 0.1, 0.3, 1.

SWe used the following values: 6.25x 1074, 1.25x 1072, 2.5x1072,5.0x 1073, 1.0 x 107%,2.0 x 1072,
4.0x107%,80x1072%,1.6 x 107*,3.2 x 107%,6.4 x 107*, 1.28 x 10°.
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We propose Algorithm 4 to estimate the sum of absolute values for each row and sum over all the
rows to get (1,1)-norm of Hessian matrix. We first subsample a fixed batch of training data for
estimating the (1, 1)-norm of Hessian matrix. The high-level idea is to compute the matrix vector
products between Hessian of training loss on this batch and a sequence of random Cauchy vectors.
Then we take the /1 norm of the coordinate-wise median of the resulting sequence of Hessian vector
products. Because the Cauchy distribution is 1-stable, the resulting product is also a vector of
Cauchy random variables, and the magnitude of each element equals to #; norm of the corresponding
row of the Hessian. Thus with infinitely many samples, the ¢; norm of the coordinate-wise median
converges almost surely to the (1, 1)-norm of the Hessian.

We choose n = 200 for the measurement experiments on GPT-2 and n = 50 for the measurement
experiments on ResNet18. We also prove a non-asymptotic high-probability multiplicative bound
for the estimation error which depends mildly on the dimension d in Theorem E.2.

Algorithm 4 Estimation of (1, 1)-Norm of Hessian, V> L(x)

Input: Number of Cauchy vectors n, parameter & € R?, loss L
I: fori =1ton: o
2:  Sample a independent Cauchy vector v() € R? where vj(-z) - Cauchy(0,1) forj =1,...,d.
33 H.; + V2L(z) v (Using hessian-vector product)
4: return Z?=1 median(|H; .|)

First we prove that median of random variables following uniform distribution is sub-Gaussian.

Lemma E.1. Suppose Z1,- - , Zy o Unif([0, 1]). Then

1
P(|median(Zy, -, Z,) — 312 €) < 2exp (—2ne?)
forany e > 0.

Proof of Lemma E.1. Define S = 37" 1, o
tion with p; = £ — ¢, S ~ Bin(n, p1).

M,, = median(Zy,--- ,Z,) < % — e if and only if at least ”7“ Z;’s are smaller than % —e¢. And we

can apply Hoeffding’s inequality on S and get that

¢ Since 1, - 1e follows i.i.d. Bernoulli distribu-

1
2

1
P(M, <5 =€) < P(S>3) = P(S—npy > 5 —np1)

2(2 — 2
< exp (_(2’”])1)) = exp (—277,62),
n

We can know P(M,, > 3 + €) < exp(—2ne?) from the symmetry of distribution. O

Theorem E.2. For the estimate in Algorithm 4 with n Cauchy vectors, it holds that

d
P Zmedian(|Hj7:|)—HV2L(:B)||171 > e|ViL(z)|,
j=1

A2 ( 2ne? cos*((1 +A)Z)>

§2dexp(fnT) + 2exp 3

3

Sforevery e, A € (0,1) whenn > m.

In other words, for any €, € (0, 1), we canuse n = Q(Ind + % In $) hessian-vector product of the
loss L at parameter « and nd extra computation time to get an estimation of (1,1)-norm of L with at
most € multiplicative error and at least probability 1 — J.
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Proof of Theorem E.2. Define a; = Y°¢_, [V?L(x), | for j € [d]. When vy) "X Cauchy(0, 1),
it holds that H; ; = V?L(x); . - v¥) follows Cauchy(0, a,) because Cauchy distribution is 1-stable.

And Hj 1,--- , H;,, are independent. Then it suffices to show that
d d d
P Zajmedianﬂyj’lh”' 7|Yj,n|)_zaj Zezaj
j=1 Jj=1 J=1

A2 <_2n620054((1+A)2)).

§2dexp(—n7) + 2exp =

for any {Y;x} such that Yj1,---,Y, s Cauchy(0,1) for any j € [d]. Furthermore,

(IVal, - [Yiml) £ (tan(X;1), -+, tan(X;.,)) for Xj1,- -+, X, < Unif(0, %). So we only
need to show that
d d d
P ZoLjmedian(taun(Xj,l)7 < tan(X;,)) — Z aj| > eZaj
j=1 j=1 j=1 (17)
2 2 A4 s
§2dexp(_%) + 2exp <—2n6 = 7(7(21 +2) 4)).

for any {X 1} such that X 1,--- , X, , id Unif(0, %) for any j € [d].

Fix A € (0,1). We define
tan(x) if |z — 2| <AZ,
f(z) = m(x—(l—A)g)—l-tan((l—A)%) if0<x<(1—A)4,
m(az—(l+A)§)+tan((l+A)%) if(1+A)F <z <3,
2

Then f(x) is a differentiable function on (0, %) that equals to tan(x) in the middle and is linear on

both ends.
We can decompose Equation 17 into
d d d
P Zajmedian(tan(XjJ), < tan(X ) — ZU/]‘ > eZaj
J=1 Jj=1 Jj=1
d d d
=P Z a; tan(median(X; 1,--- , X;,,)) — Z aj| > € Z a;
J=1 Jj=1 Jj=1
d
<P Z a; tan(median(X; 1,--- , X;,,)) — Z a; f(median(X; 1,--- , X;,))| >0
J=1 Jj=1

d d d
+P Zajf(median(Xj,l,n- ,Xj)n))—Zaj >eZaj
j=1 j=1

j=1
For the first part, we have that
d

d
P[> a;tan(median(X;,1, -+, X;n)) — Y _ a;f(median(X; 1, , Xjn))| >0
j=1 j=1

P (tan(median(X 1,--- , X;,)) — f(median(X; 1,--- , X; )| > 0)

I A

(‘medlan Gl ’Xj’”)_%‘ >A£)

S

2
<2dexp (—%)
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where we apply Lemma E.1 in the last step.

For the second part, we first know that median(Xj 1,---, X;,) — 7 is sub-Gaussian variable with
0% = W from Lemma E.1. Then f(medlan(X] 1, ,Xjn)) — Ef(median(X; 1, -+, X; ,))
is sub-Gaussian variable with 0'2 = W because f( ) S m. And
Zj 1 a; f(median(X; y, - - ij))—Z? 1 aJEf(medlan( j1se+ »Xjn))is sub-Gaussian vari-
2 d 73 :
able with U = mﬁ (Z]:l aj) . Whenn Z WMA)%)’ it holds that
. . ™
[Ef (median (X1, X;.0)) = 1] < E| f(median(X;1, -, X)) = £()|
< max f'(x)E ‘median(Xj,l, v, Xjn) — %
1 €
< 1/ —
~ cos?((14+A)%) f 2
and
d d d
P Zajf(median(Xj_yl, e, X)) — Zaj > eZaj
Jj=1 j=1 j=1
d d ¢
<P Zajf(median(Xj_rl, o X)) — Zaj]Ef(median(ijl, X)) > 3 Zaj
j=1 j=1 j=1
d €
+ Z; P ([Ef (median (X, - , X;n)) = 1| > 5 )
]:
“exp <_2ne cos ((21 +A)Z)).
™
Combining these two parts, we can get that
d d d
P Z a;median(tan(X; 1), - ,tan(X;,)) — Z a;| > € Z a;
j=1 j=1 =1
A? 2ne? cos* ((1+ A) T
S2dexp(—n7) + 2exp <— e ((2 il )4))
™

7T3
forn > 5 o (1FA)E)"

E.4 MORE RESULTS

As mentioned in Section 4.2, we also explore how learning rate can affect the performance of differ-
ent optimizers by using peak learning rate 3 x 10~% and 1.8 x 1073 for all the adaptive optimizers.
The training losses are plotted in Figure 3. All the optimizers perform worse with smaller learning
rate, which aligns with the common understanding that optimizers tend to work better with larger
learning rate as long as the training is still stable. When a larger learning rate is used, the per-
formance of Adam is improved but the performance of rotated Adam becomes worse than with the
default learning rate. The training with AdaSGD even completely failed. This suggests that another
advantage of Adam over AdaSGD: it can maintain stable training at a larger learning rate, which is
often beneficial to faster and more efficient convergence.

As mentioned in Section 4.3, we tried different batch sizes when training ResNet and the results are
in Table 4.
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Figure 3: Training losses of Adam, AdaSGD and rotated Adam on GPT-2 under different learning rates.
All the optimizers perform worse with smaller learning rate 3 x 10~%. Only Adam will perform better
with larger learning rate 1.8 x 1073,

Batch Size\ SGD AdaSGD Adam Rotated Adam

16 0.0777 0.114 0.064 0.0905
64 0.0698  0.0854  0.0472 0.0574
256 0.0723  0.0787  0.0359 0.0485
1024 0.1115  0.0915  0.0735 0.0817

Table 4: Training losses of ResNet for different optimizers and different batch sizes within 20
epochs. For each setting, we choose the optimal performance over all the learning rates. The perfor-
mance of Adam is consistently the best among all four optimizers.
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